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MaremaTHdeckas MHAYKLIUA: IMTPUMEPDI

Kak BugHO M3 caMoro HasBaHUA, MHAYKLWSA ObIBaeT He TOJIBKO B MaTeMaTH-
ke. MHoraa Ha3bIBAIOT «HEMOJTHOM MHAYKLMEN» IepeXof OT YacTHBIX MpPHMEpOB
K O0lUM 3aKOHOMEpPHOCTSIM. DBriBaeT MHAyKIMA U B usuKe (KATYLIKM MHIYK-
TUBHOCTH, SIBJIEHHE caMOMHAYKLuK). Ho B 5T0i Opoliope MBI FOBOPUM TOJIBKO O
MaTEMATUUECKOM (II0IHOM) MHAYKLMK.

Yrto 3T0 Takoe, Mpouie BCero oOBACHUTL HA NpuMmepax. Pa3bepéM HECKOIbKO
3ajad.

3amaya 1. Heckonpko mpsMBbIX [eIAT IUIOCKOCTh Ha 4acTu. [lOKa3aTh, 4TO
MOXHO PacKpacHThb 3TU YacTH B GeJTbIif M YCPHBII LIBET TaK, YTOOH COCEHNE YaCcTH
(umerome OOWMIA OTPE30K I'PaHMIIBI) OBIIM Pa3sHOro 1pera (KAK Ha pUCYHKe 1).

Puc. 1. [IByuBeTHasi packpacka.

Peuwenue. 3aMeTM mpex/e BCETO, YTO He MOOYIO «KapTy» (YacTd — CTpa-
HBI, pas/eJIeHHble JIMHISAME TPaHMI]) MOXHO TaK packpacuth. Hampumep, ecim

Puc. 2. Kapra, KOTOpYI0 HeJIb3sl paCKpPacCUTb B JIBa 1IBETA.



Ha puc. 2 BepxHAS cTpaHa Oesiast, TO ABe JAPYIrve AO/LKHBI OBITh UYEPHBIMU, XOTS
rpaHuYaT MeXAy coOoil.

Ho pma miockocTy, paspe3aHHON Ha YacTU NMPSIMBIMM, TAKOT'O CJIYUUTHCS He
MOXKET, M MBI ceifyac 9T0 AokaxeM. [lycTe npsamas TosapKo ogHa. Toraa Beé mpo-
CTO: OfIHA TIOJIYIUIOCKOCTH Oeslast, pyras — uépHas (puc. 3).

Puc. 3. Besas u u€pHas noJymyIoCKOCTH.

Eciu npaMBIX ABe, MOIy4aTcs 4eTHpe Yactd (puc. 4).

Puc. 4. JIBe npaMbie, YeThIpe YacTH.

[TocMOTpHUM, UTO TPOM3OMAET, €CIM MBI NIPOBEAEM TpeThio MpsMmylo. OHa Mo-
JIeIAT HEKOTOPblE CTPAHBL; IIPU 3TOM MOABATCA HOBBIE YYaCTKW T'PAHULBI, MO 00e
CTOPOHBL KOTOPBIX LIBET OAWH U TOT Xe (puc. J).

Kaxk xe 6biTe? C O1HOH CTOPOHBI OT HOBOF MPAMOIT MTOMeHsieM 1iBeTa (6esblii
caenaeM 4épHbIM M HaoOopotr). Torga HoBas mpsMast OyZeT BCIOLY PasAesIsaTb
YYacTKM Pa3HOTO IBeTa. [[pyrmMu cjI0BaMH, C OJHOI CTOPOHBI OT IPAMOI MBI



Puc. 5. HoBas npsmas.

6epéM ITO3UTHB KApTH, a ¢ APyroil — HeraTur (puc. 6).

Puc. 6. M3ameHeHue 1iBeTa ¢ OHOM CTOPOHHI.

(ITpyuaupuMBLEIA YMTaTENIb CIIPOCHT: a MOYEMYy CTaphle IPAHULIBI PacKpalleHbI
MPaBWIBHO? DTO JIErKO MOHATH: B MO3UTUBHOM YaCTU L[BeTa He M3MEHWINCh, a B
HeraTHBHOI 00a 1BeTa 3aMEHIWINCh HAa NPOTHUBOIOJIOXHBIE. )

Tenepp AcCHO, YTO TeM Xe CHOCOOOM MOXHO A00ABUTH €LIE OJHY MPAMYIO
(mepexpacuB KapTy C OAHOI CTOPOHBI OT He€), 3aTeM ell¢ OJHy M TaK jajee —
MoKa MBI He TOIy4YMM HyXHYIO HaM KapTy. 3afada pelleHa.

3apaya 2. Yucno 111 pgenurca Ha 3, umcno 111111111 penurca Ha 9, ym-
cmo 111...111 (27 egunnn) aemurcs Ha 27. Jlokazatk, uro umesao 111...111
(3" eguunw) pemmrcs Ha 3" npu O00M .

Pewenwue. s yncen 3 u 9 MOXHO BOCHOJIB30BATLCS NPU3HAKAMU JAeJId-
MOCTH Ha 3 1 Ha 9 (ecru cymma Ludp AemTCd Ha 3, TO YKACIO AEJUTCA Ha 3,
QHAJIOTUYHO U1 9). A MOXHO U MPOCTO pa3AeinTh; moayuntcs 111 : 3 = 37
ul11 111111 :9 = 1234579.



YHuco w3 27 eMHAL y>Xe He TAaK MPOCTO Pa3/je/uTh Ha 27, M NpU3HAKa Jie-
miMoct Ha 27 (¢ cymmoit mugp) Her. (Hampumep, umcno 1899 umeer cymmy
uugp 27, Ho He menutcs Ha 27 — ybOegurecs!) Uto Xe Aenats?

Bepuémcsa x uucny 111111111 u gokaxeMm ApyrdM crocobOM, 4TO OHO [ie-
jurcs Ha 9. JIy1s 3TOro 3aMeTuM, 4To OHO Haleso geaurcs Ha 111:

111111111 = 111 x 1001001.

DT0 MOXHO IPOBEPUTH, MOIEIUB YIOJIKOM (puc. 7) niu ymHoxuB 111 na 1001001

B cTOJI0MK (puc. 8).
111111111111
111 1001001

C 0111

111
0111
111

0

Puc. 7. Jlenenue yrojakom.

111
1001001
111
111
111
111111111

Puc. 8. YMHoxenue B cTOJIONK.

O6a comHoxuTesns B npomssegenHn 111 x 1001001 gensites Ha 3 (1o Mpu3HAKyY
JeMMOCTY Ha 3). BBIHOCS M3 KaXJA0r0 MHOXUTE/Ib 3, MOJYYaeM, YTO IPOU3BE-
JeHue AeauTcsa Ha 9.

DTOT cnocod MOXHO MpUMeHUTh M K umcay 111...111 (27 emumiy). OnHo
JemTtces Hauesto Ha yrcsto 111111 111. B yacTHOM mosty4daeTcst YiCiIo, COCTOosIIee
13 TPEX eAUHUL, ¥ OOJIBIIOTO YKciIa Hysdel Mexay Humu. (Pasgenute u npoBepbre:
JIOJIKHBI TIOJTyUUTHCS JIBe TPYIIBI 110 8 HYJIEH. )



Tenepb cmotpure: uncao 111111111 genurca Ha 9 (MBI 3TO yXKe 10Ka3a/H,
Jaxe aByms crocobamu). A dactHoe 10...010...01 gemmrcsa Ha 3, MOCKOIBKY
ero cymma 1ypp pabHa 3. BemHocsa MHoXuTerm 3 ¥ 9. moaydaeM, YTO YHC/IO W3
27 equnmi genurcd Ha 27.

[Tpopomxum: ymucsno u3 81 = 3 -3 -3 - 3 eauHUL] €CTb IIPOM3BE/CHUE UKC/IA
w3 27 eUHUL] ¥ YKCJIA U3 TPEX €AMHUL] U MHOIMX Hysei. [lepBelii MHOXUTENB
(MBI yXe 3HaeM) Jenurcs Ha 27, a BTOPOH HAa 3, MO3TOMY BCE YMC/IO AE/IUTCA HA
27 -3 = 81.

Hanee, unciao u3 81 - 3 = 243 epgunmy Aenurcsa Ha 243, DOTOMY 4YTO OHO
€CTb TIpom3BeieHre unciia 3 81 equHunb! (Aessiuerocst Ha 81) u umciia 3 TPeéx
€/JIMHHUL] U1 MHOTUX HyJIeil (Jessierocst Ha 3).

AcHo, uto Tak OyAer W fajblue. 3a7a4da pelicHa.

3apmava 3. IlokaszaTh, uro MOOYI0 CyMMy, HAUMHAas ¢ 8 KOMeeK, MOXHO yIUIa-
TUTb MOHETAMHU B 3 U 5 KOIIEEK.
Pemwenwue. [Mokaxem, kak yriatuts 8, 9 n 10 xoneex:

8§ =5+ 3;
9=3+3+3;
10=5+5.

Ho6aBuB elE OAHY TPEXKOIEeUHYI0 MOHETY, HOIy4daeM

11=8+3=(5+3)+3;
12=9+3=G+3+3)+3;
13=10+3=(5+5)+3

Emgé omHa TpéxkomneeyHas MOHeTa MO3BOJIUT YIUIATUTH

14=11+3;
15=12+3;
16 =13+3

KOTeeK, M TaK Jiajiee. 3a/jaua penieHa.

3amaya 4. Urpyuka («XaHolickue GamiHn») uMeeT Tpu cTepxXHA. Ha omHOM
HaXO[UTCA TMHUPAMUAKA W3 HECKOJbKHX Koel (yMeHBIIAIOIXCA CHHU3Y BBeEpX,
puc. 9). DTy mUpaMUAKY HYKHO IepesIoKUTb Ha APYToi CTepXXeHb, COOMOAas
MIPaBIJIa UTPBL: HEMb3s IEPEHOCUTD Cpa3y HECKOJIbKO KOJIeL M HesTb3s KJ1acTh 00JIb-
1Iee KOJIBLIO TTOBEPX MEHBLIETO.
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Puc. 9. Xanoiickue GauiHu.

1 2 3
— 1 1
1 — 1

Puc. 10. Cnyuait gByx xoner: 1 — 2,1 — 3, 2 — 3.

Hamprmep, mupamMuxy w3 ABYX KOJIEL[ MOXKHO MEPesIOKUTh TaK: IOJIOXKHTD
MEHbllIee KOJIbLO HA BTOPOH CTepP>KeHb, 3aTeM 6OJbllee HA TPETUii, a 3aTeM MEHb-
uree noBepx Gombliero (puc. 10).

Hauta 3agadya — AokasaTb, YTO BO3MOXKHO IE€PEMECTHTL Ha APYrol CTepXKeHb
MMpaMUAKY W3 JII000ro 4ucsa KoJiell, coOIoAas MpaBra UrpHL.

Pemenwue. Ilycts B nupamMuake TpU KOJbLa. BpemeHHO 3a0yjieM NMpo HUK-
Hee, camoe 60JbIIoe (MBICJIEHHO NPUKJIENM €ro K ocHoBaHuio). Torga ocraHercs
MpaMU/IKa M3 JBYX KOJIEll, KOTOPYIO MBI yXX€ yMeeM MepeK/aAbBaTh.

HaBaiiTe mepesioXuM e€ ¢ MepBOro CTepXKHsA Ha TpeTuil. (DTo OeaeTcs B He-
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Puc. 11. Cay4ait Tpéx Kosew,.

CKOJIBKO MPUEMOB, HO ISl HAaC ceifuac 9To Kak Ovl ouH mar.) Ilocse sToro Bemo-
MHUM TIpO GOJIBIIOE KOJIBLI0 M IEPesIOXVMM €ro Ha BTOPOil CTepKeHb (KOTOPBIA
rmoxa Iyct). Teneps HepeIoXnuM NUPaMUAAKY W3 ABYX BEPXHUX KOJIEL] C TPETHETO
CTepXHs Ha BTOpoil. Bee oTu feficTBua n300pakeHsl Ha pucyHKe 11.

[porpamMMucTEl cka3asm Obl, YTO Y HAC €CTb rponegypa (TIOAIporpaMma, BCIIo-
MOTraTe/IbHBIN QJITOPUTM) TMEePeKJIaBIBAHNs IMPAMUAKY M3 JIBYX KOJIEl[, KOTOPYIO
MBI BBI3BIBaeM JBaXAbl. Ha Goryiee HM3KOM ypoBHe (ecyv 3arjisieIBaTh BHYTpPb
TTOZTIPOTPaMMEI) HAI AePCTBHUSA [TOKa3aHbl Ha puc. 12.

3armcath uX MOXHO Tak: 1 — 2,1 —3,2—-3,1—-2,3—>1,3—-2,1 —2
(mocTaTouHO yKa3bIBaTh HOMEpPA CTEP>KHEH, TaK KaK MBI BCET/a IepeKJIa [bIBaeM
BEPXHeEe KOJIbLIO).

Tenepb, UCHoOAB3yd NepeKkaaAblBaHUE MUPAMUKH U3 TPEX KOjel| KakK MOoA-
IIporpaMMy, MBI MOXXeM IepeJIOKATh JeThIpe KOJIblia (JOCTaTOYHO 3aMEHWTH Ha
puc. 11 mupamMuaKy W3 ABYX KOJeLl Ha IMHPAMUAKY U3 TPEX).

[Tocite 3TOr0 MOXHO TEPEJIOKHUTh TATH KOJIEI, WCTIONB3Ys TlepeKyiagbIBaHue
YeTHIPEX Kak MOANPOrpaMMy M TaK jajiee. 3ajada pelicHa.
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Puc. 12. Cnyuait Tpéx Kostel]: noipoObHOCTH.



3agada 5. Ilpuag Ha BCTpeuy, HEKOTOpBIE M3 €€ YYACTHHUKOB MOXAIU APYT
JpyTy pyku. JlokazaTh, YTO UHCIIO JIOMEH, CeNaBIINX HEYETHOE YHCIIO PYKOIIO-
KaTUIA, YETHO.

Pemenue. BygeM cuuraTh, 4TO PyKOMOXaTHA MPOUCXOAAT Mo odepenu. Ms-
HAyYaJbHO BCE YUYACTHUKM ciaeianm 0 pykomoxaTnii, a HyJb — YETHOE 4HCIIO.
[ToaToMy HH OJTHOTO «HEUYCTHOIO» YYACTHHMKA HET, U YTBEPXK/CHHE 33/]a4il BEPHO.
(J11s1 KpaTKOCTH Mbl HA3bIBAEM (UETHBIMUY M (HEUYETHBIMM» YYACTHUKOB, C/eJIaB-
LIAX Y€THOE U HEUETHOE UKMCJIO PYKOIOXKATHUIA. )

[Tocse mepBoro pykomnoxarus o06a ero y4acTHUKA CTa/Id HEYETHEIMU (OHH CAe-
JIAJV TIO OFHOMY PYKOTIOXATHIO), TO €CTh MOSBWIOCH /IBA HEUYETHHIX YYAaCTHHKA.
JlBa — YETHOE YHC/IO0, W YTBEPXKJCHHE 3aja4M OCTaéTCsl BepHBIM. [lasbine yke
BO3MOKHBI BAPUAHTHI: BO BTOPOM PYKOMOXATHUH MOTYT YYaCTBOBATh HOBBIE JIFO/IH,
a TakXe YYaCTHUKH IepBoro. ME pazbepeéM TpH BO3ZMOXKHBIX CTydas:

a. JIBa 4€THBIX yYacTHHKA XMyT APYT Apyry pyku. Ilocie sToro KaxAblid u3
HUX CTAHOBUTCS HEYETHBIM (YETHOE YHUCIIO IUTIOC €JUHULIA — HEYETHOE YHUCIIO).
O61mee YMCI0 HEUETHBIX YYACTHMKOB YBEJIMUMBACTCS HA 2.

6. /IBa HeuyeéTHBIX YJYAaCTHMKA XMYT APYr Apyry pyku. O6a cTaHOBATCA 4ET-
HBIMY, U OOlljee YMCJIO HEYETHBIX YYaCTHUKOB yMeHbIIaeTcd Ha ABa (M OCTaéTcs
YETHBIM, pa3 OHO OBLJIO TAKOBBEIM).

B. UETHEBI! yUaCTHUK KMET PyKy HeU€THOMY. [Ipy 5TOM OHM MEHSIOTCS MecTa-
MHU: HEUETHBII CTAHOBUTCA YE€THBIM 1 Ha060poT. [loaTomy ofliuee umcao HEIETHBIX
YUaCTHHKOB HE MEHSETCS.

Takum 00pazoM, Mbl BUAUM, UTO MHTEPECYIOLIEE HAC YUCIO (KOIMYECTBO He-
YETHBIX YYACTHUKOB) BCE BpeMsI OCTA€TCS YETHBIM (BHA4aJie OHO PABHO HYJIIO,
MOTOM MOXET YBEeJIUUMBATHCA U yMEHBIIAThCA Ha 2). 3ajava pelleHa.

Ob6mas cxeMa

Yro xe Takoe «MaTeMaTHueckas MHAYKLWA»? Uro oflero B peleHusX pazo-
OpaHHBIX HaMU 3a7a4?

B xax ol 13 HUX MBI BBIE/ISIEM B 33/a4e MOCTIe0BATEIbHOCTD YTBEePXK AEHUIA,
KOTOpBIe AOKA3bIBaeM MO ouepeau. B 3azade 0 kapre MBI cHavasa yOeWInuCh, YTO
JUIs. OJTHOM M ABYX NPSIMBIX MCKOMasl packpacka BO3MOXHA. 3aTeM MBI TIOKa3asIH,
KaK W3 packpacKW ISl IBYX IPSMBIX C/eJIAaThb PACKpacKy IS TPEX, 3aTeM i
YETBIPEX U TaK Jajiee.

Bo BTopoit 3agadye MBI cHavyana yoemuick, yro 111 gemurcsa Ha 3, moToM —
gqro 111111111 penurca Ha 9, 3atem — yrto 111...111 (27 emgununiy) aemuTcs
Ha 27 u Tak panee. [Ipu 5TOM KaX/blil pa3 Mbl ONMPAIMCh HA yXe JOKA3aHHOE:
3HAA, YTO YMC/I0 U3 3" eJMHULL jie/IuTCsl Ha 3", Mbl TPOBEPSUIM, YTO YMCI0 U3 371!
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€/IVHUL] TIOJIyYAeTCs] M3 Hero yMHOXEHHEM Ha YMC/I0, KPaTHOE TPEM, U MOTOMY
nmermres Ha 3",

B 3apaye 0 MOHeTax Mbl JOKA3BIBaJM, YTO 1 KomeeK (Ipd n > 8) MOXHO YILIa-
TUTb MOHeTaMd B 3 U 5 komeek. CHavana MBI npoBepiwym 5To mpu n = 8,9, 10,
3aTeM 3aMeTHIH, YTO NMPUOaBICHNEeM OJTHOM TPEXKOIEeYHOM MOHETHl MOKHO TOJIY-
uutk n = 11,12, 13, 3atem n = 14,15, 16 u Tak fanee.

B 3agaye 0 «xaHOWcKUX OallHAX» Mbl JOKAa3bIBJIM, UTO IpU JIIOOOM n = 2
MUPaMUAAKY W3 1 KOJel[ MOXHO NepeHecTy (IT0 MpaBWIaM) C OAHOTO CTePXXHA Ha
Apyroii. IIpu sToM mepesoc n + 1 Kosel B Ka4ecTBe MOANIPOrpaMMBI BKJIOYal B
cebst TIepeHoC 71 KOJIel], TaK YTO KaX7joe U3 YTBEePK/IeHMI L[eTTOYKH OIMpPasioch Ha
npeAbLAYyLIee.

Hakonern, B 3a1a4e 0 PyKOIOXATUAX MBI JOKA3bIBAIH, YTO YKCIO HEUETHBIX
YYaCTHHKOB TOCJIe 71 PyKOMOXKaTHil OyeT Y€THBIM (IIOCKOJIBKY IIpH Mepexofe OT
n K n+ 1 4ACIo pyKomoXaTuii b0 He MeHseTcsa, Tu00 MeHseTcd Ha 2).

Nrak, obmiaa cxemMa AoKaszaTeslbCTBa MO MHAYKLMW TakKoBa. EcTh HekoTopas
NOC/IEA0BATE/IBHOCTE YTBEPXACHUA (Ap, Ay, ..., Ay, ...). MBI A0OKa3biBaeM, 4To
ouepe/iHOe yTBepxK/JeHUe (A,) BEPHO, CUMTAsl U3BECTHBIM, YTO BCE NpeAblAylIre
yTBepxXaeHus (A; mpu k < n) BepHBEL. DTO MO3BOJISET HAM yTBEPXK/JaTh, YTO BCe
yTBepXK/JeHusa A, BEpHBHL

Takoit ciocod paccyXAeHue Ha3bIBAeTC MaTeMaTHYeCKOH HHAYKIUEH, a BeJlu-
YMHA 1 HA3bIBAETCSI MApaMeTpOM MHAYKIMH. '0BOPAT, UTO MBI JIOKQ3EIBAEM yTBep-
XJIeHHe A, MHAVKLHeH 110 n.

Haripumep, B 3a/jaue 0 PyKOIOXATUAX yTBEPXK/eHUEe A, TAKOBO:

MOCJIe 1 PYKOIIOXKATHI YMC/IO YYaCTHUKOB, C/I€JIABIINX HEUETHOE
UUCIIO PYKOMOXKATUINA, YETHO.

MBI HyMepoBa/Id yTBEpKAeHNs, HaUMHAsL C €JUHULEI, HO 9TO He 0053aTesTbHO.
Hanpumep, B 3ajaye 0 MoHeTaxX MOC/IE€OBATEIPHOCTh YTBEPXKACHUI HAUMHAETCA C
Ag (mpo 8 xoneek). MBI cHayana JoKa3blBaeM YTBEPXAEHUA Ag, Ag, Ajg, a 3aTeM
BCE CJIeAyIomIve TIo odepean. [Ipr 9ToM A0Ka3aTebCTBO yTBEPKAeHUS A, OmNMpa-
ercst Ha A,_3 (3Has, KaK YIUIATUTb 1 — 3 KOIEMKU MOHETaMU B 3 U 5 KOIEEK, Mbl
MOXKeM YIUIATUTh 72 KOTeeK: TOCTATOUHO JOOABUTh OAHY TPEXKOIEeUHYI0 MOHETY ).

Npaero MeToAa MaTeMaTHYeCKOW MHAYKLMM MOXKHO IOSICHATb TaK: BBICTPOMM
pAfOM ApYr ¢ ApyroMm koctud AomuHO (puc. 13). Eciu Tenepp noBamuTh nepByio
W3 HUX, TO 32 Hel 1oCsIefyeT Bes Lernovka: nafas, KOCTSIIKA TOJIKAET CJieyILIyio
(puc. 14).

Bor em¢ mBa HAVIAAHBIX TIPUMeEpa MAaTeMATITYeCKON MHIYKITH.
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Puc. 13. Koctu nomuHo.

Puc. 14. Uupykuua B peiicTBuu.

BexuBas odepenb. [IpaBmia xopollero ToHa 3alpelialoT MyXK4IMHe CTOATh B
ouepeu cpasy Iepel KeHIIMHON (OH AOJIKeH MPONmyCcTUTh €€ Brepex). [looromy,
€CJIM [IEPBBIIl YeIOBEK B OUEPEU — MYXUMHA, TO M BCE OCTAJIbHBIE — MYKUYMHBI.

Pe3nHoBHIN aBTOOYC. JloKaxkeM, 4To B aBToOyC MoMelaeTcs Jiroboe Kosumde-
CTBO HapoAy. B camom fieste, ojuH uesoBek nomeniaercs 6e3 tpyaa (6asuc MHAYK-
LUK); C JPYroOil CTOPOHEL, KaK Obl HU Obl1 HAOUT aBTOOYC, YK OAUH-TO YEJIOBEK B
HEro BCerga BieseT (LIar MHAYKLIWN).

BosBpaiasce x 60j1ee cepb€3HOMY pasroBopy, pazdepeM elie HeCKOJIbKO 3a7aY,
BhIJle/sisT 60JTee UETKO LIAry MHAYKTUBHOTO PacCyXZeHMS.

3amaya 6. Ha gocke HammcaHe! cTo uudp — Hyau U eJuHULE (B 1000
koMOMHaIWM). Pa3pelraercs BHITOHSTH [1Ba JEHCTBUA:

(a) 3aMeHATs NepBylo IpQpy (HyJIb HA €IUHULY U HA00OPOT);

(6) 3amMeHATH LUGPY, CTOSALYIO IOC/IE NEPBON €AUHULIBL.
(Ilpumep: B mocnegoBatesssHOocTH 0011001 ... MOXHO 3aMEHHTH IepBYIO Lppy
WIA 4eTBEPTYI0 — OHH MOAUEpPKHYTHL.) [lokazaTb, YT0 ¢ MOMOLIBIO HECKOJIBKHX
TaKUX 3aMEH MOXHO IOJIy4UTh JIIO0YI0 KOMOMHALMIO U3 CTA HYJIe U €MHULI.

Pemenwue. JlokaxeM IO MHAYKLWH TaKOe YTBepXJeHUe A,: Ha HepBEIX N
MeCcTax MOXHO IMOJIyYHUTh JI00yI0 KOMOHHALUIO HyJIeH U €QUHHII.
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Basuc muayxnguu. Ilpu n = 1 310 HaM AaHO 10 YCJIOBHIO: TIEPBYIO LIupy
MOXHO MEHATb KaK YTOAHO.

I[lTar mEAyKLun. [IpeanonoxuM, 9To MBL yXe AOKA3a/Id, YTO Ha IEPBBIX
n — 1 MecTax MOXHO MOJy4dTh JI00yI0 KoMOuHaimio 1udgp. Torga, B 4acTHO-
CTHU, TaM MOXHO Nosiyunuts U komOuHauuio 000...0001 (epuuuua Ha (n — 1)-om
MecTe U HYyJIM 710 He€). DTa KOMOMHALMS MO3BOJIACT 3aMEHUTh LU(pPY, CTOSIYIO
HA Nn-MecTe, MOCKOJIbKY MMEHHO OHA OKa3bIBAaeTCs LM(poIt, CTosAIEN mocse nep-
BoY eAMHULEL. [Tocite 5TOro MBI MOXKeM CHOBA BOCHOJIb30BaThCA MPeAIOI0XKEHIEM
WHAYKLIWAA A,_; ¥ IIOJIy4UTh Ha TIePBLIX 7 — | MecTax JTo0ble Hy>XHbIe HaM LA(pHL.

3amaua pemena? Ha camom pgene Her. Hame pemrenwe comepkwur He cpasy
3aMETHBII, HO BaXKHBIN Npo0e: noveMy usMeHeHue n— 1 1udp Ha mocsieiHeM 1mare
He MCHOPTUT 7-1 1uhpbl? YTOOB! UCIIPaBUTDL MOJIOXKEHUE, HAM MPUAETCS U3MEHHUTh
pellieHre M JOKa3bBaTh 10 MHAYKLAY OoJlee CHIbHOE YTBepXKAeHUe: Ha IEePBBIX N
MecTax MOXHO IMOJIy4HTb JII0Oble LUQpPbI, He Tporad ciaegyromux uugp. Tenepb
yXe BCE IPOXOAUT IIaAKO: MPOBOAS LAl MHAYKLAY, MBI [IOJyYIINA HyXKHble HaM
1pbl HAa TIEPBBIX /1 MECTAX M HE KACAJINUCh CJIeyIOImX 1up.

Teneps 3amaua AeHCTBUTEIbHO pelieHa. |71 caMONpoBepKy MOJIe3HO 3aMicaTh
TI0CJIe/IOBATeIbHOCTD AeHCTBUI HpH mepexofe, ckaxeM, or 001 x 000. (Otser:
001 — 101 — 111 — 011 — 010 — 110 — 100 — 000.)

3amaya 7. PaccMOTprUM BCEBO3MOXHBIE OOBIKHOBEHHBIE APOOM C YHCIUTESIEM
1 v JIIOGBIM (LIEJIBIM [TOJIOXUTENTBHBIM) 3HameHaTesiem: 1/2,1/3,1/4,1/5,... o-
Ka3aTh, YTO [yIs JIIOOOTO 1 > 3 MOXHO IPEACTAaBUTh €AMHHILY B BHJC CYMMSBI 71
Pa3IMYHEIX Tpobeil TAKOTO BUJA.

Hampumep, npu n = 3 MOXXHO HamwcaThb TaK:

| = 1 1 1
“273%s6
(AcHo, uro nByMs ApoOAMU He OOOHUTHCH, ITOCKOJIBKY Bce ApoOH, KpOMe IEpBOii,
MeHBLLIE TTOJIOBUHBL. MOXHO Tak:Xe MPOBEPUTh, UTO AJIs TPEX ApoOei eCTh TOIBKO
OJIH BApHUaHT.)
Pemenwne.
Baszuc unpaykuun (n = 3) yxe JOKa3aH.
[Tar maAaykuun. [peanonoxnM, uro Ayid n — 1 gpobeit 3ajada pelleHa:

€CThb IIPEACTABJICHUE

=1yl ]
a b T K

B KOTOPOM 11— 1 cj1araeMeIx M BCe 3HAMEHATEIM pasHble. Byiem cunraTs, uro 1podu
yOBIBAIOT (3HAMEHATEJIM BO3PACTAIOT CJIeBa HAIIPABO, TaK 4YTO kK — HANOOJIbILMIL 113
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3HaMeHaresei). Mbl NOJIy4YnM UCKOMOE IPEJICTABIEHUE B BUJIE CYMMBI 1 po0eii,
ecu pa3o0beéM OAHY ApoOb Ha ABe. DTO MOXKHO ClIeIaTh TaK:

1 1 1

Pkl T kkr D)

(B camom pene, pasuocrb 1/k — 1/(k + 1) pasna 1/k(k + 1), nockosbKy mocie
npuBejieHrsl K 00leMy 3HaAMEHATEIIO YMC/IUTE/IM OTJIMYAIOTCS Ha €/JMHULLY.)
[ocnepHee (HO BaxkHOE) 3aMeuaHue: Bce APOOM OCTAIUCh PA3/IMYHBIMU, TAK
KaK k OBUIO HawOOJIBIIMM 3HaMeHaTeneM, a k + 1 Gonblie k (He ropopd yX O
k(k + 1), xotopoe emg 6ople).
3amaua pereHa.

Eciu paccyk/ieHHe N0 MH/TYKIIMH KaXKeTCsl HEOHSTHBIM, TOJI€3HO POCJIE/IUTh
HECKOJTBKO €T0 WAroB NP KOHKPETHBIX 3HAYEHNAX 1. HamprMep, pu mepexoze ot
Tpéx gpobeil K YeTHPeéM MEL pasbusaem 1/6ua 1/7ul/6—1/7 = 1/(6-7) = 1/42:

B /laHHOM KOHKPETHOM CJlydae MOXHO Gbuto Gbl pasbuth Ha 1/6, a 1/3 (kak?),
HO B 00LIeM cJlydae Mbl XOTUM I'apaHTUPOBAaTh, YTO Bce ApoOM OyAyT pasHbIMU, U
IOTOMY Pa30bUBaeM CaMyI0 MAJIEHbKYIO ApOOb.

3apmava 8. lokazath, 4TO MO6OH W3 KBaJpaToB 2 X 2, 4 x4, § x 8,... 2" X
x 2", ..., U3 KOTOPOTO BHIPEe3aH YIVIOBOM KBaApaTuK 1 X 1, MOXHO paspe3atb Ha
YTOJIKM 13 TPEX KJeTok (puc. 15).

Puc. 15. Yronok u3 Tpéx KIIeTok.

Pemenne.

Bbasnc nnayxkunu. Jna keagpata 2 X 2 (To eCTh pu 1 = 1) 3TO TpPUBU-
aJIbHO: TOCTIe BHIPE3aHHUS YIVIOBOTO KBAApATHKA KaK Pa3 U OCTAETCS YTOJIOK.

Ilar naagykuuu. s keagpara 4 X 4 (To ectb npu 1 = 2) 3aja4a Takxe
peLIaeTcs JIETKO: YroJOK W3 TPEX KBaApaToB pa3Mepa 2 X 2 MOXHO pa3pes3aTb
Ha YeTHpe MaJeHbKMX YIOJIKa, U OCTaETCS JOOABUTH K HUM €IUE OJUH YIOJIOK
(puc. 16).
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Puc. 16. Pemenue gisg n = 2.

Tor xe mpuém roautrcst u B obueM ciyudae. I[lycte MBI paspezanu kBajpar
271 % 2"~1 Ge3 yrmoporo kpagpaTHKa 1 X 1 HA YTOIKM W3 TPEX KJIETOK. Y Be M
9Ty KAPTUHKY BABoe. MEl yBUAMM, 4TO KBaApaT BABOE OoJibLIero pasmepa 2" x 2"
0e3 yIJIoBOro kBajpaTa 2 X 2 pas3pe3aH Ha yroJKd K3 TpEX KBafpaToB 2 X 2.
Ocraérest KaxABll M3 OTUX YroJIKOB pa3pe3aTh Ha YeThIpe MaJeHbKHX (KakK Ha
puc. 17) u no6aBuTh eIEé OUH YroJoK B BbIpes 2 X 2.

Puc. 17. Bonbmoit yroaok paspesaH Ha 4 MeHBIIMX.

3amaya pemeHa. ([ caMOIpoOBEpKH MOXKHO HAapHCOBaTh CXEMy pa3pe3aHUs
JU1g kBazapara 8 x 8.)

Nuaykuusa KakK Tprok

qaCTO, pacckasbiBad O MaTeMaTUIeCKOMn WHAYKIUNW, HAYUHAIOT € TaKOU 3a4a4M:

3anmava 9. J/lokazatb, 4to

1
1+2+3+...+n:%
npu Beex n > 1.
Pemenmne.
Bbasnc mapaykuuu. Ilpu n = 1 yTeepX/ieHue uMeeT BUJL
1-2
1= —
2
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u oueBHHO. Ecim cyMMa m3 OJJHOrO WieHa KaXKeTCsl YeM-TO CTPaHHBIM, MOXHO
TIPOBEPHUTE U CIAyvail n = 2: B 3TOM CJIydae

22+ 1)

1+2=3=
+ 2

[llar nagykuuu. Bergenum B cymme 14243+, .. 4 (n— 1) +n nociegHumit
WieH:

1+42434+...+m—1D+n=14+2+...+m—D]+n

ITo MPEANOIOKEHNIO NHAYKIUN IMIPAaBYI0 4YaCTh MOXHO IIEPEIINCAaTh KakK

m—D((n—-1)+1) _(n—Dn _
3 +n= 3 +n=

_(n—=Dn+2n
=—F =
n”+n _ nn+1)
2 2

4ro M TPeGOBAIOCH /I0KA3aTh. 3a/aua peleHa.

PeurerHyie mpocToe, ec/iv OTKYJa-TO y3HatTh oTBeT n{n + 1)/2, Ho Kak [0 Hero
JorafaTecsi? MOXHO pelwmmTh 3Ty 3ajady 1 uHaue. IlepectaBum B cymme

S=1424+...+(n—1)+n
WieHBl B 00PATHOM MOPS/IKE:
S=n+m-1)+...+2+1.
Cr0XuUM 9TH JiBA PABEHCTBA [MOWIEHHO:
2S=1+n+R2+O0-D]+...+[n—D+2]+ [n+1].

B npaBoit yacTi n KBaApaTHBIX CKOOOK (B KaXJOW U3 CyMM OBLIO 71 CJIaraeMbIX),
Kaxpgas ckoOka pasHa n + 1, moatomy 28 = n(n + 1).

B cnemyromeit 3aade He TaK MpOCTO OOBSCHUTH OTBET, HO 3HAS €ro, yxe
JIETKO TIPOBECTH JT0KA3aTeJIbCTBO O MHYKIIN.

3agaua 10. Jlokazath, 4TO

nn+1)2n+1)

1+4+9+...+n*= <
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npu Beex n > 1.

Pemenumue.

Basuc maayknuu: 1 =(1-2-3)/6.

[llar naaykuuu. [lycte MBI yXXe 3HaeM, YTO PaBEHCTBO 33Ja4d BEPHO IS
CyMMBI 1 — 1 KBaApaToB:

n—1Dn2n—-1)

P+24+3%+. .. +(n—-1)72%= 5

(B MpaBOH YaCTH 3aIIMCAHO BHIPAKEHUE U3 YCJIOBH 3a/1a49, B KOTOPOM 71 3aMEHEHO
Ha n—1). [pu6asum k o6erm yacTsam uncso n*. [oyunm, 4To cyMMa 11 KBapaToB
paBHa

n—1Dnn—-1) 2 (n — Dn(2n — 1) + 61>
6 = 6 -
_n[(n—1)2n—1) + 6n]

6
n2n* —3n+146n]
c —
n[2n® + 3n + 1]

6
nn+1)2n+1)
6 )

4TO U TpebOBAJIOCH J10KA3aTh.

Ho kak xke Bcé-taku yragatb (opmysty 41 cyMMel kBaaparos? Bor oaHa u3
BO3MOXHBIX PEKOHCTPYKLIA: /ISl CyMMBI TIepBEIX cTereHeil otBer (n(n + 1)/2)
OBbIJT MHOTOWIEHOM BTOpO#l cTereHH. [10aToMy MOXKHO OXWAQTh, UTO IJIS CYMME
KBa/IPaTOB TOJIyYNTCS MHOTOWIEH TPeTbei CTEMEHW, TO eCThb BHIPaKeHHe BUAA
an® +bn®+cn+d ¢ HekoropriMu KoadduienTamu a, b, ¢, d. Tlocsie 3Toro MOXHO
nopo6pats 5TH KO3((ULIMEHTHI, MOACTAB/IAA KOHKPETHbIE 3HAYEHUs 1 U peluas
CUCTEMYy JIMHEeMHBEIX ypaBHeHWI. A moAoOpaB NpaBWIbHBIE KO(PULMEHTH, yXe
JIETKO TIPOBECTH JOKA3aTeIbCTBO IO WHTYKIIWM.

3amada 11. Ha pocke nammicansr fBa uncia 1, 1. Brimcap Mexjy umciamn mx
CyMMy, Mbl nostyunM uucia 1,2, 1. [loropus a1y onepaupro emg pas, HOTy4nuM
uncaa 1,3,2,3, 1. Ilocne tpéx onepaumit 6yayt uucia 1,4,3,5,2,5,3,4,1. Ka-
KoBa OyJeT cymMMa Bcex 4mces Ha gocke nocie 100 onepaipii?

Peuwenue. fAcHo, uyro ana BomosHeHus 100 omepainyii HaM He XBAaTUT HU
MecTa, HM BpeMeH!. 3HAYNT, HY>KHO TIBITAaThCS HANTH KaKylo-To o0y ¢opMyIty
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JUIsL CYMMBI UHCesT Iocsae n onepauuii (o0o3HaunM e€ S,). [locmoTpum Ha Tabmuity:

n S,
0 2
1 4
2 10
3 28

Bumute 1 BB 3[1ech KaKy0-TO 3aKOHOMepHOCTH? Ecim HeT, MOXHO cJie/iaTh el
OJIH IIIar: TIOC/Ie YeTHPEX omepauyii 6yayT dmcia

1757 47 77 37 87 57 77 27 77 57 87 37 77 47 5’ 17

cyMMa KOTopeIx (S4) paBHa 82.

Ha camoM fesie MOXXHO He BBINHCHIBATH YNCJIA, 8 CPa3y CKa3aTh, KAK U3MEHUTCS
cyMMa Tocsie 1o0aBieHus HOBBIX urcest. [lycTe cymma Obiia paBHa S. Kakoit oHa
CTaHeT, KOorja Jo0aBsaTCA HOBBE uucaa? PazoObéM Kakaoe HOBOE YHCIIO B CyMMY
JBYx cTapbix. Hampumep, ot

1,3,2,3,1

MbI HCpeXOﬂI/IM K
1,1+3,3,3+2,2,2+3,33+1,1.

Kaxgoe crapoe uncio (Kpome ABYX KpalHUX €JUHUL]) BXOAUT TENEpb B CyMMY
TPU pasa, MO3TOMY HOBasA CymMMa paBHa 3S — 2 (MBI BBIYIM 2, YTOOBI y4eCTb
HejfocTaoipe e uHuLbl). [lostomy Ss = 354 —2 = 244 u BooOwe S, = 35,_; — 2.

Ho Bcé-Taku, kakoBa obuas dopmyna? Eciv 66 He BEIUMTaHUE ABYX €JUHULL,
TO KaXJBlll pa3 CyMMa yBeJW4YMBajach OBl B TPH pa3a, KaKk B CTENEHAX TPOMKU
(1,3,9,27,81,243,...). A HallM YKCJIa, KaK Tenepb BUAHO, HA €UHALLY OOJIBLLE.
Taxnm 06pa3oM, MOXHO MPEAIOJI0KUTh, YTO

Sp=3"+1.

Tenepb 5T0 j1erko JOKa3aTh MO MHAYKLIAH.
Basuc nagykuuu. Cmotpu Tabmuny (s n = 0,1,2, 3).
[llar nagykuuu. Ecmu

S =371+ 1,

TO
S, =381 —-2=33""'+1)—-2=3-3"143_2=3"+1.
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Hama dopmysa pokazana. M3 Heé BUHO, YTO IOCI/IE CTA ONEpPaLii CyMMa BCEX
qrces1 Ha AocKe (XOTs, YeCTHO TOBOPsI, OHM YK€ BPSJ JIM MTOMECTATCS Ha JOCKe)
Oyner papxa 3'%0 + 1.

3afaua pelieHa.

KCTaTI/I, a CKOJIBKO 4YIMCeEI 6y;[eT II0CJIE CTa onepaumﬁ? DTO aHAJIOTMYHAA 3a-
Aava, 4yTb bosee opocTad.

Ycunenne yTBepXIeHUs

3agayva 12. Jlokaszate, 4r0o cymma
P4+2+3+...+n°

ABIseTca TOYHBIM KBajpaToM. (Hampumep, 1 =12, 1+8=9=3%14+8+27 =
=36=06% 148427 +64 =100 = 10? u Tak fanee.)

Pemenue. YroOsl mpoBecTH paccyXJeHre M0 MHAYKLMM, MBI, KaK 5TO 4a-
CTO JIeJIAIOT, YCH/INM JIOKa3blBaeMoe yTeepkieHue. Ham maso 3HaTh, 4TO cymMMma
Ky0OB fIBJISIETCA TOUHBIM KBaApPAaTOM — HAJO0 €I CKa3aTb, KBAJPAaTOM Yero OHa
SIBJISIETCS.

Uro 5T0 32 TocaegoBaTeNTbHOCTE 1, 3,6, 10, ... 7 MOXHO 3aMeTHUTh, YTO pa3HoO-
CTH MeXY COCeHVMH WICHaMH YBeIMIMBAIOTCA Ha equHmiy: 3—1 = 2, 6—3 = 3,
10 — 6 = 4 u Tak gasnee. C Takoi MOC/IEJOBATEIBHOCTBIO MBI YK€ CTaJIKUBAJINCh!
oT0 ObLIA NOC/IEA0BATENBHOCTh CyMM 1,1 4+2,1+2+3,1+2+3+4,.... Takum
00pazoM, MOXXHO MpeAoI0XUTh, YTO

P+2+. . . +=0+2+...+n)?

Jio60oneITHO 6BUT0 OB IPUAYMATh OPAMOE A0KA3aTeNbCTBO 2Toil dopmyarl. Ho
MO0 VHAYKLMM €€ JJOKa3aTb HECJIOKHO. Y J0OHO TepericaTh MpaByld YacTh KakK
n?(n + 1)%/4, ucnonw3zosas 3aj1a4y 9. [1o MpeNONOKEHHIO UH/YKIIY

_ (n— 1)%n?

P+2+.. . +-—1)° 1
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[pubasup n°, nosnyuaem, uro cymma 13 + 23 + ... + n® pasua

(n—1)%n? = (n— 1)%n? + 4n° _

4 "= 4
_ (n— 1)2 + 4n) n? _
= 7 =
_(n?=2n+1+4n)n?
= i =
@ +m+ 2
==
_(n+1)%n?
=—0

qTo U Tpe6OBaJ'IOCI> A0Ka3aThb.

3agaua 13. Jlokaszate, 9To

11 1
I+-4 4. +—<2
ottt <

pu JII000M HATypasIbHOM n > 1.
Pemenue. Kak u B npeapiaylLei 3agade, Mol Oy/ieM JOKa3bBaTh M0 MHAYK-
uuu OoJiee CUJIBHOE yTBepX/ieHue. B faHHoM ciayvae 310 OyAeT paBeHCTBO
1+ ! + ! + ...+ L_ 2 !
2 4 T
Basuc nugykuuu: 1 +1/2=2—-1/2.
lar MHAYKLUU: €C/U

11 1 1
TO
11 1 1 1 (I U

4TO M TPeOOBAIOCH.
3apmava perueHa.

JI1060NBITHO, YTO €C/IU NTOCTApaThCs, TO MOXKHO JOKA3aTh 0 UHIYKLU U UC-
XO[{HOe YTBepX/eHue (He yCUIHMBas ero Mpe/BapUTEIbHO). DTO JAesIaeTcsl TaK:

ecmm
11 1
1+ 4+ +...+

2 4 -1 <2
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TO (JIe/ UM TIOTIOJIaM )
1 1 1
-+ -4... =<1,
2 + 1 + + >
7 TIOcJTe TIPUOABJIeHNs] eIMHIULIE TT0JTydaeM
1

1
T+~ 4=+ <2,
ottty

4TO U TpebOBAJIOCH.

3anava 14. Jlokazatb, 4to
1+ ! + : +...+ : <2
ittt oa

Iy JII0OOM HATYPAJIBHOM 1 2> 1.
Pemenue. 31ecy 06a npuéma U3 npeablyliei 3a/1a4u BCTPEYaloTCs ¢ TPy /HO-
CTAMU: HeT HU oOluelt hopMyJIBl A1 CyMMEL B JIEBOM YacTH, HH croco0a IIpoBecTy

AT MHAYKIWW, He MEHAs yTBepXKIeHud.
OfHAaKO MOXHO YCUINThL YTBEPXK/IEHAE TAK:
1 1 1 1
T4 d —Fot— <2
4 9 n? n

IIpu n = 1 HepaBeHCTBO mpeBpallaercsa B paBeHCTBO 1 = 2 — 1. [IpoBexéMm war

WHIYKLIUHA: €CIIA
1+1+1+ + ! <2 !
4 9 T m=—12 " n—1’

TO TMOC/Ie MPUGABIeHns K 00enM JacTaM Apobu 1/n? momydaem

1 1 1
o b= <2 — = =
+4+9+ +n2\ n—l—i_n2

2
— 1
>y n n-+
(n — Dn?
<2 n?—n _ 1
(n—1Dn2 n’

4TO M TPeOOBAIOCH.
1o cymecTBy 5T0 Xe pelieHre MOXHO U3/10XUTb U B 00J1€€ HAIVISIJHOM BU/JE:

3aMeTUM, 4YTO
1 1 1

1
— < — _
n " m—Dn n—-1 n

)
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MODTOMY

MEHBIIE CYMMBbI

() () e (Y,

Teneps BCe MPOMEXYTOUHBIE YjIeHBl COKpamalorcs u octaéress 1+ 1 — 1/n, Tak
YTO UCXO/HAsI CyMMa MeHble 2.

3apmaya 15. Ha xpato mycTeiHM uMmeeTcsl OoJIbIION 3amac OeH3WMHA W MALIMHA,
KOTOpasl IIpU IOJHON 3ampaBKe MoxeT mpoexaTh 50 kwiomerpoB. Umetorca (B
HEOIPAHUYEHHOM KOJIMYECTBE) KAHWCTPHI, B KOTOPbIE MOXHO C/IMBaTh OEH3MH 13
6eH306aKa MalIMHBEI M OCTABJIATH Ha XpaHeHue (B 000 TOYKe MyCThiHM). Jloka-
3aTh, YTO MAlLIMHA MOXET Ipoexarb moboe paccrosuue. (Kanuctpsl ¢ GeH3MHOM
BO3UTb HE pa3pellaeTcs, MyCThle MOXXHO BO3UTH B JIO0OM KOJIAYECTBE.)

Pemenwue. [lonbTaeMea foKa3aTh MHAYKLWEH ITO 7, YTO MAlLlAHA MOXET OTb-
exaTp Ha n KwioMetpoB oT kpad. ITpu n < 50 s10 m3BecTHO. OcTasocs mposecTn
IIar MHAYKUMA U OOBIACHUTH, KAK MPOEXaTb 1 KAJIOMETPOB, €CJIM U3BECTHO, HTO
(n — 1) xunoMerpoB mpoexaTb MOXHO. OJHAKO TYT MBI BCTPEYAEMCS C TPY/HO-
CTBIO: TOCJIe TOTO KaK MBI Ipoexamd (n — 1) KwIoMeTpoB, OeH3MHAa MOXeET He
XBaTUTh Aaxe Ha oOpaTHyI0 Aopory (He roBOpA yXe O XpPaHEHWUH).

Kak u B mpeapaylMx 3afavax, BBIXOZA COCTOUT B YCWJICHHM AOKA3bIBAEMOTO
yTBepKAeHuA. Byaem fokas3biBaTh, YTO MBI HE TOJIBKO MOXEM IPOEXaTb 71 KWIO-
METpPOB, HO U

MOXeM CeJIaTh CKOJIb YTofHO 00/blLIOH 3amac OeH3MHA B TOUKe Ha
PaCCTOSHIA 1 KWIOMETPOB OT Kpasi Iy CTHIHY, OKA3aBIIVICh B 3TON TOY-
Ke TI0CJIe OKOHYAHIS TTePeBO30K.

Basuc umHpgyxkuumu (n = 1). Pelic Ha paccTosHue 1 u obpatHO Tpely-
eT 2 eaunul] 6eH3rHa (OyAeM Ha3blBaTh €WHMLIEH KOJIMYeCTBO OeH3MHA Ha KWIO-
MeTp MyTH), TTO3TOMY MBI MOXEM OCTaBUTb 48 eMHUL] OeH3MHA B XpaHWMLIE (Ha
PacCTOSIHUM KWJIOMETpa OT Kpasi) ¥ BEPHYTbCs 3a HOBOI nopuueil. (OcTOPOXKHBINA
4eJI0BEK OCTaBJIA/1 Obl UyTb MEHbIIE — CKaxeM, 47 euHull, — 4TOObI HE BO3Bpa-
LIAThCA € COBCEM yX IMycThIM 6akoM.) Ho Tak win vHade, 32 HECKOJIBKO PEICOB B
XPaHWIAILE MOXHO C/eJIaTh 3aIac IPOM3BOJILHOTO pasMepa, KaKoro HaM MoTpedy-
ercs. ([Ipu 5ToM «k03(PULMEHT MOJIE3HOrO AeHCTBHA» cocTaBser 48 /50: uro6el
co3aarh 48 eauHuly 3amaca, Mbl pacxoayem 50 eauHuLL.)
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Hlar mHEAYKUHUH. MBI JOTXHBI HAYYHTHCS CO3/ABAaTh XPAHWJIMILE HA pac-
CTOSIHUM 1 C JTIOOBIM 33JJaHHBIM Hamepeés 3amacoM OeH3nHa (M OKa3aThbCsl Yy 9TOTO
XpaHWIMIL@A B KOHLIE TIEPeBO30K ). Kak MBI TOJIBKO YTO BUZEIN, 3TO BO3MOXHO, ec-
JI1 B TOUKe 1 — | MMeeTcsl HeorpaHUYeHHBII 3anac 6eHsuHa (6asuc uaaykuym). Ho
O MPeAIOJIOXKEeHNI0 UHYKLIMU, MBI MOXEM 3aIacTy JI000€e KOJU4ecTBO OeH3MHA
(A euHUL] IPH CKOJIb YrOAHO OOJIBIIOM A) Ha paccTosiHuy n — 1 oT kpas!

HpyruMu cjoBamu, €C/IM HaM HAJ0 3aBe3TU 3aJaHHOE KOJIM4ecTBO B OeH3uHa
Ha PacCTOsIHUE 1 OT Kpasi, MBI CHadaJa IpeJcTapiseM cebe, 4to B n — 1 GeH3nHa
CKOJIbKO YTOAHO, M CMOTPHM, KaKoe KOJIM4ecTBO (A) HaM peasbHO MOHAOOUTCS.
3arem MEI (TTOJIB3YSCH MPEATIONOKEHNEeM MHAYKIMN) 3aBO3NM A eAnHVL OeH3MHA
B TOUKy 1 — 1.

HpI/IHI_[I/IH HanuMEHbIIECTO YHUCJjia

YacTo paccyXxAeHNA N0 MHIYKLWY 3aMEHAIOT CCBUIKON Ha «IIPUHLAI HaVMeHb-
LIETO YUC/Ia»: BCAKOE HEMyCTOe MHOXECTBO HATypa/IbHBIX YHCEST HMeeT HAaUMEHb-
it aemerT. HeronstHO? Huvero crparrHoro, cefryac oOBsICHUM Ha TIpUMEpax.

BoT kxak MOXXHO nepeckasaTh pelleHre 3aaqd 1 (0 KapTe ¢ IPsMBIMA, KOTOPYIO
MOXHO PacKpacuTb B JIBa L[BETA).

[TpearnosioXuM, 4To yTBEPXKACHME 33/[aUd HEBEPHO M €CTh KapTa, KOTOPYIO
PaCKpacHTh B JIBA LIBETA HeJIb3sA. Boobiie roBops, Takux KapT MOXeT ObITh MHOTO
7 KOJIMYECTBO IPSAMEIX B HUX MOXeT OBITh pasHBIM. PaccMoTpuM Ty U3 HHX, B
KOTOPOU IPSAMBIX MeHbIIe Beero. [TycTe B Helt 1 IpAMBIX. MoXeT /1 n paBHATBCA
eavHme? HeT, MOCKOIBKY KapTy ¢ OJHOU IIPAMOI PacKpacHTb MOXHO.

BriGepem B Hamleil (HepacKpallBaeMOW) KapTe OHY W3 NPAMBIX (BCE PaBHO
KaKyl) ¥ BpeMeHHO yjauuM e¢. [losyunrcst Kapra ¢ MEHBIIMM YKCJIOM TPSIMBIX.
Pa3 nama kapra ObUla MMHUMAJIBHOU (IO 4KC/1y NPSAMBIX), BTY HOBYIO KapTy pac-
KpachTb MOXHO. Tak u cpenaeM. Ilocite 3Toro Mel BepHEM OOpPAaTHO BPEMEHHO
yIaJ€HHYIO MIPAMYIO U II€PEKPachM BCe CTPaHBI C OJHON CTOPOHH! OT He€. Ilomy-
YMM PACKPacKy KapThl, KOTOPYIO (110 MPEATIONIOXEHUIO) PACKPACUTh HEJIb34.

MBI 0JTyYnIM OpOTUBOpEYre. 3HAYUT, Hallle MIPEAIIoIoXKeHre (O CyIecTBOBa-
HUM KapThl, KOTOPYIO PACKPACUTb HEJIb351) HEBEPHO.

AHAJIOTMYHBIM 00pa3oM MOXHO TEPEU3JIOKNATL U Apyrue paccyxjaeHus. Ha-
IIPUMEP, MBI JOKA3BIBAJIM, YTO JIIOOYI0 CYMMY, HQUMHAsA C 8 KOIEeK, MOXHO yILUIa-
TUTb MOHETaMH B 3 M 5 Komeek. Termepb 5To paccyX/eHue OyAeT BEIVIAAETb TaK.

[IpeanosoxuM, ecTh Takue CyMMBI (LI€JIO€ YMCJIO KOIeeK, He MeHbllee 8),
KOTOpBIE HeJIb3s YIUIATUThL MOHETAMH B 3 1 5 KoleeK. Bo3bMEM caMyro MaJIeHbKYIO
w3 Hux. Ilycts 510 Oyger n. Ilo mpeanosnioxennio n > 8, MOCKOJBKY MEHbIINE
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3HAYEHHS /1 MBI He paccMaTpuBaeM. MBI 3HaeM, KPoOMe TOro, YTO /1 He MOXeT OBbITh
paBHO 8, 9 wm 10, TOCKOJIBKY 5TH CyMMBl YIUIATUTh MOXHO. 3HauuT, n > 11.
Torpga n — 3 > 8 u, kpome T0ro, n — 3 < n. 3HauuT (pa3 n ObUIO HAMMEHBLIM
IUTOXVM 3Ha4Y€HHEM), CYMMY B 1 — 3 KOII€€K MOXKHO YIUIATATb MOHeTaMU B 3 U 5
KorreeK. Ecsm 106aBUTH TPEXKOMEEUHYI0 MOHETY, TO TOJyYUTCS 1 KOMeeK. A MBI
MpeATosarajiv, YTo 1 KOMeeK YIUIaTUTh Heslb3s. [Iportusopedne.

Hekoropsle 3a7auu mpolie cpa3y peuiatb, UCXOAS UX MPUHLMIA HAUMEHBILETO
YHuCa.

3apava 16. B mocnenoBarensaocty GuboHAT I
1,1,2,3,5,8,13,21,34,55,...

KaX/bli1 CJIEAYIOLIMIT WIEH paBeH CyMMe ABYX MpeAblAyliux. Jlokaxure, 4rto gBa
JIeAMXCs Ha 7 4iciia B Hell He MOTYT CTOSITh PALOM.

Peuwenwue. [lycTe 5TO He TaK U €CTh [iBa CTOSILMX PAAOM UKCTIaA, AEIAIUXCS
Ha 7. JIBArascp cjieBa HanpaBo, HAlAEM IEPBYIO TaKylo Mapy:

cena, Tk71

(cocemname umcna, Aesrayecs Ha 7, 3amicaHsl Kak 7k u 71). [lockonbKy B Havyaste
IT0CTIeTOBATEIBHOCTA CTOSIT J{B€ €AWHMILIBI, 3TH YMCJIa HE MOTYT OHITH IIepPBHIMHU,
3HAYUT, Tepe;] HUMH eCTb Kakoe-To uncio a. o yenosmo 71 = a + 7k, 10 ecTb
a="17—"7k =7( — k) u noroMy a Toxe geaurcst Ha 7. 3Hauut, mapa 7k,7l He
6bUTa TIEPBOIl — BOIPEKH IpeATIONIOKEeHHUIO.

[MpoTuBOpeure TOKA3HBAeT, YTO MAPHl PAOM CTOSAIIMX W JeJISImXcs Ha 7
uncen Her. (Ha camom gerne umcno 7 B YCJIOBHM 33/iayd MOXHO 3aMEHHUTh Ha
mo6oe Apyroe 1iesioe MoJI0XUTEIbHOE YHCIIO. )

J1s TpeHMPOBKH TepecKaskeM 9TO ke paccykaeHre 1o uHaykipm. OHo Gyaer
BHIVISIAACTh TaK: MH/YKIMEH 110 1 MBI JOKA3BIBACM, UTO XOTS ObI OJHO M3 4HCe]T
F, u F,., He gesurca Ha 7. (3aeck yepes F, o603HaueHO n-e unciao OGuboHaqyn.)

Basuc mHgyKUumu odernjeH ([Ba MEepPBHIX UMC/Ia He OeJIATCA Ha 7).

[llar UHOYKLWM: €C/IA OTO He TaKk U 00a unucna F, u F,;; jensarcsa Ha 7,
T0 U mpefpiayumee uucao F,_; = F,y; — F, geanrcsa Ha 7, 4TO NPOTHUBOPEYUT
MPEATIOIOXKEHIIO MHAYKLIVH.

Takoil meTo paccykaeHus (C HaMMEHbLIMM YMC/IOM) YacTO IIPUMEHSETCs B
TEOpUU YKCeJI, TAe €ro Ha3hlBalOT MEeTOAOM CIycka. MBI MOoKaXeM JIMIIb CaMBIi
MPOCTOI IPUMEP TAKOI'O poja.

3anmaya 17. JlokasaTh, 4TO HHMKakKasg OOBIKHOBEHHAs ApoOb (OTHOLIEHHE ABYX
LIeJIBIX TIOJIOXKUTEJIbHBIX UKCE) He MOXET B KBajipaTe ObITb paBHA 2.
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(Kak roBopsT, 4uci0 \/2 MppaLHOHa/IbHO, TO €CTh HEe IPEJCTABUMO B BHJIE
JpobH C IeJIbIM YHCTITeIeM W 3HaMeHaTeIeM. )

Peuwenwue. [lycTe 5T0 He TaK U ecTh ApoOH, B KBaJpaTe paBHEE 2. BribepeM
Cpelu HUX JpoOb ¢ HAMMEHbLIMM 3HaMeHaTes1eM. (MoxxHo 65110 OB BHIOPaTh ApOOb
Y C HAMMEHBIIM YHC/IUTEJIEM, 3TO OFHO M TO K€, TaK KaK OTHOLICHNE YNCIIATEIIS
K 3HAMEHATEJIIO MOCTOSHHO U PaBHO v/2.)

[lycts aTa Apo6b ects p/q, Torma (p/q)? = p?/q* = 2, 10 ectb

p2 — 2q2

Orcrofa BUAHO, YTO YKCTIO p 4€THO. B camoM fiene, ecsiu p HEUETHO, TO OHO IMeeT
Bup p = 2k + 1, mostomy p? = (2k+1)2 =4k +4k+1=20k*+2)+ 1, u p?
TOXKeE HEUETHO, a y Hac p? = 2¢g° ¥ NOTOMY YETHO. 3HAUUT, p YETHO U MMeEET BH/
p = 2k. Torpa

P = (2k)? = 4k = 24°.

Cokpalljas Ha 2, momydaeM, 4to 2k* = ¢?. Temepb MBI BUAUM, YTO g TOXKE YETHO
(mHave g GbUIO OBl HEYETHHIM), TO ecTh ¢ = 2[. IlosToMy M umcIUTeNb p, U
3HAMEHATe b ¢ Hallel Apo0u YETHBI, U €€ MOXKHO COKPAaTUTh HA 2:

p 2 k
g 20 I
Tpu stom (k/1)? = (p/q)* = 2 (or cokpailienus: Apo6U eé KBajIpaT He MeHseTcs),
MOBTOMY MBI HAaILIM Jpo0b ¢ (B/IBOE) MEHBLIMM 3HAMEHATEsIEM, KBaJIpaT KOTOPOi
paBeH JBYM — IPOTUBOpeuMe (I10 HPEANOJIOXKeHUIO Obuia BbIOpaHa Apo0Ob ¢ Hau-
MEHBIINIM 3HaMeHaTeJIeM).
3agaua pelieHa.
Ha camoMm jiesie MBI MOTJIM OCTaHOBHMTBLCS 1 paHbIlle: 0OHApYyX1B, uTo 2k = g2,
MBI 3aKmiouaeM, uto (¢/k)? = 2, oTkyna criejtyer Takxke, 4to k < ¢, NO3TOMY OT
Jpobu p/q Mbl nepeuutn K Apobu ¢/k ¢ MEHbIIMM 3HAMEHATEJIEM.

HesepHbie paccyxneHus

PacckaspiBag 0 MaTeMaT4eCKON MHAYKLMU, OOBIYHO MPUBOAAT IPUMEPHl He-
NPaBWIBHBIX paccyXJeHuil. Mel cfesaeM TO Xe caMmoe: NepBblii npumep Oyner
COBCEM HAUBHBIM, ABA JAPYIMX — 4YTb I10CJIOXKHEE.

IlepBoe HepepHOe paccyxieHue. JloKaxeM MO MHAYKLAM, UYTO COCEJHME Ha-
TypajibHBlE 4YWC/Ia PaBHBHL. Jpyrumy cjaoBaMH, yTBepXZeHUE A,, AOKA3bIBaeMOe
WHYKLMeH 1o n, 6yJeT uMeTsb BUA n = n + 1.
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JlokaxkeM ero, Mpe/rIoyIoKUB, YTO OHO BEPHO JUISL BCEX MEHBILIMX 3HAYCHUIT 7.
Toraa oHO TOTKHO GBITH BEPHO W IS MpeABIAYINEro 3HAYeHUsl ITapaMeTpa n. DTo
o3HauaeT, yro (n — 1) = (n— 1) + 1, 10 ectb n — 1 = n. [Ipubapias equHULy K
0o6erM YacTsM paBeHCTBa, MOIy4YaeM, uto n = n + 1.

Bropoe HeBepHOe paccyxaeHue. JlokaxeM, uTo JyitoOble 1 uKcesl PaBHbL: €CIU
ai,...,a, — TPOU3BOJIBHBIC YHCIA, TO a; = dy = ... = a,. (OOBIYHO Tpes-
JIAraloT AoKas3aTh, YTO JIOOBe 1 JIOMIafAell OJHOrO LiBeTa, HO MBI OyjeM Oosee
HayKooOpasHBl — TaK MOpOLle CKPHITh OLIMOKY.)

Ilpy n = 1 MoKa3bIBaThb HEYEro: YHCJIO TOJBKO OJHO M OHO PaBHO CaMOMY
cebe.

JlokaxeM Tenepb, 4YTo JIIOOBIE 71 YKCET PABHBI, NIPEINION0XMUB (KaK BTO 00bIY-
HO [€/13eTCs IPU PacCyXJEHUAX MO MHAYKLMU), 4TO IS MEHBLIMX 7 BTO yXKe
H3BECTHO.

PaccMoTpuM IIpOWM3BOJIbHBIE YHCHA dp, Ay, . . ., dp—1, dy. OTOPOCUB MOCTIEAHEE
YHCII0, TTIOTyYInM Hab0p 13 n— 1 uuces. T1o npeAnoI0XeHnio WHIyKLMA OHA PABHBI:

Tenepp otOpocum neppoe uucao. CHOBa NOTy4uM HaboOp U3 n — 1 yuces, U npea-
MOJI0XKeHWe MHAYKLMN AT

a) = ... = dy—1 = ay.
Oﬁ’be,[[I/IHH}I OTH [Ba pPaBE€HCTBA, IIOJyYdaeM, YTO
ay =a; = ... =day—1 = 4y,

4TO U TPebOBAJIOCH J10KA3aTh.

Tperbe HeBepHOe paccyxaeHue. J[okaxkeM, 4To MOOble 71 TOYEK JeXKaT Ha
ofHoil npaMoil. IIppy n = 1 1 n = 2 5T0 fACHO (B T€OMETPUM €CThb COOTBETCTBY-
om@s akenoma). OcTamock A0Ka3aTh 3TO /I8 MPOM3BOJIBHOTO 71, IpeArosaras,
uto s n — 1 370 BepHO. B camMoM fesie, paccMOTPUM NPOW3BOJIBHBIE N TOYEK
A1, Ay, .., A, Ay OTOpOCHM MOC/IEAHIOI TOUKY U TPUMEHHM IIPEATIOJIOXeHNe
naAykupn. Honydarm npsamyto [, Ha KOTOpO jieXaT TOUKH Aj, Ay, ..., A,_;. Ham
HAJ0 [0Ka3aTh, YTO U MOCTEAHAS TOUYKa A, JeXUT Ha 3Toi mpamoil. OT6épocumM
MEPBYIO TOUKY U IIPUMEHHM IPeATNosIoKeHe NHAYKIMA K ToOUYKaM Ay, Az, ..., A,.
[ToslyunM, Y4TO OHM BCe JIEXAT HA HEKOTOPOM npsamoit I'. MoryT i npsmbie [ u
I 6biTh pasnmunb? Her, Tak kak 06e OHM NPOXO/AT 4Yepes TOYKH Ay U A,_q, a
KaK M3BECTHO U3 TOH XK€ aKCUOMBI F€OMETPUU, Yepe3 ABE TOUKU MOXKHO IIPOBECTU
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TOJIBKO OJ(HY MPAMYI0. 3HauuT, mpsiMble [ 1 [/ COBNIAAIOT U IIPOXOAAT 4epe3 BCe
n TOYeK.

Hy kak, Hauum oumoku?

Bnoosane ynopAa0o4€HHbIC MHOXECTBA

MeTtonx MaTeMaTHUeCKON MHIYKIWIN, KaK MBI VKe He pa3 TOBOPIUIN, COCTOUT B
ceqyIoIeM: MBI JOKa3BIBaeM HHTepecylolee HAC YTBepXKAeHHe I HeKOTOPOro
3HAYeHHs 71, CUMTAas, YTO I BCeX MEHBUIMX /7 OHO BepHO. 371ech IOA 1 IIOHNMa-
JIOCh HaTypasibHOe uncio. OJIHAKO BTO He 00s3aTeIbHO — BMECTO HATYpPaIbHBIX
YHCEJT MOKHO PaCCMATPUBATL M APYTUE BITOJIHE YIOPsJOYeHHBIe MHOXecTBa. Ceii-
4ac Mbl OOBSICHUM, YTO DTO 3HAYMT.

[lycTe MMeeTCsT MHOXKECTBO OOBEKTOB ONPEeAe/IEHHOTO BUAA, IPUYEM IS JIIO-
OBIX IBYyX Pa3/IM9IHBIX ero BJeMEeHTOB M3BECTHO, KaKOW U3 JIBYX cUMTaeTcs «60IIb-
mMy. Takne MHOXECTBAa HA3BIBAIOTCS yropsgodeHHeIMH. Ilpekae deM naBaTh
TOYHOE OIpe/Ie/ICHHE, TIPUBEACM HECKOJIBKO MPUMEPOB.

[Tpumep 1. B sAummKe neXUT MHOXECTBO KaMHEH, UM Cpeid HUX HET JBYX
KaMHell 0JJMHAKOBOTO Beca. BOIbIIMM KaMHEM CUMTaeTcs TOT, KOTOPBIN TsKeslee.

[pumep 2. Ha muoxecTe u3 33 pycckux Oyks (cumras GykBy E), Haswl-
BAaEMOM PYCCKMM aihaBUTOM, MMEETCsl MOPSIAOK, N3ydaeMblil B IIKOJIe: OykBa A
MeHblle OykBbl B, koropas menbme OykBbl B, xotopas meHbwie Oyksol I, ...,
KoTopas MeHbiie GykBbl E, KoTOpas MeHblie GykBbl E, koTopas MeHbine GyKBbI
X, ..., xoropas menblie OykBH O, KoTtopas menblue OykBul f. (JApyrumu cro-
BaMH, OOJIbLLIEH cuMTaeTcss OyKBa, KOTOpas UAET Jajblie Mo aadaButy.)

I[Tpumep 3. Ha mMHOXecTBe BCeX CJIOB PYyCCKOTO f3BIKA MOXHO BBECTH aJI-
¢haBHUTHBIF TIOPS/IOK, TIPH KOTOPOM OOJIBIIMM CUATAETCS TO CJIOBO, KOTOPOE HACT
Ho3Xe B Cj0Bape. DTO JeIaeTcs Tak: [Ba CJI0OBA CPABHUBAIOTCA 1O OykBaM CJieBa
HaIpaBo, MOKa He OOHApyXaTcsA pasHble OyKBBI; OOJIBIIMM CUMTAETCA TO CJIOBO, Y
KOTOPOro cooTBeTcTBYIoIas Oyksa 6osbiue. Hampumep, citoo KOT meHblue cro-
Ba KOIIKA, mockonpky Oyksa T menpmre Oyksol LI (B cMBIC/IE TTpeAbIIyILEro
TIpUMEpa).

KOT
KOLIKA

WcuepnbiBaroiue i1 Haie onvcaHue ajacdasurHoro nopsaxka? Ha camom gene Her,
MBI TTPOITY CTYJIV BaXXKHBIN CITydail: uyTo 6YAeT, €Cd OAHO CJI0BO SBJISETCS HA4aaoM
apyroro? Hare npasmio He roBoput, 4yro Oospiie — BOPOH wm BOPOHA. B
caoBapsax 00bryHO paHblie AET BOPOH, u 510 npaBuio HaJjo BKJIIOYUTD B OIpe/ie-
sleHne asipaBUTHOTO TOPsI/IKA: CJIOBO MPE/LIECTBYeT BCEM CBOMM MPO/IOTKEHUSM.
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[ToaToMy, B 4aCTHOCTH, CJIOBO «M» OTKPBIBAET Pa3/ies CJIOBAPs, B KOTOPOM CJIOBA
Ha4YMHAIOTCA Ha OYKBY .

[Mopsi0K B cI0Bape MHOTAA Ha3BIBAIOT JIEKCHKOT pahrdeckuM (CI0Bapy cocTa-
BJISIIOT yU€HBIE-JIEKCUKOTPAdHBL).

[Ipumep 4. BBeném nopsagok Ha mapax HATYPAIBHBIX YMCEJT, HATIOMHAHAIOLLAN
CJIOBapHBII: CHA4asla CpaBHMBAeM IepBLIE WIEHBI I1ap, @ B CJIy4yae pPaBeHCTBA —
Bropele. Hanpumep, mapa (3,7) meHbiue mapsl (4,5), IOCKOJBKY y HEE MeHbILE
nepsbiit wien (3 < 4). A napa (4,9) Gosbiue napsl (4,6), MOCKOJIbKY TepBbIE
WIEHBbl PaBHBL, a 9 > 6.

Heuro mopo6HOe TprMeHsieTCsl TIpU ONpeAesieHrN TTo0eAnuTesNsi B HeKOTOPHIX
CIIOPTUBHEIX TYPHHpPAaxX: CPaBHUBAETCS YHCIIO OYKOB, a IIPY PaBEHCTBE CPaBHUBA-
€TCS pa3HULA 3a0UTHIX U MPOIYLIEHHBIX MAH0, MsAYueil WM 4ero-HuOyAb €ILE.

[Mocste aTHX IPpUMEPOB A3 UM TOYHOE OINpeesICHHE JIMHEHHOIO OpPs/IKa.

Omnpenesenne JIMHEHHO YNOPSAJOYE€HHOr0O MHOXECTBA. ['0BOPAT, 4T0 MHOXe-
CTBO JIHHELHHO YIOPJO9eHO, eCIY Ha HEM 3aJaH JHHEHHBIE MTOPSJOK, TO eCTh IS
JHOOEIX IBYX Pas3/IM9YHBIX 3JIEMEHTOB X,y STOr0 MHOXECTBa OIpeZelieHo, KaKoi m3
HUX CUMTaeTcsl OOJBIUMM, a KaKoil — MeHbUM. Takum o0pa3zoM, AJIs JIIOOBIX X
U y UMEEeT MECTO POBHO OJ[HA U3 TPEX BO3MOXKHOCTEIM:

x<y xX=y x>y
IIp; 5TOM [OTKHO BBEIIOJHATHCA TaKOE CBOMCTBO:

eccmx <ymy<z, T0x <2z

Kak 00bl4HO, MBI cuMTaeM BbIpaxkeHus x < y (x MeHblie y) Uy > x (y 00Jib-
Ile X) CUHOHAMaM{ (OHM O3HAYaloT OHO M TO 3Xe€).

Bor mpumep, Korja ImpuBeJEHHOE yCJIOBHE Hapyluaercd. IlpeamosmoxuM, 4ro
MIAXMATHBIA TYPHUP MTPOXOAWSI B OJMH KPYT (KKl UTpaa ¢ KaX/sIM TI0 pas3y)
U HUYBMX He ObUT0. MOXHO JIM BBECTH HA MHOXKECTBE MIAXMATHUCTOB IOPSIIOK TaK:
maxmatuct X Oosbliue maxmaructa Y, ecm X Berpan y Y B TypHupe? BooOie
TOBOpPsI, HEeT: BITOJIHE BO3MOXKHO, 4To A BrUrpan y b, b Bemrpan y B, a B Bemrpan
y A, 1 yCJIOBHe JIMHEMHOTO MOPAJKa He BBHIITOJIHEHO.

3aueM HyXHBI Bce dTH omnpeaeneHnsa? Ceifyac MBI YBUJMM, YTO OHM MOTYT
OBbITh [JeUCTBUTE/ILHO MOJIC3HBI MIPH PELICHUM 3a7ad.

3anava 18. lepenra HoBoOpaHLEB (puc. 18) crout nepexn crapumHoi. Crap-
mmHa KoMaHgyet: Haie-BO! Ho 1o HEONBITHOCTH YacTb COJIJAT ITOBOPAYMBAETCS
HaJeBo, a YacTb — HampaBo (puc. 19). Ilocie sToro Kaxayo ceKyHAY IpOHC-
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Puc. 18. IllepeHra HOBOOpaHLIEB: BU[ CBEPXY.

> > >

Puc. 19. Ilyranuiia (O6ykBa yKasblBaeT HaIpaB/eHUe IMOBOPOTA).

XOJUT BOT 4YTO: COJIAATHI, OKAa3aBIIMECS APYr K APYTy JMLOM, INOHHMAIOT, YTO
MPOM30LUIA OIIMOKa, A 00a moBopadnBaroTcs KpyroM. (Hampumep, yepes cekyHay
nocsie puc. 19 kondurypanus Oyzaer Takoil, kak Ha puc. 20. Ha sTomM noBopoTst

> < g P

Puc. 20. Yepes cexynnay

He 3aKOHYATCs: TIOJIOKEeHNe ellg Jepe3 CeKyHAY TOKas3aHo Ha puc. 21, u Tak Ja-
nee.) Tpebyercs mokaszaTe, YTO PaHO WM IO3IHO IOBOPOTHI IIpeKpaTdTcs (IIpH
mo6OM YHC/Ie CONfaT U IpH J0O0M UX MOIO0XKEHUH 10CTle KOMaH B ).

Pemwenwue. Dra 3afa4a npejyiarajack Ha OJHON W3 OJIMMIHMAL M 0Ka3asach
BOBCE HE TaKOH y>X MPOCTOi ISl YYaCTHUKOB. HO ¢ MOMOIIBIO MOHATUSA MOPsiIKa
€€ pelmTh COBCEM JIErKo. ByaeMm KoaupoBaTe MO/IOKEHUE COJAAT € MOMOLLBIO
nocsaefosatenbHocTd 6yks JI u I1. Hampumep, nonoxenue Ha puc. 19 xogupyercs
KaK

IMITJIILJI I,
TIOJTOKEHHE Yepe3 CeKYHIy KOAUpyeTcs Kak
OJITJIILIIL,

qepe3 ABE CEKYHbl — KakK

J

‘ =
=

LT ITII,
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Puc. 21. Yepes aBe cekyHzbI

U TaK jajiee.

Yro npoucxo Ut Ha Kaxjom mare? [lo ycmoBuro 3agaum cO/IaTHI, CTOALME
HOC K Hocy (IIpM HallleM KOAMpOBaHWM 5T0 oOo3HavaeTcs Kak [1JI; Takme mapel
MOAYEPKHYTHL), MOBOpaumBaloTcs Kpyrom. [Ipu atom Oykewel [1J] 3ameHsiorcs Ha
JIIT). Ha xax oM Lare NpOUCXOAUT HECKOJIBKO TAKMX 3aM€H — CTOJIBKO, CKOJIBKO
ects rpynm 1.

Tenepp ocrasnock caesaTe Npocroe HAO/IIOAEHUE: MPH TAKMX 3aMEHAX CJIOBO
YMEHbLIAETCSI ¢ TOYKM 3peHus ancasutHOro nopsaxka! B camom paene, nepsas
ciesa rpymmna [l 3amensiercs Ha JIII, a 6yksa JI menelne 6ykse 1 B andabut-
HOM nopsazke. (3aMeHBI B APYTMX TPyINAax Ha MOPAAoK He BAUAOT.) [losTomy c
KaXJ0¥ CeKYH/IOl CJIOBO CTAHOBHUTCSI BCE MeHbIIE W MEHBIIE, U PaHO MV TIO3JHO
MPOLIECC JI0JIKEH OCTAHOBUTHCS, TaK KaK CYLIECTBYET JIMIIb KOHEYHOE YHC/I0 CJIOB
JanHoi gymHe! n w3 O6yks JI u Il (a umenHo, 2" — HO TOYHOE 3HAUEHUE HAM
ceifuac He BaKHO).

3agaua pelieHa.

B oT0i 3a5a4€¢ MBI MCTIOJIB30BAJIA TAKOE CBOMCTBO: HE CYIIECTBYeT OECKOHEeY-
HOit yObIBaoleil (B cMbicie aa(aBUTHOrO HOPsAKA) I0C/IE/I0BATE/IbHOCTY CJIOB
u3 n Oyks JI u Il. (Mb1 rosopum o «cyoBax» n3 Oyks JI u II: xors B pycckom
A3BIKE TAKHX CJIOB HET, 3TO He MeIIaeT PacCMaTPHBAaTh MHOXKECTBO TAKHUX «CJIOB) C
a71haBUTHEIM IOPAKOM. ) JIpyrAMy c/I0BaMH, €CJI Ha KaXX/[OM IIare Mbl yMeHbIIa-
€M DJIEMEHT HALIEro JIMHEMHO YIOPAJOYEHHOT'O MHOXECTBA, TO PAHO MM IO3JHO
JIOJIXKHBI OCTaHOBUTHCH.

MHOXeCTBO € TaKMM CBOWCTBOM HA3bIBAETCS «BIIOJIHE YIOPAAOYECHHBIMY.

OrmipeiesieHne BITOJIHE YITOPsJOYEHHOTO MHOXecTBa. JIMHeiHO yropsifoueH-
HOE€ MHOXeCTBO M HAa3bIBAIOT BIIOJIHE YIOPS[OYCHHBIM, €CJIM He CyliecTByer Oec-
KOHEYHO! yObIBaIOLel 110C/1€0BaTeIbHOCTH

my >mnmy >m3 > ...

€ro 3JICMCHTOB.

):[J'If{ KOHEYHbIX MHOXECTB MBI HE TTIOJTYYa€M HUYETO0 HOBOI'O, ITOCKOJIBKY B HUX
BOO6LL[€ HeT 6eCKOHEYHOM OC/I€JOBATE/IBHOCTA PA3/IMYIHBIX OJIEMEHTOB. Ho 6r1Ba-
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10T ¥ OECKOHEUHbIE BIIOJIHE YIOps/04YeHHbIe MHOXecTBa. [Ipexnae Bcero, TakoBo
MHOXecTBO N HaTypasIbHBIX urcesl (BCIIOMHUM IIPUHLIMI HAaHMEHBLIETo YKCIa).

Brionme ymopsaaodeHHbIE MHOXECTBA MI'PAIOT BaXXHYIO POJIb (HA HAX OCHOBAHO
00001L1eHe MaTEMATHYECKOA MHIYKLY, HA3HIBAEMOE€ TPaHC(UHUTHOU HHIYKLH-
eft). Mbl He OyAeM roBoputh 00 5TOM MOAPOOHO; O TPaHC(HUHUTHON MHAYKLN
MOXHO ITpoYecTsb B KHkKe «Hauvana teopun maoxects» (apropel H. K. Bepemarun
u A.lllenp, Mocksa, mgareasctso MIIHMO, 1999, cBobogHO pacnpocTpaHsier-
¢ B paeKTpoHHON ¢opme, ftp://ftp.mccme.ru/users/shen/logic/sets).
[TpuBenéM nvIb OpAMep 3aAa4d, TAE 9TO MOHATHE IOJIE3HO.

3amava 19. Ha gocke Hammcana nocsieposatenbHocTs 01010, C Heit pasperna-
€TCsl BBIIIOJIHATD TAKOE JICACTBHE: B JII000OM MECTe MOXHO 3aMeHuTh rpymy 10 Ha
rpyrny 000...0001 (ckonbKO yrogHo HyJied u ojHa eauHuua). JokasaTb, 4To
BTO AefCTBAE MOXHO BHIIOJHHTH JMIIL KOHEYHOE YHCIO pa3 (PaHO WIM TO3JHO
MBI IPHJIEM K IOCJIENOBATEILHOCTH, B KOTOPOU €AMHILIBI CTOAT CIpaBa OT HyJIEH,
W JIe/iCTBHE BBIIIOJTHUTD HEJIB3S).

Pemenmue. [lpexje Bcero 3aMmeTuM, 4To B JIIO00A MOMEHT B NOCJIEAOBATE b=
HOCTH Oy[ieT POBHO /AB€ €AMHULIbI, OCKOJIbKY €/JUHHLIEI HE IMOSBJISIOTCS U HE UC-
4Je3aroT. Mad cnpaBa HasieBo, MTOCMOTPHM, Ha KaKMX MECTaX CTOAT 3TH €AWHHULIBL.
[TonyuaTcs ABa HaTYpasbHEIX YHCTIA.

Hanpumep, s ucxoanoil nocnegosatenbHoctd 01010 monyuuTes napa uu-
cen (2,4), a quis noceposarebHoctd 0100000001, koTopast nojtydaercs u3 Heé
3aMeHoi1 Bropoit rpymmsl 10 Ha 0000001, nonyunres napa (1,9) (e uHULE! CTOST
Ha TIepBOM U AEBATOM MECTaX, CUATAsl CTPaBa).

Teneps O pelleHMs 3a4a49M OCTAJIOCh JOKA3aTh [{Be BELIM:

(a) npu kax/0M npeoOpa30BaHUM Apa YKUCEJ1 YMEHBLIAETCS C TOYKU 3pEHUs
OIpe/Ie/IEHHOr0 HaMU MopsiAKa (CHa4asla CPaBHUBAEM IIePBbIE WIEHH ITap, a 3aTeM
BTOPEIE);

(6) MHOXEeCTBO Map HATYPAJIbHBIX UMCEJI C OTUM IOPSIKOM SIBJISIETCS BIIOJIHE
YHOPSIAOYEHHBIM (M [IOTOMY IIapa HE MOXKET YMEHBLIATHCS OECKOHEUHO MHOTO pas).

O0a oTHX yTBepX/JeHMUs AOKa3aTb HecJa0xXHO. Eciu npeoOpasoBaHue 3aTparu-
BaeT MPaByIO e¢MHMULLY (KaK B PACCMOTPEHHOM IpHUMEpe), TO OHA MPUOIKaeTCA
K MPaBOMY KAk, MEPecKaKkuBasi yepe3 HyJIb (KOTOPHII MPH 3TOM Pa3MHOXKAETCH).
IIp; 5TOM mepBbIi UjieH Mapbl YMEHBLIACTCS HA €AVHHILY, 8 BTOPOI MOXeT BO3-
pacty (Ha CKOJIBKO MMEHHO — 3aBHUCUT OT 4yHMcJia JoOaBjeHHBIX HyJseil). Ho mo
oIpeAesIeHMIO OpsiKa (CPaBHUBAIOTCA CHavasla IepBble WIEHHL, a IOTOM BTOPHIE),
POCT BTOPOTO 4jIeHa He WrpaeT POJIM: pa3 MepPBHIi WIEH YMEHBIIAeTCS, YMEHbIIIa-
eTcs U mapa.

Ecau xe npeobpa3oBaHue 3aTparuBaeT JIeByIO eUHMLLY, TO IIpaBas OCTAeTCs HA
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MecTe ¥ TIOTOMY MEPBBII WieH Mapsl He MeHsAeTcs. BTopoit ujeH npu 5ToM yMeHb-
maeTcsl Ha e€JVHMUILY, TOCKOJIBKY JieBas e/IHIILA TePelphiliBaeT Yepe3 CTOSIMIN
CripaBa OT HeE HyJIb.

Urak, ytBepxnenue (a) pokaszaHo. IlokaxeM Temepb, UTO MHOXECTBO IIap
BIIOJIHE YTIOPSIAOYEHO, TO €CTh UTO He CyIecTByeT OeCKOHEUHOI IMOCsie{0BaTe b
HOCTU Tap

<a1,b1> > <(12,b2> > <a3,b3> > ...

(Cc TOYKH 3peHMsA BBEJEHHOrOC Ha Mapax Hmopagka). IlycTh Takad HociIeZjoBaTeslb-
HOCTb ecTh. TOrfa HepBEE WieHH Hap o0pasyloT HEBO3PACTAIONIYIO IOCTE0Ba-
TeJIbHOCTD:

a zayzday>...

(OCKOJIBKY BO3pacTaHue MepBOro WieHa Maphl 6e3yC/IOBHO O3HaYaeT BO3pacTaHue
napel). B aToil HeBo3pacTarolleil IoC/IeA0BaTeIbHOCTU HATyPAJIbHBIX UHCET MOXeT
OBITh JIMIIb KOHEYHOE YUCIO CTPOTMX HEPABEHCTB: HATYpa/IbHOE YHUCJIO HeJIb3s
yMeHbLIaTh 6eCKOHEUHO MHOTO pa3. 3HAuMT, HAUMHAs C HEKOTOporo Mecta N, Bce
IMEPBBIC WICHBI I1ap PaBHBI:

aN = aN+1 = aN42 = - ..

Torga mopsiAoK Ha mapax LeIHKOM OIpeesiseTcss BTOPHIMU WIEHAMI, 1 IOTOMY
C DTOTO MeCcTa BTOpPHe WIeHH map yOwBaioT. Ho 5To mpogomkathbes: GecKOHEYHO
HE MOXET.

3amaua perueHa.

Emé necarp 3agau

3apmauya 20. ITnockocTh paspe3aHa Ha YacTH /7 NPSAMBIMM, IIPUYEM n > 3 U
He BCE MpsIMBble OPOXOAAT Yepe3 OfHY TOuKy. JlokaszaTb, 4To XOTd OBl OJlHA U3
JacTeil — TPEYroJIbHUK.

3agava 21. Jloka3aTb, 4To (a) AJIA NEpeKJIa/IbIBAHNs XaHONCKOI GallHU U3 7
KOJIEL| C OJ{HOI MaJIOUKU Ha JPYyrylo focraToqHo 2" — 1 gelictBuit u uto (6) MeHb-
1M 9VICJIOM AeMCTBHUI He OOOMTHCE.

3amava 22. Jlokazathb, 9TO \/ 6+ 1/6 4+ /6 + /6 < 3, a Takxe aHAIOrIYHOE

YTBEPK/IEHUs ISl JHOOOr0 YMC/Ia KOPHE.

3apgaua 23. Jlokasars, uto cymma 1 + 1/2 + ... + 1/k Moxer GHTBH caena-
Ha Oosibllle JTO6OTO Hamepés 3aJaHHOTO YKCia 1, ecid k BHIOpAaTh JOCTaTOYHO
60JIBIIM.
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3amava 24. OuH BBITYKJIbI MHOTOYTOJIBHUK HAXOAUTCS BHYTpU Apyroro. [lo-
Ka3aTh, YTO MepHAMeTpP BHYTPEHHEI0 MHOTOYTOJIbHVKA MEHblIe MepruMeTpa BHell-
HETO.

3anmava 25. Jlokasate, yto kBajapat 2" X 2", B KOTOpPOM BBIpe3aHa Jiobasa (He
00s13aTe/IbHO YIJI0BasA) KJIeTKa, MOXKHO pa3pe3arb Ha YTOJIKU U3 TPEX KJIETOK.

3amava 26. 3ajady 0 HOBOOPAHLIAX MOXKHO PELIMTb M JAPYTUM CIIOCOOOM, WH-
JAyKLyeil no uucay cosnpar. B camom fene, kpaiiHuit COJIJAT IIOBOPAYUBAETCS HE
6osiee OJHOTO pasa, MOCJE Yero OCTaeTCS BOCIOJIB30BATHCS MPEANOIOXKEeHNEM MH-
aykiym. [Tpoeect sTo paccyXAeHre HOAPOOHO.

3amada 27. lokaszaTs, 4TO B 3a7jade C 7 COJIJaTAMU TTOBOPOTHI MOTYT TIPO-
JuTecs He Oosiee 10n cekyH[.

3agada 28. Jlokas3ars, 4TO JIMHEHHO YMOPSAAOYEHHOE MHOXeCTBO M sBseT-
Cd BIOJIHE YTIOPSAJOYEHHBIM TOT[A M TOJBKO TOTAa, KOTAa J000e HermycToe ero
MOAMHOXeCTBO X MMeeT HaUMEHBIIMIA 371eMeHT (9JIeMEeHT, MeHBIIN BCeX APYTUX
3JIEMEHTOB MHOXecTBa X).

3agada 29. BusHecMeH 3aKJTIOUHI € YEPTOM TaKyI0 CAETKY: OH MOXeT JI00YIO
MMEIOIIYIOCS] Y Hero Kymopy oOMeHATh y 4épTa Ha Jiro60it Habop Kymop Jro60ro
MeHBIIETo JOCTOMHCTBA (TI0 CBoeMY BHIOOpY, 6e3 orpaHmyeHus oOuieit cymmbl). OH
MOXeT TakXe TPaTUTh JeHbI'W, HO He MOXET MOJIyYaTh UX B APYroM MecTe (Kpome
KaK y 4éprta). [Ipu sTOM KaX[blil AeHb Ha ey eMy Hy:XeH pyonb. CMOXeT 1 OH
TaK XUTb GECKOHEYHO 0JIr07
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