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[Npeancnosue

IMpennaraemas BameMy BHUMAHWIO KHUTA HAMUCAHA IO
MaTepuaIaM JeKIUU A MJIAIIIEKYPCHUKOB, KOTOPLIE Y-
TAJUCh ABTOPAMU B PA3HBIE T'OJBI HA MEXAHUKO-MATEMATU-
geckom ¢akyaprere MI'Y. (B 5Ty x)e cepuio BXOAAT KHATT
«Isbiku u ucaucaenus» u «Brraucaumee GyHKIU®Y.)

OCHOBHEIE TIOHATHUA TEOPUU MHOXECTB (MOIIHOCTH, Op-
IVHATLL, TPAHCPUHUTHAA UHIYKINUA) BXOIAT B YUCIO BEIIEH,
KOTOPHKIE XOPOIIO OBl 3HATH JI0OOMY IPAMOTHOMY MAaTEMaTH-
Ky (Daxe ecim OH HE ABIACTCA MATEMATHIECKUAM JOTHKOM
wi o6umM TonoaoroM). OBEIYHO TPO HUX KOPOTKO IUIILYT
B IIEPBHIX IIABAX yIeOHMKOB aHAIN3A, AIreOphI WIX TOIIOJIO0-
ruM, CIEINY, MEPEUTH K OCHOBHOU TeMe KHUru. A xamb —
[IpeIMeT IOCTATOYHO WHTEPECEH, BAXEH U NPOCT, ITOOL
paccxasaTh 0 HEM HEe TOPOILICH.

NMenno Takou MOMyJIAPHEIA PACCKA3 MBI MEITAIUCH Ha-
MUCATh, UMEA B BUIY CAMBIX PA3HBIX YATATENEN: OT TOM-
FOTOBJIEHHOrO MIKOJIBHUKA (3aXOTEBIIEr0 NePeuTH 0T nober
HA OAMMIONMALAX K 9eMy-TO OOJee OCMBICJIEHHOMY) 10 HpPO-
(becCuoHATLHOrO MaTeMaTuKa (PEIMBIIEr0 TPOYUTATH IO
IOpOre Ha OTABIX, YTO YK€ TAaKOe TPAHC(PUHUTHASI UHIYK-
1us, KOTOPYo Beerga 3amensooT demmon Lopna). [Juas Goree
MO APOOHOT0 3HAKOMCTBA, C TEOPUEN MHOXECTB YUTATETb MO~
XerT OﬁpaTI/ITI)Cﬂ K Ipyrum KHUI'aM (HeKOTOpBIe N3 HUX Iie-
PEYMCIEHEl B CIIUCKE JUTEPATYPHL Ha, €. 120).

ABTOpEI TMOML3YIOTCA CaydaeM TOOJATONAPUTH CBOETO
yuanTensa, Baamumupa AHgpeeBuda YCIEHCKOrO, JEKIWH,
TEKCTHL ¥ BHICKA3LIBAHUA KOTOPOI'O MOBIUAIA Ha HUX (U
HA COJEPKAHWE DTOU KHWUIHU), BEPOATHO, 1aXKe B GOJBIIEN
CTEIEeHN, YeM aBTOPHI DTO OCO3HAIOT.

ITpu moaroToBke TekcTa MCHOMbL30BaHLI 3amucu A. Es-
¢umbesckoro u A.Pomaimenko (KOTOpHIM Takxke MpOden
[IPEABAPUTENLHLIN BAPDUAHT KHUTKM ¥ HAMIEI TAM HEMAJO
OIMOOK).

Opurusan-MakeT mepBoro W3[NAHUs KHUTU HOATOTOBJIEH
eé penakTopoMm, B. B. IllysanoBriM; 6€3 €ero HACTOMYIUBOCTU
(BILIOTH 1O TOTOBHOCTU DPA3AEMATH OTBETCTBEHHOCTH 33,
OMOKY) OPUTMHAI-MAKET BPAM JU MOABWICA ObI K KaKO-
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My-1100 CPOKY.

ABTOpEI IpU3HATENBHEL Ecole Normale Supérieure de Ly-
on (Ppanums) 3a DOLAEPKKY U [OCTEIPUAMCTBO BO BPeMs
HANWCAHUA DTOU KHUTU.

IlepBoe u3gaHmMe KHUTM CTAJO BO3MOXKHEIM OJAronaps
Poccunickomy ¢oHay GyHIAMEHTAIBHEIX KUCCACIOBAHUN, 3
Takxe H.B. fmenko, KOTOPEIY yroBOPWI aBTOPOB HOATH
TyAa 3a5BKY.

Haxonen, Mbl O1arofapuM COTDPYIHHAKOB, ACIHPAHTOB
U CTYAEHTOB KapeIphl MATEMATUIECKON JOTMKUA MEXMATA,
MI'Y, a Takxe BCeX yYaCTHUKOB HAINUX JEKIUAU M CEMUHA-
POB ¥ YMTATENEN IPEIBAPUTENLHEIX BAPUAHTOB 3TON KHUATH.

IIpocum coobimaTh 0 BCex OMMUOKAX M OMNEYATKAX ABTO-
paMm (BIeKTPOHHBIE ajapeca ver@mccme.ru, shen@mccme.ry;
mouToBbin agpec: Mocksa, 121002, Boabmon Baacbesckun
mep., 11, MOCKOBCKUY IIEHTP HENPEpPLIBHOTO MaTeMaTUYe-
CKOrO OOPA30BAHUSA).

Bo BTOpOM mM3JaHMM KCIPABIEHO HECKOIBKO OMIMOOK U
00aBJIEHO HECKOIBKO HOBEIX 33,1a4.

H. K. Bepewazun, A. lllens



1. MHOXecTBa U MOLHOCTM

1.1. MHoxecTBa

OCHOBHBIC IOHATHA U OGOBH&‘IGHHﬁ, CBsA3aHHBIEC C MHOXKE-
CTBaMM UM OII€PAIAMU HA O HUMHA:

Muooscecmea coCcTOAT U3 daemenmos. 3amucb £ € M
O3HAYAET, YTO T ABIAECTCS DIEMEHTOM MHOXecTBa M.

ToBopsaT, uTO MHOXECTBO A ABIACTCI NOIMHOMCE-
cmeom MHOXecTBa B (3ammcs: A C B), ecam Bce
DJIEMEHTHL A ABIAIOTCS DraeMeHTamu B.

Muoxectsa A n B pasnet (3anuce: A = B), ecan oHz
ComepxkaT OJHU U T€ XKe dJEMEHTHL (lI[pyFI/IMI/I CI10BaMu,

eciu AC Bu B C A).

Eciu A — mogvuoxecTBo B, He paBHOEe BCeMy B,
TO A HA3BIBAIOT CO6CMEENHbIM TONMHOXKECTBOM B (3a-
nuce: A C B).

ITycmoe MHOXECTBO & HE COLEPKUT HU ONHOI'O Dile-
MEHTAa U ABJIACTCA IMOJMHOXECTBOM JIIOGOFO MHOXe-
CTBa.

Iepeceuenue A N B aByx muoxects A u B cocrout
13 DIEMEHTOB, KOTOPbIE IIPUHAIEKAT 000UM MHOXKe-
CTBaM A u B. 3T0 3alIUCHIBAXOT TaK:

ANB={z|zcAnzecB}
(amTaeTCsa: MHOXECTBO TAKUX I, ITO ... ).

O6vedunenue AU B cOCTOUT U3 DIEMEHTOB, KOTOPHIE
TIPUHAIEXKAT XOTsA OBl OqHOMY 13 MHOXeCTB A u B:

AUB={z |z € Aumz € B}.

Pasnocmv A\ B cOCTOUT U3 3IEMEHTOB, KOTOPEHIE [IPU-
Hagaexar A, HO He mpuHaLIEXRAT B:

A\B={z|z€Anzx¢ B}
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Eciu MmuOX)ecTBO B ABIACTCA HOIMHOXECTBOM MHOXKE-
ctBa A, pasHocTh A\ B HA3HBAIOT TAKXKE JONOAHEHU-
em B do A.

o Cummempuuecras pasnocmsv A A B cocTouT us die-
MEHTOB, KOTOpBIE IMPUHALIEXKAT DPOBHO OITHOMY U3
MmHOXECTB A 1 B:

AAB=(A\B)U(B\A)=(AUB)\ (AN B).

e Yepes {a, b, c} o6o3HaIaETCA MHOXECTBO, KOTOPOE CO-
NEPKUT DIEMEHTHI a, b, ¢ u He cofepxuT npyrux. Ecim
cpenu a, b, ¢ €CTb paBHEIE, OHO MOXKET CONEPKATE OIUH
wi ABa daeMeHTa. 1loqobuoe 0603HAMEHNE UCIIOAL3Y-
eTcs U B MeHee (POPMATBHBIX CATYAIUAX: MHOXECTBO
WICHOB TOCTENOBATEILHOCTH dg, a1, --- OO03HATACTCA
{ag, a1, ...} wm naxe {a;}. Boree akkypaTnas 3amuce
IJIS TOT'O e MHOXKeCTBa TakoBa: {a; |1 € N}, rge N —
MHOXeCTBO HaTypasbHbx umcen {0,1,2,...}.

IlonaTue MHOXECTBA MOABUIOCH B MATEMATHUKE CPABHU-
TEeJBHO HETAaBHO, B KOHIIE 19-T0 Beka, B CBA3u ¢ paboTamu
KanTopa (cpaBHeHUE MOIIHOCTEN MHOXKECTB), O KOTOPHIX
nougér peds gaubine (pasgen 1.3 u crepyromme). Hexoro-
poe Bpems Ha3ag STOT A3LIK MBITAINCH BHEAPATH B IIKOJIb-
HOE TIPETNOJaBaHmne, OOBACHASL YICHUKAM, YTO y YPaBHEHUS
22+1 = 0 ecTb MHOXECTBO permenu# (BIPoYeM, mycToe), IT0
MHOXECTBO PEIIECHUN CUCTEMEl YPABHEHUN €CTh IEePEeCeTIeHue
MHOX€ECTB PEIeHuil KaX 100 U3 HuX (8 1JIs «COBOKYITHOCTY
ypaBHeHU — O0BbeqUHEHKE), 9TO B MHOXKecTBe {2,2,3} He
TPU DIEMEHTA, & ABAa, U OHO PABHO MHOXECTBY {2,3}, uTo
@, {o} n {@,{}} — >TO TpU COBEPIIEHHO PA3HEIX MHO-
xkecTBa u T. 1. Ho BCE paBHO OOJBIIMHCTBO MIKOJIBHIKOB TaK
¥ He TIOHAJIO, TIOMeMY MHOMXKECTBO DEelIeHN yDaBHEHUs T2 =
= 4 MOXHO 3aIUCHIBATD KaK {—2,2}, & MHOXXECTBO DEIeHnI
ypaBHeHus r° = —4 Heb3s 3AMUCHBATEL Kak {J} (a Hago mu-
catb @). OTMeTUM KCTATH €lé ABa PACXOXKIEHUA: B IIKOIE
HATYpPaIbHEIE YUCIa, HAUUHAIOTCA C €UHALEL, & B HEKOTOPHIX
KHIXKaX — C HyJs (MBl ToXe OyneM HAa3HBATH HyJb HATY-
pampHBIM gucaoM). Kpome Toro, naorga sMmecTo C numyT C,
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ucnonb3ya C A1 COOCTBEHHBIX MOAMHOXECTB (BMECTO Ha-
mero C).

M= npeanonaraeM, ITO IePeUNCAeHHEIE BEIIIE OCHOBHEIE
TIOHATUSA TEOPUU MHOXKECTB 00Jee Wiu MeHee BaM 3HAKOMEI,
u OygeM JOCTaTOIHO CBOOOMHO MMM MOJB30BATLCI. BOoT He-
CKOJIBKO 33,18 [/ CAMOKOHTPOJISL; HA,I€EeMCsI, ITO OOJbIIH-
CTBO V3 HUX HE NPEICTABUT A1 BaC OOJBINOrO TPYIaA.

1. Crapermit MaTEMATUK CPEAH MIAXMATHACTOB ¥ CTAPEVIIINI
IIAXMaTHUCT CPEAN MAaTEMATHKOB — 3TO OJUH WK TOT XK€ IeI0BEK
nmm (BO3MOXKHO) pasHbIe?

2. JIyqmmi MaTeMaTWK CPeAY MIAXMATHACTOB U JTy9IIMA MIAX-

MaTHUCT CPEAM MATEMATUKOB — DTO OJUH WIA TOT XK€ IeI0BEK
nm (BO3MOXHO) pa3HbIe?
3. Kax bl eCATHIN MATEMaTUK — MIAXMATUCT, & KaXJbIT

IeCTON MaXMaTUCT — MaTemaruk. Koro 6oibme — MaTeMaTn-
KOB WU MIAXMATUCTOB — ¥ BO CKOIBKO pa3?

4. Cymectsyior au Takue mHOxectBa A, Bu C, 9o AN B #
#0,ANC=0u(ANB)\C =07

5. Kaxue m3 pasencts (a) (ANB)UC = (AUC)N(BUC);
(6) (AUB)NC = (ANC)U(BNCQC); (8) (AUB)\C = (A\C)UB;
(r) (ANB)\C = (A\C)NB; (1) A\ (BUC) = (A\B)n
N(A\C); (e) A\(BNC)=(A\B)U(A\C) BepHbI a1s mIOGLIX
muoxects A, B,C?

6. IIpoBeauTe moapoOHOE HOKA3ATEILCTBO BEPHBIX PABEHCTB
IpeABIAYINEN 3aJa9d, UCXOAA u3 ompegexenun. ([Joxaxem, 4TO
MHOXECTBA B JE€BOU M IMPABOU 9aCTAX PaBHHL. IlycTh £ — m060H
BIEMEHT JEBOU 9aCTH paBeHCTBa. Torga. .. IlosToMmy x BXOAWUT B
npasyio gacte. O6parHO, nycTs . . . ) [IpumBeguTe KOERTPIPEMEDED
K HEBEPHBIM PABEHCTBAM.

7. JokaxwuTe, 9TO CHMMETPUIECKASI PA3HOCTH ACCOIMATUBHA!
AN(BAC)=(AAB)AC gaa mobeix A, B u C. (Ykasauue:
CIOXEHUE 10 MOAYIIO 2 aCCONMATHBHO. )

8. Mokaxwure, aro (A1 N...NA)A(BiN...NB,) C (A1 A
A By)U...U (A, A B,) g mobbix MHOXeCTB Ay,..., A, n
Bi,...,Bn.

9. [loxaxkuTe, ITO €CIM KAKOE-TO PABEHCTBO (COAepKaIree me-
PEMEHHEIE 1A MHOXKECTB 1 onepanuu (N, U, \) HEBEpHO, TO MOXHO
HAUTK KOHTPIOPUMEDP K HEMY, B KOTOPOM MHOXECTBA ITyCTHI WIN
COCTOAT M3 OLHOI'0 DIEMEHTA.

10. Cx0IbKO Pa3iIWYHBIX BHIPAXKEHUN AIA MHOXECTB MOXHO
COCTaBUTD W3 epeMeHHbX A m B ¢ moMompio (MHOTOKDPATHO WC-
OIB3Y€EMBIX) ONEPANMY NEPECEIeHNs, 00 BEAMHEHNA U PA3HOCTH?
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(ﬂBa BBIPDAXEHUA CIATAIOTCA O JUHAKOBBIMHA, €CJIX OHU PDAaBHBI IIPK
TI00BIX 3HAYECHUAX HepeMeHHBIX.) ToT xe BOOPOC OAIA TpéX MHO-
xecTs u aas n MEOXecTB. (OTBeT B O6meM crydae: 22 ')

11. Tor xe BOIIPOC, €CIM MCIOIB3YIOTCA TOIBKO omeparuu U
u N. (a1 AByX U TPEX MEPEMEHHBIX 3TO IUCI0 HECIOKHO II0ACIN-
TaTh, HO 00ImeR GOPMYIBI AIA N NEPEMEHHBIX HE M3BECTHO. DTy
33431y Ha3bIBAIOT TAKXE 334a9€M 0 IUCIEe MOHOTOHHBIX 0yIeBBIX
(yHKIMI OT N APIyMEHTOB. )

12. CkOmbKO CyIIECTBYET IOAMHOXECTB Yy N-DIEMEHTHOIO
MHOXecTBa?

13. IIycTe MHOXECTBO A COAEPXKUT N DIEMEHTOB, a €0 HMOA-
MHOXecTBO B cogepxurt k samemerToB. CKOIBKO CyIIECTBYET MHO-
xects C, g xoropeix B C C C A?

14. MuoxectBO U COepXkuUT 2N 31€eMeHTOB. B HEM BBHIgEIECHO
k mOoAMHOXECTB, IPUIEM HU OJHO W3 HAX HE ABIACTCA IIOIMHO-
XEeCTBOM APYT'Oro. KakoB0o MOXeT OBITE MAKCUMAJILHOE 3HAMECHIE
ancaa k? (Yxasamme. MakcmMyM AOCTHraercs, KOrga BCE HOM-
MHOXECTBA MMEIOT IO 73 DIEMEHTOB. B camom Aeqae, mnpeacTaBuM
cebe, YTO MBI HAYMHAEM C IIyCTOIO MHOXECTBA M HJOOABIAEM IO
OJHOMY DJIEMEHTY, IOKa He HoIyIuTca MEoxecTBo U. B xoze Ta-
KOI'0 IIPOILIECCA MOXET IOABUTHCA He 60Jee OJHOr0 BBIIEJEHHOI'O
MHOXECTBA; C APYTOU CTOPOHBI, MOXHO HOACIATATH MATEMATH-
YE€CKO€ OXWOaHWE YNCIa BbIJCICHHBIX MHOXECTB II0 HHHeﬁHOCTH;
BEPOATHOCTL IMPOUTH 4epe3 JaHHOE MHOXeCTBO Z C U MuHUD-
MaJbHa, KOT'Ia Z COAECPXUT N JIEMEHTOB, IIOCKOJIBKY BCE€ MHOXE-
CTBa NAHHOTO PA3MePa PAaBHOBEPOATHBL. )

1.2. Yucno anemeHTOB

T‘II/ICJIO JJIEMEHTOB B KOHEYHOM MHOXECTBE A Ha3BIBAXT
TaKXKe ero Mmowmocmyvio u obo3Hadaor |A| (a Takxe #A).
(Bckope MBI GyaeM TOBOPUTbL O MOIIHOCTAX M A GECKO-
Heunsrx MHOXkecTB.) Crenyiomas GopMysna MO3BOLAET HAU-
T MOIITHOCTBH 06'berELI/IHeHI/I}I HECKOJIBbKUX MHO)KeCTB7 ecjim n3-
BECTHBEI MOIITHOCTU KaXAOI'0 U3 HUX, & TaKXe MOIMHOCTU
BCeX IEePECEeICHUN.

Teopema 1 (dPopmyna BKAOHEHUN U UCKNIOHEHNN).

|AUB| = |A|+|B| - [ANBJ;
|[AUBUC| = |A|+ |B| + |C|-
—|ANB|—|ANC|—-|BNC|+
+[ANBNC|;
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BoOOmE |43 U...U A,| paBuo

STIAL =D AN Ajl+ D JAin AN Al — ...

i<j i<j<k

<l OTO yTBEPXKIEHUE HECIOXKHO [TOKA3ATH WHIYKIMEH
IO 7, HO MBI TIPUBEIEM IPYTO€ NOKA3aTeIsCTBO. Pukcupyem
[IPOM3BOIBHOE MHOXECTBO U, MOAMHOXECTBAMU KOTOPOI'O
ABAAOTCS MHOXecTBa Aj, ..., A,.

Xapaxmepucmuueckot gynxyuetd muoxkecrsa X C U Ha-
3BIBAIOT (PYHKOUMIO X x, KOTOpas paBHA 1 Ha diaemenTax X
r 0 Ha ocrasbHEx dnemenTax U. Onepauum Han mOIMHO-
KECTBAMU MHOXECTBA, U COOTBETCTBYIOT ONEPALAM C UX
XapaKTEPUCTUYECCKUMU (PYHKIUAMU. B gacTHOCTH, TIepece-
YEHUIO MHOXECTB COOTBETCTBYET IIPOM3BEICHIE XapAKTEPU-
crmaecknx Gysxnmit: X ong(u) = X4 (u)Xp(u). Jonornenmo
(mo U) coorseTcTByeT dynkmma 1 — X, ecim X — XapakTe-
pucTudeckas QYHKIWI UCXOLHOI'O MHOXECTBA.

Yucio 51eMEeHTOB MHOXECTBA, MOXKHO 3aIIMCATH KAK CyM-
My 3HAYEHWU er0 XapaKTePUCTUIeCKOU (HyHKIUN:

1] = 3 X ).

O6bemuuenne A U. ..U ANy MOXHO 3aIMCATEH KK JOIOJHE-
HUE K TMEPECEICHNIO NOTOTHEHNA MHOXECTB A;; B TepMuHAX
XapaKTEPUCTUICCKUX (PYHKIUN UMEEM

XAu.ua, =1 —(1—=Xa,)--- (1 —Xa,)-

PackpuiB cko6ku B IPABOM YACTHU, MBI IOLY IUM

ZXAi - ZXAiXAj + Z XA Xa; X4, —---
i i<j i<j<k

¥ IIPOCYMMEPOBAB JEBYI0 U IPABYIO YaCThb II0 BCEM DJEMEH-

Tam U (0o6e onu ectb dyukuum za U), moaydum ¢opmyry

BKIIOYCHAY U UCKIIOYCHUA. [>
15. Jokaxwure, aTo |A; A ... A A,| pasHO

STIA=2) AN A +4 ) JANA N A - ...

i<j i<j<k
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(kopdPUIMERTE — IOCIELOBATEIBLHEIE CTENEHA NBOUKM).

HO,Z[C"IéT KOJUYECTB 2JIEMEHTOB B KOHEYHBIX MHOXECTBAX
OTHOCAT K kKombunamopuxe. HekoToprie HAYaAIbHEIE CBEIe-
HUs1 13 KOM6HHaTOpHKH IIPpUBEIEHbI NaJblll€ B Ka1€CTBE 3a-
nad. Cemvac HAC B MEPBYIO 09€PEIb UHTEPECYET CJAETYIOIN
IIPWHITWII:

eCJIu MeX Oy ABYMA MHOXKEeCTBaAMU MOXKHO YCTAHOBUTH B3a-
HMHO OZHO3HAQYHO€ COOTBETCTBHE, TO B HHUX OJHHAKOBOE
YHCJI0 SJIEMEHTOB.

(BzaumHaA OJHO3HAYHOCTHL TPEOyeT, YTOOLI KAXKIOMY DJe-
MEHTY II€PBOI'0 MHOXKECTBA COOTBETCTBOBAJ POBHO OUH dJIe-
MEHT BTOPOr0 1 Ha000pOT.)

Bor HECKOIBKO MPUMEPOB KCIIOIBL30OBAHUSA DTOTO IIPUH-
NI,

16. Ha oxpyxuocTu Beropans:r 1000 6eabx To4ek 1 0gHa I€D-
Hasa. Yero 601bIe — TPEYTOIBHUKOB C BEPUIMHAMHA B (EIBIX TOY-
KaX WIN 9eTHIPEXYTrOIbHUKOB, y KOTOPHIX OQHA BEPIINHA I6pHAL,
a ocTaabubie Tpu Gerbie? (Pemenue: nX IOPOBHY, HOCKOJIBKY Ka-
XKAOMY YeTHIPEXYTOJbHUKY COOTBETCTBYET TPEYrOIbHUK, 0Gpa-
30BAHHBIM TPEMs €ro OelbIMU BEPIINHAMIL. )

17. Kaxux moamuoxecTB 6oabuie y 100-d1eMeHTHOrO MHOXeE-
cTBa: MoIHOCTH 57 mwn MomHocTH 437 (Ykasanue: 57+43 = 100.)

18. [loxaxuTe, 9TO MOCICAOBATEILHOCTEN MJIUHBI 74, COCTA-
BIEHHBIX U3 HYJEH U eIWHUI], CTOIBKO Xe€, CKOIBKO MOJAMHOXECTB
y mEOXecTBa {1,2,...,n}. (Ykasanme: kaxg0My I0AMHOXECTBY
X C {1,2,...,n} COOTBETCTByeT «XapaKTEPUCTUIECKAS IOCITE-
NOBATEIHHOCTDY, HA §-M MECT€ KOTOPOU CTOMT €AUHWIA, €CIN U
TONBKO ecmn ¢ € X.)

19. [okaxwure, 9TO MOCIEAOBATEIHHOCTEN HYJEW W €JUHWUIL
[JIUHEBL 7, B KOTOPBIX IUCJO €JUHUI PABHO K, PABHO IuCILy k-die-
MEHTHBIX IOIMHOXECTB N-3JEMEHTHOI'0 MHOXECTBA.

DTO UMCIO HABLIBACTCS WUCAOM COwemanud uz n no k
n o6osmavaercs CF B pycckux xmmxkax; B mHOCTpaHHEIX
06BIHO mCIOAB3yeTcs 0603Haderne (}).

20. Toxaxwre, uro Ck = CPF,

21. Joxaxwure, 910 CO + Cp + ...+ CF = 2™,

22. Ilycte U — HemycTOe KOHEeYHOEe MHOXecTBO. Jlokaxure,
9TO MOAMHOXECTB MHOXECTBA U, MMEOIMX YETHYI0O MOLIHOCTb,
CTOIBKO XK€, CKOIBKO MMEIOIINX HEIETHYIO MOITHOCTE. (YkKa3anue:
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dukcupyem sremenT % € U m 00b€HIM B IapHI IOAMHOXECTBA,
OTINYIAIINECA TOIBKO B TOYKE U)

23. Moxaxure, a10 CO — CL +C2 — ...+ (—=1)"C? = 0. (Yxa-
3aHME: KAK 3TO CBA3AHO C IPEABIAYINEN 3a49en?)

24. [oxaxure popmyry 6uroma Hotomona:

(a+b)"=Cla" +Cra™ "o+ ...+ Cla™ ™" + ...+ CIb".

25. [loxaxkwuTe, 9TO CIOCOGOB PACCTAHOBKM CKOGOK (yKa3bI-
BAIOIMFX MOPAZOK NEACTBHAN) B HEACCONMATHBHOM IPOU3BEICHAN
U3 N 3IEeMEHTOB CTOJIBKO XK€, CKOIBKO CIIOCO00B pa30bUTh BBITYK-
abi (n + 1)-yroabHUK Ha TPEYyrOIbHUKM HEIEPeCeKAIOUMMUCT
puarosaxamu. (/11 DIpomsBefeHMA TPEX MHOXWTEIEH €CTh IBa
BapuanTa (ab)c m a(bc); ¢ APYroX CTOPOHEI, €CTH B3 CIOCO-
0a pa3pe3aTh YETHIPEXYTIOJBHUK HA [JBAa TPEYTOIbHUKA, IPOBE-
I MMArOHAIb. [l/1S IpOM3BEeeHNA IeTHIPEX COMHOXUTEICH T 1A
Hf:[TI/Iyl"OJILHI/IKa, nMeeTcCsa 1mo 5 BapHaHTOB.)

1.3. PaBHOMOLHbIE MHOXKECTBA

[IBa MHOX€CTBA HABLIBAIOT PABHOMOUHLMY, €CIU MEXKTY
HAMM MOXHO YCTAHOBHUTBH B3aUMHO OJHO3HAYHOE COOTBET-
CTBHeE, IPX KOTOPOM KaXKOMY JJIEMEHTY OJHOI'O MHOXKECTBA
COOTBETCTBYET POBHO OJWH DJEMEHT IPYTOro.

[l1s KOHEYHBIX MHOXECTB DTO O3HAYAET, IYTO B HUX OJU-
HAKOBOE YHCJIO JJEMEHTOB, HO ONpeAeNeHVe MMEeT CMBICI
n A1 6ecKoHeUHBIX MHOXecTB. Hampumep, orpesku [0, 1]
u [0, 2] PABHOMOMHEL, TOCKOIBLKY OTOOPaXKeHue - — 2T 0Cy-
IIECTBIAET UCKOMOE COOTBETCTBHE.

26. [Joxkaxwure, 9TO moObe aBa mHTepBaaa (a,b) m (c,d) Ha
IpAMOM PaBHOMOIITHEL

27. [lokaxuTe, 9YTO IIO0BIE OBE OKPYXHOCTH HA ILIOCKOCTH
paBHOMOWHEL [lokaxwuTe, 4TO I00BIE ABA KPyra HA IIOCKOCTH
PaBHOMOIITHEI.

28. Mokaxwure, 94ro moryunTepsal [0,1) paBHOMOIIEH HOILy-
unrepsaxy (0,1].

Heckoambko 6osee croxkHA Takas 3a4ada: JOKA3aTh, UTO
naTepsarn (0,1) u ay4 (0, +00) paBHOMOIHEL DTO AEIAETCA
Tak. 3aMeTuM, 9TO 0TOOpaxkeHue ¢ — 1/x aBiaseTcs B3anM-
HO ofHO3HAa4IHBIM cooTBercTBHeM Mexay (0,1) m (1,+00),
ax — (x— 1) — B3aUMHO OJHO3HAYHLIM COOTBETCTBUEM
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mexay (1,400) u (0,+00), HOPTOMYy UX KOMIO3ULHMA T —
— (1/z) — 1 sBAAETCA UCKOMBIM B3AMMHO OQHO3HAMHEIM CO-
orsercTBueM Mexay (0,1) u (0, 4+00).

Boobie, kak roBOpAT, OTHOIIEHNE PABHOMOIIHOCTY €CTh
OMHOWEHUE FKBUBAAEHMHOCTNY. DTO O3HAIAET, ITO OHO pe-
Paexcusno (Kax1oe MHOXKECTBO PABHOMOIIHO caMoMy cebe),
cummempuuno (eciu A pasaomomtso B, To u B paBHOMOII-
HO A) u mpansumusno (eciu A pasaomouHo B u B pasHO-
mommo C, To A paBromomEO C). CBOUCTBOM TPAH3UTHUBHO-
CTH MBI TOJBKO YTO BOCIONB30BAIUCH, B3AB Jay4 (1,400) B
Ka4eCTBE MIPOMEXYTOIHOI'0 MHOXKECTBA.

Emé meckoapko mpumepos:

e MuOXeCTBO GECKOHEYHHIX HOCAENOBATEILHOCTEN Hy-
JeU ¥ eQUHUL] PABHOMOIIHO MHOXECTBY BCEX IIOJMHO-
XKECTB HaTypaJabHOro pajga. (B camom gene, comocra-
BUM C KaXKJOU IIOCIELOBATEILHOCTHI0 MHOXECTBO HO-
MepOB MeCT, Ha KOTOPHIX CTOAT €JUHUIILI: HAIIPUMeED,
[IOCIEJOBATEILHOCTD U3 ONHUX HyJEN COOTBETCTBYET
IIyCTOMY MHOXECTBY, U3 OJHUX €IWHWI] — HATyDPalIb-
HOMY psagy, a nocreposBarenpHocTs 10101010... —
MHOXECTBY Y6THEIX HCEJL.)

e MuOXeCTBO 6€CKOHEUHLIX MTOCIE[0BATEIBHOCTEN 1P
0, 1, 2, 3 paBHOMOIIHO MHOXECTBY O€CKOHEYHLIX IIO-
caenosareasaocrer nudp 0 u 1. (B camom gese, Moxk-
HO 3akogupoBarhk mudpw 0, 1, 2, 3 rpynnamu 00, 01,
10, 11. O6parnoe npeobpasoBanue pa3dUBACT IOC/IE-
NOBATEIBLHOCTD HYJEU W €IWHUIL HA TMAPHI, TTOCIE 9e€r0
Kaxk 1as 1apa 3aMeHaeTca Ha uudpy ot 0 1o 3.)

e MHuOXeCTBO 6€CKOHEUHLIX MTOCIE[0BATEILHOCTEN 1P
0, 1, 2 paBHOMOIIHO MHOXECTBY 0€CKOHEUYHBIX ITOCIEI0-
BareabrocTer uudp 0 u 1. (MoxHO 65110 GBI IEITATHCA
PACCYXIATh TAK: 3TO MHOXKECTBO 3aKIIOYEHO MEXKIy
IBYMS MHOXKECTBAMY OJHOU U TOU K€ MOIIHOCTH, U [0~
TOMY PABHOMOIITHO KaXK JOMY U3 HUX. DTOT XO [ MEICJIEN
IIpAaBUIEH, KaK MOKA3HIBaeT Teopema KanrTopa— Bepn-
mrenHa w3 pasgena 1.5. Ho 3gecs MoxHO 060UTUCH U
0€e3 DTOU TeOPEMBL, eCaIu 3aK0AMpoBaTh uudpwt 0, 1 u 2
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nocaenoBaTenbHOCTAME O, 10 u 11: 1erko coo6pa3uTs,
9TO BCAKAA MOCJIEIOBATENLHOCTD HyJeU W €IUHUL Of-
HO3HAYHO Pa30uBaeTCsA Ha Takue OJIOKU CJIEBA, HAIIPABO.
Takonu croco6 KOAUPOBAHUA HA3LIBAIOT «IIPEPUKCHEIM
KOJZIOM».)

o [Ipumep ¢ mOCAEIOBATENBLHOCTAMYU HYJICH W €[UHULL
MOXHO 0000IMTH: MHOXECTBO MOIMHOXKECTB JH000-
ro muoxecrBa U (oHO 06wbrauO o6ozunagaercsa P(U)
U TO-aHTVIMUCKU HA3LIBAETCA POWer set) paBHOMOIIHO
MHOXECTBY BCEX (DYHKUIUU, KOTOPHIE CTABAT B COOT-
BEeTCTBUE KaxXA0MYy dieMeHTy & € U ogHo u3 uucern 0
u 1 (MHOXECTBO TakmX (PYHKUUU OOBIMHO OGO3HAHMA-
ot 2Y). (B camowm gene, kaxgomy MHO)ecTBy X C U
COOTBETCTBYET €r0 XapaKTEPUCTUIECKAsA (DYHKIIWSL. )

MEL npOAOIKYM 3TOT CIUCOK, HO CHAYAIA HOJIE3HO JOKA-
3aTh HECKOJIBKO NPOCTHIX (PAKTOB O CIETHBIX MHOXECTBAX
(PABHOMONTHBEIX MHOXECTBY HATYPATbLHBIX THUCEN).

1.4. CyéTHble MHOXECTBA

MHOX€eCTBO HA3BIBACTCA CUEMHBIM, €CIIA OHO PABHOMOLI-
HO MHOXeCTBY N HAaTypalIbHBIX 9UCEJI, TO €CTh €CIU €ro
MOXHO TPEACTaBUTHL B BUAE {Zo,T1,%2,...} (3m€Cb x; —
DIIEMEHT, COOTBETCTBYIOLIUY 9UCILY ; COOTBETCTBUE B3aUM-
HO OJHO3HAYHO, TAK YTO BCE I; PABJIMIHEL).

Hanpumep, MHOXECTBO LEJIBIX IUCEN 7, CIETHO, TAK KaK
[eJIBIe YUCIa MOXKHO PACIIOJIOXKUTD B [TOCIEI0BATEILHOCTE 0,
1,-1,2,-2,3, -3,...

Teopema 2. (a) IlogMHOXKECTBO CIETHOrO MHOKECTBA KO-
HEYHO MM CYETHO.

(6) Beakoe G6eCKOHEIHOE MHOXKECTBO COAEPKUAT CIETHOE
10 IMHOX€ECTBO.

() O6beguHEHNE KOHEYHOI'O WX CIETHOrO IHCIA KOHEY-
HBEIX WM CUETHLIX MHOXECTB KOHEYHO WIU CYETHO.

< (a) Oycrs B — moAMHOXECTBO CIETHOO MHOXKECTBA,
A = {ag,a1,a9,...}. BubpocuMm u3 mocrenoBaTeIBHOCTH
ag, ai,. .. T€ WIEHHl, KOTOPHIE He IpuHatiexar B (coxpanas
HOPAAOK OCTABIIMXCA ). TOra OCTABIIMEC WICHBI 00Pa3yIOT
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160 KOHEYHYIO MMOCIEI0BATEILHOCTE (1 Torga B KOHEdHO),
am60 6eckoneunyo (u Torga B caéTHO).

(6) ycrs A Geckoneuno. Torga oHO HemycTo u coxep-
XKUT HEKOTOPHIU diaeMeHT bg. Bynyum GeckOHEUHBIM, MHO-
XKECTBO A HE UCUEPIEIBAETCS DIEMEHTOM by — BO3BMEM Ka-
KOU-HUOYAb APyrou smeMeHT by, u T.n. [omydurca mocre-
NOBATEILHOCTD Dy, by, . ..; MOCTPOEHNE HE HPEPBETCA HU HA
KaKoM Iare, nockoabky A Geckoneuno. Tenepbr MHOXeCT-
B0 B = {bg,b1,...} u Oyzer UCKOMBEIM CIETHBIM IIOJMHOXKE-
cTBoM. (3amerum, uTo B BOBCe He 00s13aHO coBHALATH C A,
paxe eciu A c46THO.)

(8) MlycTb uMeeTCs CIETHOE UUCAO CIETHBIX MHOXKECTE
Ay, As, ... Pacnonoxus sIeMEHTH KaXAO0TO W3 HUX CJIEB3,
HampaBo B moctegoBaTersHocTs (A; = {aq0,a41,.-..}) 1 00-
MECTHB DT IMOCIEJOBATEILHOCTA APYT MO APYTOM, HOLY-
UM TAOIUITy

Qoo Qo1 Qo2 a3
aip a1z a2 @13
a0 Qa21 a2 G23
azp asi asz2 ass

Teneps 5Ty TadIUIy MOXHO PA3BEPHYTH B IOCJIEIOBATENb-
HOCTB, HAIIPUMED, IIPOXOIA 10 OYePEeaN INATOHAIN:

oo, Qo1,Qa10, Ao2,011,0a20, A03,A12,021,A30,- - -

Ecan muOXeCcTBa A; HE TEPECEKATNUCH, TO MBI Oy IUIA UC-
KOMOE TIPENCTABIeHNE 1A uX 00benuHenus. Eciau nepeceka-
JIUCH, TO U3 TOCTPOEHHOU TIOCIEIOBATEILHOCTY HAI0 BEIOPO-
CATBH TIOBTOPEHUS.

Ecmu MHOXECTB KOHEYHOE YUCJIO WA KAKUe-TO U3 MHO-
JKECTB KOHEYHBI, TO B DTOU KOHCTPYKIIUU YACTU LICHOB He
OymeT — ¥ OCTAHETCS Ju00 KOHEYHOe, Jr00 CIETHOE MHO-
XKeCTBO. >

29. OnucanHBIZ TPOXO/ MO AUATOHALAM 33JaET B3aMMHO OJ-
HO3HAYHOE COOTBETCTBUE MEXJy MHOXECTBOM BCEX Tap HATY-
pampaBIX gmCen (koTopoe o6o3nagaerca N x N) u N. Jlio6onbrTHO,
YTO 3TO COOTBETCTBUE 334a8TCA MPOCTON GOpMyIon (MHOIOUIE-
HOM BTODPOU CTEIEHN ¢ PAIXOHAILHEIME KO3 dunuenTamm). Yka-
XUTE DTOT MHOTOUWIEH.
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3ameuvanue. B gokasaremncTBe yrBepx aeHus (6) Teope-
MBI 2 €CTb TOHKUM MOMEHT: HA KAaX[OM IIare MEI [OJXK-
HBI BEIOPATDH OAUH M3 OCTABIINXCS DIEMEHTOB MHOXECTBA A;
TaK/e DIEMEHTHI eCTh, HO ¥ HaC HeT HUKAKOI'O IIPABUIA, IIO-
3BOJIIIOLIET0 TakKOU BHIGOp omucaTth. [Ipu Gomee Gpopmain-
HOM IIOCTPOEHMY TEOPUM MHOXKECTB TYT HYXHO COCIATHCA
Ha CIEeNUAIbHYI0 aKCHOMY, Ha3LIBAEMYIO aKCUOMOU 6bibopa.
3aKOHHOCTB HTON AKCUOMEI BEI3EIBAIA, GOJIBIINE CIOPEL B HA-
gage 20-r0 BeKa, HO MOCTENEHHO K HEU MPUBLIKIA, U ITU
CIIOPEL CEeMYac IOYTH He BOCIPUHUMAIOTCA. B cepenune Beka
Benukuu Joruk Kypt T'énens mokasas, 9T0 akCuoMy BHIGODA,
HEJIb3s1 OHpOBepFHyTb, HOJIb3y}ICb OCTAJBbHBIMUA AKCUOMAMU
TEOPUU MHOXECTB, a B 1960-e rosl aMepuKaHCKUN MaTeMa-
Tux Ilon [Ix.KosH moxasan, 9YTO €€ Heab3s M BLIBECTU U3
ocrambHbx akcuoM. (Konedno, nonumanve >Tux yTBEpXK Ie-
Huu TpebyeT moaPOGHOr0O U3I0KEHUA TEOPUN MHOKECTB KaK
AKCMOMATUIECKON TEOPWH.)

30. Takoi e TOHKMI MOMEHT (XOTA M MEHee O4€BHHBIN)
€CTb U B JOKA3aTeIbCTBE yTBepXk AeHuA (B). Moxere au BB fora-
narecd, rae ou? (OTBeT: MBI 3HAEM, 9TO MHOXECTBA A; CIETHEI,
TO €CTh YTO CYINeCTBYET B3aMMHO OJHO3HAYHOE COOTBETCTBUE
Mexay N u A;. Ho HyXHO BEIGpATh U (PUKCUPOBATH 3TU COOT-
BETCTBHUA, IIPpEXK A€ IeM YAACTCA IOCTPOUTE COOTBETCTBUEC MEX Y
o6wegunermem Bcex A; m N.)

Emé HeckosbKo mpuMepOB CIETHBEIX MHOXKECTB:

e MuoxecTBo Q pannoOHAIBHEIX Yucesr CI€THO. B camom
nIeJie, PAMOHAIbHELIE YUCIA TIPEACTABIIIOTCSI HECOKPa-
TUMBIMEA JIPOOSAME C LEJBIM YUCAATENEM U 3HAMEHA-
TenreM. MHOXeCTBO Apo6en ¢ JaHHEIM 3HAMEHATeIeM
cuétHo, novromy Q mpencraBumo B Bujge oObenuHe-
HUA CYETHOIO YMCIa, CIETHREIX MHOXKECTB. Jaberas BIe-
pén (cm. pasnen 1.6), ormeTum, aT0 MEHOXKECTBO R BCex
NEACTBATEIbLHBIX YMCEI HECIETHO.

e Muoxecrro NF, sremenTamu k0TOpOro seasioTCA Ha-
0OpBI M3 k HATYPAJBHBIX YUCEI, CIETHO. DTO JErKO
nokasarb umHaykimen mo k. [lpm k = 2 mHOXeCTBO
N2 = N x N map HaTypalbHLIX 9HCeT Pa3bUBAETCA
Ha cuéTHOe umcao cuérHerx MHOXkecTB {0} x N, {1} x
x N,... (smementaMu 4-r0 MHOXECTBa OyAyT MapHI,
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MePBHIA WIeH KOTOPLIX paseH ). [losTomy N? caérHo.
Ananorwaabiv o6paszom MEOXKecTBO N° Tpoex Hary-
PATBHBIX 4uCes PasOUBAETCA HA CIETHOE TUCIO MHO-
xectB {i} x N x N. Kaxgoe u3 HIX COCTOUT U3 TPOEK,
MIEPBHIN WIEH KOTOPHIX (PUKCUPOBAH U IOTOMY DABHO-
MomEo MHOXKecTBy N2, koTopoe cuéTHo. Touno Tak
e MOXHO TEPedTH OT cYéTHOCTH MHOxkecTBa NF K
cuérHoCcTH MHOXecTBa NFH!

MHO}KGCTBO BCE€X KOHEYHEBIX HOCJIeI[OBaTeJIBHOCTeﬁ Ha-
TypanbHBIX 4ucenl cuérHO. B camoMm gene, MHOXeCT-
BO BCEX TOCJAENOBATEILHOCTEN JAHHOU MJIUHBI CIETHO
(xaK MBI TOJBKO ITO BUIEIN), TAK 9TO HHTEPECYIOIIEe
HAC MHOXECTBO Pa30MBAETCA HA CIETHOE UUCIO CIET-
HBIX MHOXECTB.

B mpeguigymem npuMepe He 06A3aTEaBEHO TOBOPUTE O
HATYPAJbHBEIX YACIAX — MOXKHO B3ATh JI000€ CIETHOE
(nmm komeunoe) MuoxecTBo. Hampumep, MHOXECTBO
BCEX TEKCTOB, UCHOML3YIOMMX PyCCKuu andgasutT (Ta-
KOU TEKCT MOXHO CUYATATH KOHEIHOU TOCIEIOBATEIb-
HOCTBIO OyKB, IPOOEIOB, 3HAKOB IPENVHAHUA U T.II.),
CI€THO; TO XK€ CAMOE€ MOXHO CKA3aTh O MHOXECTBE
(BCeX MBICIMMBIX) KOMIIBIOTEPHEIX IPOCPAMM H T. 1.

Yucio HABLIBAIOT 0.42€0PAUUECKUM, €CIU OHO ABJIACTCS
KODHEM HEHYJIEBOI'O MHOTOWICHA € HeIbIMH KOd(hdu-
umeHTaMu. MHOXECTBO aareOpandecKux 9IuCeI CIeT-
HO, TAK KAaK MHOTOYIEHOB CI6THOE YUCI0 (MHOIOYWIEH
3a4a6TCs1 KOHEIHOU IIOCJIE0BATENILHOCTHIO IEJIBIX M-
ceq — ero KOod(pPUIMEHTOB), 8 KaXKIbI MHOTOYWIEH
UMeeT KOHEYHOE 4YUCJ0 KOpHen (He Gomee 7 0Js MHO-
COYWIEHOB CTEIEHHU 7).

MuoxecTBO nepuoguyaeckux npobeu caéruo. B camom
meJsie, Takasg po0b MOXKET ObITh 3AIKMCAHA, KAK KOHEY-
Has MOCIEAOBATENIbHOCTD CUMBOJIOB I3 KOHEYHOI'O MHO-
XKecTBa (3anaTas, uudphL, CKOOKM); HApUMED, APO6H
0,16666. . . MmoxHo 3anucars kak 0,1(6). A Takux no-
CJIEJOBATEILHOCTEN CIETHOE MHOXECTBO.
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31. Moxaxwure, 9T0 11060€ CEMENCTBO HEIEPECEKAIOMINXCA MH-
TEpBAIOB HA MPAMOM KOHEIHO WIN CIETHO. (YKA3aHME: B KAXKJOM
WHTEPBaJe HANAETCA PALUOHAILHAL TOIKA.)

32. (a) [lokaxmure, 4TO 11060€ MHOXKECTBO HEIEPECEKAIOUMX-
Cs BOCBMEPOK HA ILIOCKOCTH KOHEYHO mmu CY€THO. (Bocbmép-
Ka — 00BeIUHEHNE IBYX KACAKUUXCA OKPYXHOCTEH JIOOBIX pas-
Mmepos.) (6) ChopMyampyliTe n ZOKAXKUTE AHAIOTMIHOE yTBED-
Xk aeHue auasa Oyks «T».

33. [okaxwuTe, 9TO MHOXECTBO TOYEK CTPOrOro JOKAJIBHO-
0 MaKCUMyMa JI0007 GyHKINU JeNCTBUTEILHOTO apryMeHTa KO-
HEYHO WIN CUYETHO.

34. [loxaxwuTe, 9TO MHOXECTBO TOYEK Da3pBLIBA HEYOBIBAIO-
me GyHKIUK NEACTBATEIBHOIO aPIyMEHTa KOHETHO WK CI6T-
HO.

Teopema 3. Eciiz MEHOXECTBO A GECKOHEYHO, 3, MHOXECT-
BO B koneuno wm cuértrO, TO 00BequueHne A U B paBHO-
MomHO A.

< Moxuo cuuTaTh, yT0 B He nmepecekaercsa ¢ A (mepe-
CeYeHme MOXHO BBIOPOCUTH U3 B, 0CTaHeTCsA MO-TIpexHEMY
KOHEYHOE WU CIETHOE MHOXKECTBO).

Brigenmum B A cuétroe mogMuOXecTBO P; ocTaTok 060-
sHauuM depe3 . Torga mam Hamo noKasaTh, 9To B + P +
+ @ pasrOMOmEO P+ () (3HaK + cuMBOIM3UpPYeT OOBEaMHE-
HIE HENEPECeKAIMXCA MHOXeCTB). Ilockomeky B + P u P
00a CUYETHHI, MEX Iy HUMU CYLIECTBYEeT B3aUMHO OTHO3HAY-
HOe cooTBeTcTBHE. Ero JIerko npogomxuTh 10 COOTBE TCTBUS
mexay B+ P+ Q u P+ Q (xaxIpi1 51eMEeHT MHOXECTBA ()
COOTBETCTBYET cam cebe). >

35. IlpuMmenuTE 3Ty KOHCTPYKIIVIO X ABHO YKAJKUTE COOTBET-
crBue MexAy orpeskoM [0, 1] u moxyuaTepBasom [0,1).

36. Teopema 3 nmokaswIBaeT, YTO AOOABIECHME CIETHOT'O MHO-
XKeCTBa K GECKOHEIHOMY HE MEHAET €r0 MOMHOCTH. MOxHO am
CKa3aThb TO Xe caMoe Ipo yaaxenue?! Joxkaxure, 94T0 ecau A Gec-
KOHEYHO WM HE ABIACTCA CIETHBIM, 8 B KOHEYHO MM CIETHO, TO
A\ B pasaomomsO A.

37. Hemeuxmr marematux P.leqekunjg OPemIoXWI TaKOe
onpeenseHne 66CKOHEYHOI0 MHOXECTBA: MHOXECTBO O6€CKOHETHO,
€CIM OHO PABHOMOIIHO HEKOTOPOMY CBOEMY IIOAMHOXECTBY, HE
COBIIAJAIOUIEMY CO BCEM MHOXECTBOM. IIoKaxXuTe, 4T0 YKa3aHHOE
JleaexnHI0M CBOMCTBO JEUCTBUTEIBHO ONPEAEIaeT 6eCKOHEIHBIE
MHOXECTBa.
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[o6apisisa KOHEIHBIE NN CIETHLIE MHOXKECTBA, JErKO II0-
HATDH, ITO NPAMAA, BCE NPOMEXYTKHA HA MPAMOU (OTPE3KwH,
MHTEPBAJIEL, IOy UHTEPBAILL), JIyId, UX KOHEYHEIE WU CIET-
HBIe O0BEIVHEHUS U T.II. PABHOMOIIHEI IPYT APYTY.

38. YkaxmTe B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXIY
muoxectsoM [0,1] U [2,3] U[4,5]U... u orpeskom [0, 1].

39. [okaxmre, 9T0 MHOXECTBO BCEX IPAMBIX HA ILIOCKOCTH
PaBHOMOIITHO MHOXECTBY BCEX TOYEK Ha IJIOCKOCTH. (yKaaaHne:
7 TOYKU, 1 IPAMBIC 3a4a0TCA IIapaMX IUCETI — 3a HeO0IBIIIMY
WCK/IIOYEHUAMIE. )

40. [oxaxwre, 9TO MOIYNJIOCKOCTH (TOYKM ILTOCKOCTH, J€-
XKaIlye M0 OJHY CTOPOHY OT HEKOTOPOU NPsAMOM) PaBHOMOIIHA
II0CKOCTH. (DTO BEPHO HE3ABUCHMO OT TOT'O, BKIIOIAEM MEI I'Da-
HIYHYIO IPAMYIO B IOJIYIIJIOCKOCTH WIN HeT.)

Teopema 4. Orpesok [0, 1] paBHOMOIIIEH MHOXECTBY BCEX
0ECKOHEYHEBIX MOCIEJOBATEILHOCTEN HyJ €N U €IUHIII.

< B camom gene, xaxgoe uncao x € [0,1] sanuceBa-
eTcsa B Buge OeckoHeYHOU aBomyHOu npobu. IlepBrm 3HAK
sTou apobu paseH 0 wix 1 B 3aBUCUMOCTH OT TOrO, TOMA-
JaeT U YUCIO T B JEBYIO WIM NMPABYIO MOJOBUHY OTDPE3KA.
YT0o6wI OnpeneanTs CAeIyIONui 3HAK, HA 0 BEIOPAHHYIO IO~
JIOBMHY HOJEMATH CHOBA IIOIOJAM M IIOCMOTPETH, KyIa IIO-
magéT T, ¥ T. 1.

OTO XK€ COOTBETCTBUE MOXKHO ONKCATHL B APYI'YIO CTOPO-
HYy: IOCIE€JOBATEIbHOCTU TOT1ZL2 ... COOTBETCTBYET YUCIO,
ABJIAIOMEECA CyMMOU PAIA,

(B 5TOM DOCTPOEHUE MBI HCHOAB3YEM HEKOTOPHIE (DAKTHL U3
MaTEeMaTUIECKOr'0 aHAIN3a, YTO HE YIUBUTEIHLHO — HAC UH-
TEpeCyIT CBOUCTBA IEUCTBAUTEILHEIX IUCEIL. )

OnucanHOe COOTBETCTBME IOKA YTO HE COBCEM B3aMM-
HO OJHO3HAYHO: ABOMYHO-DALMOHAIBHEIE YMCId (Ipobu Bu-
pa m/2") mMeroT aBa mpencrasaeHusA. Hampumep, [Gumciao
3/8 moxHO 3anucarh kKak B Buge 0,011000. .., Tak u B BUge
0,010111... CooTBeTCTBUE CTAHET B3AVMHO OJHO3HAYHLIM,
ecau 0T6pOCUTHL ApO6U C eIUHUNEN B mepuoje (Kpome apo-
6u 0,1111..., xoTopywo Hano ocraBuTh). Ho Takux gpoben
CYETHOE YUCJIO, IOITOMY HA MOIIHOCTH 3TO HE IOBIXIET. [>
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41. Kakas gsomdnas Apo0b cooTBeTCTBYeT 4duciy 1/37

B sToM moxasaTesncTBE MOXHO OBLIO OBI MCIOJBL30BATH
0Oonee TPUBLIYHBIE NECATUYHBIE APOOKM BMECTO BOUYHBIX.
Ioxyamnock 661, 9T0 0TPe30K [0, 1] pABHOMOIIEH MHOXECTBY
BCeX OECKOHEYHHIX mociaenoBaTensHocTen mudp 0,1,...,9.
YTo6LI mepenTu OTCI0Aa K TMOCAeNOBATEILHOCTAM HYJEU
¥ eIWHUI], MOXHO BOCIOJb30BATHCA MPUEMOM, OMUCAHHBIM
Ha c. 13.

Tenepb BCE rOTOBO [Jisi OKA3ATEIHCTBA TAKOTO Y IVBU-
TEIBLHOI'O (paKTa:

Teopema 5. Ksagpar (CO BHYyTPEHHOCTBIO) PABHOMOIIEH
OTPE3KY.

< Ksagpar paeHoMomen muoxkecTBy [0,1] x [0,1] map
r[Lel‘/JICTBI/ITeJI])HI:'IX “H/ICeJI, Kaxnoe u3 KOTOphIX JE2XKUT Ha OT-
peske [0, 1] (meTox xoopamuaT). MEL y)e 3HAEM, 9TO BMECTO
YUCEJ HA OTPE3KE MOXHO TOBOPUTH O TOCIEIOBATEILHOCTIX
mynen u eaunuil. QOCTATOCH 3aMETUThL, YTO TAPE MOCIEI0-
BaTEIbHOCTEN HYJEH U €AUHUL (ToL1T2 - - - ,YoY1Y2 - - -) MOXK-
HO NOCTABUTL B COOTBETCTBUE MOCJEI0BATEIHLHOCTH-CMEChH
ToYoZ1Y1L2Y2 - -- M ITO DTO COOTBETCTBUE OyAET B3AUMHO
OHO3HAYHELIM. [>

OTOT pe3yIbTaT OBLT mOIydeH B 1877 roay HeMenkuM MaTe-
maTukoM ['eoprom KédnTOpoM u yauBmi ero caMoro, moCKOJIBKY
IPOTUBOPEYNI UHTYATUBHOMY OLIYLIEHUIO «Pa3MEepHOCTH» (KBa-
IpaT ABYMEPEH, MO3TOMY BpOJe ObI JOMXKEH COAEPXKATH OOJbIIe
TOYeK, IeM OJHOMEPHEIN 0TPe30K). Bor wro Kanrop mucaxr Jexe-
xmagy (20 urona 1877 roga), 06CyxX 4as BOIPOC O PABHOMOIIHOCTH
TMPOCTPAHCTE PA3HOI'0 YHUCIa m3Mepenmin: «Kak MHE KaxkeTCsa, Ha
3TOT BOIPOC CIEAYET OTBETUTDH yTBEPAUTEIHHO, XOTA HA MPOTA-
JKEHNU PAJA JeT s IPUAEPKUBAICA IPOTUBOIOJOXKHOIO MHEHU) .

B ogHOM M3 OTBeTHBIX muceM [lefeKWHJ OTMeYaeT, ITO pe-
3yabprar KanTopa He IuIIaeT CMBICIA MOHATHE PA3MEPHOCTH, HO-
CKOJIBKY MOXHO PaCCMAaTPUBATh JHIIb HEPEPHIBHEIE B 00€ CTOPO-
HBI COOTBETCTBUA, ¥ TOTAA NPOCTPAHCTBA PA3HOU PA3MEPHOCTH
MOXHO OyAeT Pa3IninTh. JTa MUI0TE3a OKA3aTI0Ch BEPHOU, XOT
HE TaKOW NMPOCTOW; IEPBBIE MOMBITKA €€ JOKa3aTh, B TOM HYUCIE
ogHa m3 craren KanTtopa, cosepxanu oumoOKy, I TOILKO CIyCTS
TPUAUATH IeT MOLTAHACKUY MaTeMaTuk JI. Bpaysp gaa npasmwis-
HOE J0Ka3aTelIbCTBO. BipodueMm, 0TCyTCTBHE HEIPEPHIBHOI'O B 00€
CTOPOHBI COOTBETCTBHUA MEX Y OTPE3KOM U KBAIPATOM JOKA3aTh
HECJIOXHO; TPYAHOCTH HAYMHAIOTCA B OOIbIINX DPa3MEPHOCTX.
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(BameTmMm Takxke, ITO CymIECTBYET HEIPEPBHIBHOE 0TOGpaXKEHHE
OTpE3Ka B KBAAPAT, KOTOPOE IPOXOAUT I€pe3 Jo6yI0 TOIKY KBa-
apara. OHO Ha3BIBaeTCA «kpuBoU lleaHo».)

W3 TeopeMsl 5 1€rk0 DOIyYATH MHOIO APYTHUX YTBEPK A~
HUU IPO PABHOMOIIHOCTH [€OMETPUIECKUX 00BEKTOB: KPYT
PABHOMOITIEH OKPYXKHOCTH, IPAMASA PABHOMOIIHA ILIOCKOCTHA
u T.T.

MoXHO TakXke 3aMEeTUTb, YTO IPOCTPAHCTBO (TOYKA
KOTOPOIr'O 3aJaI0TCA TPeMs KOOPAUHATAMU (X, Y, Z)) PABHO-
MOIIHO IUIOCKOCTH (HAa[0 3aKOAUPOBATH mapy (T,y) OXHUM
9MCAOM), U, CJIEJOBATENLHO, NPAMOU. TO ke caMoe MOXKHO
[IPOJENATh U AJIS IPOCTPAHCTB OOJbIIEN PA3MEPHOCTH.

42. [JoxaxmuTe, 9TO MHOXECTBO BCEX KOHEYHBIX IIOCIENOBA-
TEIBHOCTEH JeMCTBATEILHBIX YMCeI PABHOMOIIHO R (MHOX€eCTBY
BCEX JEUCTBUTEILHEIX THUCEN).

43. JokaxwuTe, IYTO0 MHOXECTBO BCeX GECKOHEYHBIX ITOCIEN0-
BATEILHOCTEU JAEUCTBUTEILHBIX YMCEI PABHOMOIIHO R.

OrmMmeTnM, 9TO MEI IOKA HE YMEEM JOKA3BIBATH, ITO MHO-
XKECTBO JEUCTBUTEILHEIX YUCET (AIU MHOXKECTBO OGECKOHEd-
HEIX TIOCJEJOBATEILHOCTEN HyJEH U €IMHNL) HECIETHO. ITO
OymeT cnenaHo B pasgene 1.6.

MoOImHOCTE MHOXKECTBA JEUCTBATENBLHBIX YUCEJ HA3LIBA-
0T MOWHKOCTILIO KOKMUNYYMA (OT JTATUHCKOT'O CJIOBA, O3HA-
YAOLIEr0 «HEIPEPBLIBHLINY; UMEETCS B BUIY, YTO TOYKA HA
OTPE3KE MOXKET HENPEPHIBHO ABUCATHCA OT OJHOIO KOHIA, K

Apyromy).

1.5. Teopema Kantopa—bepHwTenna

Omnpegenerne PaBHOMOIIHOCTY yTOYHAET WHTYUTUBHYIO
MIe0 0 MHOXKECTBAX «OAMHAKOBOI'O pasMepay. A kak ¢dop-
MAaJIBHO OIPENeINTh, KOr A OJHO MHOXECTBO «OOJBIIe» ADY-
roro?

T'oBopsiT, 9T0 MHOXECTBO A 10 MoOwnocmu He Goavwe
MHOXKeCTBa B, ecu OHO PaBHOMOIIHO HEKOTOPOMY IIOAMHO-
XKeCTBy MHOXecTBa B (Bo3MOXxHO, camomy B).

44. HexTo IpeqIoX I TaKOe OIIpeeleHne: MHOXeCTBO A nMe-
€T CTPOT'0 MEHBIIYIO MOIITHOCTh, YeM MHOX€eCTBO B, eciu OHO paB-
HOMOIIIHO HEKOTOPOHI YaCTH MHOXECTBa B, He COBIaJAIOMER CO
BceM B. Ilouemy »To onpegenenue neygaduo? (Ykasauue. ITomy-
JAPHBIEC PACCKa3bl O TEOPHUX MHOXECTB 1aCTO HATUHAITCA C TAKO-
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r'o mapamoKca, Bocxoaamero K [amnaero. Kaxux aucea 6oapbire —
BCEX HATYPAIbHBIX YMCEJI WIX TOYHBIX KBagpaTos? C ogHOU CTO-
POHBI, TOYHBIE KBAaAPATHI COCTABIAIOT JIUIIL HEOOJBIIYIO JACTh
HATyPAIbHBIX 9UCET; C APYTOU CTOPOHBI UX MOXKHO MOCTABUTH
BO B3aMMHO OJHO3HAYHOE COOTBETCTBUE CO BCEMU HATYPAJILHEBI-
MU IUCIAMIE.)

OTHOmEHNE «MMETHL HE OOJBIIYI0 MOIIHOCTLY 0013 TaeT
MHOI'MMHK €CTECTBEHHBLIMU CBOMCTBAMMU:

e Ectm A nu B paBHOMOIHEL, TO A uMeeT He GOJIBIIYIO
MOIHOCTD, YeM B. (OgeBngno.)

e Fciu A umeeT He GOJBLINYyI0 MOIIHOCTL, YeM B, a
B umeet He GOJBIIYI0 MOIMHOCTh, YeM C, To A ume-
er He Gosbiryo MomHOCTL, YeM C. (Toxe HecaoxHO.
Ilycte A HaxomuTCs BO B3aMMHO OJHO3HAYHOM CO-
orBercTBuu ¢ B’ C B, a B HaxoAuTCsA BO B3aUMHO
omuoszHausoM coorsercTBuu ¢ C' C C. Torgma mpm
BTOPOM COOTBeTCTBUU B’ coOTBETCTByeT HEKOTOPO-
my muOX)ectBy C” C C' C C, xak nokasaHo Ha puc. 1,
u noromy A pasromorguo C”.)

Puc. 1. TpaH3auTUBHOCTD CPABHEHUS MOITHOCTEN

e Eciu A umeer He OOJBIIyI0O MOLIHOCTBL, YeM B, a
B uveet He GOJBIINYI0 MOIIHOCTL, YeM A, TO OHU paB-
HOMOLIHEL. (DTO BOBCE HE OYEBUIHOE YTBEPXKICHUE
cocTaBiasieT cogepxkanue Teopemel Kanropa— Bepn-
[MITENHA, KOTOPYIO MBI CEMIaC JOKAKEM. )
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o [lus m00bx aBYyX MHOXECTB A u B BepHO (Xx0Ts OBI)
ONHO U3 AByX: u00 A mMmeeT He GOJBIIYI0 MOIIHOCTD,
geMm B, 1160 B umeer He GOMBIIyI0 MOIIHOCTE, YeM A.
([IokazaTeasCTBO >TOr0 hakTa TpebyeT TAK HA3LIBAC-
MOU «TPAHCHUHUTHOU UHIYKIUWY; CM. pasger 2.6, Te-
opema 25.)

Teopema 6 (Kantopa —bBepHwTeiina). Ecomu mao)ecTo A
PABHOMOIIIHO HEKOTOPOMY MOAMHOXKECTBY MHOXECTBa B, a
B paBHOMOIITHO HEKOTOPOMY TOAMHOXECTBY MHOXKECTBa A,
TO MHOXEeCTBA A u B pPaBHOMOIIIHE.

< Mycte A pPaBHOMOIIHO TOAMHOXECTBY B MHOXe-
crBa B, a B paBHOMOIIHO TOAMHOXECTBY A; MHOXecTBa A
(cm. pume. 2). Ipm B3aUMHO OZHO3HAMHOM COOTBETCTBUM

Puc. 2.

vexny B u Ay mogmuoxecTBo By C B mepexoiuT B HEKOTO-
poe moaMHOKeCTBO Ay C A;. Ilpu 5TOM BCE TP MHOXKECTBA,
A, By u Ay PaBHOMOIIHEL, — U HYXHO JOKa3aTh, ITO OHU
PABHOMOIIHEI MHOXeCTBY B, mwiu, 9T0 TO %)e camoe, Aj.

Teneps MBI MOXeEM 3a0BITH IPO MHOXECTBO B 1 ero moj-
MHOXECTBA U JOKA3BIBATH TAKOU (PAKT:

ecm Ay C Ay C Ag m Ay pasHOMOmEO Ay, TO Bce Tpu
MHOXECTBA PABHOMOIIHEL

([na eauuOOOpa3ma Mel roBOpUM Ag BMeCTO A.)

IIycTe f — QyHKIMA, OCYIIECTRIAIONMAA B3AUMHO OTHO-
3HauHOe cooTBeTcTBUE A9 — Ay (dnement x € Ag coorserT-
crByet anementy f(x) € As). Korga Ag mepexogut B A,
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Puc. 3.

MEHbIIIEE€ MHOXKECTBO Al HepeXOrZ[I/IT B KAaKOe-TO MHOXeCT-
Bo A3 C A, (cM. puc. 3). AHanormdaeiM 00pa3om camo As
mepexofuT B HEKOTOpoe MHOxecTBo Ay C A,. Ilpu sTom
Ay C Az, Taxk kak Ay C A,.

ITpomomxas 5Ty KOHCTPYKUMIO, MBI ITOJy4YaeM yOBIBAO-
MIy10 TTOCTIeSOBATEIHHOCTE MHOXKECTB

A03A13A23A33A4D...

¥ B3aMMHO OJHO3HAYHOE cooTBeTcTBUE f: A9 — A,, mpm
KoTOpoM A; coorBeTcTByeT A;19 (MHOTAA DTO 3aNUCHIBAIOT
tak: f(4;) = Aj;2). PopManbHO MOXKHO onmcaTb Aj, Kak
MHOXECTBO TeX BJIeMeHTOB7 KOTOpre HOJIy‘IaIOTCﬂ n3 KakKO-
CO-TO DJIEMEHTa MHOXECTBA Ay MOCIE N-KPATHOr'O MpUME-
Henus pyukupu f. AHaIOrmvIHBEIM 00pasoM Aspy1 COCTOUT
U3 TEeX W TOJBKO TEX DIEMEHTOB, KOTOPHE MOAYYAIOTCA U3
KaKOr'O-TO DIEMEHTA MHOXECTBa, Aj MOCIe N-KPATHOTO M-
MeHeHus GyHkmuy f.
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3aMeTuM, 4TO IEPeCceYeHne BCEX MHOXKECTB A; BIOJHE
MOXKeT OBITh HEIyCTO: OHO COCTOUT K3 TeX HJIEMEHTOB, Y KO-
TOPBIX MOXHO CKOJBKO YyrOAHO pas3 Opatk f-mpooOpas. Te-
nepb MOXHO CKa3aThb TaK: MHOXECTBO AO MBI pa,36I/IJII/I Ha
Henepecekatoumecs cioun C; = A; \ A;y1 7 Ha cepaueBuHy
C =04

Caon Cy, Cy, Cy, ... paBHOMOmHE (pyHknua f ocy-
OIECTBJAAET B3aMMHO OJHO3HAYHOE COOTBETCTBUE Me)K.I[y C(]
u Co, mexkgy Cou Cy mwT.1.):

ooy Loy L

To xe camoe MOXHO CKa3aTh IPO CIOM C HEYETHBIMU HOME-
pamu:

o, Loy Loy L

Moxno emé oTrmMeTwTh (4TO, BIPOYEM, HE MOHANOOUTCH),
uro ¢yukuusa f Ha MHOXecrBe (' OCyLWIECTBIAsAET €ro Ie-
PECTAaHOBKY (B3aUMHO OJHO3HAYHOE COOTBETCTBUE C CAMUM
co6on).

Teneps JErKO HOHATH, KAK MOCTPOUTH B3AMMHO OJHO-
3Ha4HOE cooTBeTcTBHE g Mexay Ag m A;. Ilycts z € Ag.
Torga COOTBETCTBYIOIMN €My DIeMEHT g(Z) CTPOUTCA TaK:
g(z) = f(z) mpu z € Cop u g(x) = z pu = € Copyq WM
z € C (cMm. puc. 4). >

Ag = Cyp + C1 + C3 + C3 + C4 + -+ + C
Al = Cl + 02 + C3 + 04 + -+ C
Puc. 4.

VicTopusa >Toi TeopeMs! (Ha3BIBaeMOn Takxke Teopemon IIpé-
nepa—Bepumrenna) Takosa. Kantop ¢opMmymupyet eé 6e3 mo-
ka3zaTeabcTBa B 1883 roay, obemasn: «K 3ToMy a emé BepHYChH B
0AHOH 60o1ee O3 AHeH Pa00Te U TOrIa BLIABIIO CBOCOOPa3HBIN MH-
Tepec 3Tou 06mmen TeopeMbny. OIHAKO 3TOr0 06EIAHNA OH HE BhI-
IIOTHLI, ¥ TIEPBEIE NOKa3aTerbCTBa Obumm gaust LIpénepom (1896)



26 Munoacecmea u mowrocmu [ra. 1]

u Beprmrennom (1897). Kak Buguo m3 pa6or u mucem Kanropa,
OH TIpPeAIoIaral A0Ka3bIBATH DTY TEOPEMY OJTHOBPEMEHHO C BO3-
MOXHOCTBIO CPAaBHUTH JIIOOBIE ABA MHOXECTBA (cM. pasgen 2.6,
TeopeMa 25), HO KaK MMEHHO — OCTaéTCa HemoHATHEIM. (Pao-
Th1 KaHTOpA IO TEOpUYM MHOXECTB U €r0 MACHhMa IEPEBEJEHBI Ha
PyCCKUU A3BIK [4]; BCe IUTATHEI JAIOTCA IO HTOMY U3JAHUIO.)

Teopema KanTopa—BepHiiTenna 3HaYUTENBHO YIPOIIA-
eT J10Ka3aTeNbCTBA PABHOMOIIHOCTY: HAIPUMED, €CIN MBI
XOTHUM A0Ka3aTh, 4TO OyOJIUK U AP B IPOCTPAHCTBE PABHO-
MOIIHEI, TO ZOCTATOYHO 3aMETHUTD, ITO U3 OyOaIrKa MOXKHO
BLIPE3ATH MAMEHBKUY AP (TOMOTETUYHEIN GOMBIIOMY ), 8 U3
mapa — MAJeHbKUU OyOIuK.

45. IlocmoTpuTe HA IPUBEAEHHBIE BBIIE 3303491, I'ie Tpe6oBa-
J0Ch JOKA3aTh PABHOMOIIHOCTE, X YOEAUTECH, YTO BO MHOIUX U3
HuX mpuMeHeHue Teopembl KarnTopa — Beprmrensaa cuibHO yIpo-
maeT aeno.

46. [okaxwmure, 9TO BCe reoMeTpUIECKNE (PUTYyPBI, COAEPXKA-
e X0TA 6bI KyCOYeK MPAMOU MW KPUBOU, PABHOMOIIHEL.

47. [lokaxwure, 9TO €CaIM KBAAPAT Pa30UT HA ABA MHOXECTBA,
TO X0Ts GBI OJHO U3 HUX PABHOMOIIHO KBajapaTy. (Ykasauwme. Ec-
I OHA W3 IaCTEN COAEPXKUT OTPE30K, TO MOXKHO BOCIOJIb30BATh-
ca Teopemon Kanropa—Bepumrenna. Ecau xe, ckaxewm, nepsas
9aCTh HE COAEPXUT OTPE3KOB, TO B KaXJAOM T'OPU30HTAIBHOM
C€YeHNN KBaJApaTa €CTh TOYKa BTOpOfI 4qaCTHA, 1 CHOBA MOXHO
cocaarnca Ha Teopemy Kanropa— Beprmrensa.)

48. [loxaxure, YTO eciu OTPE30OK Pa3bUT HA ABE IACTU, TO
XOTA OBI OHA 3 HUX DABHOMOIITHA 0Tpe3Ky.

To xe camoe I0KA3aTEILCTBO MOXKHO H3JIOXKUTH 00J€e
abcTpakTHO (M M30ABUTHCA OT YHOMUHAHWUA HATYPAILHEIX
ancen). Hanomuum, aro f: A — A, eCTb B3auMHO OFHO-
3HAYHOE COOTBETCTBUE MEXIYy MHOXECTBOM A u ero mom-
MHOXKeCTBOM A, a A7 — HEKOTOpPOE IPOMEKYyTOIHOE MHO-
xecTBo. Hazosém muORecTBO X C A (XOPOIIMMY, €CIU OHO
conepxuT A\ A U 3aMKHYTO OTHOCUTEILHO f, T.e.

XD A\ A)+ f(X)

(MBI HCOIOB3YEM 3HAK + 1A OOBEIUHEHNS, HOCKOIBKY 005~
eUHsEMEIE MHOXECTBA 3aBEJOMO HE IePEeCceKaroTcs). Jlerko
MPOBEPUTEL, UTO MEPEeCceveHne JTOO0r0 CEMEUCTBA XOPOIIUX
MHOXECTB XOPOIIIee, TOITOMY €CIN MBI IIEPEeCcedIéM BCe XOPO-
e MHOXECTBA, TO HOJYYIUM MUHUMAJIBHOE IO BKIIOYEHUIO
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xoporree mHOx)ecTBO. Hazoeém ero M. Jlerko mpoeepurs,
aro MHOXECTBO (A \ A1) + f(M) Gymer xopommm, mo3TO-
MYy B CAIy MHUHUMAJBHOCTU M BKJIIOYCHUE B OIIpeneJeHuun
XOPOIIEro MHOXECTBA IIPEBPAIIACTCA B PABEHCTBO:

M = (A\ Ay) + f(M).

Teneps BCE TOTOBO A MOCTPOeHUA Omekiuu g: A — Aj.
Ora 6uekius copnagaer ¢ f BHyTpu M u TOXgECTBEHHA
Bue M.

49. IlpoBeauTe 3TO paccyxaeHne MOAPOGHO.

ITO0 paccyXkeHue yagoOHO Mpu MOCTPOEHUU AKCUOMATH-
YECKOU TEOPUM MHOXECTB, TAK KAK B HEM HE HYXHBLI HATY-
pasbHBIE YuCaa (KOTOPEE CTPOATCS ateko He cpasy). Ho
MO CYIIECTBY 3TO TO e CaMOe PACCy¥JeHme, TOCKOIbKY M
ectb CoUCyU...

50. ITycTs f — B3aMMHO O JHO3HAYHOE COOTBETCTBUE MEeX Ay A
¥ HEKOTOPBIM IIOAMHOXECTBOM MHOX€ECTBa B, a g — B3amMHO 0J-
HO3HAYHOE COOTBECTBUE MeX 1y B 1 HEKOTOPEIM 110 IMHOXECTBOM
MHOXecTBa A. [[Jokaxwure, 9T0 MOXHO TaK pa36uTh MHOXeCTBO A
Ha Hemepecekatomuecsa dactu A’ u A”| a Muoxectso B — Ha He-
nepecexatornmuecs gactu B’ m B” | aTo f ocymecTriser B3amMuO
onHO3HAYHOE cooTBeTcTBUE Mexay A’ mw B', a g — mexay A"
u B”. (Ykazanme: IMEHHO 5TO MBI (PAKTHIECKM yCTAHOBUIN NIPH
nokasareascTse Teopembl Kanropa-Beprmrensa.)

51. [lokaxwTe, 4TO KBAaApaT MOXHO pa3bUTh HA [gBE da-
CTH TaK, YTO U3 l'[Or/IOﬁHBIX M “Ia.CTeﬁ MOXHO CJIOXWUTBH KPYT.
®PopmanpHO: KBaJpPaT MOXHO pa3buTe mHa ase wactu A umw A’
a xkpyr — Ha ase wactu B’ u B”, ama xortoperx A’ momo6mo
B’, a A” nogo6no B”. (Ykazauue: BOCIOIB3YATECH TPEAbIAYIIEH
3aJaden. )

Teneps, umes B Bugy Teopemy Kantopa—Bepumrenna,
BEPHEMCA K BOMPOCY O CPABHEHUM MOIMHOCTen. [l maHHBIX
MHOXECTB A u B TeopeTudecKu UMEITCA 9€THPE BO3MOXK-
HOCTHU:

e A paBHOMOIIHO HEKOTOPOU YacTu B, a B paBHOMOIIHO
uHexoropon dactu A. (B sToM caydae, kak ME 3HaeM,
MHOX€eCTBa PABHOMOIIHEI. )

e A paBHOMOIIHO HekOTOpOU YacTu B, HO B He paBHO-
MoIHO HuKakou dactu A. B aTom ciydae rosopsaT, 9To
A umeem MerbwWYI0 MOUWHOCTIL, wem B.
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e B paBHOMOIHO HEKOTOpOou Yactu A, HO A He paBHO-
MOIIHO HUKaKOu 1actu B. B »ToM ciay4dae rosopsar, 410
A umeem 604wy MOWHOCTDL, Yem B.

e Hu A me paBHOMOIHO HuKakou dactu B, uu B ne
PABHOMOIIIHO HUKAKOM YacTU A. DTOT CIydau HA Ca-
MOM [Jeje HEBO3MOXKEH, HO MBI DTOr'0 IIOKA HE 3HAEM
(cM. pasgen 2.6).

52. [lokaxmuTe, YTO CYETHOE MHOXECTBO MMEET MEHBIIYIO
MOIIHOCTB, €M I:000€e HeCIETHOE.

53. IIpoBepbTe aKKypaTHO, 9TO €CIA A WMEeT MEHBIIYIO
MOIIHOCTE, 9eM B, a B mMeeT MeHbLIyI0 MOIIHOCTB, 9eM C, TO
A mmeeT MeHBIIYIO MOIIHOCTD, 9e¢M C' (TPaH3UTUBHOCTH CDABHE-
HUs MOIIHOCTEN).

3aMeTuM, 9TO MBI yXe [OJC0 TCOBOPUM O CPABHEHUU
MOIIHOCTEHN, HO BO3IEPXKUBAEMCS OT YIOMUHAHUSA «MOIIHO-
CTU MHOXECTBa» KaK CAMOCTOATEIHHOI0 00BEKTA, & TOIBKO
CPAaBHUBAEM MOIIHOCTYM PA3HBIX MHOXECTB. B mnpuniune
MOXKHO OBLTO GBI OMPENENIUTH MOIIHOCTL MHOXKECTBA A Kak
KJIaCC BCEX MHOXECTB, paBHOMOmHLIX A. Takue kmaccur nis
MHOX€eCTB A 1 B COBIIA0T B TOM U TOJBKO TOM CIydae,
korga A w B paBHOMOIIHBI, TAK 9TO CIOBA, «(AMEIOT PABHYIO
MOIIHOCTLY TIpuobpenu Obl GyKBAIBHBI CMBICI. IIpoGaema
TYyT B TOM, U9TO TaKAX MHOXECTB (PABHOMOIIHEIX MHOXKE-
cTBy A) CIMIIKOM MHOTO, HOCKOJIBKY BCE HA CBETE MOXKET
ObITH X daemeHTamMu. VIX HACKOIBKO MHOIO, YTO 00pa30oBaTh
U3 HUX MHOXECTBO 3aTPYIHUTEJLHO, DTO MOXET IPUBECTHU
K mapagokcam (cMm. pasgea 1.6, c. 33).

W3 sTom cuTyamuy €CTb HECKOJLKO BEIXOA0B. CaMbiu
MPOCTOU — TMO-TIPEXHEMY TOBOPUTH TOJBKO O CPABHEHUU
MOIITHOCTEN, HO HE O CAMUX MOITHOCTAX. MOXHO Takke BBE-
CTU TIOHATHUE (KIACCA» — TAKOU OOJBIION COBOKYITHOCTU
O0BEKTOB, UTO €€ yKe HeIb3sd CIUTATH JJIEMEHTOM ADPYIuX
COBOKYIHOCTEN («eCau BBEL IIOHMUMAETE, O YéM s TyT TOI-
kyio» — nobasmia 6b1 CoBa w3 xkuuxku 0 Bunaw-Ilyxe), u
CYNTATh MOIIHOCTBIO MHOXECTBA A KIACC BCEX MHOXKECTB,
pasaomormueX A. Emé oqus Boxoq — nia kaxaoro A BhI-
OpaTh HEKOTOPOE «CTAHAAPTHOE» MHOXKECTBO, PABHOMOIII-
HOe A, ¥ Ha3BATL €ro MOLIHOCTBLIO MHOXeCTBa A. OOBIYHO
B Ka4eCTBE CTAHIAPTHOIO MHOXECTBA 6E€PYT MUHAMAIBHBIN
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OpAVHAJ, PABHOMOIIHBIN A, — HO 3TO MOCTPOEHUE YKE TPe-
Gyer 6omee HOPMATBHOrO (AKCHOMATHYIECKOr0) MOCTPOCHUA
TEOpUN MHOXKECTB.

KanTop roeopur o MomuocTax Tak (1895): « Mowmnocmobio nin
KaPOUHAALHVIM %UCAOM MHOXeCTBa M MBI Ha3bIBaeM TO OOmiee
MOHATHE, KOTOPOE IOIYdYaeTCsA TPU NOMOLIM HAIIEX AKTUBHOMN
MBICIUTEILHON CHOCOOHOCTH w3 M, KOrga MbI abCTParmpyeMcs
OT KadeCTBa €ro Pa3JuYIHBIX 3JEMEHTOB 1M U OT MOpAAKA UX 3a-
ganums. (...) Tak kak M3 KaxXA0ro OTAEILHOIO DIEMEHTA M, KO-
T'Za MBI OTBIEKAEMCA OT Ka4eCTBA, IOIYyIaeTCA HEKAs , eJUHUIA"
TO CaMO KaPAMHAJILHOE IHCIO OKA3BIBAETCA MHOXECTBOM, 06pa-
30BAaHHBIM UCKIIOYUATEIBHO U3 €IWHUI], KOTOPOE CymeCTByeT KaK
WHTELTEKTYaTbHBIN 00pa3 UIX KaK TPOEKINA 33 1aHHOTO MHOXKE-
cTBa M B Ham pa3ym».

Tax wm uHave, Mel Oy 1eM ynoTpebusTs obo3HadeHue |A|
IJIST MOITHOCTY MHOXecTBa A X0Ts OBl KaK BOIBHOCTH PEYM:
|A| = |B| osnagaetr, uro MHOX)ecTBa A ¥ B paBHOMONIHEL
|A| < |B| osmagaer, 9T0 A PABHOMOIIHO HEKOTOPOMY MO~
MHOXeCTBY MHOXecTBa B, a |A| < |B| o3nadaer, uro A nme-
€T MEHBIIYIO MOMIHOCTD, YeM B (cM. ¢. 27).

1.6. Teopema KaHTopa

Knaccuueckuii mpuMep HEPABHOMOIIHEIX OECKOHEYHBIX
MHOXECTB (O CHX IIOp TAaKOr'O IpUMEPa y Hac He ObuIo!)
OaéT «IUaroHaNbHAA KOHCTPyKiusa KanTopay.

Teopema 7 (Kantopa). MHOXeCTBO 6ECKOHEYHEIX TOCTE-
NOBATEILHOCTEN HyJeU ¥ eJUHUL] HECIETHO.

< IIpegmosoxwum, uro ouo cuérHo. Torma Bce mocie-
NOBATEIBLHOCTH HyJEH M ENUHAL MOXHO IIE€DPEHYyMepPOBATH:
Qp,01,... CocraBuM GECKOHEYHYIO BHU3 TAOIUIy, CTPOKA-
MU KOTOPOU Oy Iy T HAIIK MOCIELOBATEILHOCTH:

Qg = Qoo o1 Qo2
ap = 010 @11 Q12
Qg = Q29 Q21 Q22

(4epes3 ;; MBI 0603HAMAEM j-U WIEH -U MOC/IEJ0BATENLHO-
ctu). Teneps paccMOTPUM MOCIEI0BATEILHOCTD, 00PA30OBAH-
HYIO CTOAIIMMY HQ, TUATOHAIU WICHAMU (oo, 11, 022, - - . ; €€
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i-M 9I€H €CTh (;; M COBHALACT C i-M WICHOM i-U IOCJIEJ0BA-
TEJIBbHOCTH. SaMeHI/IB BC€ YJIEHBI Ha HpOTI/IBOHOJIO}KHHe, MBI
MOy 9UM TIOCIEA0BATEILHOCTD 3, ¥ KOTOPOU

Bi =1 — ay,

TaK 9YTO MOCAEJOBATEILHOCTD [ OTINYIACTCA OT JHOOU U3 TO-
CJIEIOBATEILHOCTEN (v; (B IO3UIAY §) U TIOTOMY OTCYyTCTBYET
B Tabuaune. A MBI IPEINONIOKWIN, YTO TAOINIY, BKIYALT B
ce0s1 BCe TOCIeIOBATENLHOCTY — IIPOTUBOpeYne. >

W3 5>Tou TEeOpeMEl caenyeT, YTO MHOXECTBO R aencTsu-
TEJBHBIX 4uCeJ (KOTOPOEe, KAaK MBI BUJEIM, DPABHOMOIIHO
MHOXECTBY IOCJICLOBATEALHOCTEN HyJEN U €IMHNL) HECIET-
HO. B dWacTHOCTHM, OHO HE MOXKET COBHAJATHL CO CIYETHHIM
MHOXECTBOM AIre0panieCcKuX YUCe]a U MOTOMY CYIIECTBYeT
NEUCTBUTEILHOE YUCIO, HE ABJIAIONICECT anrrebpamdecKum
(e ABLMIOMEECs KOPHEM HUKAKOrO HEHYJEBOIO MHOTOYICHA
¢ menouuciIeHHbBIMU KoddpunuenTamu). Takue qucia Ha3w-
BaIOT MPAHCUEHIEHMHBIMY .

K MoMmenTy co3ganna KaHTOpoM Teopum MHOXECTB yiKe ObI-
J0 M3BECTHO, YTO TaKWe UUCIA CyIIeCTBYIOT. llepBBIN mpuMmep
TaKOro 9mcia mocTpoma B 1844 roxy dbpaHIy3CKHU MaTeMaTHK
2K. JluwyBmins. OH mOKa3al, 9TO YUCIO, XOPOIIO IPUOIMKAEMOe
PANMOHAJIBHBIMI, HE MOXET ObITH anrre0pamieckuM (Tak0BO, Ha-
mpumep, wucto Y (1/10™)). Moxazaremcrso Teopemsr JInysu-
I He OYeHb CJIOXHO, HO BCE-TaKuW TPeOyeT HEKOTODPHIX OLEHOK
TMOrPEIIHOCTY NPUGIMKEHNA; HA ero GOoHe J0Ka3aTerbCTBO Kan-
TOpa, ony6ankoBaEHOE MM B 1874 roay, BHITIALUT YHUCTON BO-
OBl GOoKycOM. JTa myGImkanusa ObLIA IMEPBOM PaGOTOM IO TeOo-
pPHUU MHOXECTB; B €€ mepBoM maparpade T0Ka3bIBAeTCA CIETHOCTD
MHOXECTBa aIrebpandecKux Iucel, a BO BTOPOM — HECIETHOCTD
MHOX€eCTBa AeucTBETEIbHBIX dmcer. (Obmee ompexgeneHme pas-
HOMOIITHOCTH ObLIO mfaHO KaHTOpOM Jaumine 4depe3 Tpu rona, ox-
HOBPEMEHHO C JOKAa3aTEIbCTBOM DPABHOMOIIHOCTY IPOCTPAHCTB
PA3HOr0 IMCIA M3MEPEHU, 0 KOTOPOM MBI YK€ TOBOPIIIN. )

OrmeruM KCTaTH, 9TO B TOM Xe 1874 rogy ¢dpaHuysckuu ma-
Temaruk [1I. Ipmur KoKa3au, 4YTO OCHOBAHWE HATYPAIbHEBIX JIOTa-
pubMOB € TPAHCIEHJEHTHO, a Yepe3 BOCEMb JeT HEMEIKUH Ma-
Temaruk . JluEgeMaH N0KA3al TPAHCUEHIEHTHOCTH UUCIA 7 U
TEM CaMBIM HEBO3MOXHOCTH KBAAPAaTyphl KPyra.

B Heckoabkux Creqymompx 33039aX MBI [IPEAIOJArAEM
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U3BECTHBIMU HEKOTODHIE HAaJaJdbHBIE CBEJEHNUA U3 KypCa Ma-
TEMATUIECCKOI'O aHAJIN3a.

54. TToxaxwuTe, 9TO A1 BCAKOT'O HECIETHOrO MHOXeCTBA A C
C R M0OXHO yka3aTh TOUKY a, II06aA OKPECTHOCTH KOTOPOU Ie-
pecekaercs ¢ A 0 HeCIETHOMY MHOXECTBY. (Y TBEpXK JeHUE 0CTa-
éTCs BEepHBIM, €CIN CIOBA «HECIETHOE MHOXECTBO» 3aMEHUTH HA
«MHOXKE€CTBO MOIITHOCTH KOHTI/IHyyMa)).)

55. Ilokaxwure, 9T0 11060€ HEMyCTOE 3AMKHYTOE MHOXECTBO
A C R 6€e3 130IMPOBAHHBIX TOYEK UMEET MOITHOCTH KOHTHHYYMA.

56. IlokaxwuTe, 9TO 1I060€ 3aMKHYTOE MHOXecTBO A C R am-
60 KOHEYHO, b0 CIETHO, MO0 MMEET MOITHOCTH KOHTHUHYYMA.
(Ykazamme. PaccmorpuM MHOXecTBO B C A, cocTosmee m3 Tex
TOYEK MHOXECTBA A, B 1I060M OKPECTHOCTY KOTOPBIX HECIETHO
MHOro apyrmx toiek m3 A. Ecim B mycro, To A kOHEYHO mim
cuétHo. Ecau B HenmycTO, TO OHO 3aMKHYTO U HE IMEET M30IUPO-
BaHHBIX TOYEK.)

OTa 333493 TMOKA3LIBAET, ITO AJIA 3AMKHYTHIX MOIMHO-
JKECTBO TIPAMOU BEPHA TUTOTE3d KOHTUHYYMA, YTBEPK IAI0-
a1, 9TO J000€e IO IMHOXECTBO IPAMOU NGO KOHEIHO, IGO0
caérHo, au60 pasaomomHO R. (KanTop, gokaszasmmu 3TOT
dakT, paccMaTPUBAL €r0 KaK MEPBBIN AT K J0KA3ATedb-
CTBY T'MNOTE3LI KOHTUHYYMA [IJIA OOIIEero CIyvas, HO U3 3TO-
0 HUYErO He BHIILIO. )

57. /I3 nmockocTy BHIOPOCHIN IPOM3BOJBHOE CIETHOE MHO-
XKeCTBO TOYEK. ﬂOKa,}KI/ITe, 9TO OCTaBIIAACA 1aCTh IIJIOCKOCTH JIN-
HEUHO CBA3HA U, 60Jee TOro, Ji00ble AB€ HEBLIOPOIIEHHLIE TOIKY
MOXHO COEJWHUTDH ABYX3BEHHOU JOMAHOMW, HE 3aJ€BAIOLIEN BBI-
OpOIIEHHBIX TOYEK.

BepuémMmcs kK quaroHaJbHOM KOHCTPYyKuuu. MBI 3HaeM,
YTO MHOXKECTBO MOCJAE0OBATEILHOCTEN HYJIeU U €MHUILL PaB-
HOMOIITHO MHOXECTBY HNOAMHOXECTB HATYPaJbHOI'O Dsaga
(xaxX OMy TIOJIMHOXKECTBY COOTBETCTBYET €r0 (XapPaKTEepU-
CTUYECKAs MOCIEI0BATENbHOCTEY, ¥ KOTOPOU €IUHUILI CTO-
AT Ha MECTaX U3 DTOr0 MOAMHOXKECTBA). [l09TOMy MOXKHO
nepedOpMyIIPOBATE 3Ty TEOPEMY TAK:

‘ Muoxecrso N He paBHOMOIIIHO MHOXXECTBY CBOHX IIOfMHO-
2KECTB.

Jloka3aTeapCTBO TAKXKE MOXKHO IIAr 33 [IArOM [IEPEBECTH HA,
TaKOU A3BLIK: MyCTb OHU PABHOMOIIHLL; TOT'a €CTh B3aWMHO
OJHO3HAYHOE COOTBETCTBUE § — A; MeXIy HATYPAJbHLIMU
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YUCIAMU ¥ IOAMHOXECTBAMU HATypaabHOro psajga. [luaro-
HAJIbHAA [I0C/IEe[0BATEIBHOCTD B OTUX TEPMUHAX IIPEJCTABIA-
eT coO0M MHOXECTBO TeX 4, AJs1 KOTOPLIX 1 € A;, a mocaeno-
BaTEIBHOCTD 3, OTCYTCTBOBABIIAA B NIE€PEYUCAECHNN, TENEPh
Oyzer ero gonoanenueM (B = {i | i ¢ A;}).

ITpu 5TOM OKa3BIBAETCS HECYLIIECTBEHHBIM, YTO MBI KMe-
€M [eJ0 C HATYDPAJIbHBIM PSAJOM, ¥ MBI IPUXOAUM K TAKOMY
YTBEDX ICHUIO:

Teopema 8 (o6wasi cdopmynuposka Teopembl KanTopa).
Huxakoe muoxecTBo X He DPABHOMOIIHO MHOXECTBY BCEX
CBOUX ITIOIMHOXECTB.

< Ilycrs ¢ — B3avMHO OJHO3HAYHOE COOTBETCTBUE
mexgy X m muHOXecTBoM P(X) BCeX mMOAMHOXECTB MHO-
xectBa X. Paccmorpum Te saemeHTHI £ € X, KOTOpHIE
HE IPUHAIIEXAT COOTBETCTBYIOIIEMY UM IONMHOXECTBY.
IIycts Z — o6pa3oBaHHOE UMK MHOXKECTBO:

Z={zecX |z ¢ o)}

JoxaxeM, YTO TOAMHOXECTBO Z HE COOTBETCTBYET HUKAKO-
My snementy muOxecTBa X . Ilycts 510 HE Tak 1 Z = @(2)
[J1s1 HeKOTOpOro siemenTa z € X . Torga

2€Z o z2¢p(z)e2¢ 2

(mepBOe — MO MOCTPOEHUIO MHOXKECTBA Z, BTOPOE — IO
npexnonoxennio ¢(z) = Z). llorydennoe npoTueopeyne mo-
Ka3BIBAET, YTO Z NeUCTBUTEILHO HIYEMY HE COOTBETCTBYET,
TaK YITO ¢ HE B3aUMHO OTHO3HAYIHO. >

C npyrou, CTOPOHBL, I000€ MHOXECTBO X PABHOMOII-
HO HekoTOpou dacTu MuOxkecTBa P(X). B camom gerne, ka-
XKAOMY DJIeMeHTY & € X MOXHO IHOCTABUTH B COOTBETCTBUE
onHOdIeMeHTHOe moamuoxkecTBo {2}. Ilosromy, Bcnomuuan
OlpefeseHrne CPABHEHUs MHOXECTB mo mommoctu (c. 27),
MOKHO CKa3aTh, YTO MOIIHOCTH MHOXKeCTBA X BCEraa MeHb-
me MomHocTU MHOX)eCTBa P(X)

58. Moxaxwure, uT0 n < 2" Qaa BCEX HATYPAIbHBIX N =
=0,1,2,...

B o6men ¢hopMyImpoBKe Teopema 8 MOABIAETCA B paboTe
KanTopa 1890/91 roga. Bmecro nogmuoxecrs Kautop rosopur
0 MyHKOuAX, NpuHEMAIOmMUX 3HadeHua 0 u 1.
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Ha camom gene MBI yxe MpuUOIM3WIACH K OMACHOU I'Pa-
HHUIE, KOI'1a HAIVIATHBIC IIPDEeACTABJICHUA O MHOXeCTBaX IIPU-
BOAAT K MPOTUBOpEYMiO. B camMoMm mese, pacCMOTPUM MHO-
JKEeCTBO BCeX MHOXeCTB U, dleMeHTaMy KOTOPOIrO SBILAIT-
Cs1 BCe MHOXeCTBa. Torjaa, B 4aCTHOCTHY, BCE ITOIMHOXECTBA
muoxectBa U Oyayr ero smemenramu, u P(U) C U, uaro
HEBO3MOXHO 110 Teopeme KanTopa.

OTO paccyX/IeHNe MOXKHO Pa3BEPHYTb, BCIIOMHUB TOKa-
3aTenbCTBO TeopeMbl KanTopa — MOIydYnTCs Tak HA3BIBAE-
MBI napanokc Paccena. BoT kak ero o6bIMHO M31araior.

TI/IHI/I“IHI::Ie MHOXE€CTBa HE SABJIAIOTCA CBOUMU SJIEMEHTa~
vu. CkaxkeM, MHOXECTBO HATYPAaJbHBIX 4ucen N caMo He
SABIAETCS HATYPAIbLHLIM YUCJAOM U MOTOMY HE OyIeT CBOUM
snemenToM. OIHAKO B MPUHIUIE MOXHO Cebe IMpeICTaBUTh
U MHOXECTBO, KOTOPOE ABIAETCA CBOUM DIEMEHTOM (HAIpu-
Mep, MHOXECTBO BCeX MHOXKECTB). Hazoeém Takme MHOXKe-
CcTBa «HEOOBIMHEIMUY. PaccMOTpUM Temeps MHOXECTBO BCEX
OOBIYHEIX MHOXeCTB. Bymer /m oHo o6braueiM? Ecam oHo
OOLIYHOE, TO OHO SABJAETCSA CBOMM BJIEMEHTOM U IOTOMY He-
00BIvHOE, u Haobopor. Kak xe Tak?

MoauduimpoBaHHas BEPCUsS DTOrO MAPALOKCA TAKOBA:
6y|[[eM Ha3bIBATH HpI/IJIaFaTeJH)HOe CaMOHpHMeHHMHM, ecim
OHO 001aJaeT ONMUCHIBaEMEIM cBouCTBOM. Hampumep, npuia-
raTelbHOE «PYCCKUIY CAMOIPUMEHHMO, 8 IPUIArATEILHOEe
(TIMHAHBID HeT. [[pyrou mpumep: NPUIAraTelbHOe «TPEX-
CIOXKHEBIN CAMOIPAMEHMMO, a «IBYCJAOXKHEID HET. lemepn
BOIpOC: OyAeT Ju HIPWIATATeIbHOE «HEeCAMOIPUMEHNMBIN)
camonpumenuMbiM? (JF060 OTBET OYEBUAHO TPUBOAUT K
OPOTUBOPEIHIO. )

Orcroga HEJaeKO 10 IMIPOKO M3BECTHOIO «I1apagOKCa
JDKENA», TOBOPAIIETO « JTY», WIA N0 UCTOPUU O COMAATE,
KOTOPHIU [NOMKEH OLLT OPUTH BCEX COMAAAT OJHOU C HUM Ua-
cTH, KTO He OpeeTcs caMm U T.1I.

Bosepamasce k Teopur MHOXKECTB, MBI O03aHBL JATH Ce-
06e OTYET B TOM, UTO ILIOXO'O OBLIO B PACCYXKIEHUAX, IIPU-
Beqmux K napanoxcy Paccera. Bonpoc sToT ganexo He npo-
CTOU, U er0 00CYXK I€HNe aKTUBHO IILIO BCIO TIEPBYIO MOJOBU-
Hy 20-ro Beka. Utoru sToro obcyx geHus npudIm3uTensHO
MOXHO C(HOPMYJIUPOBATH TAK:
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e JlonsaTue MHOXeCTBa He SBIAETCA HEIOCPEICTBEHHO
OYEBUJHEIM; DA3HBIE JTIOAU (M HAYIHBIE TDPA/VIINN)
MOr'yT IIOHUMATh €ro I0-Pa3HOMY.

o MuoxecTBa — CaumkKoOM abCTPAKTHBIE OOBEKTHI MU
TOro, 4TOOBI BOIPOC «& YTO HA CaMOM Jese?y uMmen
cmuict. Hampumep, B pabore Kanropa 1878 roga Owr-
aa CchOPMYIUPOBAHA KOHMUHYYM-2UNOME3a: BCIKOE
TIOIMHOXECTBO OTpPE3Ka b0 KOHEYHO, OO CIETHO,
160 PABHOMOLIHO BCeMy OTpe3ky. ([Ipyrumu caosa-
MM, MEXKIY CIETHBIMUA MHOXKECTBAMHI U MHOXECTBAMHU
MOIIHOCTY KOHTUHYYM HET IIPOMEXYTOYHBIX MOIIHO-
cren). KanTop mammcan, 94TO TO MOXKET OLITH [10-
Ka3aHO «C IIOMOMIBID HEKOTOPOr'O MeTONd WHIYKINW,
B M3J0XeHNe KOTOPOr0 MHI He OyJeM BXOQUTH 374eCh
moapobHeey, HO HA CAMOM [eJie NOKA3aTh DTO €My He
yzagocs. Bosee Toro, mocTenmeHHO CTAIO SICHO, UTO
yTBep)Kr[[eHI/Ie KOHTI/IHyyM—I‘I/IHOTefiI:J MOXHO CYUTATh
UCTUHHBIM WM JOXHBIM, — IPH 3TOM IOJYYaITCA
Pa3HEBIE TEOPUU MHOXKECTB, HO B OOIIEM-TO HU OJHA U3
STUX TEOPUU He JydIlle APYTOu.

TyT eCcTb HEKOTOPAS AHAJIOIUS C HEEBKJIMIOBON ['e0OMe-
Tpuen. MBI MOXEM CINTATh (ILSATHU NOCTYIaT EBkin-
nay (9epes NaHHYI TOYKY HPOXOAUT He Gotee OmHOU
IPAMOU, MAPATIEILHON JaHHON ) UCTUHHLIM. Toraa mo-
JMYYUTCA TEOMETPUsA, HA3hIBAEMAA €BKINIOBOA. A MOX-
HO IPUHATL B Ka4eCTBE AKCUOMEBI [IPOTUBOIOIOXKHOE
YTBEPXK IEHUE: I€Pe3 HEKOTOPYIO TOUKY MOXKHO IIPOBE-
CTH [B€ DA3IMYHBIE IPSMEIE, APAVIEILHBIE HEKOTO-
pou mpsamou. Torga MOLYyYUTCA HEEBKIUAOBA, CeOMe-
Tpus. [OTMeTHM, KCTATH, PACIPOCTPAHEHHOE 3a0.y-
XK [EHUE: TOYEeMY-TO IMINPOKIE MACCHL IICATENEN O HAY-
Ke U JaXKe OTHeJbHbIE MATEMATUKN B MUHYTHI 3aTMe-
mui (cM. craTeio B Bectauke Axanemun Hayk, mocssa-
mEHHY0 100u1en JI06a9eBCKOro) CIUTAIOT, ITO B HE-
€BKJINIOBON [eOMETPUX MAPALIEIBLHEIE MPAMBIE IIEpe-
CEKaTCA. DTO HE TaK — MAPAIEIbLHEIE [IPAMLIE U B
€BKJUOBOY, U B HEEBKJIMIOBOU I'€OMETPUN OIPeIea-
IOTCS KaK IPSAMBIE, KOTOPBIE HE MEPECEeKAITCS.
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BOHpOC O TOM, €BKJIXOAOBa WIN HEEBKJIANIOBA I'€OMeE-
TPpUS NIPABUIBHA «HA CAMOM [eJIe», eCIi BOOOIIe nMeeT
CMBIC]I, HE SIBIETCSI MATEMaTUIECKUM — CKOpee 00
DTOM ClIeayeT cupaumBaTh ¢uamkoB. K Teopum MHO-
JKECTB DTO OTHOCUTCA B €IIE OOIBINEN CTEMEHN, U PA3Be
uro Teosorusa (KanTop HEONHOKPATHO OOCYXAAT BO-
IIPOCHL TEOPUM MHOXKECTB C NPO(eCCHOHATAMU-TEOIO-
FaMI/I) MOIJIa 6]::1 B HpI/IHIII/IHe HpeTeHr[[OBa,Tb Ha, OKOH-
JaTeJbLHBEI OTBET.

e Eciu MBI XOTUM PacCyXAaTh O MHOXECTBAX, HE BIIA1as
B IPOTHUBOPEYUs, HYKHO IPOSABIATE OCTOPOXHOCTD U
n30eraTh ONPEIEeTEHHBIX BUAOB pacCyxkgeHun. Beso-
nacubie (M0 KpavHel Mepe MOKa, He MPUBEIIE K TIPO-
TUBOPEYMIO) NPABUIY, OOPAINEHUA CO MHOXECTBAMU
C(hOPMYIUPOBAHEI B aKCUOMATUYIECKOU TEOPUU MHO-
xecTB (popmanbHas Teopusa ZF, mazsamuas B 4ecThb
Ilepmeno u Ppenkens). JobaBuB K 9TOM TEOPUM AK-
cuoMy BHIOGODA, MOMydYaeM Teopuio, HaseiBaemyoo ZFC
(choice no-aurmmiicku — BrGOp). EcTb u npyrue, me-
Hee IONYJAPHLIE TEOPUH.

O Hako (popMaATHEHOE IOCTPOEHNE TEOPUU MHOXKECTB BhI-
XOIUT 33 PAMKM HAIErO 06CyX ferua. I109TOMY MBI OrpaHu-
quMcs HeOPMATBHEIM OMUCAHUEM OTPAHUYEHUN, HAKJIAIH-
BAEMEIX BO M30eXkXaHue MPOTUBOPEUMU: HEJb3S MPOCTO TaK
paccMOTpEeTh MHOXECTBO BCE€X MHOXECTB WA MHOXECTBO
BC€X MHOXKECTB, HE€ ABJIAKIOIUXCA CBOMMHU JJIEMEHTaMHU, II0-
CKOJBKY KJaCC IIOTCHIINAJBHBIX IIPETCHACHTOB CIUIIKOM «HE-
0003pum». MHOXECTBA MOXHO CTPOUTDH JUIIL IIOCTEIEHHO.
Hanpumep, mox#HO 06pa30oBaTh MHOXECTBO BCEX IIOAMHO-
XKECTB NaHHOI'O MHOXKeCTBa (axcuoma cmenenu). Moxuo
PaCcCMOTPETH MOAMHOXECTBO NAHHOIO MHOXECTBA, 06pa3o-
BaHHOE DJIEMEHTAMU ¢ KAKAM-TO CBOUCTBOM (aKCcuoMma gbide-
aenua). MOXHO PACCMOTPETH MHOXKECTBO BCEX DJIEMEHTOB,
BXOOALINX XOTSA ObI B OIVH M3 3JIEMEHTOB NAHHOI'O MHOXKEe-
crBa (axcuoma cymmvr). ECTb u Apyrue akCMOMEL.

Wanaras cBeeHUs U3 TEOpUN MHOXKECTB, MBI OyIeM CTa-
pPaThCA NepKATHCA TMOAATBINE OT OMACHOU YEPTHI, M yKA3hI-
BaTh Ha OINACHOCTH B TE€X MECTAaX, KOI'lTa BO3ZHUKHET HCKY-
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IIeHNe K DTOU depTe npubaum3uthesa. [loka 9To Takoe MecTo
OBLIO OJHO: IOMEBITKA OIPEAEINThH MOITHOCTh MHOXKECTBA KaK
KIacC (MHOXKECTBO) BCEX DABHOMOIIHEIX €My MHOXECTB.

1.7. PyHkuun

[lo cux mMOp MEI CTAPATUCH ONPAHUYUBATHLCA MUHUMYMOM
dopManbHOCTEN U TOBOPUIN O QYHKIUAX, UX APTYMEHTAX,
3HAYEHUSAX, KOMIO3UUUYA U T.I. 6€3 MONBITOK AaTh ONpee-
snenus >tux nogatun. Cerndac Mul 1a1uM GOPMAILHEIE OIpPe-
NEEHUS.

ITycte A m B — gBa mHOXecTBa. PaccMoTpum MHOXKECT-
BO BCEX yHOPsAnOIeHHEX map (a,b), rme a € An b € B. 310
MHOXECTBO HA3BIBAETCA 0eKapmosbiM NPou3eedenuem MHO-
xectB A u B u oboznagaercs A x B. (K Bompocy o Tom, aTo
TAKOE YIOPAJOYEHHAs T1apa, MEI eIné BepHEMCA Ha C. 41.)

JIro6oe moamuOX)EeCTBO R MHOXecTBa A X B Ha3LIBaeT-
ca omuowenuem mMexay mHoxectBamMu A u B. Ecm A =
= B, TOBOPAT O OUHAPHOM OMHOWEHUU HA MHOXKECTBE A.
Hanpuwmep, Ha MHOXECTBE HATYPAILHBLIX YUCET MOXHO Pac-
CMOTpPeTh OMHAPHOE OTHOIIEHUE «OBITH JEeIUTENEM», 0OBITHO
o6o3nagaemoe cumBoaoM |. Torga MOXHO B npuHIUNe GHLIO
Our Hamucath (2,6) € | u (2,7) ¢ |. O6B4HO, OAHAKO, 3HAK
OTHOIIEHNS NUMIYT MeX Ay o0bekTaMu (Hampumep, 2|6).

59. Bompoc amsa CaMOKOHTPOJA: OTHOIIEHUA «OBITH [EINTe-
JeM» U «I€IUTHCA Ha» — 3TO OJHO U TO XK€ OTHOIIEHUE WIN pa3-
meie? (OTBET: KOHEIHO, PA3HBIE — B YIOPALOICHHOU Mape MOPA-
IOOK CYLIECTBEH.)

Ecau aprymenTamu GpyHKIUY SABIAIOTCA DIEMEHTHI MHO-
xecTBa, A, a 3HAYEHUAMU — DIEMEHTHI MHOXeCTBa B, To
MOXHO PacCMOTpPeTh OTHOmeEHue Mexay A u B, cocrosiee
n3 nap Buga (z, f(x)). o anasorum ¢ rpadpukaMu GyHKIMNT
HA TIOCKOCTHU TAKOe MHOXECTBO MOXHO HA3BATH IPAGUKOM
dyukumu f. C popMaILHON TOUYKY 3pEHUs, OIHAKO, YI00HEe
HE BBOAUTL OTAEILHOIO HEONPEIEIEMOrO MOHATUA (DYHK-
UM, & BMECTO DTOI'0 OTOXIEeCTBUTHL (MYHKIUIO C €€ rpadu-
KOM.

Ornomenue F' C A x B maswiBaerca gynxyuet uz A 6 B,
€CJIM OHO HE COJEPIKUT Map C OJUHAKOBLIM IIEPBEIM WIEHOM U
pasHbIMU BTOpHIMU. [pyruMu caoBaMu, dTO O3HAYAET, UTO
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I Kaxaoro a € A cymecrByer He 6omee oguoro b € B,
npu koTopoum (a,b) € F.

Te pnemenTrl a € A, 1 KOTOPBIX Takoe b CymecTByer,
obpasyior obaacms onpedesenus dyuxunu F. Oua 0603Ha-
gaercas Dom F' (or amrmickoro caosa domain). s jro-
60ro saemenTa a¢ € Dom F' MOXHO ONPEIEIUTH 3HAYEHUE
¢yuxuuu F' ua aprymenTe a («B TOUKe a», KAK UHOTIa TOBO-
PAT) KaK TOT €JUHCTBEHHEIN J1eMeHT b € B, nasa KkoToporo
(a,by € F. OroT sneMeHT 3anuchiBaioT Kak F'(a). Bece Taxue
DIEMEHTHL b 00pa3yioT MHoKcecmeo 3nauenut pyukumu F|
KoTOpOoe obo3zuadaerca Val F.

Ecmu a ¢ Dom F', To ToBOpAT, 9TO QYHKIMA He onpede-
4EHG HA . 3aMETHUM, UTO IO HAIIeMy ONPENeJeHUI0 (yHK-
uusa u3 A B B He 00s3aHa OLITL OmpeneeHa Ha BCEX dJe-
MEHTaX MHOXeCTBa, A — €€ 00JaCThb ONpeeseHus MOXKET
OBITE MIOOLIM MOAMHOXKECTBOM MHOX)ecTBa A. CummeTpud-
HBEIM 00pPa30M MHOXKECTBO €€ 3HAYE€HUN MOXET He COBIIA1aTh
¢ MHOXXecTBOM B.

Ecmn o6nacte onpegenenns pyuknuu f u3 A B B coBma-
naer ¢ A, To numyt f: A — B.

ITpumep: moacdecmeennas pyuxuusa ida: A — A mepe-
BoauT MHOXeCTBO A B cebs, npuiém id(a) = a mas moboro
a € A. Ona mpezacTaBisger cO60M MHOXECTBO Iap Bua (a, a)
nast Bcex a € A. (Mugexkc A B id4 mHOra OMycKaioT, ecau
JICHO, O KAKOM MHOXECTBE UAET Pedb.)

Komnozuyuet npyx ¢pyskumu f: A - Bug: B — C
HaswBaoT Gyukuuio h: A — C, onpegeréHuyn COOTHOLIE-
aueM h(z) = g(f(z)). Apyrumu crosamu, h mpeacrasiseT
060U MHOXKECTBO Tap

{{a,¢) | {a,b) € f u (b,c) € g gns mexoroporo b € B}.

Kommosunusa gynkumin 0603uagaeTcs g o f (MBI, Kak @ B
OOJNBIIMHCTBE KHUT, IUIIIEM CIPaBa MYHKINIO, KOTOPAas IPU-
MEHSeTCs IEPBOH ).

OueBuHO, KOMIO3UIMA (KAK ONepaIus Ha,q (yHKIAAMY )
accormmaTuBHa, TO eCcTb h o (f o g) = (ho f) o g, mosTOMY B
KOMITO3UIIY HECKOJIBKUAX MOAPAL UAYIMX (PYHKIMI MOXKHO
OIIyCKATh CKOOKM.

IIycts f: A — B. IIpoo6pazom nogmuoxecTBa B’ C B
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HA3BEIBAETCA MHOXECTBO BCEX DJIEMEHTOB L € A, 1is KOTO-
pex f(z) € B'. Ono o6oznasaercs f~1(B'):

f7(B)={zcA|f(x)e B}

O6pazom muOXecTBa A’ C A HA3EIBAETCA MHOXKECTBO BCEX
3HadeHWE (QYyHKIMEA f HA BCEX DAEMEHTax MHOXecTBa A’
Ono o6oznagaercs f(A’):

f(A) ={f(a) [ac A"} =

={be B | {(a,b) € f aaa mexoroporo a € A'}.

Crporo rosops, o6o3uavenue f(A') moxer npmeecTu x my-
Tauune (OJHA U T€ XK€ KPYIULIE CKOOKA yIOTPEOIAITCA
U [1a 3HaYeHUsA (QYHKIAU, U 1JsA 00pa3a MHOXKECTBA), HO
OOBIYHO SCHO, UTO IMEETCS B BULIY.

60. Kakue u3 creayommux paBeHCTB BEPHBI!

FA'NA") = f(A) N F(A");
FATUA") = f(A) U f(A");
FlAT\A") = f(AD\ F(AY);

B NBY) =B B
“(B'UB")=fT(B)UfTH(B");
FUBN\B) =B\ (B
FHAA) C A
FHFA) D A
F(f71(B") C B';
f(71(B)) > B,
(g0 f)(A) =g(f(A));
(go f)TH(C)=F g (O
(3mecs f: A—-B,g: B—C, A A" C A, B,B"CB,C' CC.)

f
f

Nuorga BMecTO (QyHKUIUU TOBOPAT 00 OTOOPANKEHUAX
(pesepBupys TepMUH «DYHKIUAY A OTOOPAKEHUN C 9U-
CJIOBEIMU apTyMEHTaMU U 3HadeHusMu). Mol e 6y1eM cTpo-
rO TPUAEPKUBATHCA TAKAX PABIUYUUAU, YIOTPeOIsaa CIOBa,
(<OT06pa)KeHI/Ie>) n «qﬁ)yHKLH/IﬁI)) KaK CUHOHVMEIL.
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Dyukmusa f: A — B Ha3LBAeTCA UHDBEKMUBHON, WK
UHBEeKYUuel, WIA 8A0HCEHUEM, €CIU OHA IIEPEBOIUT DA3HEIE
DJIEMEHTHI B Pa3HbIe, TO ecTh ecan f(ar) # f(a) npu pas-
JUYHLIX Q1 U Q2.

Dyukiusa f: A — B Ha3LBaeTCA CIOPBHEKMUSHON, WK
cropLexyuel, WM HaA0HCEHUEM, €CI MHOXKECTBO €€ 3Hade-
Huit ectb Bcé B. (AHorga takue GpyHKIUM HA3BEIBAIOT 0MO-
bpascenusmu na B.)

OTu [Ba ompegeteHus 60Jee CUMMETPUYHEI, 9€M MOXET
MOKA3aThCA HA TEPBLIN B3MVIA, KAK TMOKA3LIBAIOT TAKWUe 3a-
Madu:

61. Jokaxwure, uro dyuknua f: A — B ABIAETCA BIOXEHU-
€M TOrjla U TOJBKO TOT[a, KOUJA OHA VMEET 4e6yl0 00DPammyto
dbysxuumio g: B — A, To ecTh QyHKIHIO g, 441 KOTOPOX go f =
=1ida. [Jokaxwure, aTo dpyukuus f: A — B ABIIETCA HAIOXKEHU-
€M TOrjJa M TOILKO TOrJa, KOUAa OHA UMEET NPasyio 00pamuyio
¢dyukumio g: B — A, s xoropou f o g =idp.

62. Joxkaxwure, yTo pyukuusa f: A — B ABIAETCA BIOXEHUEM
TOrJa W TOIBKO TOIJA, KOIJA HA HEE MOXHO COKDAIATH CIEBa:
w3 paBeHCTBa f 0 g1 = f 0 g2 CaeAyeT PaBEHCTBO g1 = g (Aas
II00bIX GYHKIUR g1, g2, 06IACTH 3HAYEHNN KOTOPHIX COAEPKATCA
B A). Mokaxwure, ar0 dyuknma f: A — B ABIAETCA HATOXKEHAEM
TOrJa M TOJBKO TOT/a, KOI/a Ha Heé MOXHO COKPAIIATh CIIPABa:
w3 paBeHCTBa g1 © f = g2 o f caegyer paBeHCTBO g1 = g (mas
IIOOBIX QYHKIUHT g1, g2, 00IACTH OIpeeIeHs KOTOPLIX ecTh B).

Orobpaxenne (pynkuusa) f: A — B, k0Topoe 0aHOBpe-
MEHHO ABIAETCA WHBEKIMEH U CIOPHEKIUEN (BIOKEHUEM U
HAJOXKEHVEM ), HA3BIBACTCA Ouekyuel, WId B3AUMHO OJHO-
3HAYHBIM COOTBETCTBUEM.

Eciu f — 6uekuus, TO CymecTByeT 06pammas QpyHKIUA
f7, mua xoropoir f(y) =z & f(z) =y.

63. MoryT 1 A4 HEKOTOPOU QYHKIIUY JeBasA U IpaBas 06paT-
HBbIE CYyIIECTBOBATH, HO OBITH PA3INIHEI!

HamomuuM, 90 MHOXECTBa A 1 B paBHOMOIIHEL, €Cau
cymecrsyer 6uekuus f: A — B. B kakom ciydae cymecTsy-
er nabeknua (Baokenue) f: A — B? Jlerko moHATb, 9TO
BJOXKEHUE ABJAETCA B3AMMHO OJHO3HAYHEIM COOTBETCTBUEM
MexX 1y A ¥ HEKOTOPEIM TTOAMHOXECTBOM MHOXECTBa, B, mo-
STOMY TaKOe BJIOXKEHUE CYIIECTBYET TOTAA U TOJLKO TOT/A,
korga B B eCThb MOAMHOXECTBO, PABHOMOIIMHOE A, T.e. KO-
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rga MOmHOCTL A He mpeBocxoauT MoumocTu B (B cMmbicae
OIpEeNeHUs, TAHHOTO B pasaene 1.5).

YyTh MeHee OYeBUAEH APYTOM PE3yJbTaT: HAJIOKEHUE
A ma B cymecTByeT TOTAa W TOJLKO TOTa, KOTAA MOII-
HOCTEL B He npeBocxoquT MOmHOCTHA A.

B camom geme, myctn mamoxenwe f: A — B cymecTBy-
eT. [lasa xaxnoro aaeMenTa b € B Hangércs XoTsa Obl OQuH
anemenT a € A, nus xoroporo f(a) = b. Beibpas no ogaoMy
TAKOMY DJIEMEHTY, MBI HOIyIuM MOAMHOXeCTBO A’ C A, Kxo-
TOPOE HAXOAUTCS BO B3AUMHO OJHO3HAYHOM COOTBETCTBUU C
MHOXeCTBOM B. (31ech CHOBa UCIOIB3YeTCa aKCUOMAa BHIGO-
pa, 0 KOTOPOU MBI TOBOPWIM HA C. 15.)

B 06paTHyI CTOPOHY: €M KaKOe-TO MOAMHOXeCTBO A’
MHOXECTBa A PABHOMOIIHO MHOXeCTBY B u umeercs Ouek-
uusa g: A’ — B, 1o Hanoxenue A Ha B MOXHO noIydnTh, 00-
onpemesus 3Ty OUEKITUIO Ha, dIeMeHTax BHe A’ kakuM yronso
o6pazomM.

64. Hanaure ommbKy B 3TOM PACCY XK JEHUN, HE IUTAA JATbIIE.

Ha camom gene Takoe mpogo/XKeHWe BO3MOXKHO, TOJIBKO
ecir B HemycTo, TAak YTO NPABWILHOE YTBEDXKIEHUE 3BY-
guT Tak: HadoxeHue A Ha B CyIecTByeT TOMBKO U TOJBKO
TOrga, Korga B HemycTo ¥ PaBHOMOIIHO HEKOTOPOMY MOI-
MHOXECTBY A, Wi korga 062 MHOXECTBA MYCTHL.

B mamem manoxeHuu oCTAaéTCA €Ié ONWH HE BIIOJIHE II0-
HATHBIM MOMEHT: 9TO TAKOE «yIopsaaodenHas napa» ! Hedop-
MaJIbHO I'OBOPs, 3TO €rocob m3 nByX 0OBEKTOB T u Yy 0Opa-
30BaTb OAUH O0BEKT (X,y), mpudéM dTOT crocob o6IagaeT
TaKUM CBOUCTBOM:

(T1,y1) = (T2,42) & T1=To WY1 = Y.

B npunnume, MOXHO Tak U CIATATH HNOHATUE YIOPALOIEH-
HOU TApHI HEOTIPEAEIAEMEIM, a 3TO CBOMCTBO — AKCHOMON.
OpgHako npu GOPMATBLHOM MOCTPOEHUM TEOPUM MHOXECTB
yAOOHO UCIOIB30BATH TPIOK, IPUAYMAHHEIN IIOJILCKIM MaTe-
varukoM KyparoBckum, n w36exxaTh OSBIEHNs OT JEJBHOI0
nouaTua ynopagodenron maper. (HanomuwmMm, ato {2} 060-
3HAYAET MHOXKECTBO, €IUHCTBEHHEIM JJIEMEHTOM KOTOPOrO
sBaserTcs x, a {x,y} 0603HAIAET MHOXKECTBO, KOTOPOE CO-
OEPXKUT T U Y U HE COAEPKUT APYTUX DIEMEHTOB. Tem ca-

vev {z,y} = {z} = {y}, ecm z = y.)
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Teopema 9 (YnopspoyenHasi napa no KypaTtosckomy). On-
penemnym (z,y) xak {{z}, {z,y}}. Torga BEImOIHEHO yKa3aH-
HO€ BBIIIE CBOUCTBO:

(1,91) = (T2,42) & T1=T2 U Y1 = Yo.

< Iycrs (x1,y1) = (22, y2). Ilo onpegenenmo 510 03Ha-
43€eT, IYTO

{Ha} o, 011} = ({22}, {22, 423}

Temnepsb HyXHO aKKypPaTHO pPa30o6paTh Caydan (He My Tas [Ipu
sroM Z ¢ {z}). DT0 yRoOHO AeaaTh B CIAEAYIOMEM IIOPALKE.
Iycre cmawana 1 # y;. Torga MHOXECTBO {Z1,Yy1} COCTO-
UT U3 IBYX DIEMEHTOB. Pa3 OHO NPUHAIEKUT JEBOU IaCTH
DPaBEHCTBA, TO MPUHAIIEXKUT U OPABOU. SHAYUT, OHO PaB-
HO Jw60 {x3}, mbo {x2,ys}. [lepBoe HEBO3MOXKHO, Tak Kak
OBYXDJIEMEHTHOE MHOXECTBO HE MOXKET OLITH PABHO OLHO-
smeMeHTHOMY. 3Ha4uT, {T1,y1} = {x=2,y2}. C gpyrou cro-
DOHEIL, OJHOZIEMEHTHOE MHOXECTBO {1} NPUHALIEKUT Je-
BOU YaCTHU PABEHCTBA, I03TOMY OHO IPUHANIEKNAT U IPABOU,
7 motoMy paBHO {Z2} (HOCKOJIBKY HE MOXeT OLITH PABHO
aByxaneMeHTHOMY ). OTCioga £1 = o U Y1 = Yo, 9TO U TPE-
60BAIOCH.

AHaIOrnIHO MOXHO Pa300pPaTh CUMMETPUYHEIA CIydal,
KOUa Za 7 Ya.

Ocranoch pacCMOTPETh CATYALNIO, KOTAA L1 = Y1 U LTy =
= y5. B orom cayuae {z1,y1} = {21} u noromy neBas gacTn
DaHHOTO HaM paBeHCTBa ecThb {{z;}}. AmanorwaneiM o6pa-
30M, IIPaBas €ro 4acTb €CThb {{r2}}, u moTOMY %1 = T2, TAK
9TO BCE YETHIPE DIEMEHTA T1, L2, Y1, Yo COBIALAIOT. [>

3aMeTuM, U9TO BO3MOXHEL U JDYTUE ONPEIENCHUA YIIO-
PANOYEHHOU TAPHI, AJA KOTOPHIX AHAJIOTMYHOE yTBEPKIE-
HUE BEPHO, TAaK UTO HUKAKOTO «pUIOCOPCKOrO CMELICI» B
DTOM OILpPEeJeHUN HET — DTO IPOCTO yAOOHBEI TEXHUIe-
CKUU [IPUEM.

65. [okaxuTe yTBEpXKAEHNE TEOPEMBI 9 qIa YynopAdouennot
napvl no Bunepy: (x,y) = {{2,{z}}, {{y}}}.
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1.8. Onepaunn Haa MOLWHOCTAMM

MOIMHOCTY KOHEYHBIX MHOXECTB — HATYPATLHEIE YACTa,
U UX MOXHO CKJIAJBBAThH, YMHOXATb, BO3BOAUTL B CTEIECHb.
DT onepaIuu MOXHO 0000MIATE U HA MOITHOCTYA 6€CKOHEY-
HBIX MHO)KeCTB, n rZ[eJIaBTC}I 9TO TaK.

IIycte A m B — gBa MHOXeCTBa. UTOOBI CIOXKWUTL UX
MOIITHOCTH, HAIO0 B3ATH MOIIHOCTHL MHOXecTBa A U B, ecau
A u B ue nepecekarorcsa. Ecau oHu mepecekaTcs, TO UX Ha-
[0 3AMEHUTH HA HENEePeCEKAIOIMeCs PABHOMOIIHEIE M MHO-
xectBa, A’ m B'. MomuoCTs 06bequaerus u 6ygeT cymmot
MomHOCTen MHOXecTB A n B.

3ameyanus. 1. Yrobbr m36€xXaTh YIOMUHAHMA MOIIHO-
CTeN KaK CAMOCTOATEILHEIX OOBEKTOB, CIEIyeT CUYATATH
BI:Ipa)KeHI/Ie «MOIIIHOCTBH MHOXECTBa C eCThb CyMMa MOIIIHO-
cTer MHOXECTB A u By MAMOMATUYECKUAM BBHIDAXKEHUEM (a
CKa3aHHOE BhIIle — ero omnpegesaenveM). Ho Mul gua ymzo6-
cTBa OyJeM 4acTO NpeHeOperaTb TaKUMU NPEeJOCTOPOXKHO-
CTsIMUA.

2. B npuHIune cregoBaio 6bI MPOBEPUTH KOPPEKTHOCTD
3TOTO OMPEIENICHU U [OKA3ATh, YTO MOIHOCTh MHOXECTBA,
A’UB’ He 3aBUCHAT OT TOr0, KAKIE IMEHHO HEIEePeCeKAIOMIMe-
ca muoxecTBa A’ u B’ (paBromMomuEsie A u B) M1 BEIGEpEM.
(Yo, Bupovem, 04€BUIHO. )

3. [l KOHEYHBIX MHOXECTB MOIYYAeTCA OOLIYHOE CJIO-
KEHUE HATYPAILHEIX YUCE.

4. Haxkowner, (popMajJbHO CIeIOBajJ0 ObI €mé J0Ka3aTh,
gro Takue A’ m B’ MOXHO BHIOpaTh. ITO MOXKHO CHEIATH,
Hampumep, Tak: monoxum A’ = A x {0} u B’ = B x {1}.

IMocaeauen mpobaemul He Oy AT IPU ONPEACTCHUN NPOU3-
sedenus MOIIHOCTEN KAK MOIIHOCTH IEKAPTOBA IPOU3BEIe-
Husa A x B. (Ho ocTanbHble 3aMe9YaHUs OCTAIOTCSA B CHATE. )

Teneps ompemenuM go3séedenue 8 cmenensb. s 3TOro
paccmorpuM (s gaHHex A u B) MHOXECTBO Beex (pyHKIMT
Buga f: B — A (HanOMHEM: 3TO 03HAYAET, 9TO UX 00IACTH
ompeneneHus eCTh B, a 061aCTh 3HAYEHUN COaepRuTca B A).
D10 MHOX)ECTRO 0603HavaeTcs AP u ero mommocTs u 6y 1eT
PE3YJIbTATOM ONEPAIUU BO3BEICHUA B CTENEHD.

Ecau muoxectBa A u B KOHEYHEL 1 cogepxKaT a u b die-
MeHTOB cooTBeTcTBeHHO, T0 AP comepxur xax pas a® sre-
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MenToB. B camom nene, onpenensas pyukmuio f: B — A, Mt
[NOJDKHBL ONPENENUTh € 3HAUYEHUE HA KAXJA0M u3 b dieMeH-
TOB. DTO MOXHO CIEJATh @ CHOCO6aMM, TaK UTO MOLYyIaeM
Bcero a’ BapuanTOB.

66. Yemy pasuo 0° cormacro mamewmy ompenenenmio? (OTser:
ejuHULE. )

Mpumep. Ob6o3HauuM depes 2 kakoe-HUOYIbL MHOXKECT-
BO W3 JBYyX aJeMeHToB, Hampumep, {0,1}. Urto Takoe 2V?
Ilo ompenenenuio sTo MHOXecTBO dynkuuun f: N — {0,1}.

Takue GpyHKIMEM — 5TO MO CyIIECTBY MHIOCIEAOBATEILHO-
CTU HyJEU U e[UHUI], TOJILKO BMECTO fofif... MBI muiem
f0), f(1), f(2),... (PopMatbHO MOCIENOBATEILHOCTD €~

MEHTOB HEKOTOPOT'0 MHOXECTBAa X TaK U ONPEIeNsieTCs —
kak pyuxnusa tuna N — X.)

3ameTum, aTo 2% pasmomommo P(X) (B wacTHOM Ciy-
qae X = N MBI 5TO A0Ka3LIBaIM; A OOIIErO CIydas MJOKa-
3aTEILCTBO TAKOE XKe).

OO6BIYHEBIE CBOUCTBA, CIOXKEHWUA U YMHOXKEHUA (KOMMYTa-
TUBHOCTB, ACCOLMATUBHOCTb U JUCTPUOYTUBHOCTD) COXPa-
HSAIOT CALY ¥ A apUPMETHKA MOLIHOCTEH:

a+b=>b+a;
a+(b+c)=(a+b)+g¢

axb=">bxa;
ax(bxc)=(axb)xc
(a+b) xc=(axc)+(bxc).

dopmanbHO MX CregyeT YMTATh, U30Eras CJaOBa «MOII-
HOCTB» KaK CaMOCTOATEIBHOIO 00BEKTA: HAIPUMED, a X b =
= b X a o3Havaet, uTo A X B u B X A paBHOMOIIHH (1 5TO
JIETKO MIPOBEPUTE: (Z,Yy) — (Y, ) OyJeT B3aMMHO OZHO3HAY-
HEIM COOTBETCTBHEM MexAy HuMmu). OCTalbHBIE CBOMCTBA
JOKA3LIBAIOTCA CTOMb e IPOCTO. dyTh Ci0xKHEe CBOUCTBA,
BKJIIOYAIOIINE BO3BELEHNE B CTEIEHb!
b+c b

a a’ x a5

—~
Q
=

~

o
Il

a® x b%;

(ab)c — ab><c_
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IIpoeepum mepsoe u3 mux. U3 1ero cocrout AB+C? (By-
nem camrathb, 9T0 B u C me nepecekarorca.) Ero sremenTa-
MU ABIAIOTCSA MYHKIUYM CO 3HAYEHUAME B A, OmpenenéHHEe
Ha B+ C. Takasa yHKINA COCTOUT U3 OBYX IACTEU: CBOETO
cyxeHus Ha B (3Havenus Ha aprymenTax u3 B ocrarorca Te-
MU %€, OCTAIBbHBIE 0TOPACKIBAIOTCA ) U CBOEro cyxeHus Ha C.
TeMm caMbIM I Kaxoro siementa muoxecrsa APTC yur
noxygaem mapy saementos w3 AP u AC. Do u 6yger ucko-
MO€ B3aMMHO OTHO3HAIHOE COOTBETCTBHE.

C cooTseTcTBIeM Mex 1y MEHOKecTBaMu (A X B)Y u A x
x B mm1 Toxe wacTo cTankusaeMca. Hampumep, naeMeHT
vuoxectsa (R x R)® ects orobpaxenue tuma R — R x R,
TO ecTb kpuBas t — z(t) = (z(t),y(t)) ma miockocru. Takasn
KpUBas 33038TCA napou PyHKIMA T, ?: R — R.

Cootsercrrue mexay (AP)C u ABXC) perpeuaercs we-
ckonbko pexe. Jaement f € APXC) gppmerca oTobpaxe-
uuem B x €' — A, 1O ecTb, B OOBLIYHOU TEPMUHOJIOIUHY,
¢dyuxumen nByx apryMmenToB (nepsriu u3 B, sropou uz C).
Ecan saduxcupoBaTh B HEM BTOPOU apPryMEHT, TO MOIY-
unrca ¢yuxkmusa f.: B — A, ompenenéHuas COOTHOIIECHU-
em fe(b) = f(b,c) (roumee, f({b,c))). Orobpaxenune ¢ —
— f., npunaexamee (AB)C, u coorBeTcTByeT BAEMEHTY
f e ABXC) (OryacTy cx04HAS KOHCTPYKIUA BCTPEYALTCA
B anrebpe, KOr4a MHOMOWIEH OT ABYX IIEDEMEHHEIX PACCMa-
TPUBAIOT KAK MHOTOWIEH OT OTHOU TEPEMEHHOU ¢ KOa(pdu-
UEHTAMU B KOJbIE MHOMOWIEHOB OT BTOPOU NEPEMEHHOU. )

MomroCTE C96THOIO MHOXKECTBA CUMBOJIMICCKHA O003HA-
qaeTca Ng, MOIHOCTH KOHTMHYYMa (OTPE3Ka, MM MHOXKE-
CTBa GECKOHEYHBIX MOCJAEIOBATEILHOCTEN HyJeU M €IVHUII)
o6osuauaercsa ¢. Ilo onpegenenmo, ¢ = 280,

(EcTecTBeHHBEIN BONPOC: KAKOB CMEICT uHaekca 0 B No?
9TO Takoe, cKaxkeM, N1?7 O6br4H0 N; 0603HAYAET HAMMEHb-
IIyI0 HECYETHYIO MOIIHOCTL (KAK MBI YBUIUM, TaKasd CyIle-
creyet). [unoresa kOHTUHYyMa, O KOTOPOU MEI yIIOMUHAJIN
Ha C. 34, yTBEPXKAAET, ITO ¢ = Nyp.)

N3BecTHEIC HAM CBOCTBA CIETHLIX MHOXKECTB MOXKHO 3a-
[INCATh TAK:

e N +n = Ny gaa KonedHOro n (0ObEAUHEHNE CIETHOrO
" KOHEYHOI'O MHOXECTB C‘IéTHO);
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o Ny + Ny = Ny (0ObequueHre OBYX CIETHBIX MHOXKECTB
CIETHO);

e Ny X Ny = Ny (06beauHEHNE CIETHOTO YUCTA CIETHBIX
MHOXECTB CYETHO).

Orcoofa MOXHO (POPMATBLHO MOJIYIUTH MHOTHE (HPAKTHI
MaHUNyJIAnusaMu ¢ MomuocTaMu. Hanpumep, memodka pa-
BEHCTB

¢ X ¢ = 2% x 9% — 9Ro+Ro — 9o — ¢

MMOKA3LIBAET, YTO MPAMAA U ILIOCKOCTH PABHOMOIIHEI.
Ananmoruunsiv 06pazom,

CNO — (2N0)N0 — 2N0><N0 — 2N0 = .

67. O6bsacauTe TOAPOGHO BBIKIAAKY:
cFe=1xc+lxe=2xc=2" x2% =20 — g% —
68. IIposepnTe, uTO Vo X ¢ = ¢.

[IpuBeaéHuEE HAMEU CBOMCTBA MOIIHOCTEN MOJIE3HO COYe-
TaThb ¢ Teopemon Kantopa—Bepumrenna. Hanpumep, 3ame-
THUM, 9TO

¢ = 2% g NONO <Moo= c,

nosromy Nt = ¢ (cnoBaMu: MHOXKECTBO BCEX GECKOHEY-
HBIX MOCJIEI0BATEILHOCTEN HATY PATHHBIX IUCET UMEET MOII-
HOCTb KOHTUHYYMA).

69. Ilocrenuee paccyX[eHWe HEABHO HCIOIL3YeT MOHOTOH-
HOCTH ONEPAnWy BO3BEACHWA B CTEIEHb AIA MOMIHOCTERN (ec-
a1 < as, 0 a} < a3). IIpoBepsTe 5TO M AHATOTIYHEIE CBOMCTBA
[0JA APYTEX onmepanui (BIPOdYeM, MOYTH OIEBUIHEIE).

70. YcTaHOBUTE ABHOE COOTBETCTBHE MEXIY IOCIEIOBATEIb-
HOCTAMHU HATYPAJIBHBIX YUCEI U UPPANNOHAJIBHBIMUA YUCIaMU Ha
orpeske (0,1), ucnomsaysa memuble apobu, TO €CTh Apo6H BHUAa
1/(n0 —+ 1/(n1 + 1/(77,2 =+ .. )))

71. IIposepbTe, uT0o Ny = 2°. (HamomumMm, 9TO mO Teopeme
KanTopa 3Ta MOIHOCTE GOJIBIIE MOIMHOCTY KOHTHHYYMA. )

72. KakoBa MOIIHOCTb MHOXECTBA BCEX HENIPEPHIBHBIX (QYHK-
O C AEUCTBUTEILHBIMHU apryMeHTamMu u 3HadeHuaMu! Cyrme-
CTBEHHA JU 31€Ch HEIPEPBIBHOCTD !
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73. KaxoBa MOIIHOCTHL MHOXECTBA BCEX MOHOTOHHEBIX (PyHK-
ouil ¢ JENCTBUTEILHBIMY APIyMEHTAMU U 3HATYCHVIAMU?

74. MoxeT a1 CEMEUCTBO IIOAMHOXECTB HATYDPATHHOI'O PAAA
OLITh HECYETHBIM, €CJAU JO0OBIE ABA €r0 IEMEHTa MMEIT KOHEd-
HOe mepecevenue? KOHEYHYI0 CUMMETPUIECKYIO Pa3HOCTH?

BnocrencTeum MEL yBUAUM, 9TO 171 OECKOHEIHEIX MOIII-
HocTen aXb = a+b = max(a, b), HO MOKa HTOrO MEL JOKA3aThH
He MoxeM. [TosTomy B 3agadax 47, 48 HaM mpuILIOCH BOC-
MOIB30BATHCA OOXOIHBIM MAaHEBPOM, YTOOBI OKA33aTb, YTO
u3 a+ b = ¢ caeayer a = ¢ wm b = ¢. Caenymoinee yTsep-
XK IeHue 0000IaeT 3TOT IPUEM:

Teopema 10. Eciu muO)ecTBO A1 X As X ... X A, pasdburo
Ha HelepeceKamuecs Yactu By, ..., B,, To Haugércsa ta-
KO€ 4, IIPY KOTOPOM MOIIHOCTEL B; He MeHbIe MOITHOCTH A;.

< B camoM pgese, pacCMOTDUM IIPOEKIMIO MHOXECTBA
B; ¢ Ay x...x A, va A;. Ecin xoTs Obl mpu OgHOM 14
OHa, MOKPHIBAET A; MOMHOCTBIO, TO BCE mOKazaHo. Kcau mer,
BhIOEpEM IS KaXJOT'O ¢ HENOKPHEITYIO TOUYKY z;. Habop
(x1,...,%,) HE BXOAUT HA B OJHO U3 MHOXECTB B;, 4T0
[IPOTUBOPEYUT MIPENONOKEHUIO. [>

3ameTuM, 9TO B (hOPMYIUPOBKE HTOrO YTBEPK NeHUA (KO-
TOpOE WHOTJa HaswBaroT Teopemon Kéuura) rosopurcs o
IEKaPTOBOM MPOU3BEEHIN KOHEIHOTO YA MHOXECTB, KO-
TOpPOE MOXKHO ONpPENeInTh MHAYKTUBHO (ckaxeMm, A X B X
x C GymeT COCTOATHL U3 TPOeK (a, b, ¢), KOTOpPHIE CyTh MAPHI
{{a,b),c)). JekapTOBO NIPOU3BEACHNE CIETHOI'O UMCIA MHO-
JKECTB yXKe TakK He onpeaennins. Berxon Takon: Agx Ay X As X
X ... (CUETHOE YMCIO COMHOXUTEJNEH) MOXKHO OIPEIeTUTh
KaK MHOXECTBO BCEX MOCIEIOBATEILHOCTEN A, A1,02,- .-, Y
KOTOPHIX a; € A;, TO €CTb KaK MHOXECTBO BCEX (DYHKIUN @,
onpemenéHHbx Ha N €O 3HAYeHUAMY B O0bequHeHN” BCex A;,
npwaém a(i) € A; npu Beex . Ilocne Takoro onpexenenns Te-
opema, 10 JEerko NepeHoCUuTCA U Ha CUYETHBIE (8 Takke U HA
J:06BIe) IPOU3BENEHUS.

MMepexoas x orpunauusam, reopemy Kéuura MmoxuO cop-
MYJHPOBATh Tak: ecau npu Bcex ¢ = 0,1,2,... nisa MOIHO-
cTen a; u b; BEITOIHEHO HEPABEHCTBO b; < a;, TO

bo+bi+bs+...<ag xXar Xas X ...
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YuuTeBas, 9TO ¢ X ¢ X ... (C46THOe IPOM3BEEHUE) PaB-
HO ¢N0, TO €CTB ¢, MOXKHO CHOPMYIUPOBATH TAKOE CICICTBUE
TeopeMbl Kénura: ecim KOHTHHYYM pPa3buUT Ha CYETHOE -
CJI0 TOAMHOXK€ECTB, TO OJHO U3 HIX MMeeT MOIIHOCTb KOHTH-

HyyMa.
75. Joxaxure n0Ap0OHO 3TO yTBEPXK JEHUE.
76. Ilycte ao,a1,a2,... — MOIIHOCTH, OIPpUIEM a; > 2 1A

Bcex ¢. [loxaxwure, 9T0
ap+ar +az+...<ap Xay Xaz X...

77. Ilycte mo < m1 < my < ... — BO3PACTAIONIIAA IOCIER0-
BaTeILHOCTH MoUHOCTen. [JoKaxXuTe, 9T0 CyMMa mo +m1 +ma—+
-+ ... He IpeACTaBUMa B BHJE a®° mu I KAKOW MOITHOCTH Q.



2. YnopsigoveHHble MHOXECTBA

2.1. OTHOWEHMNS 3KBMBANEHTHOCTM U NOpPsiAKa

HanomuuM, 9T0 OGMHAPHBIM OTHOIIEHWEM HA MHOXKECT-
Be X HasmBaercs mogmHOX)ecTBO R C X x X; BMecTO
(x1,T2) € R 9acTo mumyT 1 Rxs.

Bunapuoe ornomenue R mHa MuHOXecTBe X HA3BIBAETCSA
OMHOWEHUEM IKEUBAAEHMHOCTIY, ECIN BEIIIOIHEHE! CJIELYIO-
Imye CBOMCTBA!

o (pedexcuBHOCTL) TR nas Beex x € X
e (cummerpuuHOoCcTh) TRy = yRx mus Beex z,y € X;

e (TpamsutuBHOCTH) TRY v yRz = xRz nas mo0bix sie-
MEHTOB Z, Y,z € X.

Nmeer mecTo cremyromee O4eBUIHOE, HO YACTO HCIOIb3Ye-
MO€ yTBEpXKIEHUE:

Teopema 11. (a) Eciu muoxecTBo X pasbuto B 06Heqn-
HEHVE HeIlePeCeKAIOIINXCs 10 IMHOKECTB, TO OTHOIICHUE «JI6-
JKATb B OJHOM IOIMHOXECTBEY SABISETCSA OTHOIIEHNEM DKBU-
BAJIEHTHOCTH.

(6) Bcskoe OTHOIIEHME JKBUBAIEHTHOCTU IIOJLYyIa€TCH
OMMCAHHLIM CIIOCOO0OM M3 HEKOTOPOT'O pa3OumeHums.

<1 IlepBO€ yTBEPXK [€HUE COBCEM OYEBUIHO; MBI IIPUBEIEM
IOKa3aTeIbCTBO BTOPOTO, YTOOLI OBLIO BUIHO, I'I€ KUCIIOJIb-
3yIOTCSI BCE MYHKTHI OMPENeJeHNs SKBUBaJeHTHOCTU. UTaK,
nycTh R — OTHOIIEHNE DKBUBAJECHTHOCTH. [IJ151 KK 1Oro Hie-
MeHTa £ € X PACCMOTPHUM €ro KA4GCC IKBUBAAEHMHOCTIY —
MHOXECTBO BCex Y € X, mis KOTOPEIX BepHO TRy.

[lokaxkeM, 9TO [Jsi ABYX PA3JIWYHLIX T1, Lo TAKUAE MHO-
XKeCTBa b0 HE MEPECEKATC, 00 COBNARa0T. IlycTh OHI
MEPECEKAIOTCA, TO €CTh UMEIT OOIUK JeMeHT z. lorga
1Rz u z2Rz, orkyna zRxs (cummerpuanocts) u x1Rzo
(TpaH3uTHBHOCTE), & TakXke 3Rz (cummerpuanocts). Io-
sToMy mia moboro z us 1Rz cmenyer xoRz (TpamsuTus-
HOCTB) 1 HA0OOPOT.

Ocranocs 3amMeruTb, 9YTO B CUIy Pe(IEKCUBHOCTH Ka-
K JIBIU DJEMEHT T IPUHAIJIEXKUT 330aBAEMOMY UM KIACCY, TO
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€CTb NEUCTBUTEILHO BCE MHOXKECTBO X pa3OuTo HA Hemepe-
CEeKAKIMECa KIacChl. >

78. Iloxaxure, 4TO TPeGOBAHMA CUMMETPHIHOCTH M TPaH-
3UTHBHOCTH MOXHO 3aMeHuTb onumM: TRz m yRz = xRy (upm
coxpaneHny TPeOGOBAHMA PEhICKCUBHOCTH).

79. CKOIBKO PA3INYHBIX OTHOLIEHUH SKBUBAJICHTHOCTH CyIIe-
crByer Ha MHOxecTBe {1,2,3,4,5}7

80. Ha muOXecTBe M 3a4aHO ABA OTHOIIEHUSA DKBUBAJICHTHO-
cTH, 0603HaYaEMBIE ~1 U ~g, UMEIOIINE N1 X Ny KIACCOB DKBUBA-
JeHTHOCTH COOTBETCTBEHHO. ByeT au ux mepecedeHue ¢ ~ y <
& [(z ~1 y) u (z ~2 y)] orHOmeHNeM dKBUBaIeHTHOCTH! CKOIE-
KO y Hero MoxeT GBITb Ki1accoB? UTo MOXHO CKa3aTh IPO 00B-
€IUHEHNE OTHOIICHUHA!

81. (Teopema Pamces) MHOXeCTBO BCex k-DIEMEHTHBIX IIOJ-
MHOXeCTB 6ECKOHEIHOr0 MHOXecTBa A paséuto Ha | kraccos (k,
| — HaTypanbHBIe unCaa). [JoKaxnTe, IT0 HAUAETCI 6ECKOHETHOE
MHOXecTBO B C A, Bce k-dIeMeHTHBIE TI0MHOXECTBA KOTOPOT'O
IPUHAAICKAT OJHOMY KIACCY.

(IIpu k = 1 5T0 09eBUAHO: eCIu GECKOHETHOE MHOXKECTBO Pa3-
6MTO Ha KOHEYHOE YNCIO KJIACCOB, TO OJAWH M3 KJIACCOB OECKOHE-
qgen. Ilpum &k = 2 mu | = 2 yrBepxgeHue MOXHO CHOPMYINPOBATH
Tak: u3 6ECKOHEYHOI0 MHOXECTBA JIOJeN MOXHO BBIOPATH IUGO
6eCKOHEYHO MHOI'0 IOIAPHO 3HAKOMBIX, MO0 OECKOHEYHO MHO-
T'0 MONApPHO HE3HAKOMBIX. KOHEYHBIN BAPUAHT TOr0 yTBEPXK Ie-
HUA — O TOM, YTO CPEAM JIOOBIX LIECTH JIOJEN €CTh IuG0 TpU
TIOIAPHO 3HAKOMBIX, Ju00 TP IOMAPHO HE3HAKOMBIX, — M3BECT-
Haj 332493 [JA MKOIHLHUKOB. )

MHOX€ECTBO KIACCOB DKBUBAJICHTHOCTYU HA3BIBAIOT (Pak-
mop-mMHoOHCECTB0OM MHOXKECTBA X 10 OTHOIIECHWIO 3KBUBA-
aeatHoctd R. (Ecam oTHOmEHMe cOrmacoBaHO C IOMOIHU-
TEJBHBIMI CTPYKTypaMu HA X, HOJYyYa0OTCA (PAKTOP-TPYII-
nel, (PAKTOP-KOJIBLA U T. 1.)

OTHOImEHNS SKBUBAIEHTHOCTY HAM HE PA3 €116 BCTPETAT-
€A, HO CEMYAC HAINA, OCHOBHAA TEMa, — OTHOIICHUS MOPAIKA.

Bunapuoe orHomenne < Ha MHOXecTBe X HA3BEIBAETCSH
OMHOULEHUEM YACTNUNHOZ0 NOPAJKA, €CIU BHIIOTHEHBI TAKNE
CBOUCTBA:

e (pedrekcuBHOCTD) = < T A4 BCeX = € X;

. (aHTI/ICI/IMMeTpI/I‘{HOCTI)) TL<Yyny <= =y nag
BCeX T,y € X;
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e (TpaH3UTMBHOCTB) T < YUy < 2 = ¢ < 2 JIA BCEX
z,y,2 € X.

(Caegys Tpagunuu, MBI KCIOAB3yeM CUMBOI < (a He OyKBY)
KaK 3HAK OTHOLIEHU MOPAIKA.) MHOXECTBO ¢ 33 JaHHEIM HA,
HEM OTHOIIEHNEM YACTUIHOIO MOPSAAKA HA3LIBAIOT %ACINUY-
HO YNOPADOUEHHBLM.

TloBopsT, 4YTO ABA DIEMEHTA X,y JACTUYHO YIIOPSAOUEH-
HOI'O MHOXKECTBA CPUGHUMbL, €CIN T < §y Wik Y < Z. 3a-
MeTHM, YTO OIpeeNeHre JaCTUYHOI'0 NOPAIKa He TpebyerT,
9TO0BI JIOOBIE ABa DJIEMEHTA MHOXECTBA ObLIM CPABHUMEL.
lo6aBuB 5T0 TpeOOBaHME, MBI IIOLYIUM OIPEIETCHNE AUHEl-
1020 NOPAOKG (AUKRETHO YNOPAJOUEHHO20 MHOHCECTNEA).

ITprBeném HECKOIBKO NPUMEPOB YaCTUYHBIX HOPSIIKOB:

e YucioBele MHOXKECTBA € OOLIMHLIM OTHOIICHMEM IIO-
pagka (31ech NOpAnOK OyAeT IUHEVHEIM).

e Ha muoxectBe R X R BCcex map QeMCTBUTENLHEIX YU-
CeJ MOXHO BBECTH JACTWIHBIN MOPAIOK, CIATAA, ITO
(T1,22) < (Y1,Y2), ecma 7 < Ty U Yy < Yo. DTOT MO~
psanok yxe e Oyger muaensemM: napst (0,1) u (1,0) me
CPABHUMEL.

e Ha mHOXeCTBe (DYHKIUU C NEUCTBUTEILHBEIMUA APry-
MEHTaMU 1 3HAYEHUAMI MOXKHO BBECTHU YACTUIHBIN 10~
pAIoK, cuuTas, 9To f < g, ecam f(z) < g(x) npu Beex
z € R. OToT nOpsagoK He OyaeT JUHENHLIM.

e Ha MHOXeCTBe LEIBIX MOJOXKUTEIbHBIX UHUCea MOXHO
OnpefenuTh MOPALOK, CINTaA, 9TO T < Y, €ClIn T Je-
JUT y. DTOT HMOPSIOK TOXE He OyJeT JMHEUHBIM.

e OrHOmEHVE WIFOOOU MPOCTOU ACIUTENb YUCAA & ABJISA-
€TCS TAKXKE W JeIUTENEM YUCAd Yy» He OymeT OTHOMe-
HUEM NOPAIKA HA MHOXECTBE LEJBIX IOJOXKUTEIbHBIX
qucea (OHO PEQIEKCUBHO U TPAH3UTUBHO, HO HE aHTU-
CHMMETPUYHO).

e Ilycte U — mpom3BOJIBHOE MHOXECTBO. 10Orga Ha MHO-
xectee P(U) BCex nOAMHOXECTB MHOXECTBA U OTHO-
meHyre BKIIOYeHNA C OyAeT YaCTUIHBIM IOPAIKOM.
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e Ha GykBax pycckoro andaBuTa TPA LA ONPEIEIIET
HEKOTOpEI nopsagok (a < 6 < B < ... < ). ITOT
TIOPAIOK JIMHEEH — IIPO JI00BIE [Be OYKBBEI MOXKHO CKa-
3aTb, KaKas U3 HUX paHblne (Ipu HEOOXOAMMOCTH 3a-
[VIAHYB B CJIOBAPD).

e Ha croBax pycckoro angaBuTa ONMpeneset 4excukozpa-
Puneckuti mopanok (kak B croBape). PopMaILHO Ope-
IEIATE €r0 MOXKHO TaK: €CIM CIOBO I ABIACTCA HATA-
JIOM CJOBA Y, TO ¢ < Yy (Hampumep, KaHT < KAHTOP).
Ecau BM OfHO U3 CIOB HE ABIACTCA HAYAIOM APYTOTO,
[IOCMOTPUM HA IEPBYIO IO NOPSIAKYy OyKBY, B KOTOPOU
CJI0BA, OTIMYAIOTCA: TO CJAOBO, T 3T OyKBA MEHDIIE
B a/paBUTHOM NOPAILKE, U Oy AT MEHbIIE. ITOT HOPS-
IOK TAK¥Ke TUHEeeH (MHaMe ITO OBl NeTaln COCTABUTEIN
cioBapen?).

e Otnomenne pasercTBa ((z < y) < (z = y)) Takxe
ABJACTCA OTHOIIECHUEM YaCTUYIHOI'O IOPAOKaA, OJAA KO-
TOPOr'O HUKAKWE OBa PA3JIUYIHBIX 3JIEMEHTA HE CPDABHU-
MBHI.

e Ilpueeném Teneps GurroBon mpumep. IlycTs ecTs MHO-
:kecTBO X KapTOHHEIX KOPOOOK. BBenéM Ha HEM mops-
IOK, CUUTAsA, UYTO T < Y, €CIU KOPOOKA, T IEIUKOM TO-
MEIAeTCA BHYTPb KOPOOKY y (WK €Clu & U iy — OLHA,
u Ta ke KopoOka). B 3aBucumocTu oT HaGopa KOPOGOK
9TOT MOPALOK MOXKET OLITHL WK He OLIThH JUHEHNHLIM.

IIycTe x, y — 2JeMEHTH YaCTUYIHO YHOPS I0YEHHOIO MHO-
xectBa X. [oBopsaT, uto ¢ < y, ecim ¢ < Yy u & # y. [lan
STOT'O OTHOIEHUA BHITIOIHEHBI TAKUE CBOUCTBA:

x £
(z<y)u(y<z) = z<z

(TlepBoe 04eBHAHO, IPOBEPUM BTOpOE: €CIA & < y U Y <
<z, Toectb x S Y, T FY, Y < 2,y F# 2z, T0xr < 2 10
TPAH3UTUBHOCTHY; €CIU OBl OKA3a10Ch, UYTO & = 2, TO MBI OBI
uMean T < Y < T U IOTOMY & = Y IO aHTUCUMMETPUIHOCTH,
9YTO IPOTUBOPEIUT MPEITONOKEHUIO. )
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TepMuHOIOrMYECKOE 3aMEIAHNE: MBI YUTAEM 3HAK < KAK
«MEHBITIE WIX PABHO», & 3HAK < — KaK (MEHBIIE», HEIBHO
IPEATnoJaarasd, YTo £ < Y TOIIa U TOIBKO TOr'Ja, Koraa & < Y
mwix ¢ = y. K c9acTbio, 5TO qencTBUTEILHO Tak. Emé onHo
3aMedvaHme: BHIpaXkeHue > y («x GOIbIe y») O3HAYAET,
9TO y < %, a BHIpaxeHwe z > y («r GOIbIIE WM PABHO Y»)
O3HAIALT, ITO Y < T.

82. O6bsacHUTE, IOYEMY HE CTOUT UATATH T < Y KAK «T He
6oabiIe Y».

B HEKOTOPBIX KHIXKAX OTHOIIEHUE YACTUIHOT'O MTOPAIKA
ompenensieTcsa KaK OTHOLIEHUE <, VIOBIETBOPSIOLIEE IBYM
YKa3aHHBIM CBOUCTBAM. B 5TOM Ciry4ae OTHOmeHue & < y <
< [(x < y) mm (z = y)] ABIsSETCA OTHOLIEHNEM YaCTUIHOIO
NIOPAKA B CMBICJE HAIETO ONPEIeNeHNA.

83. IIpoBepbTe 5T0.

Bo m3bexanue myTaHMnbl OTHOmIEHWE < WHOIIA, HA3BI-
BAIOT OTHOILIEHUEM CMPO2020 NOPAJKaA, 8 OTHOIICHNE < —
OTHOIIEHUEM Hecmpo2020 Nopadkae. OIHO U TO XKe IaCTUIHO
YIIOPAZOYEHHOE MHOXECTBO MOXKHO 33JaBAaThb IIO-PA3HOMY:
MOXKHO CHAYaJIa ONPEIENUTH OTHOIIIEHNE HECTPOrOr'0 IOPSAI-
ka < (pedrekcuBHOE, AHTUCUMMETPUYHOE U TPAH3UTUBHOR)
¥ 3aTEeM U3 HEr0 NOIYIUTh OTHOIIEHNE CTPOTOr0 MOPAIKa, <,
a MOXHO [EUCTBOBATL U HA0GOPOT.

84. Onyckas Tpe0OoBaHUE aHTUCUMMETPUIHOCTH B OIpeaee-
HUAM 9aCTUYHOrO HMOPAAKA, MOLy9IaeM OIPEAeICHUE NpeinopioKa.
[lokaxuTe, 9TO JO60U TPEAMOPALOK YCTPOEH TaK: MHOXKECTBO
OEeTATCA Ha HETEPECEKAIOMUECA KIACCH, IIPA 3TOM & < Y AJLA JII0-
OBIX ABYX DJIEMEHTOB &, ¥ M3 OJHOIO KJIACCA, a Ha (haKTOP-MHO-
XKeCTBE 3aJaH TaCTHUYHBIN IIOPAIOK, KOTOPBIX M OIPEACTAACT pe-
3yIbTAT CPABHCHUA ABYX JJIEMEHTOB U3 PA3HBEIX KJIACCOB.

BoT HECKOIBKO KOHCTPYKIUU, MO3BOJAIIMX CTPOUTH
OJHU YHOPSTOYEHHEIE MHOXECTBA U3 IPYTUX.

e Ilycts Y — moaAMHOXECTBO YACTUYIHO YIIOPAIOUEHHO-
ro muoxecTBa (X, <). Torna va muoxectse Y BO3HU-
KaeT €CTECTBEHHLIN YACTUYHBIN MOPAIOK, UHIYUYUPO-
sannbiti 3 X. PopmasbHO roOBOPS,

(Ly) =()n(Y xY).
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Ecan mopsgok va X ObLT IMHEUHBIM, TO U UHIYIHAPO-
BaHHBIN MOPALOK HA Y, O9€BUAHO, Oy €T JUHEUHLIM.

Iycte X mu Y — gBa HEnmepecekammmxCs YaCTUIHO
YOOPSOYEHHBIX MHOXECTBa. lorga Ha ux 0o0benu-
HEHUM MOXHO OIPENeIUTH YACTUYHHEIU MOPSAJOK TaK:
BHYTPHU KaXJIOT'0 MHOXECTBA DJEMEHTHI CPABHUBAIOT-
CA KaK paHbIle, a JO0U 2IeMEHT MHOXeCTBa X o
OTIPEIEJIEHUI0 MEHbIIE JIO0r0 IeMeHTa Y. ITO MHO-
xecTBo ecrecTtBeHHO ob6o3naunTb X + Y. (Ilopsgok
OyaeT JUHEMHBIM, €CIM OH OBbLI TAKOBEIM Ha KaXKIOM
73 MHOXECTB. )

OTO0 %€ 0003HAYEHNE MPUMEHSAIOT U Ui [MePEeCeKaro-
muxca (4 gaxke COBHAAOMMX MHOXeCTB). Hanpumep,
roeops 06 ynopsgouennom MuoxecTse N + N, mur Ge-
PEM [Be HemepeCceKarIecs KOMUN HATYPAIBHOIO Psi-

na {0,1,2,...} u {0,1,2,...} u paccmaTpuBaem MHO-

xectno {0,1,2,...,0,1,2,...}, mpuwadm k < I mpu Beex
k u l, a BHYTpPU KaxkIOU KOMUU TOPAJOK OOBIYHBIN.

Iycte (X, <x) u (Y, <y) — IBa yOOPATOIEHHEIX MHO-
xecTBa. MOXHO OmpesesuTh HOPSAIOK Ha IPOU3Bene-
v X XY Heckonbkumu criocobamu. MoxHO cuuTaTh,
9T0 (T1,41) < (T2,Y2), ecmm 21 <x T2 u Y1 <y Yo (TO-
KOOPAUHATHOE CPABHEHUE). DTOT TMOPAIOK, ONHAKO,
HEe OyJeT JUHEUHEIM, NaXXe €CJaU MCXOIHBIC TOPATKYA U
OBLTM TUHEVHBIMU: €CJIU TTEPBasA KOOPAUHATA OOMbITE y
OMHOU TApPEL, 8 BTOPAasA y APYIOU, KAK X CPABHUTL!
Y106bI NONYIUTH JUHEUHBIA TOPSAIOK, TOTOBOPUMCH,
KaKas KOOpauHaTa OymeT «rJIaBHOW» v OygeM CHAYaIa,
CPABHWBATE TIO HEH, 4 IOTOM (B CIy9ae PABEHCTBA) —
o apyrou. Ecau rmaBaon cuurars X-KoOpauMHATY, TO
(x1,91) < (22,92), et T1 <x Ty WK €CTH Ty = T, &
11 <y Y2. OIHAKO MO TEXHUYECKUM NPUYUHAM Y100~
HO CYMTATh TVIABHOM BTOPYK KoopauHaTy. [oBops
O TIPOUBBEICHUN [BYX JUHEUHO YIOPAJOUYCHHBIX MHO-
JKECTB KaK O JUHEUHO YyTIOPAJOYCHHOM MHOXECTBE, MEI
B JATBHENIIEM TIOPA3yMEBAEM UMEHHO TAKOU TIOPA 0K
(cmavasma cpaBHUBAEM MO BTOPOU KOODIWHATE).
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85. [lokaxwre, 9TO B YaCTUIHO YIOPALOIEHHOM MHOXKE-
crBe N X N (mopasox mNOKOOpAWMHATHEIN) HET GECKOHEIHOI'O
TMOAMHOXECTBA, IObIe ABa DIEMEHTa KOTOPOro OBLIH OBl Hec-
paBHuMBL. BepHo au anamormvaHoe yTBepx)aeHue aaa Z X 27

86. [Joxkaxwure aHAJIOIMIHOE YTBEPXKACHUE [ Nk (mopanox
LIOKOOP AMHATHBIN).

87. Ilycte U — KOHEYHOE MHOXECTBO U3 N dIEMEHTOB. Pac-
cmoTpuMm MHOxecTBO P(U) Bcex moaMHOXeCTB MHOXecTBa U,
yIOPALOYEHHOEe IO BKIOUeHmIo. KakoBa MakCHMAaIbHO BO3MOXK-
Hag MOmHOCTH MHOXecTBa S C P(U), ecim mHAynmpOBAHHBIL
Ha S NOPAJOK IMHEEH! eCIN HUKAaKWEe OB dIeMeHTa S He CpaB-
mmver? (Ykasamue: cM. 3agady 14.)

88. CKOIBKO CyIIECTBYET PA3INIHBEIX JUHEMHBIX TOPAIKOB HA
MHOXECTBE U3 7 DJEMEHTOB!

89. [loxaxure, 9TO BCAKUN YACTUIHBIN MOPAJOK HA, KOHEIHOM
MHOXECTBE MOXHO OPOJOIKATH AO JIAHEXHOTO («IPOTZOIKUTEHY
03HAYAET, YTO €CIM T < Y B MCXOAHOM IODAAKE, TO X B HOBOM
9TO OCTAHETCA TaK).

90. [aro 6eCKOHEYHOE YACTHUYIHO YIOPAAOIEHHOE MHOXECT-
Bo X. [lokaxkuTe, 9TO B HEM BCEra HAUAETCA MO0 6ECKOHETHOE
MOAMHOXECTBO IIOIAPHO HECPABHUMBIX JJIEMEHTOB, I160 Oecko-
HEIHOE TOJAMHOXECTBO, Ha KOTOPOM MHAYIUPOBAHHBLIN MOPATOK
JIVHEEeH.

91. (KoreuHBII BaApHAHT OpeABIAyIEeR 3a4a4u.) Jans nerse
MIOIOXUTEIbHEIE INCIa M U 1. JJOKaxXuTe, ITO BO BCAKOM aCTHY-
HO yIOPAZOYEHHOM MHOXECTBE MOIIHOCTHE Mn+1 MOXHO yKa3aThb
1160 m+1 monapHO HECPABHUMBIX JIEMEHTOB, 160 n+1 monapHo
CPaBHUMBIX.

92. B crpouky mamumcanel mn + 1 pasaumunbrx umcer. [Joka-
JXKUTE, 9T0 MOXHO 9aCTh U3 HUX BBIYEPKHYTH TAaK, IYTOOBI OCTa-
J1ach 60 BO3PACTAIOMAA IOCIEZ0BATEIFHOCTD AIUHEI M + 1, au-
60 yOBIBaIOINAA IOCIELOBATEIBHOCTH AIWMHBEI 1 + 1. (YKaaaHne:
MOXKHO BOCIOIB30BATHCA IPEALIAYINEH 331246l )

93. PacCMOTPUM CEMEHCTBO BCEX MOAMHOXKECTB HATYPAJLHO-
o paja, yIopsanodeHHoe 1m0 BkIodeHmio. CylnecTByeT Iu y HEro
JIWHEMHO yTMOPALOIeHHOE (B MHAYNWPOBAHHOM IOPALKE) MOICE-
MENCTBO MOIIHOCTY KOHTHHYyM? CylnecTByeT au y HEro mojace-
MENCTBO MOIIHOCTY KOHTUHYYM, T00BIE JBA DIEMEHTa KOTOPOT'O
HECPaBHUMBI !

OJIEMEHT YACTUYHO YIOPSIJOUEHHOI'O MHOXKECTBA HA3LI-
BAIOT HOUOOALWUM, €CIu OH OOJbIIE JI000r0 APYyroro Jie-
MEHTa, U MOAKCUMALbHbIM, €CIU HE CYIeCTByeT OOJBbIIErO
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aneMenTa. Ecau MHOXECTBO He ABIACTCA JUHEUHO YIOPAA0-
YEHHEIM, TO DTO HE OJHO W TO ¥Ke: HAUOOMLIINU DJIEMEHT
ABTOMATUYECKN ABIAETCA MAaKCAMAJIBHEIM, HO HE HA000POT.
(OguO n€M0 KOPOOKa, B KOTOPYIO MOMEINAeTCs Jar0as Apy-
ras, Ipyroe — KOpoOKa, KOTOpas HUKYy1a OOJbllle He IIoMe-
IAeTCs.)

AnanmormdaeiM 06pa3OM ONPENENAIOTCA HOUMEHLUUE U
MUHUMOAbHDIE DTIEMEHTHI.

Jlerko moHATE, 9TO HAMOOMBINIAY DIEMEHT B JAHHOM 9a-
CTUYHO YHOPAIOYEHHOM MHOXECTBE MOXKeT OBITh TOJBKO
OIVH, B TO BpPeMs KaK MAaKCUMAJBHBIX JJEMEHTOB MOXKET
OLITH MHOT'O.

94. [loxaxwure, 94TO II00BIE ABA MAKCHMAJIbHBLIX DJIEMEHTA HE
cpaBHUMEIL. [[OKaXWTe, YTO B KOHEYHOM YaCTUIHO YIOPALOUIEH-
HOM MHOXeCTBe X A 1100000 IEeMEeHTa L HANAETCA MaKCUMAIh-
HBII 3JEMEHT Y, GOMLITAN WA PABHBIN .

2.2. aomopdpuambl

[IBa 9aCTUYHO YNOPSJOYEHHBEIX MHOXECTBA HA3LIBAIOT-
CSL UBOMOPPHLIMU, €CIU MEXKITY HAMU CYIIECTBYET U30MOP-
$u3m, TO €CTH BIAMMHO OTHO3HAYHOE COOTBETCTBUE, COXPAa-
maomee nopAnok. (EcTecTBeHHO, YTO B 3TOM CilIydae OHU
PABHOMOIIHBL KAK MHOXECTBA.) MOXHO CKa3aTh Tak: OUeK-
s f: A — B Ha3LIBaeTCA U30MOPGU3MOM YACTUIHO YIIO-
pAfOYeHHBIX MHOXECTB A u B, ecin

ar <ay & f(a1) < f(az)

UL TIOOBIX DIEMEHTOB a1, dz € A (cieBa 3Hak < 0603HAIAET
HOPAKOK B MHOXeCTBe A, cripaBa — B MHOXecTBe B).

OueBuaHO, 9TO OTHOIIEHUE U3OMOPGIHOCTHU PEPIEKCUBHO
(kax;0€ MHOXECTBO m30MOP(MHO caMOMy Ce6e), CAMMEeTPIY-
HO (ecau X wzomopdHO Y, TO 1 HAOG0POT) U TPAH3UTUBHO
(zBa MHOXECTBA, U3OMOPMHEIE TPETHEMY , U3OMOP()HBL MeXK-
ay co6on). Takum 06pa3oM, BCe YACTUIHO yIOPALOICHHEIE
MHOXECTBa Pa3bUBAIOTCA HA KIACCH M30MOPMHLIX, KOTOPHIE
HA3BIBAIOT NOPAJKosbimu munamu. (IIpaBaa, Kaxk U ¢ MOII-
HOCTAMHU, TYT HEOOXOINMA OCTOPOXHOCTL — M30MOP(HEIX
MHOXECTB CIAUIITKOM MHOl"O7 n HOTOMy FOBOpI/IT]: (¢] HOp}I,E[KO—
BHIX THIAX KaK MHOXECTBAX HEJb3sl.)
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Teopema 12. Koneunbie TuHENHO yHIOPAIOICHHBIE MHOXKE-
CTBA U3 OJUHAKOBOI'O YKCIA DIEMEHTOB U30MOPQHEL.

<1 Konevnoe IuHeNHO yoopsj04eHHOe MHOXECTBO BCET 14,
MMeeT HANMEHBIINY DIeMEHT (BO3bMEM 060U DIEMEHT; eCIn
OH HE HAVMEHBIINN, BO3bMEM MEHBIINY, €CIM U OH He Hau-
MEHBIIINN, EIIE MEHBIINY — U TAK JAjee; IOMYyIuM yORIBao-
IIy0 TOCJAeAOBATENBHOCTL T > Y > Z > ..., KOTOpas pPaHO
WK TIO3JHO AOMKHA 060pBaThCA). [IpncBOMM HaMMEHBbIIEMY
saemenTy HoMep 1. VI3 ocTaBmmxcs CHOBA BEIOEPEM HANMEHb-
LMY DIEMEHT U IPUCBOMM €My HOMep 2 u Tak ganee. Jlerko
[OHATH, YTO MOPANOK MEXAY DJIEMEHTAMU COOTBETCTBYET
MOPAOKY MEXIy HOMEPaMU, TO eCThb UTO Hallle MHOXECTBO
m3oMopdHO MHOXKecTBY {1,2,...,n}. >

95. /lokaxnTe, 9TO MHOXECTBO BCEX LEIBIX NMOJOXUTEIHHBIX
peauTenen wucia 30 ¢ OTHOIIEHWEM «OBITH AEINTEIeM» B KaIeCTBE
OTHOILIEHNA MOPAAKA M30MOPGHHO MHOXECTBY BCEX IIOJMHOXECTB
MHOX€ECTBA {a,b, ¢}, yIOPANOIEHHOMY IO BKIIOIEHUIO.

96. Byzem paccMaTpuBaTh (DMHHTHEBIE IIOCIEAOBATEIBHOCTH
HATYPAILHBEIX YHCETI, TO €CTh IOCIeNOBATEIBHOCTH, V¥ KOTOPBIX
BCe UJIEeHBl, KpOMe KOHEYHOro 4mcra, paBHbI (. Ha mHOXecTBe
TAKWUX I0CJIEA0BATEILHOCTEN BBEAEM IOKOMIIOHEHTHBIY HOPATOK:
(ag,a1,...) < (bo,b1,...), ecim a; < b; npm Bcex 7. [Jokaxwmre,
YTO 3TO MHOXECTBO M30MODMPHO MHOXECTBY BCEX IIOJOXUTEIb-
HBIX HEeJBbIX YHCelI ¢ OTHOUIEHEM «OBITh JeINTeleM» B KaIeCTBE
TOPAAKA.

BzaunmuO OgHO3HAYHOE OTOOpaXKEHWE YACTUIHO YIOPS-
IOYEHHOT'O MHOXECTBa A B cebs, ABIAIOIIEECT M30MOPQhI3-
MOM, HA3LIBAIOT GBMOMOPPHUIMOM FACTUTHO YHIOPSAOUEH-
moro mHoxecTBa A. ToxnecrsenHoe oTOOpaxKeHHe BCeraa
ABIAETCA aBTOMODP)PU3MOM, HO [NIA HEKOTODPBIX MHOXECTB
CyLIeCTBYIOT 1 npyrue aBromopdusmer. Hampumep, oTobpa-
XKeHUe NPUOABIeHNs equHuLE (¢ — 2 + 1) aBiasgercs aBTo-
MOP(GU3MOM HACTUYHO YHOPSAJOYEHHOI'O0 MHOXKECTBA 7 Iie-
JBIX 9ucesn (C eCTECTBEHHEIM MOpAAKoM). [las MHOXeCTBa
HATYPATbHBEIX YUCET Ta ke (hOopMyIa He JaéT aBTOMOPhU3-
Ma (HeT B3aMMHOU OJHO3HAYHOCTH).

97. IloxaxwuTe, YTO He CyLUIECTBYeT aBTOMOPGMU3MA YIIOPATO-
YE€HHOI'O MHOXECTBa N HATYPAJbHBIX YHCEJ, OTIWIHOI'O OT TO-
X I6CTBEHHOT'O.
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98. Paccmorpum mHOXecTBO P(A) BCex MOAMHOXECTB HEKO-
TOPOro k-3IeMEHTHOr0 MHOXECTBa A, JaCTUIHO yIOPALOIEHHOE
o BKIIOYeHo. Halgure 4ucao aBTOMOP(GU3MOB 3TOIO MHOXKE-
CTBa.

99. HOKa.)KI/ITe, YTO0 MHOXECTBO LEIBIX ITOJOXUTEIBHBIX YN-
Cell, 9aCTUYHO YIOPAAOIYCHHOE OTHOLIEHUEM «I AEIUAT Y», AMEET
KOHTUHYYM Da3IMYIHBIX aBTOMODPGMU3MOB.

Bor HeCKONIBKO HpPUMEPOB PABHOMOIIHBLIX, HO HE WM30-
MOPMhHEIX JMHEVHO yIOPALOIEHHEIX MHOXKECTB (B CUILy T€O-
peMul 12 OHM JOIKHEL OBITH GECKOHEIHEIMMT).

e Otpesok [0,1] (¢ OOLIMHBIM OTHOIIEHUEM HOPALKA) HE
m30MOpdeH MHOXKeCTBY R, Tak Kak y I€pBOrO eCThb
HambonbImi sneMenT, a y Broporo uHer. (Ilpu uzo-
MOp¢dU3Me HAMOOJBIINAU DIEMEHT, eCTECTBEHHO, NOJ-
XEH COOTBETCTBOBATH HAUOOJBIIEMY. )

e MuoxecTBo Z (uenbie YuCaa ¢ OOBIYHEIM TIOPSIKOM )
He m30MOppHO MHOXeCTBY Q (paunoHanbHEE ¥IMCIA).
B camom mene, nycts o: Z — Q aBasercs nzomopdus-
MoM. Bo3bMEM IBA COCETHUX MENBIX YUCAA, CKAXKEM, 2
z 3. [Ipu msomopduame o UM FONKHEL COOTBETCTBO-
BaTh KAKUe-TO JBA PALMOHAIBHEIX uucia a(2) u a(3),
npuaéM a(2) < a(3), Tak xak 2 < 3. Ho Torga pamm-
OHAJBHBIM uucaaM Mexay a(2) u a(3) JomKHBL cOOT-
BETCTBOBATH IIeJbIE YUCIA MeXIY 2 U 3, KOTOPHIX HET.

e Bosee ciaoxHBEM mpumep — MHOXeCTBa Z u 7 + Z.
Bosbmém B Z + Z e xonuu Hyas (U3 TOU u IPyrou
KOMTIOHEHTHI); Mbi 0603Hagam ux 0 u 0. Ilpu atom 0 <
< 0. Ilpn m3omOpdmU3Me UM JOKHEI COOTBETCTBOBATD
IBa IEJBIX 4mcaa a u b, mis xoropeix a < b. Torma
BceM aaemenTam Mexay 0 u 0 (1x GECKOHEYHO MHOTO:
1, 2,3, ..., =3, =2, —1) NOMKHEI COOTBETCTBOBATH
YUCIa MEXY @ M b — HO UX JWIIL KOHEYHOE YUCTIO.

OTOT NpUMEpP NPUHIUNUATLHO OTANIAETCA OT TPEqbl-
OYIIUX TEM, YTO 3[eCh PA3HUIYy MEXIY CBOMCTBAMUA
MHOXECTB HeJqb3s 3amucaTth gopmymaon. Kak rosopsar,
YIOPSIOYECHHBIE MHOXECTBA, Z U 7, + 7 «21eMEeHTAPHO
OKBUBAJIECHTHEI) .
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100. ToxaxwuTe, 9TO IMHENHO YHOPAJOIEHHBIE MHOXECTBA, Z X
XN u Z X Z (c onncagHBIM BEIIE HA C. 53 MOPAAKOM) HE m30MOPdh-
HEL

101. ByayT am m30MOpGhHBI IMHEMHO YIOPALOIECHHEIE MHOXE-
crBa N X Zu Z x 2?

102. ByayT a1 m30MOpGbHDI IMHEMHO YIOPALOICHHEIE MHOXKE-
ctBa Q X Zu Q x N?

Orobpaxenune T — 2z OCYIIECTBIACT U30MOPHUIM
mex 1y maTepsaramu (0,1) u (0,v/2). Ho yxe me Tax mpo-
CTO TOCTPOUTL M30OMOPGU3M MEXIY MHOXKECTBAMU DPAIMIO-
HAJBHBIX TOYEK 3TUX HHTepBatoB (To ecTh Mexay QN (0,1)
u QN (0,v/2)), nockoapKy yMHOXeHWE Ha /2 TEPEBOIUT
PAIMOHAJBLHEIE YKUCJI3 B HMPPANUOHAJILHEIE. 1eM He MeHee
“30MOphU3M MOCTPOUTHL MOXHO. [las dTOro HaLO B3ATH
BO3PACTAIINE TOCTeNOBATENLHOCTY PAIMOHAILHEIX YICE
0<z1 <22 < ... 20< y1 <y2 < ..., CXOAAIINECSA
COOTBETCTBEHHO K 1 ¥ /2 1 IOCTPOMTE KyCOYHO-IMHENHYIO
dyHxu0O f, KOTOpas NEPEBOIUT I; B Y; U JUHEUHA HA, Ka-
XKIOM U3 OTPE3KOB [T;,Z;y1] (puc. 5). Jlerko mousaTh, 4TO
OHA OygeT MCKOMBIM H30MOP(MU3MOM.

\/QA

Y2 --

U1

Puc. 5. Jlomanas ocymecTsiasier w3aoMophuaM.

103. IToxaxwmTe, 9TO MHOXECTBO PAIMOHATHHBIX YNCE]I MHTEP-
Bana (0,1) u MHOXecTBO Q M3OMOpDHEL. (YKazaHue: 30eCh TOXE
MOXHO IIOCTPOUTH JOMAHYI0; BIPOUEM, Yy DTOU 33,4891 eCThb U APY-
roe pemenune, KOTOPOe HAYXHAETCA C TOr0, IT0 PyHKuuA & — 1/x
[IEPEBOAUT PAUOHAILHEIE TUCIA B PAIMOHAILHEIE. )
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Bonee cnoxwuas koHCTpyKIua TpeOyeTca B CJeLyIOLIEn
3agade (BUAUMO, HUYErO IPOIIE, U€M COCIATHCA HA OOLILyIO
Teopemy 13, TyT He IpUAyMaeID).

104. [JokaxuTe, YTO MHOXECTBO ABOMYHO-PAINMOHATLHBIX TH-
cex uarepsana (0, 1) usomopduo muoxectBy Q. (Iucao cumraer-
CA J80UNHO-PAYUOHAALHBIM, €CIH OHO MMeeT Bug m /2", roe m —
Ien0e 9UCiIo, & N — HATYPAILHOE. )

[lBa daeMeHTa T, Y JMHENHO YIIOPSAI09EHHOI0 MHOXECTBA
HA3BIBAIOT COCEJHUMU, €Cn & < Y U He CYLIeCTBYeT DJIEeMEH-
Ta MEXIy HAMH, TO €CTh TaKOro 2, 94T0 ¢ < 2z < Y. Jluneu-
HO YIOPAJOYEHHOE MHOXECTBO HA3BLIBAIOT NAOMMHbIM, €CIU
B HEM HET COCEJHUX DJEMEHTOB (TO €CTb MEXIy JH0EMEU
IOBYMS €CTb TPETUN).

Teopema 13. JI1o6bie 1BA CIETHLIX TUWIOTHLIX JUHEWHO YTIO-
PAJOYEHHBIX MHOXECTBA 0€3 HamOOJIBIIEr0 ¥ HAUMEHBIIIET O
3JIEMEHTOB U30MOD(]HEI.

< Hycts X u Y — gannbie HaM MHOXECTBA. TpelyeMuin
r30MOpdu3M Mex Iy HuMu cTpouTcs o maram. Ilocre n ma-
OB y HaC €CThb JBAa N-3JEMEHTHEIX HOAMHOXeCTBa X, C X
n Y, C Y, sieMeHTEl KOTOPHIX MEI OyJeM HA3LIBATH «OXBa-
YEHHBIMWY, ¥ B3AaUMHO OJHO3HAYHOE COOTBETCTBUE MEXKIY
HUMU, cOXpaHsoiee nopsanox. Ha ouepennom mmare Mul Oe-
PEM KaKOU-TO HEOXBAYEHHBINM DJEMEHT OJHOIO M3 MHOXKECTB
(ckaxkem, mHOX)ecTBa X) U CDABHUBAEM €0 CO BCEMU OXBa-
geHHEIME daeMeHTaMu X . OH MOXeT 0Ka3aThCsa 60 MEHb-
1I1e BCeX, 00 60bIre, 1160 IONACTb MEX, Y KAKUMU-TO IABY-
Ms. B kax oM U3 C1y4aeB MBI MOXKEM HAUTU HEOXBAYCHHBIN
BMeMeHT B Y, HAXOMAIMUUCA B TOM K€ TOMOXKeHuu (6ombime
BCEX, MEX Y IEPBLIM U BTOPHIM OXBAYEHHBIM CBEPXY, MEX Y
BTOPEIM U TPETHUAM OXBAa<YEHHEIM CBEpXy u T.II.). IIpu sToM
MEI [IOJIB3YEMCS TE€M, 9TO B Y HET HAUMEHBIIEr0 3JEMEHTA,
HET HAUOOJBINEr0 U HET COCEJHUX DIEMEHTOB, — B 3aBUCHU-
MOCTY OT TOr'0, KAKOU U3 TPEX CIydaeB umeeT MecTo. [loce
5TOr0 MBI 10OaBIAEM BHIOPAHHLIE DIEMEHTHI K X, U Y,,, Cuu-
Tas UX COOTBETCTBYIOUIUMHA IPYT APYLY.

YTo6uI B mpejene MONyYUTb U30MOPGU3M MEX Y MHO-
xecTtBaMu X u Y, MBI JOMXKHEI IO3a00TUTHCA O TOM, YTO-
OBl BCe JJE€MEHTHI 000X MHOXKECTB OBLIM PAHO WX IO3[-
HO OXBA4eHBL. JTO MOXKHO CAEIATh TAaK: MOCKOJIBKY KaXI0e
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7“3 MHOXECTB CUETHO, IPOHYMEPYEM ero dJEeMEHTH 1 OyaeM
BEIOMPATH HEOXBAYEHHEIU DIEMEHT C HAMMEHBIIIMM HOMEPOM
(ma HewérHBIX marax — u3 X, Ha Y8THHIX — u3 Y). JTO
cooOpazkeHne 3aBEPINALT TOKA3ATEIbCTRO. >

105. CxoabKO CymmecTByeT HEM30MOPMHBIX CIETHBIX ILIOTHBIX
JIVHENHO YNOPALOYEHHBIX MHOXECTB (PO HAWMEHBINNN W Hal-
6OIBbIINY >IeMEHTH Hudero He u3secTHo). (OTaert: 4.)

106. IlpuseguTe mpuMep ABYX ILIOTHBIX JIWHEWNHO YIOPATO-
YEeHHBIX MHOXECTB MOITHOCTU KOHTHUHYYM 6e3 HAVMMEHBIIEr'0 U1
HamOOJIBIIEr0 DIEMEHTOB, HE ABIAIOMMXCA n30MOpdubmME. (Yka-
3aHue: Bo3bMuTe MHOXeCTBA Q+ Ru R+ Q.)

Teopema 14. Bceskoe CY€THOE JMHEUHO YIOPSAIOYEHHOE
MHOX€CTBO N30MOP(PHO HEKOTOPOMY ITOAMHOXECTBY MHOXKe-
crBa Q.

< 3aMeTuM Cpa3y ke, ITO BMECTO MHOXKeCTBa, (Q MOXHO
OBLIO B3ATH JI000€ ILIOTHOE CYETHOE BCIOAY ILIOTHOE MHO-
KeCTBO 0e3 MepBOro ! MOCJAETHEr0 DJIEMEHTOB, TaK KaK OHU
BCE U30MOD(QHHL.

[loKka3aTeTHLCTBO DTOTO YTBEPXKAEHUA MPOUCXOAUT TaK
Xe, KaK 1 B TeopeMe 13 — ¢ TOU pasHUIen, 9TO HOBLIE He-
00pabOTAHHEIE DIEMEHTHI GEPYTCA TOMBKO C OJHOU CTOPOHBI
(13 mAHHOrO HAM MHOXKECTBA), & MAPH K HAM MOAOMPAIOTCA
B MHOXECTBE DAIIMOHAIBHBIX dHCeI. >

107. JamTe Apyroe MOKa3aTeIbCTBO TeOopeMbl 14, 3aMeTus,

4TO0 11060€ MHOXECTBO X M30MOP(PHO MOIMHOKECTBY MHOXECTBA
Qx X.

2.3. PyHAMPOBaHHbIE MHOXECTBA

IIpuHII MaTEMATUYECKON MHAYKIUN B OJHOU U3 BO3-
MOXKHBIX (OPM 3BYUHUT TaK:

IIycte A(n) — HEKOTOpPOE CBOHCTBO HATYPAJBHOIO IH-
caa n. Iycts mam yganoce gokasats A(n) B npeamono-
>xernn, 970 A(m) BepHO 414 Bcex m, MeHbmuX n. Torga
cBorcTBO A(N) BEPHO [14 BCEX HATYPATLHBIX TUCET 1.

(3amernm, 4TO mo ycaoeuio nokasarenabcTBo A(0) BO3-
MOXHO (€3 BCAKUX MPEANONOKEHUN, MOCKOABLKY MEHBIINX
9MCen HeT.)

I[JI}I KAaKNX YaCTU4YIHO yHOp}I.I[O‘IeHHbIX MHOXECTB BepeH
anatoruyHed npuHimn?! OTeeT KaéTCa CIeAYIOMEn IPOCTON
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TEOPEMOM:

Teopema 15. Crenyromue Tpu CBOUCTBA YaCTUIHO YIOPS-
IOYEHHOrO MHOXECTBA X PABHOCUJIBHBL:

(a) mr060€ HEmycTOE TOAMHOXKECTBO X UMEET MUHUMAIb-
HBII DJIEMEHT;

(6) He cymecTByeT 6ECKOHEYHOU CTPOTO YOLIBAIOMIEH MO-
CJIeOOBATECJIBHOCT Lo > L1 > I3 > ... JJIEMEHTOB MHOXE-
crBa X;

() mns muOxecTBA X BEPEH MPUHIWN WHAYKIUU B CJe-
aytomen gopme: ecm (npu kaxaom € X) m3 UCTUHHO-
cru A(y) nas Bcex y < x caegyer uctuHHOCTL A(x), TO
cBorcTBO A(x) BepHO mpu Beex . POPMAIBHO DTO 3AIUCH-
BalOT TaK:

Ve (Vy ((y < z) = A(y)) = A(z)) = Vz A(x).

< CHagana JOKaXKeM ODKBUBAJIEHTHOCTHL IEPBEIX IBYX
ceoucTB. Ecmu g > 1 > T2 > ... — OeckoHedHAs yObI-
BAOMIAA NOCAENOBATEILHOCTD, TO, OIEBIIHO, MHOXECTBO €6
3HAYEHUY HE UMEET MUHUMAJIBHOIO DJIEMEHTA, (U1 KaXKA0r0
smeMeHTa, caepyommi emé Mmenbine). [losTomy m3 (a) cae-
ayer (6). Hanporus, eciu B — HemycToe MHOXKECTBO, He
“MeIolee MUHIMATBHOTO JIEMEHTA, TO OECKOHEYHYIO yOBI-
BAIOIIYIO NOCIE0BATEILHOCTD MOXKHO IOCTPOUTE TaK. Bo3b-
MEM TIPOM3BOILHLIM dieMeHT by € B. Ilo mpeamonoxenu:o
OH HE SBIAETCS MUHUMAJILHEIM, TaK 9TO MOXHO HAUTH by €
€ B, mis xoroporo by > by. Ilo Tem xe npuumHaM MOXHO
Hautu by € B, mas xkoroporo by > by u . a. Iloxygaerca
0eCKOHEeYIHAsA YOBIBAIOMAA TOCIENOBATEIHHOCTD.

TeHep]) BEIBEJEM IPUHIVII NHAYKIUN nu3 CyIHeCTBOBaHI/IH
MUHUMAJIBHOIO DJIEMEHTa B Jio6oM mogMuoxecTse. IlycThb
A(z) — TpOM3BOJIBHOE CBOMCTBO DJIEMEHTOB MHOXECTBa, X,
BEpPHOE He I BCEX DIEMEHTOB x. Paccmorpum HemycToe
MHOXECTBO B Tex 31eMeHTOB, I KOTOPEIX CBOMCTBO A He-
BepHO. IlyCcTh & — MUHUMANLHEIU DJIEMEHT MHOXeCTBa B.
Ilo ycnoBuMiO MEHBIIMX DJIEMEHTOB B MHOXecCTBe B Het, mo-
aTOMy A1 BCeX y < z cBoucTBO A(y) Bhmomxeno. Ho To-
rIa 0 TPEANOJIOKEHUIO NOMKHO OBITE BRIIOMHEHO u A(r) —
[IPOTUBOPEILE.
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Ocranock L0Ka3aTh CYIIEeCTBOBAHNE MUHAMAILHOIO Die-
MeHTa B JIOOOM HEIIyCTOM IIOJMHOXECTBE, UCXOMAs U3 IIPUH-
muna veayknuy. [Iycrs B — mogMHOXeCTBO 663 MUHAMAIb-
HBIX DJeMeHTOB. /[okaxkeM 1o MHAYKIuM, 9T0 B mycTo; apy-
TUMHU CIOBaMH, B KadecTBe A(z) Bo3bMéM cBOMCTBO = ¢ B.
B camom gene, ecim A(y) BepHO 11 BCex Y < ', TO HUKAKOU
2JIEMEHT, MEHbUINN &, He JexuT B B. Ecau 6w ¢ texan B B,
TO OH OBLI OBl TaM MUHUMAJLHLIM, 3 TAKWAX HET. [>

MuoxecTsa, o6aagaomue ceorcreamu (a) — (B), HA3EBIBA-
orca gynduposannvimu. Kakue ecTb npuMepsl PyHIMPOBAH-
HbIx MHOXecTB? IIpexpge BCero, HAII MCXOTHBIA IpUMED —
MHOX€CTBO HATYDPAIbHBIX YUCEl.

[pyrou mpumep — muoxecTBo N X N map HaTyparbHBEIX
gucea (MeHbIE Ta [apa, Y KOTOPOU BTOPOU YIEH MEHBIIE;
B CIy4Yae DPABEHCTBA CPABHUBAaEM TiepBhie). B camoMm neue,
nposepuM ycaosue (6). Ham Gy neT ya06H0 chopMyampoBaThb
€ro TaK: BCAKAA MOCIENOBATENBHOCTD Uy = U] = U2 2> ...
2JIEMEHTOB MHOXECTBA PAHO WM [IO3JHO CTAOMIN3UPYETCS
(BCe WiIeHBI, HAMMHAA C HEKOTOPOI'O, PABHEL); O9E€BUIHO, ITO
9TO DKBUBAJIEHTHAA (DOPMYJIUPOBKA.

IIycts gama mpou3BOJILHASA MOCAEA0BATEILHOCTD AP

<370,yo> 2 <m13y1> 2 <$2,y2> 2

Ilo onpegesrenuio mOpsAAKa (CHAIANA CPABHUBAIOTCA BTOPHIE
meHH) Yo = Y1 = Y2 = ... M DOTOMY IOCIEJOBATEIbHOCTDH
HATYPAIbHBIX YUCET Y; C KAKOIO-TO MeCTa He MeHsercs. 11o-
CJIe DTOTO yXKe T; JOJIXKHBEI yOBIBATH — U TOXE CTAOWIN3U-
pyworcsa. Yto u Tpe6oBaIoCh.

To xe camoe pacCyX[IeHre MPUrOTHO U B Gojtee o0men
CUTyaluu.

Teopema 16. Ilycte A u B — aBa QyHAUPOBAHHEIX Ya-
CTUYHO YIOPATOYCHHBIX MHOXECTBA. Tor,z;a X IIpomu3Beae-
ure A X B, B KOTOpOM

<a1,b1> < <a2,b2> <~ [(bl < b2) nIn (bl = b2 ua; < ag)],

ABNAETCSA PYHIMPOBAHHBIM.
< B mocaregosareasnocTa {(ag, bo) > (a1,b1) > ... crabm-
JIU3UPYIOTCA CHadaJsa BTODEIE, & 3aTeM U NEPBHIC YICHHL. [>
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Orcooa BLHITEKAaeT aHAIOCMYHOE yTBEpXKAeHue mis N X
x N x N, g1 N¥ mim Boo6ime gas mpousBefeHns KOHEIHOO
9nCIa PYyHIUPOBAHHBIX MHOXECTB.

Emé npome goxasars, uTo cymma A + B nByx dyHau-
pOBaHHBIX MHOXeCTB A u B GyHIUPOBaHA: MOCIEN0BATEIb-
HOCTb g < 1 < To < ... JubO LIEJUKOM COAEPKUTCI B B
(u MBI cebLIaEMCA HA QYHIUPOBAHHOCTE B), 1160 comepxuT
anemenT w3 A. B mocaegnem caygae Bce creayromume sieMeH-
TEL TAKKE IPUHALIEKAT A, 1 MBI HCIIOAL3yeM (PYHIUPOBAH-
HOCTL A.

YacTo B IpOrpaMMuUpOBAaHUY (M1 B ONMMIINAIHBIX 33~
[1adax) HAM HYXKHO IOKA3aTh, ITO HEKOTOPHIU HPOLECC HE
MOXKeT MPOI0IXKAThCSA OeckoHeuHo noiaro. Hanpumep, Hamu-
CaB IUKJ, MBI JO/DKHEI yOEIUTHCSI, YTO PAHO WX MO3JHO U3
HEr0 BBIMAEM. JTO MOXKHO CAETATh TAK: BBECTU KAKOU-TO
HATYPAIBHEIN APAMETDP U yOeOUTHCS, YTO HA KAXKAOM IIa-
re IUKJa DTOT MapaMeTpP YMeHbIIaeTca. Torma, eciu cendac
3TOT mapameTp paBeH [N, TO MOXHO apaHTHUPOBATD, YTO HE
mo3:xxe 4eM 4uepe3 [N ImaroB MUK 3aKOHYUTCA.

OaHako GBIBAIOT CUTYALNU, B KOTOPLIX YUC/IO IIANOB 3a-
paHee OLIEHUTH He.}Ib3}I7 HO TE€M HE MEHeEe FapaHTHpOBaTb 3a~
BepIIeHNE NUKIa MOXHO, IOCKOIBbKY €CTh IIapaMeTp, IPUHU-
MAIOIIUY 3HAYEHUs B QYHIUPOBAHHOM MHOXECTBE U yOBIBA-
OIINY Ha KaX/OM IIare IUKJIA.

BoT npumep onuMnmagHOM 334au, TAE IO CYLIECTBY Tar
KO€ PacCyXK[JeHue U UCIONb3yeTCs.

BuszecMmen 3akmo9nn ¢ 9€pTOM CASIKY: KAXK IbIA 1eHb OH
DagT 4€pTy OZHY MOHETY, U B OOMEH IOIy4aeT JIoOOU Ha-
60p MOHET 10 CBOEMY BHEIOODY, HO BCE 3TY MOHETHI MEHbIIIET'O
JSOCTOMHCTBA, (BUAOB MOHET KOHEYHOE IMCJ0). MeHaATs (uan
[OIy4YaTh) AEHBIM B APYCOM MecTe OU3HECMEH He MOXKET.
Korga mouer 6ouablie He OCTaHETCs, OM3HECMEH IPOUTPHIBA-
etT. [lokaxwuTe, YTO PAHO WIX O3 THO IEPT BHIATPAET, KAKOB
OBI HU OBLT HAYAJIBHEIN HAOOP MOHET y GUM3HECMEHA.

Pemenue: nycrs umeercs k BugoB MOHeT. VICKOMEIN ma-
paMeTp OInpeIeanM TaK: MOCINTAEM, CKOILKO MOHET KaxK 10~
ro BUJA €CTh y Ou3HeCMeHa, (1] — YUCI0 MOHET MUHUMAIb-
HOI'O JOCTOWHCTBA, Mo — YKACIO CAEAYIOIINX, U TAaK Jajee
10 Ng). 3AMETHUM, ITO B PE3yIbTATE BCTPEIN C 9EPTOM Har
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60p (Ni,...,Nk) YMEHbIIAETCA (B CMEICIE BBEAEHHOIO HAMU
[IOPAAKA, KOI'a MBI CDABHUBAEM CHAYAJIA, MOCIEIHUE LIEHHI,
3aTeM mpeamnocienuue U T. a.). [loCKOIbKY MHOXECTBO NF
JyHIUPOBAHO, 5TOT MPOLECC NOMKEH 000PBATHC.

108. VmeeTcs KOHEYHAs MOCIENOBATEILHOCTH HYJIEH YW €au-
HUI. 3a OJWH IIar Pa3peIaeTca CAeIaTh TaKoe AeUCTBUE: HAUTH
B Hewt rpymny 01 u 3amennTs Ha 100. . .00 (Ipz 5TOM MOXHO HaIn-
CaTh CKOJIBKO YTOAHO HyIeH). [JOKaXUTe, ITO TAKWE MIATK HEIb35
BBIIIOJIHATH GeCKOHe‘{HO MHOT'O pa3.

109. PaccMoTprM MHOXECTBO BCEX CIOB PYCCKOro ajda-
BuTa (TOIHEE, BCEX KOHETIHBIX MOCIELOBATEIBHOCTEN PYCCKUX
GyKB, HE3ABUCAMO OT CMBICIA) C JEKCHKOIPAPUIECKIM IOPATKOM
(cm. c. 51). Byger m1 370 MHOXeCTBO GyHAXPOBAHO?!

110. PaccMOTprM MHOXECTBO HEBO3PACTAIOMINX IOCIET0BA-
’I‘eJI};HOCTeﬁ Ha’I"ypaJII)HBIX qHnCeNI, B KOTOPBIX BCE€ YICHBI, HAYMHAA
C HEKOTOPOT'0, PABHHI HY.II0. BBe1éM B HEM NOPAAOK TaK: CHAYA-
JIa, CPaBHUBAEM IIE€PBBIEC YICHBI, IIPU PAaBEHCTBE NEPBBIX BTOPHIE
u T. 1. Jokaxure, 9TO 3TO (JMHENHO) YHOPAZOICHHOE MHOXKECT-
BO (GpyHIUPOBAHO.

111. PaccMOTPHUM MHOXECTBO BCEX MHOT'OYJICHOB OT OTHOH IIe-
peMeHHOU %, KO3(MPUIUEHTHE KOTOPBIX — HATYPAJbHBIE YUCIA.
Yuopagouum ero Tak: MEOrowieH P Gouablne MHOrowIeHa (Q, eciau
P(z) > Q(z) mna Bcex gocrarotno Goapmmx . [lokaxwure, 9TO
3TO ONpEAETeHNe 3aAa6T IMHEUHBIA HOPAJOK U ITO IIOLyIaIoIe-
ecA yIopAJOYeHHOE MHOXeCTBO (YHANPOBAHO.

2.4. Bnonuxe ynopsaao4€HHbI€ MHOXECTBA

DyHIUPOBAHHEIC JIUHEIHO YIOPAIOUYEHHLIE MHOXECTBA,
HA3LIBAIOTCA 6NOAHE YNOPAOOUECHHBLMY, 8, COOTBETCTBYIOIINE
HOPAIKA — NOoAHbLMU. [ JVHENHBEIX TOPATKOB MOHATHA
HAMMEHBINEr0 ¥ MUHUMATLHOTO DJEMEHTA COBMAJAIOT, TaK
9YTO BO BIIOJTHE yIIOPAJOIEHHOM MHOXKECTBE BCAKOE HEMyCTOe
HOAMHOXKECTBO UMeeT HAUMEHbIINH IeMeHT.

3aMeTuM, 9TO YaCTUIHO YIOPALOYCHHOE MHOXKECTBO, B
KOTOPOM BCAKOE HEIyCTOe MOAMHOXKECTBO UMeeT HAUMEHb-
Ml DIEMEeHT, aBTOMATUUCCKU SABIAETCA JUHENHO YHOPAI0-
JeHHBIM (B CAMOM [€7e, BCAKOE IBYXIEMEHTHOE MHOXKECTBO
IMeeT HAMMEHBIIH DIeMEHT, TIO3TOMY JIO0BIe [Ba, DIEMEHTA,
CPABHUMEI).
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IIprmeprsr Bnonue ymopsgovenubrx mHOXecTB: N, N 4
+k (3mec k 0603HaMaET KOHEIHOE JIUHENHO YIOPALOIEHHOE
mHOXkecTBO u3 k saemenToB), N+ N, N x N,

Hama nens — noHATH, KAK MOI'yT OBITH YCTPOEHEI BIIOI-
HE YIOPSAIOYEHHBEIE MHOXKECTBA. HavHEM ¢ HECKOJIBLKUX MIPO-
CTHIX 3aMEYaHUN.

e Bronne ymopsgodeHHOE MHOXKECTBO MMEET HANMEHb-
mmi saement. (Hemocpegcreennoe crexcrsme onpene-
JIeHUA. )

e /lns KaxXIOro DJIEMEHTA I BIIOJIHE YIIODPSIOYEHHOT'O
MHOXECTBa (KPOMe HambOJIBbIIEro) €CTh HEIMOCPEACT-
BEHHO CJEAYIOIIMM 33 HUM DJeMEHT Yy (9TO 3HAYWUT,
4TO Y > X, HO HE CYIIECTBYET 2z, I KOTOPOro y > 2z >
> ). B camom gene, ecm MHOXECTBO BCEX DIEMEHTOB,
GOJIBIINX X, HEILYCTO, TO B HEM €CTh MUHUMAJILHBIN DJIe-
MEHT ¥, KOTOPHIU U OyqeT UCKOMBIM. Takou dieMeHT
J0rm4HO 0003HA4aTh % + 1, cregyoommy 3a HUM —
r+2wu T o

e HekoTophie DaeMEHTHI BIOJHE YIOPALOIEHHOI'O MHO-
JKECTBA MOI'YT HE MMETh HEIOCPEACTBEHHO IPEeLBILY-
mwero. Hanpumep, B muoxecrse N 4+ N ecTs gBa die-
MEHTa, He MMEIOIIAX HEIOCPEJCTBEHHO MPeNBIAYINero
(HAMMEHBIINY DJIEMEHT, & TaKXKe HANMEHBIINN DIeMEHT
BTOPOM KONUK HATYPAJILHOIO psfa). Takue nieMeHTE
HA3LIBAIOT NPEJesbHbIMLU.

e Besaxkul bieMeHT ynopsgOoYeHHOr0 MHOXECTBA, UMEET
BU[ Z + N, TA€ 2 — OPENeJbHEIN, & 1 — HATYPAIBLHOE
quncao (0603HAYMEHUE z + 7 MOHUMAETCA B OMUCAHHOM
BHIIIE CMEICIE). B caMoM gesne, eciu 7z HE IPeebHbIN,
BO3bMEM TPENLIAYINUN, €CIM W OH HeNpeIeJbHbIn —
TO €ro TPEeALIAYIUA U T. d., TOKa He TOUAEM 10 Tpe-
neTbHOro (6ECKOHEYHO TPOJOIKATHCA 3TO HE MOXKET,
TaK KAK MHOXKECTBO BIIOTHE yIOpaAa049eHo). OueBuHo,
TAKOE TPEICTABICHUE OTHO3HAYHO (y DIEMEHTA MOXKET
OBITH TOIBKO OJWH HEMOCPEACTBEHHO TIPEIBITYIINAN).
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e Jlto60e OorpaHMYEHHOE CBEPXY MHOXKECTBO 3JIEMEHTOB
BIIOJIHE YIOPSIOYEHHOI'0 MHOXECTB3, NMEET TOYHYIO
BepxHIOK rpasb. (Kak 06brd80, nogMuokecTBo X 49a-
CTUYHO YNOPANOYEHHOT'O MHOXKECTBA, A HA3LIBAETCA
02PAHUUEHHBIM CB8EPTY, ECT OHO UMEET 6epIHIo 2pa-
HUYY, T.€. DIEMEHT g € A, mis KOTOporo r < a mpwm
Bcex € X. Eciu cpeu Bcex BepXHUX IPAHUL] JTAHHOI'O
[TOAMHOXECTBA, €CTh HAMMEHBIIAs, TO OHA HA3BIBAETCS
mounot seprret 2panvio.)

B camoM gese, MHOXECTBO BCEX BEPXHUX I'DAHULL HEITy-
CTO ¥ HOTOMY MMeeT HaUMEeHBIINI DIeMeHT. (3aMeTuM
B CKOOKaX, YTO BOOPOC O TOYHOUW HUKHEU TPAHU [IJIA
BIIOJIHE YIOPALOYEHHOI'O MHOXECTBA TPUBUAIEH, TAK
KaK BCAKOE MHOXKECTBO NMeeT HAMMEHbBIINY DIEMEHT. )

IIycte A — mPOM3BOIBLHOE BIOJIHE YIOPAJOIEHHOE MHO-
xkecTB0. Ero nanmensiuy snement 06o3uaaum vepes 0. Cae-
OYIOIIXK 33 HUM DJIEMEHT O0O03HAaYMM 4epes 1, caexyrommin
33 1 — uepe3 2 u T. 1. Ecim MHOXECTBO KOHEYIHO, IIPOIECC
sToT 000pBérca. Ecanm 6eckoHEYHO, MOCMOTPUM, KUCUEPIaA-
JIM I MBI BCE 3IeMeHTH MHOxecTBa A. Eciu Her, Bo3bMEM
MUHUMAJIBHEIN DJEMEHT U3 OCTABUMXCA. OO03HAMMM ero w.
Craenyrommit 3a HAM 3JeMEHT (€CJaU OH €CTh) 0003HAIUM W +
+ 1, 3atem w + 2 u 1.1 Eciu # Ha 5TOM MHOXECTBO He
HCYEPIAeTCs, TO BO3bMEM HAUMEHBIIAU DIEMEHT U3 OCTAB-
LIUXCs, HA30BEM €r0 W - 2, ¥ MOBTOPUM BCIO IPOLEAYPY. 3a-
TeM OyayT w3, w-4 u 7.1 Ecin u Ha 3TOM MHOXeCTBO
He KOHYXATCS, MUHUMAJIBHEIA U3 OCTABIINXCA DJIEMEHTOB Ha-
s0BéM w?. 3arem moumayT w? + 1, w? +2, ..., w +w, ...,
Wtw-2, .., w22, .., w? 3, .., Wi, L. (MBl HE moAcHSeM
cendac nOoAPOOHO 0O003HAYEHNS).

YT0, cOGCTBEHHO I'OBOps, MOKA3BLIBAET DTO PACCYXIe-
une? [lonerTaeMces BELIEINTH HEKOTOPEIE yTBEPK eHus1. [Ipn
DTOM IIOJE3HO TAKOe OIPEIeJeHUE: eCIU JUHEUHO YIOPIL0-
YeHHOe MHOXeCTBO A pazbuTo Ha gBe (HEIEepPeCceKaroImecs)
vactu B u C, npuuém mo6ou sremenT B MeHbine s060ro
anemenTa C, TO B Ha3BIBAIOT HOUAAbHLIM OMPE3IKOM MHO-
xectBa, A. [[pyrumu caoBamu, mOAMHOXECTBO B nuHENHO
VIIOPSAIOIEHHOI'0 MHOXKECTBA A SABIAETCA HAYAILHBIM OTPE3-
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KOM, eCaIu 110601 21eMeHT B MeHble 1060ro saementa A\ B.
Emé ogua nepedopmymuposka: B C A ABIseTCs HAIAIbLHBIM
oTpeskoM, ecmu u3 a,b € A, b€ Bua <bcaeayer a € B.
3aMeTuM, YTO HAYAJLHLIL OTPE30K MOXET OLITH IIyCTHIM
WU COBNAAATHL CO BCEM MHOXKECTBOM.

OTmeTrM Cpasy xe HECKOIBKO MMPOCTHIX CRBOMCTE HAYAIb-
HBIX OTPE3KOB:

HavaabHbI OTPE30K BIIOIHE YIOPSAIOYEHHOTO MHOKE-
cTBa (KaK, BIPOYEM, U JI0OOe [IOAMHOKECTBO) ABIACT-
Cs BIOJIHE YHOPSJOYEHHBEIM MHOXECTBOM.

HavanbHbI OTPE30K HAYAILHOTO OTPE3Ka €CTb Ha-
YAIbHBIM OTPE30K MCXOTHOIO MHOXKECTBA.

O6bequuenne 0000 CEMEUCTBA, HAYAILHLIX OTPE3-
KOB (B OJHOM M TOM X€ yIOPALOIEHHOM MHOXKECTBE)
eCTb HaHa,JIBHbII‘/)I OTPE30K TOr'o XK€ MHOXKECTBA.

Ecmm & — NpOW3BONBHBEIN DIEMEHT BIIOJIHE YIOPSIO-
4geHHOr0 MHOXKecTBa A, To MHOXecTBa [0, z) (BCe Drae-
MeHTEL MHOXECTBA A, Merpmme ) u [0, 2] (saeMenTEL
MHOXECTBa A, MEHBbIINE WM PABHEIE Z) ABIAIOTCA Ha-
JATBHEIMA OTPE3KAMU.

Beskun HavanbHEIM OTPe30K I BIOJMHE yIOPSIOYEH-
HOI'0O MHOXECTBa A, HE COBHANAIONMU CO BCEM MHO-
xkecTBoM, umeer Bupg [0, ) mas HekoToporo z € A.
(B camom gene, eciu I # A, BO3bMEM HAUMEHBILINN
anemenT z B MHOXecTBe A\ I. Torga Bce MeHbIImE Di1e-
MeHTH npuHagIexkar I, cam ¢ He npuHaauexut I u Bce
60mbIIe T DJEMEHTHl He IpuHAexar I, nHade nory-
Ina0Chb 6I>I HpOTI/IBOpe“II/Ie C OHperZ[eJIeHI/IeM HAYaJIBbHOI'O
OTpEe3KA.)

Jlro6b1e [BA HAYANBLHEIX OTPE3Ka BIIOJHE YIIOPSIOYEH-
HOI'O MHOXECTBA CPDABHUMBEI 110 BKJIIOYEHUIO, T. €. OIUH
ecTs mogMHOKeCTBO Apyroro. (Cregyer u3 mpeabigy-
Imero. )

Ha‘IaJII)HbIe OTpeBKI/I BIIOJIHE yHOpf{,E[O‘IeHHOFO MHOXe-
crBa, A, yHOpPAZOYEHHLIE M0 BKJIOYEHUIO, 00Pa3yIoT
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BIIOJIHE YNOPSAOYEHHOE MHOXECTBO. JTO MHOXKECTBO
COCTOWT 13 HauGOIbIIEro saeMeHTa (Bcé A) u ocTrann-
HOU 9acTu, n3oMopduon muoxectsy A. (B camom ge-
Jle, HAJalbHEIE OTPE3K! MHOXECTBa A, He COBNAJAIo-
mue ¢ A, umerot Bufg [0, z), u coorBeTcTBEE [0,2) < T
Oy et m30MOphHU3MOM. )

Boseparumces k HameMy paccykAeHUIO C OCJIe]0BATe b
HEIM BBIJIEJCHUEM DA3IMYHBEIX DJIEMEHTOB K3 BIIOJHE YIIODs-
IOYEHHOI'0 MHOXecTBa. Ero mepByo 4acTh MOXHO CUATATH
[OKa3aTeIbCTBOM TAKOI'0 YyTBEDKIEHUsA: €CAH BIOJHE YIIO-
PAIOYEHHOE MHOXECTBO 6€CKOHEYHO, TO OHO MMeeT HAYAIb-
HEIX OTPE30K, u3oMopdubilt w. (I'oBOpsA 0 MHOXECTBE HATY-
PAJIBHBIX YUCET BMECTE € MOPALKOM, OOBIYHO yIOTPEOJAI0T
o6o3Hauenne w, a He N.)

Ho nma »rom mHame paccyxjaeHue HE OKAHIMBALTCA. Ero
CIeYIOWAs JACTh MOXET CYUTATHCS JOKA3ATEILCTBOM Ta-
kKoro ¢axra: amu60 A m30MOPHHO HEKOTOPOMY HAYATLHOMY
OTPE3Ky MHOXKeCTBa w2, mb0 OHO MMeeT HAYATBHEIA OTpPe-
30K, m30MopdHL w2, (31ech wW? — BIOMHE YHOPAJOYEHHOE
MHOX€ECTBO IIap HATYPAJIbHBIX YKUCEN: CDABHUBAIOTCS CHAYA-
JIa BTOpLIE KOMIIOHEHTEHI I1ap, a IPU UX PABEHCTBE — Iep-
BHIE.)

Boo6imie BepHO Takoe yTBepXKIeHWE: M JOOLIX IBYX
BIOJIHE YIOPSIOYEHHBIX MHOXECTB OJHO WM30MOP(MHO Ha-
YAJIbHOMY OTPE3Ky APYroro, U [TOKa3aTelbCTBO COCTOUT
60nee MM MeHee B MOBTOPEHUU IPOBEJEHHOIO DPACCYXKIe-
uusa. Ho uTo6bI crenaTh 5T0 aKKypaTHO, HyXKHA HEKOTOpasd
IIOATOTOBKA.

2.5. TpaHChUHMTHAS MHAYKLMUS

TepMUHEL (MHIYKIUAY U «PEKYPCUDY JACTO YIOTPEOIIIOT-
cs Brepemexky. Hampuwmep, onpegenenue daxkropuana n! =
1-2-3-... n xax dyukmun f(n), am1 xoropou f(n) =
=n-f(n—1)opun >0u f(0) = 1, HasuIBaOT U WHAYK-
TUBHBIMY, U «DEKYPCHUBHEIM». MEI 6yeM cTapaTbCs pasrpa-
HUYMBATH 3THU CJIOBA TAK: €CIU PEYb UAET O NOKA3ATEIbCTBE
4ero-To cHadana gaa n = 0, 3arem gman = 1,2,.. ., npuyém
KaXXJJO€ YTBEPXKJAEHNE OMUPAETCA HA MPEABIAYIIEE, TO ITO
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undyKyus. Ecam xe MBI onpegeiseM 9TO-TO CHAYAIA, I 1 =

=0, motom guan = 1,2,..., npuiéM oupegereHre KaXK 10T 0
HOBOI'O 3HAYEHUs KCIOJIB3YEeT DAaHee ONpeNeNeHHBIE, TO 3TO
PEKYPCUA.

Hama mems — HAyYIUTLCSA OPOBOAUTL WHIYKTUBHEE N0-
Ka3aTeJbCTBA U JABATH PEKYPCUBHBIE ONPEIEIEHUS HE TOJb-
KO [l HATYPAIbHEIX 9UCeT, HO ¥ IS APYTUX BIOJHE YHO-
PAIOYEHHBIX MHOXKECTB.

llokazarensCTBa MO MHIYKIUU MBI yKe 00CYX1anu, ro-
BOpA O (QYHAUPOBAHHEIX MHOXECTBax (CM. pasgen 2.3), u
Cemvac OrPAHTIMMCA TOMBKO ONHUM TIPAMEPOM.

Teopema 17. Ilycte A — BHONHE YNOPALOYEHHOE MHO-
X®ecTBo, a f: A — A — Bospacrawomee orobpaxenue (To
ects f(x) < f(y) mpu z < y). Toraa f(x) > ¢ n1a Beex = €
€A

< Coruacuo npunnuny weaykuuu (Teopema 15, c. 61)
NOCTATOYHO JOKA3ATh HEPABEHCTBO f(z) > x, mpeamonaras,
aro f(y) > y npu Beex y < z. IlycTs 510 HE Tak n f(x) <
< z. Torga no monoronnoctu f(f(z)) < f(z). Ho, ¢ gpyron
CTOPOHEI, dJeMeHT y = f(x) MeHbIIe T, ¥ MOTOMY IO IIpea-
nonoxenmio uaaykunn f(y) =y, To ects f(f(z)) = f(x).

Ecmm yroano, MOXHO B ABHOM BU[E BOCIOIB30BATECA Cy-
MIECTBOBAHUEM HAMMEHBITIErO DIEMEHTA U UAIOKATL 3TO Ke
paccyxgenue Tax. IlyCTb yTBEpXKICHUE TEOPEMEI HEBEPHO.
BosbméMm maumensee x, nas koroporo f(z) < xz. Ho Torga
f(f(z)) < f(z) DO MOHOTOHHOCTH ¥ IOTOMY & HE ABJIACTCA
HAVMMEHBIIINM BOHpeKI/I HpeAHOJIO)KeHI/IIO.

Hakonen, 3T0 paccyx)aeHne MOXHO IEPECKA3aTh U TaK:
ectu x > f(),TO0 N0 MOHOTOHHOCTH

x> f(x) > f(f(@)) > f(f(f(=)) > ...,

HO GECKOHEUHBIX yORIBAIOIUX MOCJAEI0BATEILHOCTEN B (PyH-
IUPOBAHHOM MHOXECTBE ObITb HE MOXKET. [>

Teneps mepengém k pexkypcun. B onpenenrenun dpaxkTopu-
ana f(n) seipaxanocek depes f(n — 1). B obmen curyamun
3Havenue f(n) MOXeT MCIOML30BATH HE TOJBKO OJHO Mpe-
OBIAyIIEe 3HAYEHUE (PYHKIUN, HO U BCE 3HAYEHUSA HA MEHb-
mux aprymesrax. Hanpumep, MOxHO onpenennTts (QyHKIIIO
f: N — N, ckazas, uro f(n) Ha equHALY GOIBIIE CYMMBI BCEX
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npeaetymyx 3Hadenuit, To ectb f(n) = f(0) + f(1) +... +
+ f(n—1)+1; 5T0 BuOIHE 3AKOHHOE PEKYPCUBHOE OIPENeJie-
Hue (HaJ0 TOMBKO MOACHUTD, YTO MyCTAA CyMMa CIATACTCA
pasHOU Hymr0, Tak uTo f(0) = 1).

112. Kakyro ¢pyrknuio f 3agaéT Takoe onpegeneHue?

Kak 0600muTh 3Ty CXeMy HA IIPOU3BOJLHBIE BIIOJHE
YIOPALOYEHHBIE MHOXECTBA BMECTO HATYPAIBLHOTO psgal’
HyCTb A BIIOJTHE yHOp}Ir[LO“IeHO. MI:I XOTUM ,anb peKprI/IB—
HOEe ompeneneHre HeKOTopou pyuxkmuu f: A — B (rge B —
HEKOTOPOE MHOXECTBO). Takoe OmpeneneHue JOKHO CBS-
3BIBaTh 3HadeHVe f(X) HA HEKOTOPOM dJjeMeHTe T € A co
suauenusmu f(y) npu Bcex y < z. [pyrumu ciosaMu, pexyp-
CuBHOE ompefeneHve 3a1a€T f(x), mpenmnosaras u3BeCTHBIM
orpaHuyeHne GyHKIUM f HA HaYaIBHLIA 0Tpe3oK [0, z). Bor
TOYHaA (POPMYJIUPOBKA:

Teopema 18. Ilycte A — BHONHE YHNOPALOYEHHOE MHO-
xkecTBo. llycts B — npousBoiabHOE MHOXECTBO. [lycTs nme-
€TCs HEKOTOPOE PEKYPCUBHOE MPABUIO, TO €CTh OTOOpaxKe-
uue F', KOTOpoe CTAaBUT B COOTBETCTBUE DIEMEHTY £ € A u
¢dyukunu g: [0,2) — B HEKOTODHIN BIEMEHT MHOXeCTBa B.
Torga cymecTByeT u equHCTBeHHA QyHkusa f: A — B, mias
KOTOpPOU

f(@) = F(z,flo,)

mpu Beex £ € A. (3gece flj,,) 06O3HAMAET OrpaHMYCHHE
dbyukunn f Ha HadaabHBIM OTPe30K [0,Z) — MBI OTOpaCH-
BaeM BCe 3HAYEHUA (PYHKIUU HA DJEMEHTAX, OOMLIINX WU
PaBHBIX Z.)

< HepopmarbHO MOXKHO pacCy X aTh TakK: 3Ha4YeHue f Ha
MUHAMAIBHOM JJEMEHTE ONPENeJeHO ONHO3HAYHO, TaK KaK
Ipeey X 3HaueHnt Her (cyxenue flj o) mycro). Toraa
U Ha CJeAYIOIIEM DJIEMEHTE 3HadeHue QyHKuuu f onpeneie-
HO OJHO3HAYHO, ITOCKOJBKY HA NPEALIAyIMX (TO4Hee, eIuH-
CTBEHHOM mpensaymem) GyHKousa [ yxKe 3a1aHa, U T. 1.

Koneuno, »T0 HaJ0 aKKypaTHO BHIPA3UTH (POPMAIBLHO.
Bort kak 1o memaercs. JokaxeM 10 MHIYKIUA TAKOE yTBEP-
XKIEHNE O IPOU3BOMLHOM DJIEMeHTe a € A:
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CyIeCTBYeT M eAUHCTBEHHO oToOpaxenue f orpeska [0, a
B MHOXECTBO B, mis KOTOpOro pekypcuBHOE Ompenene-
HEe (PABEHCTBO, IPUBEAEHHOE B YCJIOBUH) BBITOJHEHO DU
Beex z € [0,a].

Bygmem Haswmath oTobpaxenue f: [0,a] — B, obranaomee
YKA3aHHBIM CBOUCTBOM, KOppexmHbim. Takum oO0pa3zoM, MBI
XOTUM JOKA3aTh, YTO IJIA KAXKAOTO a € A eCTh e[UHCTBEH-
HOE KOpPPeKTHOe oTobpaxenune orpeska [0,a] B B.

ITockoabKy MBI paccy:kaaeM MmO WHIYKIIYA, MOXKHO Mpe-
HOJIAraTh, 9TO IJ BCEX ¢ < @ DTO YTBEPK I€HVUE BEIIIOJIHEHO,
TO €CTBb CYIECTBYET U €IXHCTBEHHO KOPPEKTHOE OTOOPaKe-
e f.: [0,¢] — B. (KOppekTHOCThL f. O3Ha4IaeT, 9TO MpU
Bcex d < c¢ 3navenune f.(d) coBmamaer ¢ mpeANMCAHHEIM IO
PEKypCUBHOMY NIPABUITY.)

Paccmorpum orobpaxenus fo, u fe, 4as OByX pas-
JWYHEIX €1 U Co. IlycTb, Hampumep, ¢; < c3. OTobpaxke-
Hue f., onpegeneHo Ha Goabiuem orpeske [0, c2]. Ecan orpa-
HUIUTE f., HA MeHbmmU OTpe30K [0, c¢1], TO OHO cOBmAET
¢ fc,, MIOCKOIBKY OI'PAHIYEHUE KOPPEKTHOI'O OTOODPAKEHNsS
HA, MEHBIIUN OTPE30K KOPPEKTHO (3TO OYEBUAHO), & MBI
IPeANoaral eJUHCTBEHHOCTD Ha oTpeske [0, ¢;].

Taxum 06pa3om, Bce 0TOOpaxKeHus f. CONIACOBAHEL PYT
¢ OAPYTOM, TO €CTh IPUHUMAIOT OQMHAKOBOE 3HAYCHUE, €CJIM
onpeneneHsl OqHOBpeMeHHO. OObequHNB UX, MBI [IOLy4aeM
HEKOTOpOe equHoe oToOpaxkenue h, onpegenéuHoe Ha [0, a).
IIpumenuB x a u h peKypCUBHOE MPABUIO, HOIYINM HEKO-
Topoe 3Hadenue b € B. [oonpexemum h B TO4YKE @, [OIO-
xuB h(a) = b. [loxyuntcs orobpaxenue h: [0,a] — Bj;aerko
IIOHATH, YTO OHO KOPPEKTHO.

YT0oO6kL 3aBEpPIINTH VUHIYKTUBHEIN [IEPEXO, HAI0 IPOBE-
puTh, 9TO Ha oTpe3ke [0, a] KOPPEKTHOE OTOOPAKEHNE €IUH-
cTBeHHO. B camoM gene, ero orpanudenus Ha otpesku [0, ¢]
npu ¢ < @ JOMKHEL COBIAIATE C fe, MOITOMY OCTAJIOCH TPO-
BEPUTH OJHO3HAMHOCTD B TOUKE @ — YTO FAPAHTUPYETCA Pe-
KYPCUBHBIM ONpejeJeHreM (BBIPAKAIOMAM 3HAYEHUE B TOY-
Ke a 4epes npeawraymme). Ha 5TOM MHAyKTUBHOE TOKA3a-
TEeJIbCTBO 3aKAHYNBAELTCs.

Ocranoch Junmb 3aMeTUTh, 9TO s PA3HBIX ¢ KOPPEKT-
HEIe OTOOpaxenus 0Tpe3kos [0, a] cormacoBans APYT € APY-
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roM (CykeHue KOPPEKTHOI'O OTOOPAXKEHWUsA Ha, MEHBIIUN OT-
PE30K KOPPEKTHO, MIPUMEHAEM €JUHCTBEHHOCTH) U MOTOMY
BMECTE 33al0T HEKOTOpy dyukuuioo f: A — B, yaosie-
TBOPAIOIILYI0 PEKYPCUBHOMY OIPEAEIEHUIO.

CymecTBOBaHNE [NOKA3aHO; €IUHCTBEHHOCTHL TOXKE II0-
HATHA, TAK KAK OIPAHWYEHVE >TOU (PyHKIMU HA JTIOOO0U OT-
pe3ok [0, a] KOPPEKTHO ¥ MOTOMY OLHO3HAMHO ONPENENEHO,
KaK MEI BUJEIN. >

[Ipex e 4eM NPUMEHUTH DTy TEOPEMY U NOKA3ATb, 9TO
¥3 ABYX BIOJHE yIOPsALOYEHHBIX MHOXECTB OLHO SBJIAETCS
OTPE3KOM [IpPYToro, HaM HOTPebyeTcs €€ HEMHOI'O yCOBEp-
IIEeHCTBOBATH. HaM HAaZO mpefyCcMOTPEeTh CATYALUIO, KOr4a
PEKYPCUBHOE IIPABUIO He BCIOAY OmpeneneHo. IlycTs, Hanpu-
Mep, MEI OIIPefesieM MOCIEI0BATEILHOCTD JeUCTBUTEILHEIX
YNCENT COOTHOIIEHWEM I, = tgZ, 1 U HAYAILHEIM YCIOBU-
eM To = a. IIpy HEKOTOPHIX 3HAYEHUAX G MOKET OKA3ATh-
Cs, 9TO IMOCTpOEHUE NOCJIeI0OBATEIBbHOCTHU 06phIBaeTCfI, 10~
CKOJIbKY TAHI'EHC He OIpeeséH Jig COOTBETCTBYIOLIErO ap-
CYMEHTA.

113. JokaxmuTe, ITO MHOKECTBO BCEX TAKUX (MCKIIOIATEIb-
HBEIX» @ (KOrja MOCIeAOBATEILHOCTh KOHEYHA) CIETHO.

Ananoruvnas cuTyarus BO3MOXHA U [J OOLIEro Caydas.

Teopema 19. Ilycte orobpaxenue F', 0 xoTOpOM muIa
peds B Teopeme 18, aBageTcsa 9aCTUIHEIM (1A HEKOTOPHIX &
u dynxnuni g: [0,2) — B 0HO MOXeT OLITH HE OIPENENEHO).
Torga cymecrByer GyHKIUA f, KOTOPas

e 1m0 ompegeneHa HA BCEM A M COIVIACOBAHA C PEKyp-
CUBHBIM OIIDEeJeHUEM;

e ymb0O OmPENeJEHA HA HEKOTOPOM HATATBHOM OTPE3-
ke [0,a) 1 Ha HEM cOrVIACOBAHA C PEKYPCUBHEIM ONpe-
[eJeHreM, IPpUIéM s TOUYKY a U GyHKuuu f pexyp-
CUBHOE TIpaBUJIO HenmpuMeHumo (oToOpaxenue F me
OIPENENEHO).

<1 9TO yTBEPXK IEHUE ABAIETCSI 000OIIEHrEM,, HO O THOBPE-
MEHHO ¥ CIeCTBUEM TpeauIayinen TeopeMur 18. B camom me-
ne, 06aBUM K MHOXECTBY B cnennanbaem daemedT | («He-
ONPEAENEHHOCTDY ) ¥ MOAUMDUIIPYEM PEKYPCUBHOE IPABIIO:
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HOBO€ IIPABMJIO a€T 3HadeHme |, korga crapoe OBLIO He
ompeneneno. (Ecim cpepn 3Havenuy GpyHKuUM HA TIPEIBILY-
IIX apr'yMEHTAaX y»Ke BCTPEeYanoch |, HOBOe PeKypCUBHOE
[PABUIO TOXe JakT L.)

ITpumenur Teopemy 18 x MOgUPUIIUPOBAHHOMY TIPABUILY,
noryauM HeKOTopyo dyukmumio f'. Ecau sra bynxnua sHur e
HE IPUHUMAET 3HAYEHUs |, TO pearudyeTcs mepBas U3 IBYyX
BO3MOXHOCTeH, ykazaHHEIX B Teopeme (mpu f = f'). Ecim
xe pyakmusa f' npuaMMaeT 3HadeHue | B KAKOH-TO TOYKE,
TO OHA KMEEeT TO XKe 3HadeHue | 1 BO BCex OOMIBIINX TOYKAX.
3aMeHUB 3HAYEHVE | HA HEONPEIETEHHOCTH, MBI IIOLYIAeM
w3 ¢pyukuuu [ dyukumio f. O6aacts onpegeneHus QyHK-
nuu f ecTb HEKOTOPHIM HAYAIBHEIN 0TPe3ok [0, a) u peamu-
3yeTcs BTOpas BO3MOXHOCTH, YKA3aHHAA B (hOPMYJIHUPOBKE
TE€OPEMEI. >

114. CohopMmyampyuTe U ZOKAXUTE yTBEDXKAeHWE 06 OTHO-
3HAYHOCTY GYHKIUY, 33 JaHHON YaCTUIHBIM PEKYPCUBHBIM IIPa-
BIJIOM.

Teneps y HAC BCE rOTOBO [ JOKA3ATEILCTBA TEOPEMBL
O CPABHEHUM BIIOJIHE YIIOPSAJLOYEHHEIX MHOXECTB.

Teopema 20. Ilycts A u B — 1Ba BIOJHE YIOPSAJOIEHHBIX
mHOxecTBa. Torga mmbo A n30MOPHHO HEKOTOPOMY HAIAIB-
HOMY OTpe3Ky MHOxecTBa B, 1160 B uaoMopdHO HEKOTOPO-
My HAYAJBLHOMY OTPE3KY MHOXKECTBA A.

<1 OT™MeTuM mpex e BCEero, 9T0 HAYAILHEIN OTPE30K MO-
}KeT COBIAJATL CO BCEM MHOXECTBOM, TaK YTO CIYIaU U30-
MOpdHEIX MHOXKECTB A 1 B Takxe NOKPEIBAETCS DTOU TEO0-
peMoi.

Omnpenemnm orobpaxenue f w3 A B B TakuMm pexypcus-
HBIM TIPABWIOM: /s JI06oro a € A

f(a) ecTs HammeHBbImMI 51€MEHT MHOXECTBa, B, KOTOpBIH
He BeTpedaerca cpenu f(a') npu a’ < a.

OTO MPaBUIO HE OMpEJeTeHO B TOM CJAy4dae, KOra 3Ha-
venus f(a’) mpu a’ < a nmokprsaioT BCé B. Ilpumenss Teo-
pemy 19, MbI mony4gaeMm QyHKUIu0 f, COMIACOBAHHYIO C 9TUM
npaBuIoM. Temepb pacCMOTPUM B3, CILydas:

e dynkuma f onpenenena Ha BCém A. 3ameTum, 9TO pe-
KYyPCHBHOE OIPELEIEHNE MaPAHTUPYET MOHOTOHHOCTD,
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HOCKOJBKY f(a) ompenenseTcs KaK MUHIMATLHEIN €18
He WUCIOJL30BAHHEIN DJIEMEHT; 4YeM OOJblle d, TeM
MEHBIIE OCTAETCA HEUCIONAL3OBAHHEIX DJJIEMEHTOB U
MOTOMY MUHHAMAJLHEIN DJEMEHT MOXET TOIBKO BO3-
pactu (U3 ONpeNeNeHUs CIeAyeT TAKXKe, ITO OJUHA-
KOBBIX 3Ha4eHMU ObITh He Moxet). Ocraércsa jmmb
[IPOBEPUTD, YTO MHOXKECTBO 3HaYeHUN PyHKIUn f, TO
ectb f(A), OyneT HavyalIbHEIM OTpE3KOM. B camoMm ze-
ae, mycthb b < f(a) mia mekoToporo a € A; Hago npoBe-
puTh, 9TO b Takxke ABIAeTCA 3HaYeHMEM GyHKImMA f.
[lelCTBUTENIBLHO, COTVIACHO PEKYypPCUBHOMY OIpeese-
Huo f(a) ABIAETCA HAMMEHBIIVM HEUCIIOJIb30BAHHEIM
3HAYEHNUEM, CIeNOBATENBLHO, b yXe KMCIOJb30BAHO, TO
ectb BeTpevaerca cpequ f(a’) mpu d’ < a.

o Oyuxnusa f ompegeneHa JuUIbL HA HEKOTOPOM HAYAIb-
HOM orpeske [0,a). B aToM ciydae 5TOT HaJAIBHBIN
0oTpe30K m3oMopdern B, u ¢pyuxkuus f saBiseTcs UCKO-
MbIM u3oMopduamoM. B camom gene, pas f(a) He ompe-
[eJIEHO, TO Cpeau 3HAYeHUU QYHKUuu f BCTPEIAIOTCA
BCe daeMeHTHl MHOXecTBa B. C gpyrou cTopossr, f co-
XpaHAeT NOPALOK B CIIY DEKYDCHUBHOIO OIpeNeNeHNs.

Takum o6pasoM, B 060UX CIydadX YTBEPKIEHUE TeOPEMBI
BEPHO. >

Moxer s ObITh Tak, 9TO A U30MOPGHHO HATAIHLHOMY OT-
pesky B, a B uzomopduO HavaabHOMy 0Tpe3ky A? Her —
33 UCKJIIYEHUEM TPUBUAJBHOI'O Ciayvas, KOr'Ma HAaYaJIbHBIC
OTPE3KU MPEACTABIAIOT COO0OU caMu MHOXeCTBA A u B. 910
BBITEKACT U3 TAKOT'O YTBEPXK ICHUA:

Teopema 21. Hukakoe BIOIHE yHOPSALOYEHHOE MHOXKECT-
BO HE M30MOP(HO CBOEMY HAYATLHOMY OTPE3Ky (He coBma-
JAOMEeMy CO BCEM MHOXKECTBOM ).

< IycTe BHOMHE yHOPALOYEHHOE MHOXECTBO A wm30-
MOP(}HO CBOEMY HAYAILHOMY OTDPE3KY, He COBIAJAOIIEMY CO
BceM MHOXecTBOM. Kaxk MBI Bugenu Ha ¢. 67, 5TOT 0Tpe30K
nmeer Bug [0,a) aas HekoToporo saementa a € A. Ilycts
f: A—10,a) — msomopdmam. Torga f cTporo Bospacraer,
u o Teopeme 17 mmeeT mecTO HepaseHCTBO f(a) > a, 9TO
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MPOTUBOPEYIUT TOMY, ITO MHOXKECTBO 3HadeHuu pyukuun f
ects [0,a). >

Eciu vuoxecTBo A M30MOP(HHO HAYATLHOMY OTPE3KY
MHOXeCTBa B, a MHOXecTBO B m30MOpP()pHO HAYATHLHOMY OT-
PE3KYy MHOXKECTBA A, TO KOMIO3WULUA STUX U3OMOPPUIMOB
OAéT m30MOPGIU3M MEX Iy MHOKECTBOM A UM €r0 HAYaJIbHBIM
OTPE3KOM (HAYAJIBHBIA OTPE30K HAYAIBHOIO OTPE3KA €CTh
HAYAIBHLIA OTPE30K). DTOT HAYAILHEIA OTPE3OK 00A3aH CO-
BIAATL CO BCEM MHOXECTBOM A, Tak YTO DTO BO3MOXHO
qaumb ecit A u B u3oMOpdHEL.

CxasaHHOe TO3BOJAET CPABHUBATDL BIIOJHE YIOPIJOYEH-
HbIe MHOXeCTBa. Eciu A m30oMOp(pHO HAYATLHOMY OTPE3KY
MHOXecCTBa B, He coBmagammeMmy co BceM B, TO roeopsr,
9TO NOPAIK0BLIE Mun muoxcecmsa A menvuwe nopadxosoeo
muna mnoxcecmea B. Ecin muoxectBa A u B usomopd-
HBI, TO TOBOPAT, YTO y HAX 00UHAKOBbLE NOPAJKOBLIE MUNDL.
Hakonen, eciz B n30MOpP(}pHO HAMAILHOMY OTPE3KY MHOXKE-
cTBa A, TO TOBOPAT, YTO NOPAJKOSLITE mun muoxcecmeaa A
boavwe nopadkoso2o muna muoxcecmsa B. Kak MBI TOILKO
YTO MOKA3AIM, BEPHO TAKOE YTBEPXKICHUE:

Teopema 22. [lns1 m0OBIX BIOJHE YIOPSIIOYEHHBIX MHO-
xecTB A u B mmeeT MECTO POBHO OIVH W3 yKA3AHHBIX TPEX
CITy9a€B.

Eciau BpeMeHHO 3a0bITh 0 IPO6IEMax OCHOBAHUU TEOPUU
MHOXECTB U ONPEAeINTb MOPAMIKOBEIA THUN YIOPAJOYCHHO-
[0 MHOXECTBA KaK KIACC U30MOPQHEIX My YIIOPS I0IEHHBIX
MHOXECTB, TO MOXHO CKa3aTb, YTO MKl OMPEICIAIN JUHEU-
HBI TMOPALOK Ha MOPAJKOBEIX TUIMAX BIIOJHE YIOPAIOYEH-
HEIX MHOXECTB (Ha 0pduna4ar, KAK TOBOPAT). DTOT MOPS-
IOK OyneT moaHbiM. MuI mepedopMyIupyeM 5TO yTBepXK Ie-
HUE TaK, YTOOBI n30eraTh yIIOMUHAHUA KJIACCOB.

Teopema 23. Besikoe HemycTOe CEMENCTBO BIOMHE YIOPS-
NOYEHHBIX MHOXKECTB UMEET «HAUMEHbBIIUU DJIEMEHT) — MHO-
KECTBO, I30MOP(HOE HATATLHEIM OTPE3KAM BCEX OCTATBHEIX
MHOXECTB.

<1 BosbMém kakoe-To MHOX)eCTBO X ceMencTsa. Ecau ono
HAVMEHBITIee, TO BCE MOKa3aHo. Eciu HeT, pacCMOTPUM BCe
MHOXECTBA CEMENCTRA, KOTOPHIE MEHBITE €r0, TO €CTh U30-
MOpdHEL ero HadambHEIM oTpeskam Buga [0, z). Cpenu Bcex
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TAKUX DJIEMEHTOB I BLIOEpEM HamMeHbmmi. Torga cooTBeT-
CTBYIOIIIEE €My MHOXECTBO ¥ OyIeT HAWMMEHBITAM. [>

Crencreuem TOKA3AHHBIX TEOPEM ABIACTCA TO, YTO JIO-
OBl€ 1Ba BIOJHE YIOPSANOIEHHEIX MHOXECTBA CPABHUMEL II0
MOIIHOCTH (OAHO PABHOMOLIHO IOAMHOXKECTBY APYLOrO).
Cenyac MBI yBUAUM, YTO BCAKOE MHOXECTBO MOXKET OBITH
BIIOJIHE yropsgodeHo (teopema llepmeno), u, ciegoBaTensHo,
Mo6BIe [BA MHOXKECTBA CPABHUMBI IO MOLTHOCTH.

2.6. Teopema Llepmeno

Teopema 24 (Llepmeno). Bcsikoe MHOXECTBO MOXET OBITH
BIIOJHE YIOPSALOYIEHO.

<1 [ToKa3aTeIbLCTBO YTOU TEOPEMEL CYIECTBEHHO ACIOMb-
3yeT aKCUOMY BEIOODa U BHI3BIBAJIO OOJIBIINE HADEKAHUA CBO-
€l HEKOHCTPYKTUBHOCTbIO. Ha CYETHEIX MHOXECTBAX IMOJ-
HEIN NOPANOK ykasaTh Jerko (mepemecs ¢ N). Ho yxe Ha
MHOXECTBE I,I[eI‘/JICTBI/ITeJII:;HI:IX InCeJI HUKAKOI'O KOHKPETHOI'O
MOJHOT'O TMOPALKA YKA3aTh HE YAAETCA, U NOKA3aB (C MOMO-
B0 aKCUOMBL BEIOOPA) €ro CyLIeCTBOBAHWME, MEL TAK U HE
MOxkeM cebe DTOT MOPAITOK IPEICTABUTD.

O6®BsacanM, B KakOu (POPME MCHOMIB3YETCA AKCUOMA BhI-
6opa. Ilycte A — nannoe HaM MHOX)eCTBO. MbI IpuHIMAaEM,
YTO CYyMECTBYET QYHKIIN ¢, ONPEIENEHHAA Ha BCEX OIMHO-
XecTBax MHOXkecTBa A, kpome camord A, kKoTopas yKa3ml-
BaeT OJUH N3 3JJEMEHTOB BHE 3TOI'O IIOAMHOXKECTBA:

XCA=pX)eA\X.

IMocre Toro, kak Takas GyHKIUA HUKCUPOBAHA, MOXKHO
MOCTPOUTH TOMHBIA MOPALOK Ha A, U B 3TOM MOCTPOEHUU
y¥K€ HeT HUKAKOM HEOHO3HAaIHOCTU. BOT Kak 9T0 genaeTcs.

Haumvenbmum saemMeHTOM MHOXKECTBa A MBI 06BABAM
smeMeHT a9 = ¢(J). 3a HuM ugér saement a; = p({ag});
[I0 IOCTPOEHUIO OH OTIMYAETCA OT ag. Jajee cregyer oie-
MeHT as = ¢({ag,a1}). Ecin muOXECTBO A 6ECKOHEYHO, TO
TAKOU MPOLECC MOXKHO TPOJOKATE U MOLYIUTh MOCIEI0BA~
TEIBHOCTD {ap, a1, ... } DIeMeHTOB MHOXecTBa A. Ecan mo-
CJIe 9TOro OCTaTCsA eHIe HE UCIIOJIBb30BAHHBIC SJIEMEHTHEI MHO-
xecTBa, A, paccmoTpum anement a, = ¢({ag,a1,az,...})



[m. 6] Teopema Ilepmeao 77

7 Tak OygeM NMpPOAO/KATH, IOKA BCE A He KOHYMUTCS; KOra
OHO KOHYUTCS, TOPAITOK BEIOOPA DIEMEHTOB U Oy €T MOTHLIM
mopsaakoM Ha A.

Kouneuno, nocrenusas ¢pasa HyXKIaeTCSI B YTOYHEHUN —
9TO 3HAYUT «TakK OygeM mpogomxaTby? Bosuumkaer xena-
HUE TPUMEHUTHL TEOpeMy O TpaHChuHUTHOU pexypcuu (y
HAC OYeHDb IOXOXKASA CUTYAIWs: CIeHYIOIIUN DJIEMEHT OIpe-
IEIAETCA PEKYPCUBHO, €C/IM U3BECTHEL BCe npegsiymue). U
5TO MOXHO C€JIATh, €CJIU y HAC €CTh APYTOe BIOJHE yHOPsi-
NOYEHHOE MHOXECTBO B, 1 mosy4YnTh B3AUMHO OJHO3HAYHOE
cooTBeTcTBIE OO0 Mexay A u dacteio B, mbo mexny B
u dactei0 A. B mepBoM caydae BCE XOPOIO, HO A 3TOCO
HAJO0 MMETDH BIIOJHE YIOPALOYEHHOE MHOXECTBO B no xpan-
HEU Mepe TOU e MOIIHOCTH, YTO U A, Tak 9TO mosydaercs
HEKUU TIOPOYHLIN KPYT.

TeMm He MeHee M3 HErO MOXKHO BEIUTU. MEI caeraeM 5To
TaK: paCCMOTpI/IM BC€ IIOTEHIUAJBHEIC KyCO‘{KI/I 6yr11yn_(er‘0
IOpsAAKA U yOequMcs, 9TO UX MOXKHO CKIEUTh.

IIycrs (S,<s) — HEKOTOPOE NOAMHOXKECTBO MHOMXKe-
cTBa A W 3a1aHHBIN HA HEM TNOPANOK. BymeM roBOpUTH,
aro (S, <g) ABAAETCA KOPPEKMHbIM PPa2MENMOM, €CIA OHO
SIBJSIETCS BIIOJIHE YIIOPSAJOYEHHBIM MHOXECTBOM, IIPUIEM

s =¢([0,9))

a5t moboro s € S. 3aecs [0, §) — HAYATBHEIL OTPE30K MHO-
KECTBa, S, COCTOAIINN U3 BCEX DIEMEHTOB, MEHBINUX S C TOY-
KU 3PEHUsA 330aHHOrO HA S MOPSAIKA.

Hampumep, muOx)ecTBO {¢0(2)} sABASETCA KOPPEKTHHIM
¢dparmMenTOoM (MOPALOK 34ECH MOXKHO HE YKa3bIBATH, TaK
kak snemeHT Bcero oamH). Muoxectso {p(9), o({p(2)})}
(mepBEI W3 BLIMMCAHHBIX DJIEMEHTOB CUYATACTCS MEHDBIINM
BTOPOI'0) TAK¥XKe ABIACTCA KOPPEKTHHEIM (PParMeHTOM. JTO
MOCTPOEHME MOXHO MPONOKATHL W JaJbIle, HO HAM HAI0
KAKUM-TO O0pa3OM «IIEPECKOYUTL) 4depe3 GecKoHedHoe (u
O4YeHb OOJBIIOE B CMEICAE MOIIHOCTH) YUCJIO IIACOB 3TOU
KOHCTPYKITAM.

Ilnam Takomn: MBI JOKAXKEM, 9TO JIOOLIE [BA KOPPEKTHLIX
(dbparmenTa B ONpPEAEIEHHOM CMBICJAE COTVIACOBAHBI, TIOCTE Ye-
o pacCMOTPETh OOBLEIUHEHNE BCEX KOPPEKTHEIX (hparMeH-
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ToB. OHO OygeT KOPpPEeKTHHIM u OyJeT COBIAIATh CO BCEM
MHOXECTBOM A (B IPOTUBHOM Ciydae €ro MOXHO OBLIO OB
PACIINPUATE U MOLYYNTH KOPPEKTHHIN (PPArMEHT, HEe BOIIEI-
Ui B 00bEIUHEHVE).

JNlemma 1. IIycrs (S, <g) u (T, <r) — ABa KOPPEKTHHIX
dparmenra. Torga oquH U3 HUX ABIAETCA HAYATBHEIM OT-
PE3KOM JpPYTOro, MPUYéM MOPAIKA CONIACOBAHEL (1Ba 0OIIMX
DJIEMEHTa, BCE PABHO KAaK CPABHUBATEL — B CMEBICHIE < g WIA B
cMuIcae <7).

3ameTum, 9T0 M0 Teopeme 20 oquH U3 PPArMEHTOB H30-
MOp@eH HadaIbHOMY 0TPe3Ky Apyroro. Ilycts S maomopden
HavaabHOMy oTpesky T u h: S — T — ux usomopduaMm.
Jlemma yTBepxnaeT, 9T0 m30MOpGU3M h ABIAETCA TOXKIE-
CTBEHHLIM, TO €CTb 4TO h(z) = x npu Bcex x € S. Jokaxem
5T0 mHAYKIMen mo £ € S (9TO 3aKOHHO, TAaK Kak S BIOIHE
YTIOPAJOYIEHO TIO OMPEIEICHUAI) KOPPEKTHOrO (GParMeHTa).
NugyxTuBHOE mpeamonoxenue rapantupyer, 9410 h(y) = y
st Bcex y < x. Mer xotum gokasars, uto h(x) = z. Pac-
cmorpum HagagpHble oTpeskw [0,z)s m [0, h(z))r (¢ Toa-
KU 3PEHUA MOPANKOB <g U <1 coorBeTcTBeHHO). OHU CO-
OTBETCTBYIOT OpPYr APYry Hpu m3oMoppusMe h, MO3TOMY
10 IPEIIIONOKEHNI0 UHIYKIMKA COBIAJAIT KAK MHOXECTBA.
Ho mo ompegenennio xoppektroctn £ = ¢([0,z)) u h(z) =
= ([0, h(z))), Tak aT0 = = h(z). Jemma 1 gokasana.

Paccmorpum 06beguHeHre BCEX KOPPEKTHHIX (parMeH-
ToB (kax MHOXkecTB). Ha 5TOM 00BeInHEHUN €CTECTBEHHO
OIIpPEIENEH JVHENHEBIN IOPAN0K: [/ BCAKUX IBYX DIEMEHTOB
HAUAETCA PPArMeHT, KOTOPOMY OHU 00a MPUHALIeKAT (Ka-
XKBU TPUHAIIEKUT CBOEMY, BO3bMEM OObIuu u3 (dpar-
MEHTOB), TaK ITO WX MOXKHO CPaBHUTL. I10 semme 1 mopsa-
IOK HE 3AaBUCAT OT TOrO, KAKOU (pparMeHT OyjIeT BHIOpaH
IS CDABHCHUS.

Jlemma 2. 1o 00beauHeHNE OyneT KOPPEKTHEIM (par-
MEHTOM.

YT0o06bI 10KA3ATH JEMMY 2, 3aMETHUM, 9TO HA 3TOM 00b-
€IUHEHUY OTIPeeJIEH JUHENHBIN TOPA0K. OH Oy AT MOTHBIM.
Jl1s pazHOOOpa3usa OOBACHIM DTO B TEPMUHAX YOBIBAIOIINX
nocregoBarersHOCTen. IlycTh To > 1 > .. .; BO3BMEM KOp-
PEKTHEIN pparmedT F, KOTOPOMY IPUHAIICKUAT L. V3 JeM-
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MBI 1 cregyeT, 9TO BCe &; TAKXKe [IPUHAIIXKAT DTOMY dpar-
MeHTy (mOCKOabKy dparmenT F' Oyger Ha49aJbHBEIM OTPE3-
KOM B J11060M 6onbineM ¢pparmente), a F smoane ynopagoden
10 OIPEJENEHNI0, TAK YTO MOCAEI0BATENLHOCT CTAOUIN3Y-
pyetca. Jlemma 2 mokasaHa.

YTBepXK AeHUE JEMMEL 2 MOXHO IepedOpMyINPOBATE Ta-
KM 06pa3oM: CyIIECTBYET HAUOOIBINNN KOPPEKTHRIN (bpar-
meHT. QCTaloCh [0Ka3aTh, 9TO 3TOT dparMeHT (0603HAIIM
ero S) BkmouaeT B cebs Bcé muoxecTtBo A. Ecm S # A,
BO3bMEM daeMeHT a = (S5), He npuHagIex)amuy S, U 100-
6aBUM ero K S, CIUTasA, 9TO OH GOMBIIE BCEX DJIEMEHTOB S.
Ioayuennoe ynopagodersoe MuoxecTBoO S’ (cymma S u of-
HODJIEMEHTHOT'O MHOXKECTBA) OyAeT, O9€BUIHO, BIIOJHE YHO-
psagogeno. Kpome TOro, ycioBue KOPPEKTHOCTH TAKKE BBI-
HOJIHEHO ([JIs1 @ — MO IMOCTPOEHUIO, AU OCTAIBHBIX DJEMEH-
TOB — MOCKOJBKY OHO ObLIO BeIOaHEHO B S). Takum obpa-
30M, MBI TOCTPOUIU GOJIBIINYN KOPPEKTHHIN (PPATMEHT, UTO
IIPOTUBOPEYNT MAKCHMAJILHOCTH S. DTO PACCyXIEHUE 3a-
BEPIIAET NOKA3ATEILCTBO TeopeMul llepmeno. >

Kax mur yxe rosopmmn, us TeopeMs llepmesno u Teope-
™Mbl 20 O CPABHEHUY BIOJIHE YHOPSALOYEHHBIX MHOXKECTB He-
MEJIEHHO BLITEKAET TAKOE yTBEPXK IEHUE:

Teopema 25. W3 n:00bIX ABYX MHOXECTB OJHO PABHOMOIII-
HO NOAMHOXECTBY APYTOrO.

IloraTHe BHOIHE yHmOPAZOYEHHOrO MHOXecTBA BBET KanTOp
B pabore 1883 rogaa; B ero mrorosou pabore 1895—1897 roxos
NIPUBOJUTCSA AOKA3aTEIHCTBO TOT'0, YTO JIOOBIE IBA BIOJHE YIIO-
PAAOYEHHBIX MHOXECTBA CPABHUMEI (0 JHO M30MOP(HO HAYAILHO-
My OTPE3Ky APYroro).

YTBepX JeHUs 0 BO3MOXHOCTH IIOJHOI'O YIOPSTOYEHUS T06G0-
0 MHOXECTBA U O CPAaBHEHMH MOIIHOCTen (TeopeMmel 24 u 25)
HEOJAHOKPATHO BCTpeYalorTcsa B paGorax Kawropa, HO HuKakoro
BHATHOT'O JOKAa3aTeIbCTBA OH HE NPENIOXKWI, X OHO OBLIO JAHO
amub B 1904 roay memenkum maremaruxkoM J. [lepmeno.

2.7. TpaHchuHUTHAa nHaykuus u 6asuc [amens

Brosue ynopsigodennsie maoxecTBa u Teopema llepme-
JO MO3BOJAKT IPOAOXKATH MHAYKTUBHBIE IIOCTPOCHUS B
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TPAHCPUHATHYIO 00IaCTh (€CHM BEIPAXKATHCA TOPXKECTBEH-
HO). [losicHuM 5T0 HA npUMeEpe U3 IUHENHOU AIreGpHL.

Besakoe IMHENHO HE33aBUCMMOE MHOXECTBO BEKTODOB B
KOHEYHOMEPHOM IIPOCTPAHCTBE MOXKET OBITH JOIOJHEHO [0
6asuca. Kak sro moxasmBaerca? Ilycte S — manHoe Ham
JIUHENHO HE3aBUCAMOE MHOXECTBO. KCIu OHO HE SBIAETCA
6a31uCOM, TO HEKOTOPHIM BEKTOD Lo 9IE€PE3 HEr0 HE BHIPA-
xkaercsa. [JobaBum ero x S, MOLyUIUM JIMHENHO HE3ABUCAMOE
MHOX)eCTBO S U {zo}. Ecim 1 0HO He sBIseTCa 6a3ucoM, TO
HEKOTOPHIM BEKTOD %1 Y€PEe3 HEro He BHIPAXKAETCH, U T. .
JIn60 Ha KAKOM-TO IAre MEI MOJy4IuM 6A3uC, 100 MPOIECC
He 060PBETCA U MBI HOLYYUM OECKOHEYHYIO MOCIEJOBATENb-
HOCTB JUHEVHO HE3aBUCUMEBIX BEKTOPOB, YTO IPOTUBOPEIUAT
KOHEYHOMEPHOCTH.

Temneps ¢ TOMOIIBIO TPAHCHUHUTHON UHAYKUKK (TOIHEE,
pexypcun) Mbl u36aBUMCA OT TPEOOBAHUA KOHEIHOMEDHO-
cTH.

IIycte naHO HmPOM3BOIBLHOE BEKTOPHOE IPOCTPAHCTBO.
ToBopAT, 9TO0 MHOXKECTBO (BO3MOXKHO, GECKOHEYIHOE) BEK-
TOPOB AUKETHO HE3G6UCUMO, €CIN HUKAKASA HETPUBUAILHASL
JIMHENHAS KOMOVHAINSA KOHEIHOT'0 YUCIa, BEKTOPOB M3 DTOr0
MHOXECTBA HE PABHA HYJIHO. (3aMETUM B CKOOKAX, ITO TOBO-
PUTH O GECKOHEYHBIX JMHEUHBIX KOMOWHAIMAX B IPUHIIIIE
MOKHO JIUIIb €CIN B IPOCTPAHCTBE ONPEIETIEH, CXOAUMOCTD,
9ero MHL Cerdac He mpegnosaaraeM.) JIuHenHO He3aBuCHUMOE
MHOXECTBO BEKTOPOB Ha3bBaeTCs 6azucom Iamess (mmum
IPOCTO 6a3UCOM) NAHHOTO IPOCTPAHCTBA, €CIU JIOO0U BEK-
TOP IPEACTABUM B BUAE€ KOHEYHOU JIMHEMHOM KOMOWHAIMA
DIEMEHTOB 3TOr'0 MHOXECTBA.

Kak u B KOHEUHOU CUTyaIINN, MAKCAMAILHOE INHEUHO HE-
3aBUCHMOE MHOXKECTBO (KOTOPOE CTAHOBUTCA JUHEVHO 3aBU-
CUMEIM TpA N0GABIEHUH JTOOOrO HOBOTO DIEMEHTA) ABJIACT-
¢sA, OYeBUIHO, 06Aa3UCOM.

Teopema 26. Bcsikoe JUHEMHO HE3ABUCUMOE MHOXECTBO
BEKTOPOB MOXeT OBITH pacumpeHo g0 6asuca [amesns.

< Ilycts S — JMHENHO HE3ABUCUMOE IIOJIMHOXECTBO
BEKTOPHOI'0 mpocTpaHcTBa V. PaccMoTpuMm BHnomHe ymops-
NOYCHHOE MHOXECTBO I OCTATOYHO OOJBIION MOIIHOCTH
(6oabmen, wem MoOmmOCTH mpocTpancTsa V). Omnpenernm
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dyuxuumio f uz I 8 V ¢ moMompo TpaHCHUHUTHOU PEKYP-

cum:
f (i) = saemenT mpocrpancTBa V', He BEIDAXKAIOIMHUUCA JIH-
HEHHO 4Jepe3 siaeMeHTs S u 3Hadenus f(j) mpu j < i.

3aMeTuM, 9TO 3TO PEKYyPCUBHOE MPABUIO OcTaBseT f (i) He-
OIIPEIENEHHEIM, €C/IM TAKOI'O HEBLIPA3KMOI'0 DIEMEHTa, He Cy-
mectByer. (Kpome TOro, MOXXHO OTMETUTH, YTO MBI CHOBA
KCIOJBb3yeM aKCMOMY BbIOOpa. Bosee mogpoOHO ciemxoBajo
OBI CKa3aTh TAK: [10 AKCUOMe BEIOOPA CYIIECTBYET HEKOTOPAs
QyHKUMA, KOTOPAA MO KAXKIOMY MOAMHOXECTBY HIPOCTPAH-
crBa V, 4epes xkoTopoe He BCE V BBIpAXAETCs, YKA3LIBAET
OJIVH U3 HEBBIPA3WMEIX DJIEMEHTOB. 3aTeM 3Ta (QYHKIUA UC-
[IOJB3YETCsl B PEKYPCUBHOM ompefgeneHun. Bnpodem, akcuro-
Ma BHIOOpPA M TAK yXKe UCIOIL30BAHA [UIA JOKA3ATEILCTBA
Teopemsul Ilepmerno.)

OTO OIpefeNeHne TaPAHTUPYyeT, 4TO f ABIAETCS UHB-
ekupen; 6ojee TOrO MOXKHO yTBEPXKIATH, UTO BCE 3HAYE-
HuA f BMeCTe ¢ MHOXECTBOM S 00pa3ylT JUHENHO HE3aBU-
CUMOE MHOXeCTBO. B camMoM gerne, myCTh JUHENHas KOMOU-
HAIMA HEKOTOPHIX 3HAYEHUN PYHKIUU [ U DIEMEHTOB MHO-
)ecTBa S paBHA Hy.M0. MOXHO cuuTaTh, 4TO BCe KO hU-
LUEHTHL B 3TOU KOMOWHAIMU OTJIUYHBLL OT HyJIa (OTOPOCHUB
HyJI€BHIE CJIAraeMee). BXogAmme B KOMOMHAIAK 3HAMEHUA
¢yuxuuu f umeror Bug f(i) npu pasmrussx i. [locMoTpum
HA TOT U3 HUX, KOTOPEIU UMEET HAMOOMIBIIEE §; IO MOCTPOe-
HUIO OH JO/DKEH OBITH JMHENHO HE3ABUCUM OT OCTAIBHEIX —
IPOTUBOPEYNE.

IMockonbky MBI mPEANONOXKWIN, ITO MHOXKECTBO | mme-
eT OOJIBILIYI0 MOIIHOCTE, 9eM V, DEKYPCUBHOE OIIPEIEICHIE
3a0a8T (YHKIINIO He HA BCEM [, a TOIBKO HA HEKOTOPOM Ha-
gameHOM OTpeske [0,4), a B TOYKE i PEKypPCUBHOE MPABUIO
He onpegeneHo (Teopema 19). DTO 03HAYAET, ITO BCE BEKTO-
PBL IPOCTPAHCTBA V' BHIPAKAIOTCSA I€PE3 DIEMEHTH MHOXKEe-
cTBa S u 3Havenus gyuxuuu f Ha npomexyTke [0,7). Kpome
TOT0, KAK MBI BUEIU, BCE DTU BEKTOPH HE3ABUCUMEL. Takum
00pa3oM, UCKOMBIN 6A3UC HAUgeH. [>

Ha camom gmene MOXHO OGOUTHUCHL 6€3 MHOXKECTBA 6O0Jb-
e MOIIHOCTH, yHOpAno4uuB caMo mpocTtpaucTso V. Ilpm
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STOM Ha KaXIOM Iare PeKypCruu Ha 0 60 T00ABIATH Ode-
penHOu daeMeHT K Oynymemy 6asucy (ecau OH He BEIpaXKa-
eTCA Yepe3 Npeasaylme), Ju60 OCTaBIATE 6a3uc 6e3 u3Me-
HCHUI.

115. IIpoBeauTe 3TO paccyXkaeHue moapoG6HO.

Basuc l'amens MoxeT OBLITH MCHIOMB3OBAH A ITOCTPOE-
HUs PA3HBIX DK30TUYECKUX IpPUMepOB. BoT HekOTOpEE M3
HUX:

Teopema 27. Cymectsyer (BCIOAY OnpenejeHHAas) QyHK-
musa f: R — R, gas xoropou f(x +y) = f(z) + f(y) upm
BCEX T U Y, HO KOTOPAs HE €CTh YMHOXEHUE HA KOHCTAHTY.

<l Paccmorpum R xax BEKTOPHOE IPOCTPAHCTBO HA IO~
asem Q. B mém ectp 6asuc lamens. Ilycte o — ogun w3
BeKTOPOB Oasuca. Paccmorpum pyukumio f, koTopas ¢ Ka-
KIOBIM 9UCIOM I (PACCMATPUBAEMEIM KAK BEKTOD B MPO-
crparcTse R Hag mosem Q) comocrasiseT ero a-K0Op AUHATY
(x03pPuLIueHT NpU (@ B €IUHCTBEHHOM BHIDAKEHUA T YEPE3
BEKTODHI 0azmuca). JdTa pynxkmusa aunenHa Hag Q, mosTomy
flz+y) = f(z)+f(y) nnascex z,y € R. Ona oTimvHa OT Hy-
s (f(a) = 1) u npyEUMAET JUIbL PALMOHAILHLIE 3HAYEHU,
[I03TOMY He MOXKeT OBITh YMHOXEHUEM HA KOHCTAHTY. [>

116. IloxaxuTe, 4TO BCAKAA PYHKIUA, 00Ia A0 YKA3AH-
HBEIMM B TeopeMme 27 CBOUCTBaMU, HE OIDAHMYEHA HU HA KAKOM
orpeske u, 6o1ee TOro, eé rpadux BCOAY moTeH B R

Teopema 28. A nauTueaEe rpynns R u RGR nzomopdub
APYT APYTY.

< Paccmorpum R kaxk BekTOpHOE mpocTpaHcTBO Han
u BeIOEpeM 6a3uc B 9ToM npocrpancTee. O4ueBuaHo, OH Gec-
xouedeH. basuc B R @ R moxer ObITh COCTaBACH U3 ABYX
qacTen, KaX1asA U3 KOTOPHIX IPENCTABIACT COO0U 6a3uc B
omHOM u3 sk3eMmiApoB R. Kak Mbl yBUAUM 49yTh mO3%Ke
(cm. pasgen 2.9), gas a:060ro GECKOHEIHOrO MHOXECTBA B
YABOEHHAA MOIIHOCTH B (MommocTs 06beuHeHnA ABYX HE-
[EePEeCEeKAIONINXCA MHOXECTB, PABHOMOIIHEIX B) paBHA MOII-
Hoctu B. Hakoner, ocTaaoch 3aMeTUTH, ITO IPOCTPAHCTBA,
HAJ OJHUM W TEM X IMOJeM C PABHOMOIHEIMU 0a3ucaMu
“30MOPGHEI KAK BEKTOPHBIE IPOCTPAHCTBA U TeM Ooree Kak
CpyOOBL >
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117. JokaxwuTe, 4TO m060% 6a3UC B IPOCTPAHCTBE R Ha  HO-
aem Q mveeT mommocTs koHTHEYyMA. (IIpH fOKa3aTeIBLCTBE IPHT-
TOIATCA PE3YILTATHL pazgera 2.9.)

Msr Bujgenn, 9TO TPAHCHOUHUTHAS WHIAYKLIAS [TO3BOJAET
MOKa3aTh CylecTBOBaHKE 0a3uca B JI0O0OM BEKTOPHOM IIPO-
crpancTBe. IIpogo/mkas 5Ty JAMHAO, MOXHO I0KAa3aTh, UYTO
J00BIe 1Ba 6a31Ca BEKTOPHOI'O IPOCTPAHCTBA PABHOMOIIHEL.
(Takum 06pa3oM, MOHATHE PA3MEPHOCTU KaK MOIIHOCTHU 6a-
31Ca KOPPEKTHO OIPENeNeHO U AJs1 6€CKOHETHOMEPHBIX BEK-
TOPHBIX TPOCTPAHCTB.) MEI BEPHEMCA K DTOMY MO3XKE, HA
c. 93 (Teopema 36).

OrmernyM, 9TO cymecTBoBaHMe Oasuca [amens MOXKHO
HCIOJB30BATH 1 ¢B MUPHBIX LIEIAX», & HE TOIBKO JJIA IOCTPO-
€HUA DK30TUIECKUX IPUMEPOB. 3BecTHAA «TpeThsa mpobie-
Ma ['man6epTay COCTOAIA B JOKA3ATEALCTBE TOT'O, YTO MHO-
TOTPAHHUKK PABHOTO OOBEMA, MOT'YT He OBITH PABHOCOCTA-
BJEHEL. (DTO 3HAYAT, YTO OAVH U3 HUX HEIb3S PA3Pe3aTh HA
MEHBIIE MHOIOIPDAHHUKY U CIOXUTH U3 HUX IPYTOU MHOIO-
rpanuuk.) [Ias MHOTOYTOJBHUKOB Ha, TIOCKOCTU CATYAIUA
UHasA: eClIn 1B MHOFOyFOJIbHI/IKa. paBHOBeJII/IKI/I (I/IMeIOT paB—
HYIO ILOIAb), TO OHM PABHOCOCTABICHEL.

Teopema 29. Ky6 Heanss paspesaTb Ha 4acTH, U3 KOTO-
PBIX MOXHO OBLIO OBl COCTABUATH MPABWILHEIN TETPAdApP (He-
3aBUCHAMO OT OOBEMA TOCAETHErO).

<1 Beeaém noustue ncesdoobvéma MEOrOrpanHuKa. Kak
u 00BEM, nceBa000BEM OyaeT affuTuBeH (eCa MHOIOIDAH-
HUK Pas3bUT Ha YaCTH, CyMMa WUX ICEBIOOOBLEMOB paBHA
[CEBI00OBEMY UCXOMIHOIO MHOTOPAHHUKA,); TICEB 1000 BEMBL
PaBHBEIX MHOI'OT'PAHHUKOB OyayT paBHbl. OTcoma cregyer,
YTO ICEBAOOOBEMBI PABHOCOCTABIEHHBIX MHOI'OIDAHHUKOB
OyayT paBHBI. MbI mogbepéMm mceBIO00OBEM TakK, ITOOBI y
Ky6a OH pPaBHAICS HYJIIO, a y TETpadapa HeT — U JI0Ka3a-
TEJbCTBO OyeT 3aBEPIIEHO.

ITceB 1006BEM MHOrOrpaHHUKA MBI OIMPEIEINM KAK CyM-
my > lLip(a;), tae cymma 6epéTca mo BceM pEéGpaM MHOTO-
TpaHHVKa, [; — 0auHa i-70 pebpa, q; — ABYTPAHHBIA YO
npu »ToM pebpe, a ¢ — HekoTopas ¢yukuusa. Takoe omnpe-
JeJeHne aBTOMATUIECKN Fa,paHTI/IpyeT7 9T0 paBHbIe MHOI'O-
IPAHHUKY UMEIT PABHBIE ICEBAO0OBEMEI. ITO HYXKHO OT
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dysuxuu @, 9T00B MCEBA00OBEM ObLT anmutusen? Ilpen-
cTaBuM ce0e, YTO MHOI'OIPAHHUK PA3PE3AETCS INIOCKOCTHIO
HA IBe 9aCTHU, U INIOCKOCTD IPOXOAUT YePe3 yKe NMEOIIeecs
pe6po mamusl [. Torga IByrpaHHBIN yTOJI ( TIPU STOM pedpe
pas6uBaeTcs Ha aBe yacTu J u y. [losToMy B BhIpaxkeHun nis
nceB1006BEMA BMECTO CaaraeMoro lp(a) noseasroTcsa caara-
emuie lp(B) +1p(7), u o(a) nonxuo pasaaTECA ©(B) + (7).
Kpowme Toro, paspesamomas IIOCKOCTH MOXET 00pa3oBaTh
HOBOE Pe6pPO, MEPECEKMICh C KAKOU-TO rpanbio. Q603HaMMM
IIUHY 3TOro pebpa 3a l’. Torga B nceBaoo6béMe MOABATCA
cnaraemuie 'p(a) + U'p(m — a) (aBa 0O6pasoBaBmUXCA ABY-
CPAHHBIX YIVI4, JOMOJHUTEILHEL), KOTOPHIE B CyMMe JOJIKHEL
PABHATHLCA HYIIIO.

Temepb sACHO, KAaKMMWM CBOMCTBAMHU JOKHA O0IaJaThH
dyuxuusa . Hyxuo, atobur o(8 + v) = ¢(8) + ¢(y) u aro-
61 () = 0. Torga nceBno006BEM Oy IET U BOPAMB &1 JATHU-
BeH. AKKypaTHAsA IPOBEPKA TPEOYeT TOYHOIO OIPeNeeHIUs
MOHATUA MHOTOI'PAHHUKA (YTO HE TaK U MPOCTO), U MHL eé
mpoBoAuTh He Oyaem. HarmsagHo agguTUBHOCTL KaxKeTCs
OYEBUIHOU, OCOOEHHO €CJIM YYeCTh, YTO BCE PA3PE3BI MOXK-
HO IPOBOAUTH ILVIOCKOCTAMU (IIPU DTOM MOT'YT IOJIYYATHCA
60see MEJKUE IaCTU, HO 3TO HE CTPAIIHO).

Urak, nnn 3aBepmeHms pacCy X IeHUsA MAOCTATOTHO IIO-
crpouthb QpyHKIMIO @: R — R, nia koropon

* 9(B+7) =¢(B) + p(y) mma seex B,v € R;

e ¢o(m) = 0 (9T0 CBOMCTBO BMECTE C IPEABIAYIIMM Ia-
PaHTUPYET aJIUTUBHOCTD HCEBAOOOBEMA);

e o(m/2) =0 (nceBA00OBEM Kyba paBeH HyJIIO; 5TO CBOU-
CTBO, BIIPOYEM, JIETKO CJAEAyeT U3 ABYX MPEIBIIYIINX);

e p(f) # 0, roe § — nByrpamHbI yroa npu pebpe mpa-
BIJILHOT'O TETPAadIPa.

CymecTBeHHO 37€Ch TO, YTO OTHOUeHue §/m upparm-
onambHO. IIpoBepum »T0. BrICOTEI ABYyX COCemHUMX TpaHew,
ONyIIEHHBIE HA 00mee pebpo, 06pasyoT paBHOGEIDEHHBIN
TPEYrOIBHUK CO CTOPOHAMH /3, /3, 2; HAI0 JOKA3aTh, ITO



[m. 8] Jlemma I[oprna u €€ npumenenus 85

YIVIBL DTOr0 TPEYTOJbHUKA, HECOM3MEPUMEI C 7. Y foOHEee pac-
CMOTpETH He #, a APYrou yroa TPeyroJbHUKa (IBa APYTHX
yria TPeyroJbHUKA PABHEI); 00603HaduM ero (. ODTo yroa
IIPAMOYIOJBLHOIO TPEYrOIBHAKA €O cToposamu 1, v/2 u /3,
tax 110 (cos B + isinB) = (1 ++/—2)/v/3. Ecau 651 yrox 6
6bL1 comaMepuM C 7, TO U [ ObUI OBl COM3MEpPUM, IIOITOMY
HEKOTOPAs CTENEHb DTOr0 KOMILIEKCHOIO YMCIA PABHAIACDH
6p1 equuaune. MOXHO NpOBEpUTH, OJHAKO, YTO DTO HE TaK,
MOCKOIBKY KOMBIO 9mcen Buaa m+ny/—2 (m,n € Z) esxm-
IOBO M PA3IOXKEHUE HA MHOXWUTEJIN B HEM OJHO3HAIHO.

[Manouenmmee npocTo: paccMorpuMm umcaa, 7 u 0. Ouum
HE3ABUCUMBI KK DJEMEHTHI BEKTOPHOI'O MPOCTPAHCTBA R
mag Q, gomomHuM ux 10 6asuca u paccMoTpuM Q-IuHenHLIN
dyukumonan p: R — Q, paBuem koadpduumrenty npu 6 B
pasaoxenuun no >romy 6asucy. OueBumHO, BCe TpeGOBAHUSA
pu 3TOM GyAyT BHITOJHEHH. [>

118. IloxaxwuTe, 9TO HEKOTOPOE YCIOXKHEHNE DTOT'0 PACCY XK Je-
HIUA TMO3BOJAET 060UTUCh 6e3 Gasmuca ['aMend: TOCTATOYHO Ompe-
AeIATH 24 HE€ Ha BCEX NEUCTBUTEIBHBIX YUCIaX, & TOJBKO Ha JIU-
HEMHBIX KOMOWHAIUAX YIJIOB, BCTPEYAIOMMXCA TPU PA3PE3aHUN
Ky0a u TeTpadapa Ha JaCTH.

2.8. Jlemma LlopHa u e€ npumeHeHus

B coBpemeHHBIX y4eOHEHKAX PEAKO BCTPEIAETCS TPAHC-
q)I/IHI/ITHa.FI UHAYKIWA KaK TaKOBaAA: OHA 3aMEHACTCA CCBIJIKOI‘/)I
Ha Tak Hasemaemywo aemmy llopra. Cenuac mMbr mokaxkewm,
KAaK DTO [eJAETCs, Ha IIPUMEPE TE€OPEMEI O CYIIECTBOBAHUU
6a3uca B IUHENHOM TIPOCTPAHCTBE.

Teopema 30 (nemma Llopra). Ilycts Z — wacTuanO ynopsa-
IOYEHHOE MHOXKECTBO, B KOTOPOM BCAKAA IEMb UMEET BEPX-
HIOIO I'DAHUILTY. Tor‘,qa B 3TOM MHOXKECTBE €CTh MAaKCHUMaAJIb-
HBIA DIEMEHT, 1, 60Jee TOro, A/ JO0ro dIeMeHTa a € Z Cy-
IECTBYET DJIEMEHT b > a, ABIAIOIIUUCT MAKCUMAILHBIM B 7.
(Ilenb — 5>TO MOAMHOXECTBO, JIOOHIE [BA DIEMEHTa, KOTOPO-
O CpaBHUMEI. BepXHsAsa MpaHuIla, Menu — 3IEeMEHT, OONBIITIN
WIM PABHEIN JIOO0r0 DIEMEHTA LIETN. )

< IIpex e BCero OTMETHUM, UTO Z JUIMb YACTUIHO yIO-
PAOOYEHO, TOITOMY HALO PA3JWYIATh MAKCAMATHLHLIE U HAW-
Oonbime 3JeMeHTHL [0 3TON XKe IPUYUHE MBI BHIHY XK ICHBI
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YHIOTPEOIATH MPAMMATAYECKA HEKOPPEKTHYIO KOHCTPYKIIUIO
«6OJIBIIUY WX PABHBIN JT060T0 (J:060My?)», TOCKOIBKY CKa-
34Th «HE MEHBIIE JI000r0» (CTAHIAPTHEIN BEIXO[ U3 MOJOXKEe-
HIsA) O3HAYAN0 ObI M3MEHUTH CMBICI.

[lokasaTerbCTBO HOBTOPSAET PACCYK AEHUS IIPU ITOCTPOe-
Hum 6a3uca, HO B Gosee obmen curyanuu (Teneps y HaC He
JINHEVHO HE3aBUCHUMBIE CEMENCTBA, a POU3BOIbLHBIE DJIEMEH-
THL 7).

IlycTs maH TPOM3BOJLHEIA DIEMEHT a. lIpenmonoxuM,
YTO HE CYIIECTBYeT MAKCUMAILHOI'O DJIEMEHTAa, OOJBIIEro
WM PABHOTO @. DTO 3HAYAT, 9TO I Jo0boro b > a Hau-
nércs ¢ > b. Torma ¢ > a u noromy Hauaércsa d > ¢ u T. I.
IIpoxomxkas 3TOT npoIece J0CTATOYHO OO0, MBI HCYEPIIa-
€M BCe DJEMEHTHI Z U NPUAEM K IPOTUBOPEYUUIO.

IIpoBeném paccyxaeHve akKypaTHO (IIOKA 9TO MBI 1a-
Xe He UCIOJIb30BaJIM YCJIOBUE JEMMEI, KACAKMIEECA LEIeH).
BosbMméM BHoOSHE ymopsagodYeHHOE MHOXECTBO I TOCTATOYHO
60abII0N MOMHEOCTY (6OIbIIEN, YeM MOIHOCTE Z ). IocTpo-
UM CTPOrO BO3pacTamomyi dyukmmoo f: I — Z mo TpaHc-
unuTHOU pexypcun. E€ 3HadeHne Ha MUHUMAILHOM DJIEMEH-
Te I 6yger paBuO a. IIpeamnonoxum, 9T0 MBI y2Ke 3HAEM BCE
€€ 3HAYEHUsA HA BCEX DIEMEHTAX, MEHBIINX HEKOTOPOro i.
B cmiy MOHOTOHHOCTH 3TH 3HAYEHUS MOMAPHO CPABHUMEI.
ITosTomy cymiecTByeT WX BEpXHss I'DAHUIA S, KOTOPas, B
YaCTHOCTHU, GOMBbINE WIX PABHA G. BO3BMEM KAKOU-TO Hie-
MeHT t > s u monoxuM f(i) = t; M0 MOCTPOEHUIO MOHOTOH-
HOCTB COXPAHUTCA. TeM caMbiM | PABHOMOIIHO 4acTu 7, 9TO
MPOTUBOPEYUT €ro BHIOOPY.

B sTom paccyxgenuu, hpopMaIBLHO FOBOPS, €CTh IPOOe:
MBI OTHOBPEMEHHO oupeaenseM (PyHKIWIO IO TPAHCHPUHUT-
HOU PEKyPCUM U JOKA3BIBAEM €€ MOHOTOHHOCTBH C IIOMOIIBIO
TpaHCUHUTHON MHAyKumu. Hame pexkypcuBHOe ompepene-
HIPE UMEET CMEIC, JIUAIIb €CJIHU Y2Ke IOCTPOEHHAS YaCTh (PYHK-
1y MOHOTOHHA. POPMATBLHO IOBOPSI, HAI0 BOCIOIb30BATHCA
Teopemon 19, cauras, 9TO CIEAYIONIEe 3HAYCHNE HE OIpeIe-
JIEHO, €CJIU YK€ TTOCTPOEHHBIN yIaCTOK He MOHOTOHEH, U MO~
JIy9nTb (OYHKIUIO, ONPENeNEHHY0 HA BCEM | min HA HAYAIB-
HOM oTpe3ske. Eciu oHA onpegeneHa HA HEKOTOPOM HAYAJIb-
HOM OTpe3Ke, TO OHA MOHOTOHHA HA HEM MO NOCTPOEHHIO,
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HO3TOMY CJAEAYIOIIEE 3HAIEHNE TOXE ONPENeIeH0 — IPOTHU-
BOpeune. >

Kak u mpm mocrpoenun 6asuca lamens (sagaga 115,
c. 82), MOXHO O6OUTUCH (€3 MHOXKECTBA GOJBIIEN MOIIHO-
cru. Bronue ynopsagouuM MHOXECTBO Z € HOMOIIBIO TEOpPe-
mer [lepmeno. DTOT MOPASOK HUKAK HE CBA3AH C MCXOIHBIM
MOPAIKOM Ha Z; MBI OyaeM 0003HAYATh €r0 CUMBOJOM —.
IMocTpouM ¢ MOMOIIBIO TPAHCHPUHUTHOU PEKYPCUU (DYHK-
o f: Z — Z ¢ takumu ceouctBamu: (1) f(2) > a pua
mo60ro z € Z; (2) f MOHOTOHHA B CIEAYIOMEM CMBICJIE: €C-
mz <y, 10 f(x) < f(y); (3) f(2) HE MOXKeT GHITH CTPOTO
MeHbIIE 2 (B CMEBIC/IE UCXOMHOrO MOPAIKA <) HU DU KAKOM 2.

Henaerca oro Tak. 3uadenue f(2g) 4aA <-HAMMEHBIIETO
DIEMEHTA, 29 MBI IIOJOXKMM PABHEIM Ju60 @, JmG0 2o (mocaes-
Hee — eciu zp > a). JHadeHue f(z) A1 OCTAIBHBIX Z €CTh
b0 BepxHAA rpanuna 3Hadenunn f(z2’) npu 2’ < z (mo npea-
IIOJIO2K€HUIO MHAYKIINN MHOX€CTBO TaKNX 3Ha‘{eHHﬁ JIPIHeﬁHO
YUIOPSL09EHO U IOTOMY MMEET HEKOTOPYIO BEPXHIOIO I'DAHU-
uy @), ambo caMo 2z (IoCaegHee — eCau 2 > Q).

B cury MOHOTOHHOCTH MHOXECTBO 3HaUEHUN PyHKUAU f
JUHENHO YTNOPALOYEHO W WMEET BEPXHIO TPAHUILY. ITa
rpanuna (o603HauuM e€ ) Goublie wiu paBHA a (KOTOpPOe
ectb f(29)) U ABIAETCA UCKOMBIM MAKCUMAJILHBIM DJEMEH-
ToMm: ecn B < z Aus HEKOTOpOro z, To f(z) < B < z, uTo
IPOTUBOPEYUT CBOUCTBY (3).

119. IlpoBeguTe 3TO pacCyXk geHUE MOAPOOHO.

Tenepsr mOBTOPUM [OOKA3aTEILCTBO TEOPEMBEI O 0a3u-
ce, ucnoanpdysa jgemmy lopua. Ilycte V' — mpousBoabHOE
BEKTOPHOE IPOCTPAHCTBO. PacCMOTPUM 4aCTUYIHO yIIOPS q0-
YEHHOE MHOXECTBO Z , COCTOSIIEE U3 JUHENHO HE3ABUCUMBIX
moamuOxecTB npocrpancrea V. Ilopsgoxk Ha Z 3apmaérces
OTHOIIIEHNEM «OBITH TOIMHOXECTBOMY.

IIposepum, 4TO yCIOBUS JIEMMEI BHIIOJAHEHEL. [IycTh nme-
€TCA HEKOTOpas Ielb, TO €CTh CEMEUCTBO JUHENHO HE3aBU-
CHMEIX MHOXECTB, IPUIEM JIOOBIE 1BA MHOXECTBA, DTOr'O Ce-
MeUCTBa CpaBHUMEL. OOBLeJUHIM BCE 3TU MHOXKECTBA, U TTOKAa~
KEM, UTO TOMYIeHHOE MHOXECTBO Oy JeT TUHENHO HE3ABUCHU-
MBIM (T€M CaMBIM OHO OyJeT BEpXHEU IDAHUIEH DIEMEHTOB
nenw). B camom fgene, HeTpUBMATLHASA JIUHEVHAA KOMOWHA-
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ISl BKIIOYAET B ce0s KAaKOe-TO KOHEYHOE HUUCJI0 BEKTOPOB,
KaXILI M3 CBOEIO MHOXECTBA. JDTUX MHOXKECTB KOHEIHOE
YNCI0, ¥ MOTOMY CPEAU HUX €CTh HAauOOJbIIEe IO BKIIOUe-
HUO (B KOHEYHOM JUHEUHO YIIOPAIOY€HHOM MHOXECTBE €CTh
HaUOGOJBIIAY DJIEMEHT). DTO HaubOoJIbIIee MHOXECTBO COep-
KUT BCE BEKTOPHI HETPUBUAIBLHOU JMHEMHON KOMOMHALNM,
U JIMHEMHO HEe3aBUCUMO IO MPEINOJIOXKEHIIO, TAK ITO HAII],
HETPUBUAIBLHAS INHENHA KOMONHANNS OTINYHA OT HYJI.

Takum o06pasoM, MOXHO OpuMeHUTH JemMmy llopHa u
3aKIYUTh, YTO J000€ JUHENHO HE3aBICAMOE MHOXECTBO
BEKTOPOB COAEPKUTCA B MAKCUMAILHOM JIMHENHO HE3ABUCH-
MOM MHOXeCTBe BeKTOpOoB. K HeMy yxke Henb3s NOOABATH
HU OJHOTO BEKTOPA, HE CO3/aB JUHEUHOU 3aBUCUMOCTH, U
OHO SIBISIETCSI UCKOMEIM (Ga3uCOM.

AnanormyaeiM 00pa3soM MOXHO J0Ka3aTh CYLIECTBOBA-
HUE OPTOrOHAMBLHOrO 6a3KCa B TUILOEPTOBOM IIPOCTPAHCTBE
(Tam onpegenerue 6asmca APyTOe: PA3PEMAIOTCA GECKOHEY-
HBIE JUHEUHBIE KOMOWHAIMM, NOHMMAEMBIE KAK CYMMBI Psi-
[OB) WK CyIIECTBOBaHUE 0a3UCa TPAHCIEHIEHTHOCTY (MaK-
CUMAJbHAS AIreOpandecKy He3aBUCUIMAs CIUCTEMA, DIEMEHTOB
B DACIINPEHUY TOJEN).

Mer npueeaém gpyrou npumep npuMeHeHus aeMMer Llop-
HA, rae PUIyPUPYIOT YK€ M3BECTHBIE HAM IIOHATHA.

Teopema 31. Beskuit 9aCTUYHBIN MOPAA0K MOXET OBITH
MIPOMOIKEH [0 JUHEUHOTO.

< Iycers (X, <) — 9acTUYHO YHOPALOYEHHOE MHOXKECT-
Bo. Teopema yTBepkAaeT, ITO CYIIECTBYET OTHONIEHUE IT0-
panka <’ ma X, mpopomxapomiee MCXOAHOE (3TO 3HAYUT,
g0 < Yy = z < Y) u ABAAIOMEECA OTHOMIEHUEM JUHETHO-
ro nopagka. (Kcraru, oTmMeTnM, 9TO CI0BO WIMHEMHOTO» B
GOpPMyIMPOBKE TEOPEMBI HEJNb3s 3aMEHUTDH HA CJIOBO (IIOJ-
HOT'O» — HAIPUMED, €CJIU UCXOAHBIN MOPAIOK JUHEUHEIN, HO
He MOJHEIIL. )

T'oToBsce k mpuMmenenuto JjeMmMul [lopHa, pacCcMOTPUM Ya-
CTUYHO YIOPALOYEHHOE MHOXECTBO 7, DIeMEHTaMU KOTOPO-
ro GyayT JacTudHbe mopAnkud HA X (TO €CTb MOAMHOXKE-
cTBa MHOXeCTBa X X X, 061a1a10IIUe CBOUCTBAMU PedIeK-
CI/IBHOCTI/I, TpaH3I/ITI/IBHOCTI/I n aHTHCHMMeTpH‘IHOCTH), yHO—
PALOYEHHBIE II0 BKIIOYEHWIO: <1 CIATACTCA MEHBIINM WA
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paBHEIM <o, eciu <o mpogonxkaerT <; (W3 ¢ <; Yy caemy-
er <2 ¥).

Jlerko npoBepuThb, 4TO ycaoBue JgeMMer 1lopHa Bemmonne-
HO: €CJIU Y HAC €CTh CEMEUCTBO YaCTUIHBIX IOPSATKOB, JUHEU-
HO YHOPSJZOYEHHOE [0 BKIIYEHMIO, TO OOBLENUHEHNE DTUX
[OPSAKOB ABIAETCA YACTUYHLIM IOPSIIKOM, W DTOT IMOPS-
nok Oyner BepxHeu rpamunen cemencrtsa. (IIposepum, Ha-
mpuMep, YTO OObeJUHEHrEe 006aa1aeT CBOUCTBOM TPAH3UTUB-
sHocTu. Ilycts o <4 ¥ B 04HOM U3 OPAAKOB cemencTsa (<1),
ay <2 Z B IPyI'OM; O[VH U3 MOPAAKOB (Hampumep, <1) Opo-
NOJLKAET OPYLOU, TOrAa T <1 ¥ <1 2 U MOTOMY T < Z
B o0BequueHun. PedaekCuBHOCTE U aHTUCUMMETPUIHOCTD
OPOBEPAIOTCA CTOMb K€ TPOCTO. )

CaenoBarensuo, mo jgemme llopua na muoxecTBe X Cy-
IMECTBYET MAKCUMATBHLI YACTUIHBIA TOPSA 0K, TPOJOIKA-
o ucxogusm. O603HaYMM ero Kak < (IyTaHUIE C UC-
XOMHBIM MOPAIKOM He BO3HUKHET, TaK KAK WCXOIHEIA HAM
Ooabie He HyxeH). Ham Ha g0 mokasars, 4To OH OygeT Jm-
menHbIM. IlycTe 2,y € X — 1Ba HECPABHUMEIX DJEMEHTA.
PacummpuM mopAnok a0 HOBOrO mopsAnka <', Ipu KOTOPOM
z <' y. DTOT HOBEII MOPAJOK ONPEIEIAETCA Tak: a < b,
eciz (1) a < buwm (2) a < 2z uy < b. Hecioxuo mpo-
BEPUTDb, 9TO <’ OyneT JaCTUIHBEIM MOPAIKOM. Pedaexcus-
HOCThb OYeBUAHA. TpaH3uTuBHOCTE: ecmm a < bu b < ¢,
TO €CTh YeTHIPEe BO3MOXHOCTHU. Ecau B 060UX CIydasx uMe-
er mecto caydan (1), To a < b < ¢ u Bcé ouesuguo. Ecan
a<'bscmy (1), ab<cBcmy (2, oa <b< zmn
y < ¢, Tak uro a <’ ¢ B cuny (2). AmanoruvHo paccma-
TPUBAETCA U CUMMETPUYHLIN cirydan. Hakorern, aBykpaTHas
cchuiKa Ha (2) HEBO3MOXKHA, Tak Kak Torga (a < ), (y < b),
(b < z) u (y < ¢), u nomyuaercsa, 910 y < b < z, a MbI ipes-
[IOJIATAJH, YTO £ U Y HE CPABHUMBL. AHTUCUMMETPUYHOCTD
NOKA3BEIBACTCA aHAJOTMIHO. TakuM 06pasoM, OTHOmeHne </
OyAeT JYaCTUIHBIM TIOPATKOM, CTPOTO COAEPKAIMMM <, UTO
MPOTUBOPEYUT MAKCUMATILHOCTH. [>

120. IlokaxwuTe, 4T0 110606 GUHAPHOE OTHOIIEHVE (€3 MUKIOB
(mmxa o6pasyercsa, ecmu z Rz, wiu t RyRx, wm t RyRzRx u T. 1.)
MOXeT OBITH IPOJOMKEHO A0 JuHEZHOro nopaaka. ([lra xomed-
HBIX MHOXE€CTB IIOUCK TAaKOI'O IIPOOOJIXKEHUA OOLIYHO HA3LIBAIOT
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¢TOIOIOTIECKON COPTHUPOBKOM». )

121. MHOXeCTBO Ha ILIOCKOCTH HA3BIBAETCA BbINYKAbIM, €C-
I BMECTE C JIOOBIMU ABYMS TOIKAMU OHO COJEPXKUT COENUHAIO-
i X 0TPe30K. 1IokaxmTe, 9T0 II00BIE ABA HEMEPECEKAIOIIX-
CA BBIMYKJIBIX MHOXECTBA MOXHO Da3[eIdTh IpAMOU (Kaxgoe
MHOXECTBO JeXWUT N0 OLHY CTOPOHY OT IPAMOM, BO3MOXHO, TIe-
pecekasce ¢ Hen). (Ykaszauue. Vcnonssys memmy lopHa, MOXHO
PACIIMPUTE UCXOJHBbIE HEMepeceKalomumeca Maoxectsa A u B 1o
B3aMMHO JOIOJHUTEIbHBIX BBIIIYKJIBIX MHOXECTB A/ n B/. 3a.TeM
MOXHO y6eauThcsa, 9To rpaHuna Mexay A’ m B’ mpeacrasiser
co60H IPAMYIO. )

2.9. CeoncTea onepauun Haj, MOLLHOCTAMM

Temepb MBI MOXEM I0KA33aThb HECKOIBKO YTBEPKIEHUN O
MOIIHOCTSX.

Teopema 32. Ecimm A 6eckoneuno, To MHOxecTBO A X
x N pasmomommuo A.

<1 Broosme ymopsigouum mMHOX)eCTBO A. MBI yxe 3HaeM
(cM. c. 65), 9TO BCAKUU DIEMEHT MHOXECTBA A OIHO3HAIHO
OPEeACTABIACTCA B BUAE 2 + N, T 2 — NPEIeJbHEIN DJIEMEHT
(He mMerIMI HEmOCPEACTBEHHO IPEALIAYIEro), a 1 — Ha-
TYpaJbHOE YHUCI0. JTO O3HAYAELT, 4TO A paBHOMOUHO B X
x N, rge B — MHOXeCTBO IpefesbHbX daeMeHTOB. (TyT
ecTh HeOOJbIIas TPYAHOCTb — IOCIEHSA I'PYIIA DJIeMeH-
TOB KOHEYHA, eCJIM B MHOXECTBE €CTh HAMOOIBIIAY DJIEMEHT.
Ho MEI yxe 3HaeM, uTo qoOaBIEeHNE KOHEYHOI'0 MM CIETHO-
IO MHOXECTBA HEe MEHSEeT MOILIHOCTH, TaK YTO DTUM MOXKHO
npeHe6peys. )

Teneps yTBepxaenue TeopeMul oueBuauo: A X N paBHO-
Moo (B xN) x N, to ects B X (NxN) u rem cambim B x N
(mpousBemeHUE CYETHBIX MHOXKECTB CIETHO), TO €CTb A. [>

ITo Teopeme Kanropa—Bepumrenna orcioga cremyer,
9YTO NPOMEXKYTOYHEIE MOIIHOCTH (B dacTHOCTH, |A| + |4,
a Takxke a060e npousseeHre A U KOHEYHOI'O MHOXECTBA)
coBnagaT ¢ |A|. Emé ogqHO cregcTBue MONE3HO BHLAEIUTS:

Teopema 33. Cymma AByX GECKOHEYIHEIX MOIITHOCTEN PaB-
HA UX MAaKCAMYyMYy.

< Ilpexpge BCero HAMOMHMM, YTO JIOOLIE JBE MOIIHO-
ctu cpaBEuMH (Teopema 25, c. 79). Ilycts, ckaxewm, |A| <
< |B|. Torma |B| < |A] + [B| < |B| +|B| < [B| x Xy =



[m. 9] Ceoticmea onepayuil Had MOWHOCTNAMY 91

= |B| (nocaexHee HEPABEHCTBO — yTBEPXKICHUE IPEIBILY-
men TeopeMur). OCTagTesa BOCHOMBL30BATHCA Teopemon Kan-
Topa—BepHirenna u saknounts, uro |B| = |A + B|. >

Teneps MOXHO 10OKa3aTh OONee CUILHOE YTBEDK ICHUE.

Teopema 34. Eciu A Geckonewno, To A X A paBHOMOII-
O A.

< 3aMeTuM, 9TO A CIETHOIO MHOXKECTBA (KaK, BIPO-
9eM, U A1 KOHTHHYyMa — HO 3TO CEMYac He BaXKHO) MEL 3TO
yxe 3uaem. [losTomy B A €CTh TOQMHOXECTBO, PABHOMOILI-
HOE CBOEMY KBaIpaTy.

PaccMoTpuM ceMencTBO BCEX TAKUX MMOAMHOXECTB BMe-
cre C COOTBETCTBYHOIINMU 6I/IeKHI/IﬂMI/I. SJIeMeHTaMI/I 9TOro
cemericTBa OyayT maput (B, f), rne B — mogmuoxecTBO A,
a f: B —» B X B — B3auUMHO OJHO3HAYHOE COOTBETCTBUE.
BeegéM Ha 5TOM CEMENCTBE YaCTUYHEIN NOpALOK: (B, f1) <
< (Ba, f2), ectu By C B u orpaHndeHne oTOOpakKeHus fo
Ha B; cosmagaer ¢ fi (puc. 6).

B,

B,

By

B,

Puc. 6. OTo6paxenue fi — B3aMMHO OJHO3HAHOE COOTBET-
CTBHME MEXIYy MAaJLIM KBAIPaTOM M €r0 CTOPOHOU; fo moba-
BJIsAE€T K HeMy B3aMHO OJHO3HAYTHOE COOTBETCTBUE Me)K,qy
Bs \ By u «yronkom» (Bs x Bs) \ (B1 X By).

Teneps npumenum semmy Hopua. [Tas aToro HyxHO ybe-
IOUTHCS, ITO JH000E JUHENHO YIOPALOIeHHOE (B CMEIC/E ONU-
CAHHOI'O MOPAAKA) MHOXKECTBO Hap YKA3aHHOI'O BUAA MME-
€T BEPXHIOI rpanuny. B camom gene, o6beiuHUM BCe mEP-
BEIE KOMIIOHEHTHI JTUX Map; IMycTb B — ux oObequuenue.
Kak 06bI4HO, COMACOBAHHOCTL OTOOpaXeHuu (rapaHTupye-
Mas ONPEIENCHUEM TOPALKA) TO3BOIACT COSNUHUTHL OTOOPa-
XKEHUA B OHO. DTO 0ToOpaxkenune (HazoBéM ero f) oTobpar-
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xaer B B B x B. Ono Oyger unbexuven: 3uadenus f(b)
u f(b"’) npu pasamunex b’ u b’ pasmudsbl (BO3BMEM 60IB-
IIee M3 MHOXKECTB, KOTOPEIM mpuHagiexat b u b”; ma mém
f ABAseTCA MEBEKIMEN IO mpeanoaoxenuto). C apyrou cTo-
POHHI, f ABIsAETCA CIOpBeKuuen: mia aobou mapsl (O, b") €
€ B X B BO3bM&M MHOXECTBA, 13 KOTOPLIX Mpomsonumu b’
u b, BoiOepem u3 HuX OOJbIIEE W BCIIOMHUM, ITO MBI MMe-
JI1 B3aUMHO OJHO3HAYHOE COOTBETCTBUE MEXKIY HUM U €ro
KBAIDATOM.

ITo nemme IlopHa B HAmEM YACTHYHO YIOPSIOYECHHOM
MHOXECTBE CYLIECTBYET MAKCUMAJbHBLIA djeMmeHT. IlycTb
aroT smemeHT ecTb (B, f). Mubl 3HaeM, urto f ecTb B3a-
MMHO OJHO3HAYHOE cooTBercTBue Mexay B u B X B n
noromy |B| = |B| x |B|. Teneps ecTb ABe BO3MOXHOCTH.
Ecmn B pasuomommo A, To B X B pasuomommuo A X A u
BCEé nokazaHo. OCTamroch pacCMOTpeTh Caydau, Korga B He
PABHOMOIIHO A, TO €CTh UMEET MEHBIIYI0 MOITHOCTE (60Ib-
el OHO UMETh He MOXKeT, Oy Iy<Iy HOAMHOXKeCTBOM). IlycTh
C — ocrapmascs gacts A, To ects A\ B. Torga |[A| = |B|+
+ |C| = max(|B|, |C|), cnegoBarensno, C' pasrOMOmHO A 1
6oapme B mo momuocTu. Bosemém B C wacts C', paBHO-
momnyo B, u momoxum B’ = B + C’ (puc. 7). O6e qactu

A

Cl

B C

Puc. 7. MIpogomxenue coorsercTeus ¢ B wa B’ = B+ C'.

muoxecTBa B’ paromomner B. Ilosromy B’ X B’ pas6usa-
eTcs Ha 4 9acTu, Kaxas U3 KOTOPLIX paBHOMOIIHA B X B, n,
CJIeIOBATEILHO, PABHOMOIIHA B (HanmoMHuM, 9TO y HAC €CThb
B3aMMHO OJHO3HAYHOE coOTBeTCTBUE [ Mexny B u B X B).
CooTsercTBue f MOXHO TPOLOIKUTL A0 COOTBETCTBUA f'
vexay B’ u B’ x B’, 1onomHuB €ro COOTBETCTBUEM MEXK-
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ay C' u (B’ x B') \ (B x B) (aTa pasHOCTb COCTOUT U3 TPEX
MHOXECTB, PABHOMOIIHEIX B, Tak 4To paBHoMmomHa B). B
uTOre MH ToaydaeM O6abmyto mapy (B’ f'), aro mporm-
BODPEYUT yTBEPKIEHUIO JeMMEl [[opHA 0 MaKCUMaIbLHOCTH.
TaxuM 06pasoM, DTOT CIydall HEBO3ZMOXKEH. [>

BriBegem Tenepb HEKOTOPHIE CJACACTBUA U3 NOKA3AHHOI'O
YTBEPXK ICHUSL.

Teopema 35. (a) [Ipoussenenne gByX GECKOHEUHEIX MOII-
HocTen paBHO Oonbinert u3 Hux. (6) Ecau muoxecTBo A Gec-
KOHEYHO, TO MHOXECTBO A" BCEX MOCIEI0BATEIbHOCTEN [1JI1-
HeL N > 0, cOCTaBIeHHBIX U3 d1eMeHTOB A, paBHOMOIHO A.
(8) Ecim MuHOXeCcTBO A GECKOHEYHO, TO MHOXKECTBO BCEX
KOHEYHBIX IOCJIEI0BATEILHOCTEN, COCTABIEHHEIX U3 DJEMEH-
TOB A, paBHOMOIITHO A.

< TlepBoe yTBepXKIeHUE NOKA3LIBAETCA IPOCTO: €CJIU
|4 < |BI, 10 |B| < || x |B| < |B| x |B| = |B].

Bropoe yrBepxaeHue Jerk0 JOKA3LIBAETCS WHIYKLIUEN
o n: ecma |[A"| = |Al, To |A"H| = |A"| x |A| = |A| x |A] =
= |A|.

TpeTnbe Toxke IPOCTO: MHOXECTBO KOHEYHLIX MTOCAEOBA-
TexsnOCTEH ecTh 1 + A 4+ A% + A3 4+ || ; xaxgas u3 wacren
(kpoMe TepBOM, KOTOPOM MOXKHO NPEHEOPEdIh) PABHOMOII-
Ha A (m0 KokasaHHOMY), W MOTOMY BCE BMecTe ecTb |A| X
X NO = |A| >

3aMeTuM, YTO U3 MOCIEAHEr0 YTBEPXKAEHUS TEOPEMEL
BEITEKAET, YTO CEMEUCTBO BCEX KOHEYHEIX IOAMHOXECTB
0ECKOHEYHOI0O MHOXKECTBA A MMEET Ty ke MOIHOCTH, 9TO
u A (moaMHOXECTB He 60MbIIe, YeM KOHEIHBIX MOCIET0BA-
TEJIBHOCTEN M HE MEHbIE, YeM OJHODIEMEHTHBLIX II0IMHO-
KECTB).

122. Tlycts A 6eckomeuno. [Jokaxmre, uto |[A%| = [24].

123. PaccMoTpIM MOITHOCTS @ = Ro + 210 420" (caér-
HaA CyMMa.). HOKa)KHTe, 9YTO0 ¢ — MHHHMaJIbHAA MOITHOCTBH, KO-
Topas Goasure MomuocTex MuHOXecTs N, P(N), P(P(N)), ... Ilo-
Kaxure, 9T0 a0 = 2% > q.

Tenmeps MBI MOXEM [OKa3aTh YIOMUHABIIEECs DaHee
yTBEDPX JeHrE O PABHOMOIIHOCTY 0a3UCOB.

Teopema 36. Jlwo6wie gBa 6a3uca B GECKOHEYHOMEDPHOM
BEKTOPHOM IIPOCTPAHCTBE UMEIOT OQMHAKOBYIO MOIIHOCTB.
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< Iycre pamwi gBa Gasuca — mepBed U BTOpou. s
KaXJ0r0 BEKTOPA U3 MEPBOrO 0a3mca (PUKCUPyeM KaKOU-
00 cnoco6 BHIPA3UTH €0 Uepe3 BEeKTOPHI BTOPOro 6a3uca.
B 5TOM BEIpaxkeHUM yYaCTBYeT KOHEYHOE MHOXECTBO BEK-
TOpPOB BTOpOro 6asuca. Takum o6pasoM, eCTh HEKOTOPAas
dyHKIUA, KOTOPasd KaXIOMy BEKTODY IEPBOro 0asuca CTa-
BUT B COOTBETCTBUE HEKOTOPOE KOHEYHOE MHOXECTBO BEK-
TOPOB BTOPOro. Kak MBI TOJIBLKO 4YTO BUIEIN, BO3MOXKHEBIX
3HAYEHUN DTOU (PYHKIMK CTOTBKO K€, CKOIBKO 3JEMEHTOR BO
BTOpOM Oasuce. Kpome ToOro, mpoobpas Kaxaoro 3HAIEHUS
COCTOUT U3 BEKTOPOB NEPBOrO 0a3UCa, BHIPAKAIOUINXCSA de-
pe3 maHHBM (KOHEYHBIN) HAOOP BEKTOPOB BTOPOrO, U MOTO-
My KOHE€YeH. BEIXOAUT, 9TO mepBhu 6a3uc pa3duT HA TPYII-
IIBI, KaXKas TPYIIa KOHEYHA, 8 BCEr'O I'PYIII HE OOJbIIe, YeM
BEKTOPOB BO BTOpOM 6asuce. Ilo3TOMy MOIIHOCTH HEPBOrO
6a3uca He MPEBOCXOAUT MOIIHOCTUA BTOPOTO, YMHOXEHHOU
Ha Ng (OT 9€ro, Kak MbI 3HAEM, MOMIHOCTbL (GECKOHEYHOIO
MHOX€eCTBa He MeHAeTCa). OCTANI0Ch IPOBECTH CUMMETPHI-
HOE PacCyXJeHue U CocaaThbes Ha Teopemy Kanropa —Bepn-
LITEUHA. >

2.10. OpauHansi

Kax Mer yxxe roBopuin, opodunaiom HA3BLIBAETCA HOPSI-
KOBBLII THUII BIIOJHE YIOPSAIOYEHHOI'O MHOXECTBA, TO €CTh
KJIacC BCEX M3OMOP(MHBEIX €My YIOPAIOYEHHBIX MHOXKECTB
(ecTecTBerHO, OHU Oy IyT BIOMHE YHOPAIOYCHHEIMMU).

Ha opaunanax eCTeCTBEHHO OPe e saeTCsA JUHEHEIN [T0-
pAgoK. YTOOBI CPABHUTHL OBA OPAUHAIA U [3, BO3bMEM UX
npencrasurenn A m B. lpumenum Teopemy 22 m mocmo-
TpUM, Kakou u3 TPéx caydaeB (A m30MOPPHO HATAIBHOMY
oTpesky B, otamunomy ot Bcero B; muoxectBa A u B uso-
MOpdHLI; B n30MOPGHO HAYATHLHOMY OTPE3KY A, OTIuIHOMY
ot Bcero A) umeer mecto. B nmepeom caydae a < 3, BO BTO-
pom a = 3, B TpeTbeMm a > .

Meur 0OTBIEKAEMCS OT TPYAHOCTEN, CBA3AHHBIX C OCHOBA-
HUAMHE TEOpU: MHOXKeCTB (cM. pasgen 1.6); kak popMaIbHO
MOXHO OIPABAATH HAIMA PACCYXKIEHUA, MBI €€ O0OCYyIUM.
Iloxa 4TO0 OTMETHM HEKOTOPBIE CBOUCTBA OPUHAJIOB.
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e Mul onpemenwau Ha OPAWHAMAX JUHEMHLIM MOPSAIOK.
OTOT NOPAAOK Oy A€T TMOJIHEIM: JH00€ HEITyCTOE CeMen-
CTBO OPAMHAIOB UMEET HAMMEHBIIUU DIEMEHT (Teope-
Ma 23; pasHUIA JUIIb B TOM, YTO MEI HE yIOTPeOIIH
TaM CIOBA «OPAXHAMY, & TOBOPUIA O TPEICTABUTEIAX).

e IlycTb @ — HEKOTOpHI OpAMHAIL. PaccMoTpum Ha-
YaJabHBIN 0TPE30K [0, @) B Ki1acce opAuHATOB (06pa3o-
BAaHHEI BCEMU ODAMHAIAMY, MEHBIIUMU (¢ B CMBEICJIE
YKA3aHHOr'O MOPAAKA). DTOT OTPE30K YIOPALOUEH IO
Tuny @ (TO eCThb H30MOP(EH IPEeNCTABATENAM OpAU-
Hauma «). B camom pnene, mycte A — omuH m3 mpen-
crasuresnen opauHana «. OpauHaIL, MEHbLIINE ., CO-
OTBETCTBYIOT COOCTBEHHEIM (He CoBmajaromuM ¢ A)
HaJaJIbHBIM OTpe3kaMm MHoxecTBa A. Takwe orpesku
nmeroT Buj [0, a) 1 TeM CAMBEIM HaXOMATCS BO B3ANMHO
ONHO3HAYHOM COOTBETCTBAM C DJIEMEHTAMU MHOXKE-
ctBa A. (Jlerko mpoBepuUTH, YTO BTO COOTBETCTBUE
COXPaHAET MOPAIOK.)

CxazaHHOe MOXKHO TIepedhOpMYyINPOBATEL TAK: KAXK IBIN
OpAUHAI YyHOPALOYEH KAK MHOXECTBO MEHBIINX OpAU-
Hau0B. (B 01HOM 13 (HPOPMATBHEIX HOCTPOEHUN TEOPUN
OPpONHAJIOB Ka,}KII[bII‘/)I OpAVHAJ DaBE€H MHOXECTBY BCEX
MEHBIINX OpAXHAJOB. )

e OpauHal HA3LIBAETCA HENPEJEabHbIM, €CIU CYLECTBY-
€T HelmoCPEICTBEHHO IPEAIIeCTBY LMY eMy (B CMBICIE
YKA3aHHOrO MOPAAKA) opauHaua. Ecim Takoro HeT, op-
IUHAT HA3KIBAIOT NPedesbHbiM.

e Jlio60e OrpaHWYEHHOE CEMEUCTBO OPAWHAJIOB MMEET
TOYHYIO BEPXHIOK FPaHb (HAMMEHBIIUY OPAXHAJ, 6OIb-
MUl WIM DAaBHBEIM BCEM OPAMHAJIAM CEMENCTBA). B
CaMOM [Jejie, BO3bMEM KAaKOU-TO OpAuHAI [, ABJIAIO-
[UICA BepXHEW CpaHuler. 1orga Bce OpAUHAILI Ce-
MEUCTBA M30MOP(HLI HAYAILHLIM OTPE3KAM MHOXKEe-
crBa, B, mpencrasastomero opauaan (. Eciu cpemm
BTHUX OTPE3KOB eCTh camo B, T0 8 GyaeT TOIHON Bepx-
Hel rpaHblo (1 HAXOONBIIUM DIEMEHTOM CEMEKCTBA).
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Ecan mer, To 5TH orpesku nmeoT Bug [0,b) gusa pas-
JIMYHEIX 37eMeHTOB b € B. PaccmoTpum MHOXECTBO S
BCex Takux aieMeHToB b. Eciu S we orpanuveno B B,
TO (3 GymeT TOYHOU BepxHeu rpambio. Ecim S orpa-
HUYEHO, TO OHO MMEET TOYHYI0 BEPXHIOI CPAHb S, U
[0, s) GymeT TOYHOU BEpXHEU I'PAHBIO CEMEUCTBA.

MoOXHO CKa3aTh, YTO CEMEUCTBO OPAWHAIOB — DTO KAK
OBl YHUBEPCAALHOE BIIOJHE YIOPSIIOUYEHHOE CEMEUCTBO; JIH0-
60€ BIIOJHE YIIOPAJOYEHHOE MHOXECTBO M30MOPGMHO HEKO-
TOPOMY HAYAIBHOMY OTPE3Ky ITOrO ceMmencrsa. llosTomy
MBI HEMEIJIEHHO HPUAEM K IPOTUBOPEUMIO, €CIN 3aXOTUM
PacCMOTPETh MHOXKECTBO BCEX OPAUHAJIOB (BEAbL NI BCSA-
KOr'0 BIIOJHE YHOPAAOYEHHOI'O MHOXECTBA €CTh emé O0Jb-
mee — nO0GABUM K HEMY HOBBIU DJIEMEHT, OOIBIINY BCEX TIpe-
OBLIYINX). DTOT MAPAJOKC HA3EIBAETCA napadokcom Bypa-
au-Dopmu.

124. [JoxaxwuTe, 9TO TOIHAA BEPXHAA I'DAHb CIETHOI'O UMCIA
CY€THBIX OPAVHAIOB CIETHA.

Kak xe paccyxgars 06 OpAMHAIAX, HE BHAAAsA B IPOTH-
Bopeuus? B npuHnmme MOXHO 3aMEHATH yTBEPXKIEHUS 00
OpAVHAMAX YTBEPKACHUAMU O UX HPENCTABUTENAX U BOC-
[IPUHAMATDL YIOMUHAHUASA OPAXHAIOB KAK «BOJLHOCTD PEYmy.
[pyroun noaxon (npenaoxenus pon Hermanom) npumens-
€TCs IPYU AKCUOMATUYIECKOM IOCTPOEHUN TEOPUU MHOXKECTB,
7 COCTOUT OH IPUMEPHO B CJACAYIOIIEM: MBI OOBABIIEM Ka-
XK OPAUHAT PABHEIM MHOXKECTBY BCEX MEHBIIUX OpIUHA-
a0B. Torga muruMansaEm opausan 0 (MOPAIKOBLIA THUI ITy-
CTOr0 MHOXKECTBA) OyJeT IMyCTHIM MHOXECTBOM &, CJICLYIO-
Y 33 HUM OpAuHAT 1 (HOPSAKOBEIU TUI OJHOSJIEMEHTHOIO
muoxecrsa) Oyger {0} = {@},3arem 2 = {0,1} = {2, {2}},
3=40,1,2} ={2,{g},{9,{9}}},4=1{0,1,2,3} m T. x. 3a
HUMU CJEIyeT OPAUHAT W (TOPAIKOBEIA TUI MHOXECTBA Ha-
TypanbHBIX uucen), pasubm {0,1,2,3,...}, morom w + 1 =
= {0,1,2,3,...,w}, morom w + 2 = {0,1,2,3,...,w,w +
1} u 7. 1.

M=ur He OygeM TOBOPUTBH HMOAPOOHO 00 AKCHMOMATHYEC-
ko Teopuu MHOxecTB llepmeno—®Ppenkens, HO gBa 00-
CTOATENBCTBA CIEAyeT MMETb B BUIy. BO-NIEPBHIX, B HEU
HET HUKAKUX OOBEKTOB, KPOME MHOXECTB, U €CTb aKCU-
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OME IKCMENCUOHAALHOCTY (U 06BEMHOCTIL), KOTODAs
TOBOPHUT, YTO OBA 00BEKTA, COJEPKAIIIE ONHN U T€ JKe dle-
MEeHTHI, paBHEL IloDTOMY CyumiecTByeT JUINL OAWH OOBEKT,
He COJepXalmil dJIeMeHTOB (IIyCcTOoe MHOXECTBO). Bo-BTO-
PHIX, B HEU €CTb aKCuoma Hynduposanus, KOTOPas TOBOPUT,
YTO OTHOHIEHWE € (PYHIUPOBAHO: BO BCAKOM MHOXKECTBE X
€CTb DJIEMEHT, SBJSIOMUNCS €-MUHUMAIBHEIM, TO €CTh De-
vent £ € X, mua koroporo X Nz = &. Orcioga creayer,
YTO HUKAKOE MHOXKECTBO I HE MOXET OBITbH CBOMM DJEMEH-
ToM (MHAYE MIA MHOXKECTBA {I} HAPYATACH OBl AKCHOMA
dbysaIUpOBaHY).

125. BriBegure m3 akCuOMbl (DYHIVWDPOBAHUA, UTO HE CYyIIe-
CTBYET MHOXECTB I, ¥, 2, AJA KOTOPBIX L € Yy € 2 € T.

DPunocopCKku HACTPOEHHEIX MATEMATUK OOBACHUI OB
CMBICJ aKCHOMBI (DYyHAUPOBAHUA TAK: MHOXECTBA CTPOATCA
73 paHee MOCTPOEHHLIX MHOXKECTB, HAUYWHAA C MYyCTOrO, U
HOBTOMy BO3MOXHa MHOYKIOWA 10 HOCTpoeHI/IIO (rlIOKaShIBa.ﬂ
Kakoe-mmb0 CBOMCTBO MHOXKECTB, MOXHO PaCCyXIATb WH-
OYKTHBHO U TPEAIONAaraTb, YTO OHO BEPHO A BCEX €ro
DJIEMEHTOB).

Teneps MOXHO OIpeReauTL OpIWHAIE Tak. Byxem ro-
BOPUTB, YTO MHOXECTBO T MPAH3UMUBHO, €CI BCAKAU DiIe-
MEHT MHOXECTBA T SBISETCS [I0JMHOXKECTBOM MHOXECTBA, T,
TO €CTb eciu M3 z € y € x caenyeT z € x. Haszosém op-
JuMAAOM TDPAH3UTUBHOE MHOXKECTBO, BCAKUAU DIEMEHT KOTO-
pOro TpaH3uTUBEH. JTO TPeOOBAHUE IAPAHTUPYET, ITO HA,
BIEMEHTAX JI060r0 OpAUHALS, OTHOIIEHNE € ABIAETCA (CTPO-
CUM) 9aCTUYHBIM TTOPAIKOM.

Axcroma GyHAMPOBAHUSA TAPAHTUPYET, YTO IACTUIHBIN
IOPALOK € Ha JI0OOM OpAWHAJE ABIACTCA PYHIUDPOBAHHEIM.
ITocne TOro no MHAYKIAM MOXHO NOKA3ATh, YTO OH SIBJI-
€TCA JUHENHEIM (U, CJEI0BATENLHO, TIOMHBIM ).

126. (a) Ucnoms3ysa ompegeneHMe OpAWHATA KAK TPAH3UTUB-
HOT'0 MHOX€CTBA C TPAH3UTUBHBEIMY DIEMEHTAMH, JOKAXKUTE, ITO
SIEMEHT OpAWHAIA ecTh opamHarl. (6) Ilycts a — opaunan (B
CMBICTE JAHHOIO HAMU OIpefereHus). [JOKaxXuTe, 9TO OTHOIIE-
Hue € Ha HEM ABIAETCA IaCTHYHBIM HOpAAKOM. (B) Jlokaxkwure,
9TO A4a IIO0GBIX DIEMEHTOB @,b € (v BEpHO POBHO OJHO M3 TPEX
cooTHomeHny: 1u60 a € b, m6o a = b, mbo b € a. (Ykazanue:
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WCHOIB3YUTE NBOMHYIO WHAYKIWIO N0 (PyHAMPOBAHHOMY OTHOIIE-
HUIO € Ha (, & TAKXKE aKCHOMY JKCTeHCHOHaabHOCTH.) () [loka-
XWUTe, ITO OJUH OPAWHAI M30MOP(PEH COOCTBEHHOMY HAYaJIbHO-
My OTPE3KY APYT'Oro TOrJA M TOJIBKO TOI'JA, KOI'Ja ABIAETCI €ro
snemenToM. (Takum 06pa3om, OTHOmEHWE < HA OPAXHAIAX KAK
YIOPAAOYICHHBIX MHOXE€CTBAaX COBIaJaeT C OTHOLICHUEM IIPUHA A~
IeXHOCTH.) [JOKaXuTe, 9T0 KaX LI OpAUHANL ABIAETCA MHOXE-
CTBOM BCE€X MEHBIINX €r0 OPAWHAJJOB.

3aMeTuM emg, ITO eCAN KAXKILIM OPAMHAIL €CTb MHO-
XKEeCTBO BCE€X MEHBIINX €r0 OPAUHAJOB, TO TOYHAsA BEPXHAA
I'PaHb MHOXKECTBa OPAUHAJOB €CTh UX Oﬁ’Be,Z[I/IHeHI/Ie.

Mur me OyaeMm mogpOOHO pPa3BMBATH DTOT MOAXOH U
mo-pexHeMy OyleM HAWBHO IPENCTABIATEH ceGe OpaMHAJIEL
KaK TTOPAAKOBBIC TUIHEI BIIOJTHE YIIOPATOYCHHBIX MHOXECTB.

IIpexge 9em MEPenTH K CAOKEHUIO M yMHOXKEHUIO Op -
HaJIOB, OTMETUM TaKOe CBOﬁCTBO:

Teopema 37. Ilycte A — mOAMHOXECTBO BIOJIHE YIOPS-
NOYeHHOro MHOXecTBa B. Torga mOpAIKOBEIA TUM MHOXKE-
cTBa A He IPEBOCXOAUT MOPALKOBOIO TUIIA, MHOXeCTBa B.

< OTMeTuM Ccpasy ke, 9TO PABEHCTBO BO3MOXHO, NaxKe
ecin A ABaseTcsa cOOCTBEHHBIM moAMHOXecTBOM B. Hampu-
Mep, JYE€THBIE HATYPAIbHEIE YHUCJAA UMEIOT TOT K€ IOPIIKO-
BI:II‘/)I TUII W, 9TO U BCEe HaTypaJII)HI:Ie qucia.

Paccyxgas oT mpOTUBHOIO, IPEIIOI0KUAM, ITO HOPSII-
KOBEIM Tyl MHOXecTBa A Gombine. Torna B waomopdHO He-
KOTOPOMY HAYAILHOMY OTPE3KYy MHOXKECTBA A, HE COBIAIA-
romemy co BceM A. Iycrs ag — Bepxuss rpanuna (8 A)
3TOrO0 OTpE3Ka, a f: B — A — COOTBETCTBYIOIMN U30MOP-
¢umam. Torga f crporo Bospacraer u moromy f(b) > b ama
Bcex b € B (Teopema 17). B wactuocTn, f(ag) > ag, HO mo
npeanonoxennio o6oe 3uadenne f(b) menwbme ag — npoTyu-
BOpetne. >

2.11. ApudmeTrka opamHanoB

M&r onpegenny CyMMy U IIPOU3BEEHUE JUHENHO YIOPS-
IOYEHHBIX MHOXECTB B pasaene 2.1. (Hanomuum, uro B A +
+ B saemenTnl A mpenmecTByioT saeMentam B, aB A X B
MEI CHA4YAJ1a CPDABHUBAEM B-KOMIIOHEHTEI Iap, a B CIy4ae uX
paBeHCTBa — A-KOMIIOHEHTEL. )
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JIerko npoBepuTh CIEAYIOMUE CBOUCTBA, CIOKEHU:
o Cuoxenne accommarusro: o+ (8 +7) = (a+ 8) + 7.

o Croxenue He KOMMYTaTUBHO: Hampumep, 1 + w = w,
HO W+ 1 # w.

e QOueBnguo, a+0=04+a = a.

o CymMma BO3pacTaeT mpu POCTE BTOPOro ApIyMEHTA: €C-
m By < B2, To a+ 1 < a+ f2. (B camom gene, nmyctb
$1 “30MOP(HHO HAYATHLHOMY OTPE3KY B [2, OTIUIHOMY
ot Bcero 3. [JobaBuMm kK >TOMY M30MOPGMUIMY TOXK e~
CTBEHHOE OTOOpaXKeHNe Ha (@ ¥ [TOLY4UM U30MOphUsM
MeXay o + [f; ¥ Ha4aIbHBEIM OTPE3KOM B & + 3, OT-
JUYHEIM OT & + f5.)

e CymMa HeyOBIBaeT IPU POCTE IIEPBOIO APIyMEHTA: €C-
m oy < a, T0 a1 + 8 < az + 8. (B camom gneue,
a1 + 3 m30MOPGHO MOAMHOKECTBY B g + 3. ITO mOI-
MHOXECTBO HE€ ABJACTCA HAYAJbHBIM OTPE3KOM, HO MbI
MOXeM BOCTIOMB30BATHCA Teopemon 37.)

e OnpegeneHue CyMMEBI COTVIACOBAHO ¢ 0603HAMEHTEM .+
+ 1 gaa crenyromero 3a « opauHana. (3necs 1 — mo-
PAAKOBLII THI OJHOIEMEHTHOrO MHOXeCTBA.) Cneny-
ouwM 33 « + 1 opgunanom Gyger opaunarn (a + 1) +
+l=a+(1+1)=a+2ur.za

e Fcim @ > 3, TO CymecTByeT €IMHCTBEHHEIU OpPIU-
HAI 7, A2 koToporo B + v = «. (B camom gneme,
B m30MOpGHO HAYANIBLHOMY OTPE3KY B (¥ OCTABILIAACSH
4acTh @ 1 OyaeT UCKOMEBEIM OPAMHAIOM Y. Enuncreen-
HOCTBb CJIerqyeT 13 MOHOTOHHOCTHU CJIOXKEHU II10 BTOpO—
My apryMeHTy.) 3aMeTHUM, 9TO JTy OHNEPALMIO MOXHO
HA3bIBATDH «BBIYUATAHUEM CJIEBAY.

e (Buruuranue cupasay, HAIPOTUB, BO3MOXKHO HE BCETAa.
Ilycte @ — mexkoTopwm opauuai. Torga ypasHenwe
B+ 1 = «a (oTHOCUTEIBHO [3) MMeeT pelleHne TOraa,
¥ TOJBKO TOT[a, KOTJA ( — HEMPENETbHEU OPJUHAT,
(T.e. KOrga o mMeeT HAMOOJIBIINN SIEMEHT).
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Omnpenenerne CyMMEI AByX ODOWHAJOB B CHIY ACCOIMA-
TUBHOCTH MOXHO PAaCIPOCTPAHUTEL HA JIOO0€ KOHEYHOE M-
cI0 opAumHANOB. MOXHO ONpeReanTs W CyMMy 07 + Qo +
+. .. CYETHOU MOCJAEIOBATEILHOCTH OP AVHAIOB (3JIEMEHTHI (;
IpEIIIeCTBYIOT dIeMEHTaM (y TpH ¢ < j; BHYTPH KaXJO-
ro «; nopanok npexxmi). Kak Jerko npoeeputsb, 3T0 MHO-
XKECTBO IEUCTBATEILHO Oy A€T BIIOJIHE YIOPAIOIEHHEIM: ITO-
OBl HATY MUHUMAJILHEIN DJEMEHT B €0 IIOAMHOXECTBE, Pac-
CMOTPUM KOMIIOHEHTEI, KOTOPHBIE 3TO IOAMHOXKECTBO 33,1€Ba-
eT, BEIOEpEM M3 HUX KOMIOHEHTY C HAMMEHBLIINM HOMEPOM
¥ BOCIIOMB3YEMCA €€ TIOMHON yTIOPATOICHHOCTDIO.

B 5TOM mOCTpOEHNN MOXKHO 3aMEHUTH HATYPAJLHEIE M-
CJIa HA DIEMEHTHI MPOU3BOJLHOIO BIIOJHE YIOPALOYEHHOTO
muOX)ecTBa | m onpenenuTts cymmy » . A; CEMENCTBA BIOJHE
YTIOPANOYIEHHBIX MHOXECTB A;, HHIEKCUPOBAHHOTO 3JEMEH-
Tamu I, Kak TMOPAJKOBLIM TUI MHOXECTBA BCEX Map BUA,
(a,1), pas xoroprix a € A;. llpu cpaBHeHuu map cpaBHUBA-
IOTCS BTOPBIE KOMIIOHEHTEL, & B CIy9Yae PABEHCTBA U MTEPBEIE
(8 coorBercTBywomem A;). Ecin Bce A; maomopdHBL 01HO-
My ¥ TOMY X€ MHOXKECTBY A, MOMydaeM yKe u3BECTHOE HaM
onpenenenue npouseenenus A x 1.

Teneps nepenémM K yMHOXKEHUIO O JUHAJIOB.

e Yuuoxenue accouuatusHo: (af)y = a(By). (B camom
aese, B OGOUX CIy9asx IO CYIIECTBY HOMyYaeTCA MHO-
XKECTBO TPOEK; TPOUKU CPABHUBAIOTCA CHPABA HANEBO,
MOKa He OOHAPYXUTCA PA3IAIVE. )

e YMHOXEHNe He KOMMYTATHUBHO: HAIPUMED, 2 W = W, B
TO BpeMs KaK W - 2 7# w.

e OueBnguo, ¢-0=0-a=0na-1=1-a=a.

e Brmmosmmsercs OZHO ¥3 CBOMCTB NUCTPUOYTUBHOCTH:
a(f +v) = aB + ay (HenocpeaCTBEHHO CaegyeT u3
onpenenenus). CUMMETPUIHOE CBOUCTBO BBEIIOTHEHO
me Beerga: (1+1) w=w#w+w.

e Ilpowseesenre CTPOrO BO3PACTAET NPH YBEIMIECHUU
BTOPOr0 MHOXKUTENA, eciu nepsuin He pasen 0. (Jms
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pa3HoOOpasusa BEIBEJEM JTO M3 paHee TOKA3AHHBIX
cBouCTB: ecam B > [1, To B2 = f1 + §, Tak 9TO
aBs =a(f1 +6) = afy +ad > af.)

IIpousBenenue He yOBIBAET NMPU BO3PACTAHUM TIEPBOTO
muoxurens. (B camom gese, ecimu o < g, TO a1 f u30-
MOpPGHO MOAMHOXKECTBY Qof3. DTO MOAMHOXKECTBO HE
ABIAETCA HAMAMBHBIM OTPE3KOM, HO MOXKHO COCIATHCA
Ha Teopemy 37.)

Jlrobou opauHaa, MeHbIY ¢, OMHO3HAMHO MIPENCTa-
BuM B Buge aff’ + o/, roe B/ < fuad < a.

(B camom gese, mycTs MEOXECTBA A u B ynopsAnoIeHsn
mo Tunam & u f. Torga A X B ymopsgo4eHo 1o TUILy
aff. Beakun opausat, MeHbImn of, €CTh HAYAJILHEIN
oTpe3ok B A X B, OrpaHrYeHHBIN HEKOTOPHIM BJIeMEH-
ToM (a,b). Havansuem otpesok [0, (a,b)) cocrout us
map, y KOTOPLIX BTOPOU WIEH MEHbIIE b, a Takxke u3
map, y KOTOPEIX BTOPOU WIEH PaBeH b, a MePBHEIX MEHb-
me a. OTCIoa CrefyeT, 9TO TOT HAYAIbLHLIN OTPE30K
mzomopden A x [0,b) + [0,a), Tax aTo ocragrcs momo-
xuth 3 =[0,b0) m ¢ = [0, a). Teneps npoBepuM 0gHO-
3HAYHOCTE. llycts af’' +o’ = af”’ +a”. Ecm ' = 37,
TO MOXHO BOCIOJIb30BATHCA OJHO3HAIHOCTBIO JEBOI'O
BLIYUTAHUA U MOIYyIUTh, 9T0 o = o', Ocraérea npo-
BEpUTH, 9TO (' He MOXeT OLIThb, CKaxkeM, MenbIte 3.
B arom cayuae 7 = ' + 06, u cokpamasn af’ ciesa, mo-
Jyaum, 910 & = ad + @', 9T0 HEeBO3MOXKHO, TaK Kak
JIEBAs 9aCTb MEHBIIE (v, & MPaBasg IaCTb OOJBILE WK
paBHa Q.)

AmanmoruvHoe «IeseHure ¢ OCTATKOM» BO3MOXKHO U [JIA
mobsx opanHaioB. Ilycts a > 0. Torga aro6ou opau-
HaJ 7y MOXHO Da3[eauTb C OCTATKOM HA (¢, TO €CThb
NPENCTAaBUTL B BUAE QT + p, rae p < Q, U IPUTOM
€IUHCTBEHHBEIM 00pa3oM.

(B camoM nesie, CyIIECTBOBAHUE CIEAYET U3 TPEIBITY-
IET0 YTBEPXKAEHUSA, HALO TONBKO B3ATH JOCTATOYIHO
6oabmoe 3, 9TOOL f OBLIO GOJBINE 7y, CKaxkeM, 3 =
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=+ 1. EquHCTBEHHOCTD NOKA3BIBAETCSA TAK XK€, KAK
U B IPEALLAYINEM IyHKTE.)

e TloBTOpsas meneHue ¢ ocTaTkoM Ha « > 0, MOXHO MO~
CTPOUTH HMO3UIUOHHYIO CUCTEMY CUUCJAEHUS LA O IU-
HAJIOB: BCAKUM OpauHAT, Menbmmi oft! (3mece k —
HATYPaJbHOE YUCJIO0), OMHO3HAIHO TPEICTABAM B BUIE
of B+ By _1+...+api+Bo, vae Bi, ..., Bi, Bo —

OPAWHAJBI, MEHBIINE Q.

127. [na xaxux opamuaios 1 + a = a?
128. [aa xkakux OpAUHAIOB 2 - @ =
129. Kakue opauHAJIBEI IPEACTABAMEL B BUAE W - Q.7

130. [lokaxure, 4T0o @@ + 8 = B TOraa U TOILKO TOr'Ja, KOTAa
aw < B (3gecy o m f — opAuHAIEL).

131. Joxaxwure, 9To ecaiu  + 8 = 3 + ¢ A1A HEKOTOPBIX OP-
OWHATIOB @ U [, TO HAUAETCA TAKOU OPAWHAL 7Y W TAKHE HATY-
pPaTbHBIE YUCIA M U N, 9TO @ = Yym 1 3 = yn.

132. OmpemeauMm omepamuio «3aMEHBI OCHOBaHWMA» ¢ k > 1
Ha | > k. YTOGBE NPUMEHNUTH DTy ONEPAIMIO K HATYPAIHLHOMY
9UCIy 7, HaJO 3aIUCATh N B k-WHHOU CUCTEMe CUUCIEHU, & 3a-
TEeM IPOIECTDb 3Ty 3amuch B [-maron cucreme. (OgeBngnO, IMCIO
IpU 3TOM BO3PacCTEéT, eCam OHO GbLI0 Goabime miz pasHO k.) Bosb-
MEM IPOM3BOJBLHOE YUCJIO N U GYJET BBINOJIHATHL HaJ HUM TaKUe
OIepanuy: 3aMeHa OCHOBAHUA C 2 HA 3 — BEIYMTAHUE €AVHULIBI —
3aMeHA OCHOBAHUA C 3 Ha 4 — BEIYUTAHNE €IUHUILI — 3aMEHA 0CHO-
BaHuA C 4 Ha 5 — BEIYUTAHUE eAUHUIEI — . . . JJOKaxwnuTe, 9TO PaHO
WIN IO3JHO MBI I'IOJIy‘-II/IM HYIb X BBIYIECTH e,zm}mny HE y,z(ac'rca.
(yKa:}aHHe: 3aMEHUTE BCE€ OCHOBAHUA Ha OPAWHAI W) l'IOJIy‘II/ITCH
yOBIBaOMAA TOCIEAOBATEILHOCTD OPAUHAIOB. )

2.12. HayKTuBHBbIE ONpeaeneHns u CTENeHu

M= onpe ey CIOXKEHNe U YMHOX€EHUEe OP TUHAIOB C IO-
MOIIBIO ABHBIX KOHCTPYKIWHU MOPAIKA HA COOTBETCTBYIOIINX
MHOXECTBAaX. BMeCTO 3TOro MOXxHO OBLIO OBI KX ONPENEINTh
MHAYKTHUBHO.
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Teopema 38. Croxenue opAuHATIOB 0013 0A€T CJIEIY O~
MM CBOUCTBAMU:

a+0=aq;
at+t(B+1)=(a+p)+1;
a+y=sup{a+ 8|S <~} ana npegeasroro v # 0.

OTU CBOUCTBA OJHO3HAYHO OIPENENAIOT OINEPALUIO CJIOXKE-
HWUA.

<1 [IBa mepBBIX CBOUCTBA, OYEBUIHBL, IIPOBEPUM TPETHE.
Ecma 8 < 7y, To a4+ < a+ 7y, TaK 9T0 @ + ¥ OyaeT BepxHEN
rpanunen Bcex cymm Buga « + [ mpu § < . Hamo npose-
PUTH, 9TO DTa IPAHUILA TOYHAA. IlyCTh HEKOTOPBLI OpIU-
HAJI T MEHBINE ¢ + 7. YOeIUMCs, YTO OH MeHbINE & + [ nis
HexkoToporo 3 < . Ecu 7 < a, Bcé oueBngno. Ecim 7 > a,
MpeacTaBuM €ro B Buge 7 = & + 0. Torma a + 0 < «a +
+ v um noromy o < 7. IlockoabKy OpaMHAT 7Y HpeneIbHEIN,
0 + 1 Takxxe MeHbIIE Y 1 OCTAETCA MOMOKUTE § = 0 + 1.

YkasaHHEIE CBOUCTBA OJHO3HAYHO OMPENENAIT Olepa-
IIUIO CTOXKEHUS, TAK KaK MPEICTABIAIT COO0U PEKYPCUBHOE
onpenenenue 1o 3 (€ciau eCTh B ONEPAIY CIOKEeHUA, 00aa-
NAOIIE DTUMHU CBOUCTBAMU, BO3bMEM MUHUMAIBLHOE [3, 0s
KOTOPOI'O OHU PA3JIMYal0OTCA U T. 4.). >

AHa.JIO]."I/I‘IHO MOXHO OIIpEAeINTh U YMHOXECHUE!:

Teopema 39. YMmuoxeHue opauHAIOB 0013 13a€T CIELYIO-
IUMHX CBOMCTBAMU:

a0 = 0;
a(f+1) =ab + o
ay =sup{af | B < v} ana npenersHoro vy # 0.

OTU CBOUCTBA OMHO3HAYHO ONMPENENAT OMEPALAI YMHOXKE-
HUS.

< [loka3aTelbCTBO AHAJIOIMYHO, HYXKHO TOJIBKO IIPOBE-
puTh, 9TO ecau T < @y IS TPENeIbHOro v, To 7 < af
st Hekotoporo 3 < «v. Kak mur Bugenu ua c. 101, opau-
Haa T umeeT Bug T = ay + o mpm v/ < 7; mocTaTodHO
nonoxuts 3 =" + 1. >
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BosuukaeT ecTeCTBEHHOE XKeJAHUE OMPEeIUTh Omepa-
IIUI0 BO3BEAEHUA B CTENEeHb. MBI yXe Mo CyIIecTBY Ompenenu-
JI1 BO3BEJEHUE B LEIYI0 MOJOKUTEJIbHYI0 CTeneHb (o ecThb
IPOM3BEEHUE T, COMHOXUTENCH, PABHEIX ). [Ipyrumu cio-
Bamm, ecii A yrmopsagOYeHO MmO TWIy (, TO MHOXeCTBO A™
[IOCJIEI0OBATENLHOCTEN IJIMHEL 1 C djeMenTamu u3 A ¢ o6par-
HEIM JIEKCUKOIDA(UIECKAM MOPALKOM (CDABHEHUE CIIPABA
HAJIEBO) YHOPSAOYEHO IO TUIy .

Caenyromuy mar — onpenenuts . Ilepsas uaes, npu-
XOJAMAA B FOJOBY — B3fATh MHOxkecTBO A GeckomevHBIX
MOCJIEJOBATEILHOCTEN U ONMPEIEIUTh Ha HEM MOJHBLIA MOPS-
nok. Ho xak ero BeBectu — Hescuo. [loaTomy MoxHO mompo-
00BaThH OMPENEIUTL 6038edeHue 6 CMmenekb UHIYKTUBHO C
TTOMOIIBIO CJAEAYIONAX COOTHOIICHUN:

a® = 1;
Pt =af g
" =sup{a® | B <~} paa npegeasroro y # 0.

Teopema 18 (0 TpaHCHWHWTHOU PEKypCUM) CaPAHTUPYET,
YTO BTU COOTHOIIEHUS OTHOSHAMHO ONPEIEIAIT HEKOTOPYIO
OIIEPAIUIO HAJ OPAVHAJAMU, KOTOPAs U HA3HIBAETCS BO3BE-
IEeHVEM B CTEIEHb.

3ameuvanune. TyT onaTh MBI TOAXOAUM K OMACHOU T'DAHU-
11 TapaJgOKCOB U BLIHYXKIEHBI BHIPAXKATLCA YKIOHYUBO. Ha
CaMOM [eJI€ TEOPEMA, O TPAHC(PUHUTHON PEKYPCUK FOBOPIIA,
06 ompeneneHry (PYHKIUY HA BIOAHE YIOPSIIOYEHHOM MHO-
KECTBE, 3 OPAVHAILI HE 00PAa3yT MHOXKECTBI, — UX CJIHII-
koM MHOro. Kpome Toro, B Heu muia pedb 0 QPYHKIUAX CO
3HAYEHWSIMHU B HEKOTOPOM 33JaHHOM MHOXECTBE, KOTOPO-
ro 3gecs Toxe Her. [logo6HbIE MHAYKTUBHLIE ONPENENeHUs
MOXHO KOPPEKTHO O0OCHOBATH B TEOPUM MHOXKECTB C UC-
[IOJB30BAHMEM TAK HA3LIBAEMOU GKCUOMbL NOJCMAKO8KY, HO
MEL 00 3TOM roBOpuTh He Oygem. BmecTo 5TOro Mur gaaum
SAIBHOE ONUCAHUE BO3BEIEHUA B CTENEHb, CBOOOTHOE OT DTUX
npobJeM.

YT0OBI HOHATH CMBICT BO3BEIEHWS B CTEIEHb, ITOCMO-
TPUM, KAK BHITIAAAT OpauHas « (I1s HEKOTOPOro «).
IIycte A — MHOXeECTBO, ymopsgodenHoe mo tumy . Op-
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OUHAI @ TI0 OIPEIEIeHUI0 eCTh TOYHAA BEPXHSAA IPAaHb A
s HaTypaabHbix 1. OpauHan a” eCTb MOPSAIKOBLIM THUIL
MHOxecTBa A", yHOPSALOYEHHOrO B OOPATHOM JEKCUKOIDA-
uaeckom nopsake. YToOOB HAUTY TOYHYIO BEPXHIOK I'DAHb,
IpEeNCTABIM MHOXECTBA A™ Kak HAYATBHEIE OTPE3KU APYT
npyra. Hanpumep, A? cocrour w3 map (ai,az) m oroxme-
CTBJIAETCA € HAYATbHEIM OTpe3koM B A3, cocTosmmm u3
Tpoek (ai,as,0). (3gece 0 — Hammenbmmy dreMenT B A.)
Teneps BugHO, YTO Bce MHOXecTBa A™ MOXHO paccMarpu-
BaTb KAK HAYAJBHBIE OTPE3KM MHOXECTBA A%, COCTOSIEr0
73 GECKOHEYHHIX IOCIEJOBATEILHOCTEN dg,d], - .., DJAEMEH-
THI KOTOPBIX NIPUHALIEXKAT A M B KOTOPHIX JWIIb KOHEIHOE
910 41eHoB oTian4dHO oT HyJs. (Ilocaeguee TpeboBanue ge-
JIaeT KOPPEKTHBIM OIpefeneHre 00PATHOI'O JEKCUKOTrpadhu-
YECKOr'0 TOPSAIKA — MBI HAXOAUM CAMYIO IPABYIO MO3ULMIO,
B KOTOPOU MOCIEAOBATEIBHOCTH PA3IAYAIOTCA, U CPABHU-
BaEM WX 3HAYEHWs B DTOU no3uuuu.) B oGwmenmueHuMu sTm
HAYAJIbHBIE OTPE3KHU HAI0T BCE A%, TaK 9TO 3TO MHOXECTBO
C ONUCAHHEIM MOPALKOM HMeeT THI a“.

Ananormvynoe yTBepXKA€HIE BEPHO U s JIOOOrO IOKAa-
3aTels CTEIEHN.

IIycte A m B — BnojHe yHOPSIOYEHHEE MHOXKECTBA,
uMeroIye nopsaakoBee Tunsl o 1 3. Paccmorpum MHOMXKECT-
BO [B — A] cocrosmee u3 orobpaxenun B B A, umerommx
(KOHEYHEIN HOCUTEb) (PABHBIX MUHUMAILHOMY 3aeMeHTy A
BCIOLY, 38 UCKJIIOYEHUEM KOHEYHOT'O0 MHOXKECTBA). BBemém
Ha [B — A] nopagok: ecmu f; # fa, BoOepeM HAXGOIBIIAN
saemeHT b € B, gua koroporo fi(b) # f2(b) u cpasaum fi(b)
n f2 (b)

Teopema 40. Ykazanuoe mpaBumio 3a4a8T MOJHBIA IIOPs-
JOK Ha MHOXeCTBe [B — A] ¥ NOPAAKOBBLIN TUII 9TOO MHO-
KECTBA, €CTh .

< Ham Ha10 IpOBEpUTH, YTO YKA3AHHBIU TOPSALOK SBILA-
€TCSL TOJHEIM U YTO BBINOJHEHBI TPEOOBAHUA UHIYKTUBHOT'O
onpegereHuss CTEIeHNU.

HazoséM wocumeaem saementa f € [B — A] mHOXecT-
BO Tex b € B, naa koropeix f(b) > 0 (3mecy 0 o6osmaua-
eT HauMeHbIml dneMeHT MHOXecTBa A). Hazosém panzom
byukuny f HanOOJBLIIMU DIEMEHT HOCUTENA (IO Ompefere-
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HUIO HOCUTEJb KOHEYEH, TaK ITO HAUOOJBIINYN DIEMEHT Cy-
mecTByeT). Panr onpenenés s Bcex QyHKOUME, KPOME TO-
XK IECTBEHHO HYJIEBOU, KOTOPAs ABJIAETCSA MUHUMAJILHEIM DJIe-
MeHTOM MHOXecTBa [B — A]. Yem 6oibine panr ¢yHKInm,
TeM 60JbIIe caMa, (PYHKIUA B CMBICIE BBEIEHHOTO HAMY MO-
pAIKA.

Iycrs mopsigok Ha [B — A] He ABAsSETCA MOMHBIM U fo >
> f1 > f2 > ... — yOBIBAIOIIAA MOCIEIOBATEILHOCTD D€~
MeHTOB [B — A]. Bee anementr f; oramuner ot 0; paccmo-
TPUM UX PAHTU. DTU DAHrU OOPA3yIOT HEBO3PACTAMIIYIO
HOCJIEI0BATEILHOCTD, TIO3TOMY HAYMHAA C HEKOTOPOT'O Me-
cTa CTabWIM3UpYTCA (MHOXKECTBO B BHOMHE ymopsazode-
HO). OT6pPOCUM HAYATBHBIN OTPE3OK U OyJeM CYUTATb, 9TO
€ CaMOr0 HaYaJIa PAHCU BCEX DJIEMEHTOB YOLIBAIOLIEH IOCIe-
[IOBATEIHLHOCTY ONWHAKOBEL U PABHLI HEKOTOpoMy b. B coor-
BeTCTBUU C orpenenenueM, suayuenus fo(b), f1(b), ... oGpasy-
0T HEBO3PACTAIUIYIO MOCIEIOBATEIBHOCTD, TOYTOMY HAMM-
Hasg C HEKOTOPOro MecTa crabmimsupyorca. OToépocus Ha-
YaJIbHBIM OTPE30K, OyJeM CIUTATh, 9TO BCE f; UMEIT Oqu-
HAKOBHI paHr b u oguuakosoe 3uHadenve f;(b). Torga 3ua-
venus f;(b) He BAWAIOT HA CDABHEHUS, X OTOMY UX MOXKHO
3aMeHuTH Ha (. [Toxyuum yOBRIBaOIIYIO TOCAEI0OBATEILHOCTD
anemenToB [B — A] ¢ panramu Menbiue b. ITo6H 3aBepImMTE
paccyXxaeHue, OCTAETCA COCIATHCA HA NMPUHLIUI WHIYKIUN
o MHOXeCTBy B.

(Bonee popmanbHO, pacCMOTPUM BCe GECKOHEIHO yORIBa-
OLIUE MOCAEL0BATEILHOCTH. Y KaXKOU U3 HAX PACCMOTPUM
DaHT IEPBOr0 IEMEHTa. PaccMOTPUM Te U3 HUX, Y KOTOPHIX
3TOT PAHT MUHUMAILHO BO3MOXHBIN; IYCTb b — 3TO MUHU-
MaJbHOE 3HaYeHue. B Mo60i Takou oCIe[0BATEILHOCTH BCE
DJIIEMEHTBI UMEIOT paHF b I/I3 BCE€X TAKUX IIOCIeJ0BATEIBHO-
cren fo > f1 > ... BuibepeM Ty, y koTopou 3Hadenue fo(b)
MUHZMAJIBHO; BCE CJACAYIOIIME €€ WIEHHI MMEIT TO XKe 3Ha-
genve B Touke b (T.e. fi(b) = fo(b)). 3amenus 3HaueHme B
TO4YKe b HyJéM, NOLyInM GECKOHEYHYIO YOLIBAIOUILYIO IIOC/Ie-
IOBATEILHOCTD U3 BJIEMEHTOB MEHBIIET'O PAHra, YTO IPOTHU-
BOPEYUT MPETOIOKEHNIO. )

Tenepsb MOKAXEM, YTO TAKOE ABHOE ONPENEICHUE CTEre-
HU COIVIACOBAHO C MHAYKTUBHBIM onpenenerueM. s koHed-
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HEIX 7 5T0 oueBuHO. Ilycts v = S+1. Kakoso (sBHOE) Onpe-
neneuaue 7?7 Iycte B ymopsapodeno no tumy 3. Torga Mer
OOLKHEL 106aBUTHL K B HOBbI Haubombmun sneMenT (060-
3HAYVM €r0 M) U PAcCMOTpeTh oTo6paxkenus BU{m} — Ac
KOHEYHEIM HOcuTereM. JCHO, 9TO Takoe 0OTOOpakeHue 3a,1a-
éTCs TApOU, COCTOAIEN U3 ero CyxeHus Ha B (koTopoe Mo-
xKeT OBITH IPOM3BOIBLHEIM JIEMEHTOM MHOXeCTBa [B — A])
7 3HadeHus Ha m. [Ipu onpeneneHUy MOPAIKA MBI CHAYALA
CPABHUBAEM 3HAYEHUs HA M, & IOTOM CyxeHus Ha B, TO
€CTh MOJIy9IEeHHOE MHOXKECTBO m30MOpdHO [B — A] X A, uto
u TpeOOBAIOCH.

IIycTe Temepnb 7 — HEHYJEBOU MpeNeIbHEIN OpIUHAL U
muOXxecTBO C' ymopsgodeno mo tumy . Kak ycrpoeso MHO-
xecTBO [C' — A]? DieMeHTHL, PAH KOTOPHIX MEHBIIE ¢ €
€ C, 06pa3yoT B HEM HAYAJILHEIN OTPE3OK, U DTOT HAYAIb-
HEIN O0Tpe30K m3omopden [[0,¢) — A]. A camo mHOXeCT-
BO [C — A] sBaserca 00BeAMHEHUEM DTUX HAMAIBHEIX OT-
PE3KOB (IOCKONBKY KAXKIBIA DIEMEHT 3TOI0 MHOXECTBA, ME-
€T KOHEYHBI HOCHTEIb) U IOTOMY €ro MOPSAKOBBIM THII
ABIAETCA TOYHOU BEPXHEU TPAHBIO UX MOPAIKOBBIX TUIIOB,
9T0 U TpebOBATIOCH. >

HenocpeacTBEHHBIM CJI€ICTBUEM TOU TEOPEMHEI ABISAETCA
TaKOe yTBep)KrlIeHI/Ie:

Teopema 41. Ecu a u f — cuérHBe Op AUHATLL, TO o+ [3,
af n of caérHmL.

< Ilnst CyMMBI U IPOM3BEIEHUS Y TBEPK JEHUE OYEBUJHO.
s creneHu: ecay MBI IPOHYMEPOBAIK BCE DIEMEHTEI BIIOJ-
HE YIOPALOYeHHHIX MHOXecTB A u B, To 110601 >JIeMeHT
muOXeCTBa [B — A] MOXeT ObITb 3a1aH KOHEIHEIM CIIHC-
KOM HATYDAIBHEIX 9UCEI (HOCHTENb U 3HAICHUA HA DIEMEH-
TaxX HOCUTENA), & TAKAX CIUCKOB CIETHOE YUCIO. [>

133. Moxaxwure, aro ot = of - @” gBymsa cmoco6amm: mo
VHIYKIIVA U C UCIOJL30BAHUEM SABHOI'O ONPENEICHUS CTEICHMU.

134. Jokaxwure, aro (of)” = a7,

135. Mokaxwure, 9uTo ecam o > 2, To & > af.

136. Moxaxwure, 9To ecan w” = a + [ A4 HEKOTOPBIX OPAU-
HAJIOB @, 3 u 7y, To m6o B = 0, aubo f = w”.

137. Kaxwe opguHAanbl HEIB3sS NPEACTABUTH B BUAE CYMMBL
OBYX MEHBIINX OPAUHAIOB?
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138. JoxaxuTe C46THOCTD &° A CIBTHEIX @ 1 B, MCHOIB3Y A
MHAYKTUBHOE ONPeeJeHNe CTEeNeH!.

139. Jan HEKOTODBIA OpAMHAL @ > 1. YKaXuTe HAaNMEHbIII
opguran 3 > 0, aas koroporo aff = (. (Ykasanue: uto Gyger,
ecIm yMHOXUTBH % Ha cremenHoi pag 1+ + 22 + 23 +...7)

OTMeTHM BaXKHYIO DA3HUIYy MEXIy OIEpaIen BO3Bene-
HUsS OPAVHAJOB B CTENEHbL U PAaHEE PACCMOTPEHHBIMU OIe-
DALMY CJIOXKEHUS U YMHOXeHUs opaumHajioB. Ompenesss
CyMMy U TPOUM3BEJEHVE OPAUHAIOB, MEI BBOAUIM HEKOTO-
PBIF TOPAMOK HA CYMMe U IPOU3BEIEHUN COOTBETCTBYIOIMX
MHOXeCTB (B OOBIMHOM CMBICJE), 30€Ch K€ CAMO MHOXECT-
BO [B — A] onpegenserca ¢ yI6TOM HOPAJKA W OTIMIHO
or AP. (B wactHOCTH, mpu cuéTHEIX A W B MHOXeCTBO
[B — A] caétro, a AP — mer.)

SBHOe onucanue MHOXeCTBa [B — A] n03BOISIET IOHATE,
KAK yCTPOEHBI €r0 HAYAIbHBEIE OTPE3KH, TO €CTh KAKOM BIJ
VIMEIOT OpANHATL, MeHbIme o .

PaccmoTpum HekoTopyio dyukimio f € [B — A]. Ilycts
OHA OTJIUYHA OT HyJsA B TOYKAX by > b > ... > by u mpu-
HUMAET TaM 3HAYEHUs di, 42, - - ., ;. HaC MHTEPECYIOT BCE
dyuxuun, meubinue Gyskun f.

Bce onm paBHBI Hymo B Toukax, Goabmux by. B ca-
Mou TodYke by OHM MOryT OLITh JuGO MEHBINE a1, Ju6O
paBHEL a;. Jl100asg QYHKIMA TEPBOTO TUIMA MEHbINE JH60U
dyuxiuu BTOpOro Twma. PYHKIUK TMEPBOrO TUIMA MOLYT
MPUHUMATEL JIOOLIE 3HAYEHUSA B TOYKAX, MEHBLIINX by, a B
Touke by umeroT 3Havenue u3 [0, a;). TeM caMBIM UX MOXHO
OTOXIECTBUTH C daemeHTammu MHOXxeCTBa [[0,b1) — A] x
x [0,a1), n mpm 5TOM OTOXZECTBICHNN COXPAHAETCS MOPS-
NOK.

@®ynkimu BTOPOro Tuna (PaBHBIE G B TOYKE by) CHO-
Ba pa3bUBAIOTCA Ha [IBE KATETOPUU: T€, KOTOPEIE B TOY-
ke by MeHbINE Az U Te, KOTOPEIE B by paBHBI az. Pyukimm
MEepBON KATerOpUM OTOXAECTBIAIOTCA C DJIEMEHTAMU MHO-
xectBa [[0,b2) — A] x [0, az). PyHKIMM BTOPOUN KATErOPUN
CHOBA pa300bEM HA YaCTU B 3aBUCUMOCTH OT WX 3HAYEHUS B
Touke by m T. 5. Takmm o6pasowm, [0, f) xkak ynmopssodeHHOe
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MHOX€eCTBO M30MOP()HO MHOXKECTBY

[[0,b1) — A] x [0,a1) + [[0,b2) — A] X [0,a2) + ...+
+[[0,b) — A] x [0, ag).

Ilepexoas k opamHasaM (HAIAIBHBIE OTPE3KN — DTO MEHB-
ye OPAUHAJEL), HOLYyIaeM TaKOe yTBEDKJCHUE:

Teopema 42. Besxwmit opausan, MeHbmmi of , mpegcTapia-
eTCA B BUJE

aﬁlal + a52a2 +...+ aﬁ’cak,

rae B> B1 > P2 > ... > Br, a ar,as,...,a < a. Takoe
[peCTaBIeHNe OJHO3HAYHO 1 J00aA CyMMa, YKA3aHHOI'O BU-
13 ABIACTCA OPAUHAIOM, MEHBITIM °.

<! BO3MOXHOCTBE TAKOr'0 MPENCTABIEHUS MBI YK€ TOKA-
samu. Ilocrennee yTBepxkgeHue Creqyer U3 TOro, 9TO I0basd
CyMMa TaKOr'O BUId ABJIACTCA HAYAJIBHBIM OTPE3KOM B MHO-
xectBe [B — A] (rge A u B ynopsgodeHHl IO THUIAM &
u ) 1 Pa3HBIM CyMMaM COOTBETCTBYIOT DA3HBIC HAYAILHBIE
OTPE3KU. >

IT0 yTBepxkaeHue OO0O0IIAET OMUCAHHYIO HAMU DAHEe
(c. 102) «no3nnmonHy0O CucTEMy O603HAMEHN ¢ OCHOBAHWEM
Q» I OPpAUHAJOB, MEHBIINX ak; Tenepb BMECTO k MO2XHO
KCTIONb30BATH JIO00U Op IUHAI.

MoxHO 6BLIO OBI CPaA3y CKA3aTh, YTO DIEMEHTAMU MHO-
xecTBa [B — A] sBasiorcs GpopManbHEe CyMMEI BIAA

0/31041 + aﬁzag + ...+ aﬁkak

(rme 8> B1>...>Bruaq,...,a < @) C €CTECTBEHHEIM
HOPAIKOM Ha, HUX.

Temeps yxke TOHATHO, KAK YCTPOCHLI OP AMHATLL B OCTE-
IOBATEILHOCTH

w?, w@)

IlepBbmt 3 HUX 0OPA3OBAH «OJHODTAXKHLIMUY BHIPAKEHUAMEI
B
b1 b2 b
wtar +wias + ... +wrag,
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rge a; u b; — HarypambHeie uucaa (u by > ... > bg). Eciu B
KadecTBe by, ...,b; Pa3pPElUTh MUCATH JIOOLIE «OJHODTANK-
HEIE» BEIPAXKEHUs YKA3AHHOI'O BUA, TO IOJYyYEHHBIE «IBYX-
DTAKHEIE) BEIPAKEHIA yIopagodeHsr mo tumy w'“”). Paspe-
IIIUB B ITIOKA3aTEJAX I[[ByXBTa)KHI)Ie BI)Ipa,)KeHI/I}I7 MBI HOJIy‘{I/IM
TPEXDTAXKHEBIE BEIPAKEHUs, KOTOPEIE OOPA3yIOT CJIEIY O
opauHaa u T. 1. Ecium o6befuHATE BCE DTU MHOXECTBA, TO
€CTb HEe OrPAHUYMBATEL YUCIO DTaXKen (KOTOPOe A KaX 40~
IO BEIDAXKEHWUS TEM HE MEHee KOHEYHO), TO HMOLYIUTCA MHO-
JKECTBO, YIOPSAIOICHHOE IO THUILY

sup(w,w*,w®) ..

ITOT OpAMHAI 0003HAYAETCA €.
140. Joxaxwure, 4TO

co=w4w’ +w¥) ...

141. OnpenemnM A1a HATYPAIBHBIX 9UCEI ONEPALNIO «TOTAIb-
HOU 3aMeHBI OCHOBaHWA k Ha I (3geck k u | — HaTypanbHbIe
uncaa, npmiéM | > k) caeayrommM 06pa3oM: JAaHHOE UHUCIO 1 3a-
numeM B k-WYHOUW CUCTEME, TO €CTh Pa3JOoXUM IO CcTemeHaM k,
IOKA3aTEIN CTENEHEN CHOBA 3AINIIEM B k-UIHOU CHCTEME, HOBEIE
IOKA3aTEIN TAKXKE PA3I0KVUM U T. . 3aTeM Ha BCEX YPOBHAX 3a-
MEHHUM OCHOBaHWe k Ha OCHOBaHME | ¥ BHIYNCINM 3HAYEHNE IOJIY-
YUBIIErOCsA BhIpAXkeHuA. [[OKaxuTe, 4TO HAYAB C IGO0 N U BhI-
OMHAA MOCIEN0BATEIFHOCTD ONEPAINY (BEIYATAHWUE €QUHWUIBL —
TOTAJIbHAA 3aMEHA OCHOBAHMA 2 HA J — BBIYUTAHUE €JUHUIIBI —
TOTAIbHAA 3aMEHa OCHOBAHWA 3 Ha 4 — BHIYNTAHWE €IVHULEI —
TOTaJIbHAA 3aMeHa OCHOBaHUA 4 Ha 5 —. ..», MBI PAHO WIN 03 THO
3al4éM B TYIUK, T.€. HOIYIUTCA HYJIb W BBIYECTH €AUHULY Oy-
neT Heab3a. (YkasaHue: 3aMEHUM BCE OCHOBAHUA CPa3y Ha OPAM-
HAT w; MOIyYUTCA yOBIBAIOUIAA MOCIEN0BATEIHHOCTh OPANHAJIOR,
MEHBIINX £.)

2.13. lNpunoxenuns opamHanos

B GospmuHCTBE CIyuaeB PacCyXI€HUs C UCIOAb3OBAHU-
€M TPAHC(HUHUTHOU MHAYKIUAU ¥ OPAUHAIOB MOXHO 3aMe-
HUTB CCHEUIKOU Ha, teMMy L[opHa; mpu 5TOM paccy X IeHue cTa-
HOBUTCSI ME€Hee HATVIATHBIM, HO (hOPMAIBHO 60Je€e IPOCTHIM.
Tem He MeHee OBIBAIOT CHUTyauuu, KOI'JA dTOrO CAEIATH HE
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yaaéresa (mo KpalHeu Mepe, HEsACHO, KaK Obl 3TO CJIeI0Ba-
JO [e1aTh), U IPUXOAUTCA MOAL30BATHCA BIIOJIHE YIOPAI0-
YEHHEIMU MHOXECTBAMU B ABHOM Buie. B 3TOM pasnese Mbl
TPUBEAEM BA TONOOHLIX TPUMEPA.

IlepBEiu U3 HUX KACAETCA OOPEIEBCKUX MHOXeCTB. (/[las
MPOCTOTHI MBI PACCMATPUBACM 10 IMHOKECTBA, JEUCTBATEThH-
HOU mpamon.) CeMenCTBO MOAMHOXKECTB MEMCTBATEILHOU
MPAMOUN HA3LIBAETCA O-a42e6pP0tli, €CId OHO 3aMKHYTO OT-
HOCUTEIBbHO KOHEYHBIX U C“IéTHHX Hepece‘leHHf/’I n 061:.6,111/1—
HEHUU, & TAaKXe OTHOCUTEIHHO MEPEXOnad K [IONOIHEHUIO.
(9T0 03HAUAET, YTO BMECTE C KAXKIHIM MHOXECTBOM A 5T0
CeMeNCTBO ComepXkuT ero gomoasenue R \ A, m BmecTe ¢
m0sIMU MHOXecTBaMu Ag, Ay, ... CEMEUCTBO COMEPKUT UX
obwequuenue Ag U Ay U ... u nepecedenve Ag N A; N...)
ITpumep: cemencrso P(R) BCex MOAMHOXECTB IPAMOU, OUe-
BUIHO, ABIACTCA 0-aTreOpOn.

Teopema 43. CymecrByer MuHUMAILHAA o-aarebpa, COo-
JepKaImas Bce OTPe3Ky [a, b] Ha npsamon.

<1 PopMaIbLHO MOXKHO PACCYXKAATH TAK: PACCMOTPUM BCE
BO3MOXKHBIE 0-aareOprl, coaepxkamue oTpesku. x mepece-
verue OygeT o-aarebpou, u Toxe Oyaer CoaepxKarTb BCE OT-
pesku. (Boobuie nepecedyenue J060r0 CeMENCTBa o-aIrep
OymeT o-aare6pon — 3TO OYEBUIHOE CJCICTBUE OMpemee-
Husl.) JTa o-aarebpa u 6y 1eT UCKOMOU. >

MuoxecTBa, BXOIANINE B 9Ty MUHUMAJIBLHYIO o-anreGpy,
HA3BIBAIOT 60PeaescruM.

142. [lokaxxmuTe, 9TO BCAKOE OTKPBHITOE M BCAKOE 3AMKHYTOE
IIOMHOXECTBO IPAMOU ABIIETCA OOpereBcKuM. (YKaszaHwme: OT-
KPBEITOE€ MHOXECTBO €CTh 00'beJUHEHNE CONEPXKAIUXCA B HEM OT-
PE3KOB C PAlMOHAILHBIMU KOHIIAMIX. )

143. [okaxwuTe, 4TO Mpoobpa3 m060ro G0PEIeBCKOT0 MHO-
2K€eCTBa DU HENPEPBIBHOM O0TOOPaXKEHUN ABIAETCSI 60PEIEeBCKUM
MHOXKE€CTBOM.

144. IIycts fo, fi1, ... — IOCIEZOBATEILHOCTD HEMPEPHIBHBIX
JyHKIUEA ¢ [eNCTBATEILHEIME apTyMEHTAMX 1 3HadeHuaMu. [lo-
KaXWUTe€, IYTO MHOXECTBO TOYEK I, B KOTOPBIX IIOCIE€OOBATEIb-
socTh fo(z), fi(x), ... mmeer mpegen, ABIAETCA GOPEIEBCKIM.

Bopenesckue MHOXECTBa UTPAOT BAXKHYIO POIbL B de-
ckpunmusnoti meopuw muoxrcecms. Ho Mer xOTuM Juib Ipo-
IEMOHCTPUPOBATH KCIOAL30BAHKE TPAHCGHOUHUTHON MHIYK-
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nuu (BpsAZ M JErKO 3aMEHSeMOU Ha HCIOJb30BAHUE JIEM-
met lopHa) Ha mpuMepe CIeayIomen TEeOPEMEL:

Teopema 44. CemencTBO BCEX OOPEJEBCKMX MHOXKECTB
nMeeT MOITHOCTh KOHTHUHYYMA.

< Knacc 60peneBCKMX MHOXECTB MOXHO CTPOUTBH IIO-
crenmenHo. HavuéM ¢ OTPE3KOB U JONOJHEHNM K OTPE3KaM.
Ha cregyromem mare pacCMOTPUM BCEBO3MOXHLIE CIETHEIE
epecevIeHus U OOBEVMHEHNA YK€ MOCTPOCHHEIX MHOXECTB
(OTPE3KOB U NOTIOMHEHUN K HUM).

145. [JoxaxwuTe, 9TO IPU 3TOM MOIYyIaTCA (CPeawm MPOIEro)
BC€ OTKPBITHIEC U BCE€ 3aMKHYTHBIC IIOIMHOXE€CTBa IIPAMOU.

[lanee MOXHO PACCMOTPETH CIETHBIE OOBEINHEHWS U 16~
pecedeHns yxe MOCTPOEHHBIX MHOXKECTB U T. 1.

Bonee dpopmanbao, mycTh By — CEeMEUCTBO MHOXKECTB,
COCTOAIIEE U3 BCEX OTPE3KOB U AomoJaHeHur K HuM. Ompe-
neauM 541 10 MHIYKINYM KaK CEMEUCTBO MHOXECTB, B0
IMUXCs1 C“IéTHhIMI/I O6’I>er[[I/IHeHI/IHMI/I nin Hepece‘{eHIII}IMH MHO-
XxecTB u3 B;.

Bce cemencTBa B; cocToAT u3 GOPEIEBCKUX MHOXKECTB
(mockoabKy CYéTHOE OOBEeNUHEHUE WM NepecedeHue Gope-
JIEBCKUX MHOXKECTB ABIAETCA GopenaeBckuMm). VcuepnbiBaooT
Jau OHU BCce GopeneBckue MHOXeCTBA? BooOie rosops, HET:
€CJIN MBI B03bMéM II0 OAHOMY MHOXECTBY M3 KaXI0I'O KJacC-
ca B; mia Bcex ¢ = 0,1,2,... u paccMOTpUM HX CIETHOE
Hepece“leHI/Ie7 TO OHO BIIOJIHE MOXeT HE HpI/IHaII[JIe)KaTb HN
ONHOMY ;3 KJACCOB. Il03TOMYy MEI paccMoTpuM Kiaacc B,
MPEACTABIAONMEA COO0U 0ObeUHEHNE BCEX [3; 1O BCEM Ha-
TYPAJIBHEIM 4, 3aTeM B,11, Byi2 # T. 1. O0benunenne sTon
MOCJIEOBATEIHLHOCTH KJIACCOB €CTECTBEHHO HA3BATH Bz U
MIPOAOIKUTE ITOCTPOEHUE.

Manum dpopmanabHOe ompenenenue B, mis Jo00ro opam-
HaJI3 . JTO AEIALTCA C MOMOIIBI TPAHCHUHUTHOU PEKYP-
cuu. Umvenno, npu o = f + 1 snementamu kiacca B, OyayT
C4€THBIE OOBEIUHEHUA U II€PeCedYeHruss MHOXECTB U3 KJaC-
ca Bg. Ecim o — mpefensHB OpAUHAT, OTINYHEIL OT 0,
TO KI1acc B, npexgcrasigeT co6ou oObesuHeHne Beex Bg o
BceM B < a. (Kaacc By Mb1 yxe onpenennnu.)

W3 onpenenenus cregyer, 910 By C Bg npm a < 8, Tak
9TO MBI MOJIY4YaeM BO3PACTAIOLIYIO IEIb KIACCOB. Kax nuim
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KJIACC 3aMKHYT OTHOCUTEIBHO IIEPEX0a K NOMOJHEHUIO (A1
HAYAJIbHOI'O KJIACCa MBI 00 9TOM M03a00TUINCE, Jaee IO UH-
nykuun). Bee knaccnr B, cogepxarcsa B Kaacce 60peJeBCKUX
MHOXECTB, TaK KaK MBI IPUMEHSEM JIUIIbL ONEPAlNU CIET-
HOT'O OO'BEIVHEHNS U MEPECEYeHNsI, OTHOCUTEIBHO KOTOPBIX
KJIACC OOpeNIeBCKNX MHOXKECTB 3aMKHYT.

BosuukaeT BOIpoC: Kak GaleKo HYXKHO IIPOIOLKATE DTY
koHCTpyKImio? OKa3LBaeTCsa, 9TO NOCTATOIHO NOUTH OO0
IIEPBOr'0 HECUYETHOI'O OPAMHAJA.

IIycts Ny — HauMeHbIME HECIETHEIN OpAuHAL. (DTO —
CTaHAAPTHOE Wit Hero o6o3navenue.) Jpyrumm crosamu, Ng
€CTh CEMEUCTBO BCEX CUYETHBLIX OPAUHAJIOB, YIOPSIOIEHHBIX
OTHOIIEHNEM < HA OPAWHAJIAX.

JNlemma. Knacc By, 3aMKHYT OTHOCUTEIHHO CIETHLIX 00B-
€IVHEHUN U MEPECEeYEHNN U TIOTOMY COIEPKUT BCe OOpees-
CKVU€ MHOXECTBA.

lokazarensCcTBO JeMMEL IlycTh mmeeTcsi CY€THAA IIO-
CIeIOBATEIbHOCTE MHOXeCTB By, By, ..., npuHatmexammx
By,. Opaumman N; — mpenenbHBIM, U KIacC By, sBISET-
¢l 00BeJUHEHNEeM MeHBbIIMX KiaaccoB. IlopToMy kaxnoe w3
MHOXECTB B; mpuHAJIeXUT KaKOMy-TO Kiaccy Bg,, rae
Q; — HEKOTOPHI OPAWHAJI, MEHBIIMU Nj, T.€. KOHEIHBLIN
i caérHem opauHai. Ilonoxum B = sup; ;. Opgusan
€CTh TOYHAs BerHHjI Fpa,HI) CY€THOI'O 4YuCia CYE€THBIX Op—
OUHAJOB M HOTOMY cuéreH. B camom gene, paccMoTpum
ODAVHAJEL (y; KAK HAYAIBbHBIE OTPE3KN B KAKOM-TO OOJIb-
mweM opauHaje (HanmpuMep, B Nj); UX TOYHAA BEPXHSIA IDAHb
OymeT o0BbeIUMHEHNEM CUETHOI'0 YUCIA CIETHBHIX HAYAIBHBIX
OTPE3KOB U MOTOMY OyAeT CIETHBIM OPAUHAIOM.

Tenepr mepBoe yTBEpXKIeHUE JEMMBI OYEBUAIHO: BCe B;
Jexar B Bg, a IOTOMY UX O0BbeJUHEHNe (MIM IepeceveHue)
JdexuT B Bayi u TeMm Goxee B By, (mockoasky 3 + 1 ectnb
CUETHBIN OPAVHAI ¥ MeHbIIe Np).

Taxum obpazom, kracce By, ABrseTcs o-aarebpon, cogep-
XKAIEN OTPE3KN, U IOTOMY COAEPKUT BCe OOPETEBCKUE MHO-
xkecTBa. Jlemma mokasaHa.

Kax mb1 y:xe ormeuasnu, Bce kiaccul B, cocTosaT u3 6ope-
JIEBCKIX MHOXECTB, TAK 9TO KIACC By, COBIAMAET C KJIACCOM
BCeX OOPETEBCKUAX MHOXKECTB.
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YT0 MOXKHO CKa3aTh PO MOIIHOCTEL KJaaccos?! Kuaacc By
HMEET MOIIHOCTH KOHTHHYYMa (OTPE3KU 331al0TCs CBOUMU
kounamu). Ecau kaace B, uMeeT MOIIHOCTL KOHTUHYyMa,
TO U CIEAYIOMUY KIACC B, 11 MMEeT MOIIHOCTE KOHTHHYyMa
(kax B ero BJeMEHT 33Ja8TCA CIETHOU MOCIeI0BATEILHO-
CTBIO DJIEMEHTOB TIPe/IeCTRYIOmero Kiacca, a ¢ ¢ = ¢). Ka-
XKIBIA IPEAENbHBIN KIACC €CTh 00beINHEHNE IPENbIIYIINX,
¥ IOKA MBI He BBIXOAMM 33 IPEAeNbl CIETHBLIX OPJUHAJOB,
obbeguHeHne 310 OyxeT CIE€THO, & (Ng = ¢, TAK 9TO MEI HE
BEIXOJUM 33 npejgensl koHTuHyyMma. Hakonen, By, ecTs 06b-
eIMHEHVE HECUYETHOrO YUCIA MPEILIIYIIIX KIACCOB (& NMeH-
HO, N KJIACCOB), HO Tak Kak N; < ¢, TO Ny = c.

Taxum obpasomM, kracc By,, OH Xe KJIacC BCex 6opesen-
CKUX MHO}KeCTB, nMeeT MOIIHOCTH KOHTI/IHyyMa. >

O6bBr4H0 OCTPOEHUE GOPENIEBCKUX MHOXKECTB HAYUHALT-
Cs1 HEMHOI'O nHade. VIMeHHO, HA HUXXHEM yPOBHE PACCMATPH-
BaIOTCs ABAa KJIACCA: OTKPHITHIE U 3aMKHYTHIE MHOXECTBA.
Ha caeayromem yposre HaxonaTca Ki1acch Fy, (caéTabe 065
eIMHEHUA 3aAMKHYTHIX MHOXeCTB) u (5 (C9éTHEIE mepecede-
HUA OTKPHITEIX MHOXECTB). EII§ Ha yPOBEHbL BHIIE JEXKAT
CUETHLIE TIepeceveHns MHOXeCTB u3 F, u cuéTHbIe 00benu-
HeHUA MHOXeCTB u3 (g, u 1. 1. Takou moaxon sBAgETCA 6O-
Jilee eCTECTBEHHBIM C TOYKW 3PEHUs TOIMOJOIUH, MOCKOIBKY
OTPE3KHU HA NPAMOYU HUYEM He 3aMedaTrenbHbl. MoxHO mpo-
BEPUTH, YTO DA3HUIA MEXTYy TAKUM IIOLXOIOM M HAIIUM
olIpeJe/ieHrEM HEBEIUKA.

146. [loxaxmuTe, 9TO MepecedeHne ABYX F,-MHOXECTB ABIAET-
ca Fy-muOXecTBOM (M BOOOmE K1accel Fy, Gs, a Taxxe KIaCCH
CIeNyIONMX YPOBHEN, 3aMKHYTHI OTHOCUTEILHO KOHEYHBIX 005-
€VIHEHU U NIEePECeYeHNn).

147. Jokaxwure, uT0 F,- n Gs-MHOXECTBA IeXaT B Ki1acce By
B COOTBETCTBHUH C HAIIEH KIACCAPUKAIMCH.

148. [loxaxwuTe, 9TO BCAKOE MHOXECTBO KIacca By oramda-
ercsa oT HEeKOTOporo F,- mmm (Gs-MHOXeCTBa He 60Jee 4eM Ha
CI€THOE MHOXECTBO.

149. [Moxaxure, 9TO BCAKOE MHOXECTBO Kiaacca B3 aBisercs
CUYE€THBIM nepecedeHueM Fi,-MHOXECTB manm CYETHBHIM O0BequHe-
HreM (G§-MHOXECTB ¥ 9TO aHAJIOTMYHOE YTBEPXKACHUE BEPHO [
607ee BBICOKUX YPOBHEU HAIEU MEPAPXUN.

150. [loxaxwuTe, 4TO CyIIECTBYeT OTKDHITOE MHOXECTBO Ha
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MIOCKOCTH, CPEAU BEPTUKATLHBEIX CEICHUI KOTOPOT'0 BCTPEYIAIOT-
CA BCE OTKPBITHIE TIOAMHOXECTBa IpAMOR. [[oKaxuTe, 9TO Cyme-
crByeT (G5-MHOXECTBO Ha ILTOCKOCTH, CPEAU CEUYEeHUU KOTOPOI'O
BCTpEYAOTCA BCe G5-MOAMHOXECTBA IPAMON. [[OKaXUTE aHAIO-
TUYHBIE YTBEPXK JEHUA IJIA CACAYIONIAX yPOBHEN.

151. TToxaxwure, 9To cymecrByeT (G5-MHOXECTBO, HE SBJIfA-
fomeeca F,-muoxecTBoM. Ilokaxwre, 4T0 CcymecrByer cuérHOE
o6benunenne GG5-MHOXECTB, He ABIAIONICECA CIETHBIM Iepecede-
muem Fi-MHOXECTB u T. A, (YKa3aHwe: BOCIOIB3YUTECH IPEIbI-
OyImen 3aa9el. )

OpauHATE 9aCTO MOABIAIOTCS IPY KIACCU(DUKALIAN Die-
MEHTOB TOI'0 WIN WHOI'O MHOXECTBA IO «paxrav». Hampn-
Mep, MOXHO KJIACCH(DUIIPOBATE DJIEMEHTH (byHIUDPOBAHHO-
I'0 MHOXECTBA.

Teopema 45. Ilyctes X — ¢yHAMPOBAHHOE MHOXKECTBO.
Torga cymecrByer u eguHCTBeHHA (PyHKIUs rk, onpenenéH-
Hasg Ha X ¥ IPUHUMAIOMAs 3HAYEHUS B KJIACCE OPJUHAJOB,
IUIST KOTOPOU

rk(z) = min{a | @ > rk(y) musa moboro y < x}

(npm mobom z € X).

<1 OmpenennM MHOXECTBO X, PEKYPCUEN 10 OPAUHALY O
X, cocTouT M3 BCEX DJIEMEHTOB T € X, NI KOTODPHIX BCE
MeHbInme uxX (B X)) 5I6MEHTH IPUHALICKAT X3 ¢ MEHBIIMA
UHIEKCAMU [3:

zeX, & W<z)(3FB<a)lyeXp).

3ameTuMm, 9TO 31eCh (Kak U B (POPMYIUPOBKE TEOPEMHI)
3HAaK < HUCHOOJB3YeTCA B IBYX PA3HBIX CMBICIAX: KAK MNOPSA-
noK Ha X W KAK MOPAIOK HA OP IAHAIAX.

OueBUIHO, 9TO C POCTOM (¢ MHOXeCTBO X, pacTéT (Tod-
Hee, He yOwbBaetT). [JokaxeM, 9TO IPU AOCTATOYHO OOMb-
oM & MHOXecTBO X, mokpeiBaeT Bcé X. Ecau »T0 He Taxk,
1o w3 B < v crenyer X3 C X, (IPOM3BOIBHBIM MIHIMAIb-
HBLIN DIeMeHT, He Jexammi B Xg, npuHagrexut X, ). Ilo-
sTOMy OoTOOpaxenue o — X, OyAeT UHBEKIUEN, YTO HEBO3-
MOXHO (BO3BMEM OpAMHAT, MO MOmMHOCTH Gonbmmir P(X);
OPEAMECTBYIOMIX €My OPAUHAIOB yKe CIUIIKOM MHOTO).
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Teneps onpegeanm rk(x) KAk MEHUMATBHOE (¢, IPA KOTO-
pom z € Xg. Ecm tk(z) = au y < z, To tk(y) < a. (B ca-
MOM jeue, 1o onpepenenuo X, w3 x € X, u y < x ciaengyer,
uT0 y € X mpu HekoropoM ( < «.) HaoGopor, ecin g1a
HEKOTOPOT'0 OpAMHATA Y BHIIOIHEHO HepaBeHCTBO rk(y) < 7y
npu Bcex y < z, To rk(z) < 7. B camom pgene, Torga mo-
ool ameMeHT Yy < T IPUHALIEKUT HekoTOopoMmy Xg ¢ B < 7y
(momoxum B = rk(y)) u nmoromy = € X, u rk(z) < 7.

Uraxk, nocrpoennas mamu yukmusa rk obragaer Tpeby-
€MBIM CBOUCTBOM. EIVHCTBEHHOCTH OKA3aThL COBCEM JIETKO:
€CIM eCTh IBe Takue (PyHKIUU, PACCMOTPUM MUHUMATLHYIO
TOUKy B X, HA KOTOPOU OHU PA3IMYIAIOTCA, U CPABY KE I0-
Jy4YuM OpOTuBOpedune. >

B ugacTHOCTH, CYéTHLIE OPAUHAIEI MOXHO UCIOIB30BATD
IS KIACCADUKAINY [EPEBHEB, B KOTOPLIX HET 6ECKOHEYHBIX
myTen. Mo GyeM pacCMaTpUBAThL KOPHEBblEe 0ePesba C KO-
HEUHbIM UAU CUEMMLIM Bemsaenuem (Y KaXkKTOU BEPIINHEL
KOHEYHOE WK CIETHOE YMCJIO CHIHOBEN), B KOTOPHIX HET (ec-
KOHEYHOU BETBU (TIOCJEIOBATEILHOCTA BEPIINH, B KOTOPEIX
Kax1as eCTh CHIH NPEIBIIYIIen ).

DopMaATHEHO TAKOE IEPEBO MOXHO ONPENeJuTh KAK MOM-
MHOXeCTBO T MHO¥kecTBa N* KOHEYHBIX MOCJIEI0BATEILHO-
CTeN HATYPATLHBIX YUCET, 3aAMKHYTOE OTHOCUTENBLHO B3ATUS
npedukca (eciu MOCaeI0BATENLHOCTh NPUHAMICKUT 1, TO
M000U €6 HAYAMBHLIA OTPE30K IPUHALICKUT T'). DIeMEHTHL
MHOX€eCTBA 1 MBI HA3BIBAEM 6€EPUIUHAMY TEPEBA; BEPIINHA, Y
€CTh CblH BEPIIMHEL T, €CIN Y TMOMLYyIaeTCA U3 T IPUNNCHIBA-
HUEM CIIPABa KAKOrO-TO OMHOTO Y1Cia. Bepmmaa y asiaseTcs
NOMOMKOM BEPIIUHEL X, €CIA Y TIOAYIACTCA JOOABICHUEM K X
OJIHOT'0 WU HECKOJBKUX UUCEI.

Mzt roBopuM, 9TO B gepese T nem Geckoneunotli eemeu,
eCIu He CyIEeCTBYeT OeCKOHEYHOU MOCJIE0BATEIbHOCTH Ha-
TYPAJBHBEIX 9UCEN, BCE HAYAMA KOTOPOU mpuHAMIeXRAT 1.
B 5TOM Caygae OTHOMmMEHUE MOPAIKA

Yy <ZT < Y eCTb IOTOMOK

(GYHAMPOBAHO U MOXXHO IPUMEHUTH IPEABIIYINTYI0O TEOpPEMY,
Ompeae/uB PAHr¥M BCeX BepiuwH aepeBa 1. Panr ero xopha
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(mocaenoBarensrocTy aauHbl 0) u OygeM HA3LIBATL PAH2OM
depesa.

Teopema 46. (a) Paur m060ro gepesa (OMUCAHHOTO BUAA)
SIBIAETCS CIETHBIM OPJUHAIOM.

(6) Beaxuit CI6THEIN Op IUHAT ABIAETCA PAHTOM HEKOTO-
poro aepesa.

< (a) Hycrs panr HEKOTOPOrO OEPEBa, TO €CTh PAHD
€ro KOpHs, ABIAETCA HECIETHHIM OPAWHAIOM. Tormga paHr
OQHOrO W3 CHIHOBEW KOpHA Takxke HecuéreH. (B camom ge-
Jie, TOYHAA BEPXHAA CPAHb CIETHOI'O MHOXKECTBA CYETHBIX
OpVHAJOB ABIAETCA CIETHHEIM OPIUHAIOM; 3TO CTAHOBUTCA
SICHEIM, €CJI PACCMaTPUBATH DTH OP AXHAILL KAK HAYAILHEIE
OTpe3Ku OOJBINEr0 — TOI'A TOYHAsA BEPXHAA I'DaHb OyjeT
o0benuHeHneM. ) Y 3TOrO CHIHA B CBOK OYEPEAb CTh ChIH He-
CYETHOTO paHra u T.A. ITOT MPOIECC He MOXeT 060pBaTh-
¢, ¥ MBI IOJy49aeM OECKOHEYHYIO BETBb B IIPOTUBODPEYNN C
[IPEATOOKEHAEM.

(6) OTO yTBEpXK IEHNE NOKA3HIBAETCA WHIYKLIUEN: IyCTh
Q¢ — HAUMEHBIINN CIETHHIA OPAWHAI, I KOTOPOT'O TAaKOr0
nepeBa, HeT. Torga Aisa BCEX MEHBIIUX OPAUHAJIOB JEPEBbA
ecTb. Bo3bMéM 5TU I€peBba U CHEIAEM UX HO[JIEPEBbAMHA C
06umM KOpHEM (MX KOPHU CTAHYT CHIHOBBAMU 3TOr0 OOLIEr0
kopusa). HoBoe mepeBo Takxke mMeeT CIETHOE BETBICHUE U
PaHr ero KOPHA PaBEH Q. [>

152. Ilycte nmeercs cuéTHOE nepeBo, HE nMemouee 6eCKOHEeq-
HBIX BeTBeH. IIpeAmonIoxuM, IT0 B KaXJOM €ro JUCTe HAXO0IUT-
CA OTPE30K WM JONMOJHEHWE JO OTPE3KA, a4 B KAXOU BHYTPEH-
Hel BepIIHE CTOUT 3HAK IepecedeHusa uin o0beuHenus. Kax
CONOCTABUTEL TAKOMY A€PEBY HEKOTOPOE GOPETeBCKOE MHOXKECT-
Bo? (YKazaHMe: MOKAXUTE, 9TO B KAXK/OU BEPIIKHE MOXHO €UH-
CTBEHHBIM 06pa30M HAMUCATH HEKOTOPOE MHOXECTBO, COTIACO-
BaHHOE ¢ moMeTkaMu.) [lokaxuTe, 9TO BCe GOPEICBCKUE MHOXKE-
CTBa MOT'YT OBITH ITOJIYYEHBEl TAKAM CIIOCOGOM.

[lepeBbsa ¢ mOMETKaMM, PACCMOTPEHHBIE B 3TOU 3a0a4e,
MPEACTABIAIOT COO0U KaK Obl OeCKOHEYHBIE (POPMYJIHI, CO-
CTABJEHHBLIE U3 OTPE3KOB U [OMOJHEHUU K HUM C MOMOIIBIO
omepanui CIETHOrO OObEIUHEHNA U TIepecedeHus (KOHeIHbIe
NE€PEBbA COOTBETCTBOBAIM Obl KOHEIHEIM (hopmy.tam ). Mox-
HO YCJIOBHO CKa3aTb, YTO OOpEIEBCKME MHOXKECTB3 — JTO
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MHOX€eCTBA, BEIDAXKAIOIMECS C IIOMOIIBI0 TaKUX (POPMY.I.

153. JokaxuTe, 9TO CEMEUCTBO GOPEIEBCKUX MHOXECTB MMe-
€T MOIIHOCTb KOHTHHHYMA, HCIOIb3yd «0eCKOHEYHBIE (POopMy-
Ib» — pa3MEYEHHBLIE [EePEBbA, B KOTOPHIX HET OECKOHEYHBIX
BeTBen. (DTO AOKA3aTEIBCTBO 00X0AUTCA 6€3 0P JWHAIOB, TPAHC-
JUHUTHON MEAYKIWY 1 AaxXKe JeMMbI IJOpHA — XOTA U UCTIOAb3yeT
aKCHOMYy BBIOODA..)

B saxmouenve mpusenéM ckopee 3a0aBHBIM, Y€M BaK-
HBIV, IPUMED WMCHOJB30BAHUA TPAHC(PUHUTHON PEKypCUM U
Op JVHAJIOB.

Teopema 47. CymecTByeT MHOXECTBO TOYEK HA, TLIOCKO-
CTH, KOTOPOE TIEPECEKALTCSA C KAXKIOU IPAMOU POBHO B BYX
TOYKAX.

[lBe mapaienbHBIE TPAMEIE IOYTH YTO YIOBIETBOPSIOT
3TOMY TPe6OBAaHMIO (MCKIIOUYEHUEM SBJIAIOTCA JUIIL TAPAT-
JenpHbIEe UM npsamble). Ho m36aBuTHCA OT 3TOr0 MCKII0IeHU
HE TaK IPOCTO.

<! TpebGoBanuss K MHOXECTBY MOXHO C(HOPMYJINPOBATH
TaK: HUKAKWE TPU TOYKU HE JEXKAT Ha OJHOU TIPAMOU, HO
m06asa IPAMAs MEPECEKAET ero He MEHEe YeM B IBYX TOYKAX.

Bynem cTpouTh 5T0 MHOXECTBO TPAHCHUHUTHON PEKYP-
cuen. IlycTb @ — MUHMMAJBLHBIN OPIVHAI, MUMEIOIMA MOII-
HOCTb KOHTUHYyMa. (Ecam konTMHYyM-runoresa Bepna, ToO
OH COBIAAAET C Np, HO 3TO HAM He BaxHO.) Torga MHOXeCT-
BO BCEX MEHBIINX OPAUHAJIOB MOXKHO [IOCTABUTH BO B3AKMHO
OHO3HAYHOE COOTBETCTBUE C MHOXECTBOM BCEX IIPSIMEIX HA,
miockoctu. IlycTs Ig — mpsamas, COOTBETCTBYIOmAA OPAU-
Hay (B < a.

s xaxgoro f < o mocTpouM MHOXKeCTBO Mg, B KOTO-
pOM HUKAKNe Tpu TOYKMU HE JeXKaT Ha OJHOU HpHMOI/I7 CJIe,[Ly—
fompM o6paszom. O6beIUHUM BCE IOCTPOEHHEIE PAHEE MHO-
xecrsa M., npu Bcex ¥ < B. MoryT im B 9TOM MHOXKECTBE
(o603nauuM ero T') Kakue-TO TPU TOYKU JEXKATH HA OFHOU
npsavon? Eciu ga, To oTu TOYKU 6epyTCa U3 KAKAX-TO MHO-
xectB My, , M,,, M,,; BO3bMEéM HanOOIBIINY U3 OPAUHAIOB
Y1, Y2, Y3; B COOTBETCTBYIOIIEM MHOXECTBE OyIyT TPU TOU-
KU, JeXalllie Ha OJHOU TPAMOU, YTO TMPOTUBOPEUUT Tpe[-
TIOJIOXEHUIO UHIYKITAN.

ITocMoTpIM, BO CKOIBKMX TOYKAX IEPeCceKaeT mpaMad lg
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muOxkecTBO 1. Takux To4ex (MO KOKa3aHHOMY) He GOJbIIE
nByx. Eciau ux poBHO gBE, TO BCE XOPOIIO M MBI HOBBIX TO-
4eKk He jgobamiasgeM, cumTad, 9To Mg = T. Ecmn ux MeHB-
e, TO MBI [OMKHE NOOABATH HOBEIE TOYKM (0 ABYX), HO
TOJIBKO TaK, YTOOBI IPU 3TOM He 00pa30BaIOCh TPEX TOYEK,
JeXAMUX HA OMHOU mpsamou. [Ipyruvu croBamm, HEAB3A NO-
0aBJIATH TOYKM, KOTOPHIE JEXAT HA IepecedeHun lg ¢ mps-
MBEIMU, IPOXOAAIMIAMY Y€PE3 MAPHI YKE UMEIOIIUXCS TOIEK.

CKOTBbKO TAKMX NPAMEIX (TO €CTh CKOMBKO Map y¥Ke MMe-
fomuxcs To49ek) ? I1o mocTpOeHnIo BUAHO, 9TO BCE YKE IMEI0-
Imuecs TOUKY JIeXAaT 0 JBe Ha Kaxk Jou npamon [, npu vy < f.
(CTporo roeops, 3TO ClregyeT BKIIOYATL B WHIYKTUBHOE
npennooxenue.) TakuM 06pasoMm, MHOXeCTBO 1’ IO MOII-
HOCTH ecTh 23 = f3, a map Todek He Gombie 32 = < ¢. Ilo-
STOMY BANPEIEHHBIE TOYKM COCTABIAKT JUIL MATYI (10
MOIIHOCTH!) 9aCTh IPSIMOHR lg, X MOXKHO BEIOPATDL IBE Paspe-
MIEHHBIE TOYKHA.

Teneps ocTanock 00beIMHNTE MHOXKeCTBa Mg 11s BCex
opauHaoB < @ u noayduTb uckomoe MuoxkecTso. (Ilo
YCJIOBUIO TPU TOYKU HA ONHOU TPAMOU B HEM TIOABUTHCA HE
MOI'yT, & BCAKas NpsaMas OyJeT PaHO WIM IO3JHO PACCMO-
TPEHa U [Be TOYKU HA Hel OyAyT OOECIEUeHH.) [>

154. Hanaure oumbKy B CACAYIOIIEM «ONPOBEPKEHUU THUIIO-
Te3bl KOHTHHYYMa»: MyCTh N1 = ¢. Ymopagodum orpesok [0, 1]
no tumy ¥N;. PaccmorpuM GyHKIMIO IBYX IEPEMEHHBIX, PABHYIO
eguaune HA nape (r,y), ecm ¢ < Y (B CMBICIE DTOr0 NOPAAKA), K
HYJIIO B OCTAJbHBIX CIy4asx. 1orga mpu dbukCupoBaHHOM T dyH-
xua y — f(r,y) paBHa eIUHUIE Be3de, KPOME CIETHONO MHOXKE-
cTBa, 1 noTomy muTerpupyema u [ f(z,y)dy = 1 upu mo6oM z.
C apyrom cropossi, dyaknua r — f(x,y) paBHA HyTIO BCIOAY,
KpOMe CI8THOr0 MHOXeCTBa, Tak 110 [ f(z,y)dz = 0. oxyua-
eM mpoTtmBopedne ¢ Teopemou Py6umHU , KOTOpas yTBEPKAAET,

ro
/01 (/Olﬂm,y)dy) dm:/ol ([ s@s) ay
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OcHOBHbIE NOHATUS TEOPUM MHOXECTE (MOLLHOCTH,
OpAMHaNbI, TPAHCPUHUTHAS UHAYKLUMS) BXOASIT B
YMCNO BeLLEN, KOTOPble XOPOLWO Obl 3HaThb KaXkAo0My
rpamMoTHoMy MaTeMaTuky. O6bIYHO NPO HUX
KOPOTKO NULLYT B NEPBbIX FNaBax y4e6HUKOB
aHanuaa, anre6pbl UAM TOMONOr MU, CNELLA NEPENTHU K
OCHOBHOM TeMme KHuru. A xanb — npeameT
[IOCTAaTOYHO UHTEPECEH, BaXeH U NPOCT, 4TOOLI
paccka3aTb O HEM He TOPONSCh.

MmMeHHO Takoi nonynsipHbIN pacckas aBTopbI
NbITaAUCb HANUCaTb, UMes B BUAY CaMblX Pa3HbIX
ynTaTene — OT NOArOTOBEHHbIX LIKONLHUKOB [10
NpodeCCMOHaNbHBIX MaTEMaTUKOB.

KHura ocHoBaHa Ha mMaTepuanax nekuuin ans
MNafLleKypCHUKOB, KOTOPbIE aBTOPbI YMTaNMN Ha
mexmate MIY B pasHble rogbl. B aTow cepum
BbILUM TAKXKE KHUMU «FI3bIKN N NCHUCAEHUSY W
«Bblumcaumble dpyHKUMUMY.



