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BerynurensHble ciaoBa

Kpussie BTOpOro mopsAakKa, MIM KOHUKHU, Tpa-
OIUIIMOHHO CYMUTAIOTCA OOBEKTOM aHaJMTHUYe-
CKOIf TeOMEeTPHUH W M3YYaIOTCSA Ha MePBbIX KYyp-
cax TeXHWYeCKUX BY30B. IIpu aTom u3 mx reo-
MEeTPUYECKUX CBOMCTB YIIOMHUHAIOTCH, B JIyd-
IeM cjydae, TOJbKO ollTuuecKkue. Mexxay Tem,
9TU KPUBBIE 00JAAIOT PAAOM IPYTUX BecbMa
KpPacuBBIX CBOMCTB, 0OJbINAsS YACTh KOTOPBIX
MOXKeT OBITh AOKasaHa MeTOJaMH dJIeMeHTap-
HOM TeoMeTpHM, BIIOJHE IJOCTYIHBLIMH CTap-
ImeKJacCHUKaM. KpoMe TOro, KOHUKU MOTYT
OPUMEHATHCS JJIs PEelIieHUs TIeOMeTPUUYECKUX
3ajma4, Ha IEPBBIHA B3IJIAJ HUKAK C HUMHU He
CBA3aHHBIX. B taHHOM padoTe MpUBOAATCA HAM-
6osiee MHTEpecHbIe (haKThl, CBA3AHHLIE C KPU-
BBIMY BTOPOT'O IIOPAIKA, B TOM UHCJEe JOKa3aH-
HbIe B IIOCJIe[THee BpeMd.

T'maBa 1 KHUTM TOCBSIIEeHA dJI€MeHTAPHBIM
CBOIICTBAM KOHWK. DBOJbIIadg YacTh M3JI0KEH-
HBIX B Hel (PaKTOB HIMPOKO WM3BECTHA, HO U
OCTaJIbHBIE [IOCTATOYHO IIPOCTHI, TAK YTO 3Ta
rjiaBa He TpeOyeT OT UMUTaTeNsd HOATOTOBKWU,
BBIXOJAINEHN 3a PAMKU ITKOJBHOM MPOTPaMMBI.
HexkoTopble HeCcJI0KHBIE, HO BajKHbIE YTBEPIK-
IeHus mpejjaraioTcsa B 9TOU I'JlaBe B KauecTBe
yupaskHeHuii. MBI peKOMeHIyeM UYHTATEJIM,
mpeskle YeM YUTATh pelleHusd YIpaskHeHuH,
MOMBITATHCA BBIIOJHUTH WX CAMOCTOSATEJHHO.
IT0 00JIeTYUT MOHMMAHNE JaJbHEHIINX JacTein
KHuru. ['taBa 2 HOCHUT BCIOMOTaTeJIbHBIN Xa-
pakTep. B Hell u3/I0:KeHBI HEKOTOpPLIe (ak-
THI U3 KJIACCUYECKOU reoMeTpUU, HyKHbIe IJIsd
MMOHMMAHUSA MOCJeAVIONINX TJiaB, KOTOpbie B
IIKOJIe He M3y4YaloTCsS B JOCTATOUYHOM OOheMme.
B rnaBe 3 wmayiaraioTcsa oOIuMe OIS BCeX KO-




6 Bcemynumenvhuie caosa

HUK IIPOEKTHUBHBIE CBOMCTBA, K UNCJIY KOTOPBIX
OTHOCATCA ¥ JOBOJBHO CJIOKHBIE, HAIPUMED
TeopeMbl O IIyYKax KOHUK. HakKowel, riaBa 4
IMOCBAIIleHA MeTPHUYECKHM CBOMCTBaM, KOTO-
phble, KaK IIPaBUJIO, IPUCYIIN TOJBKO KOHU-
KaM ompeaesIeHHOTO BHa. JTa TJjiaBa SBJSETCS
HanboJiee CJIOMKHON 1 TpebyeTr MJIsd MOHMMaHIA
IOCTATOYHO TJIyOOKOTO O3HAKOMJIEHUA C IIpe-
ILITYIITUMU TJIaBaMU KHUTHU.

ABTOpEI 6JarogapAT 34 IleHHbIE 3aMeUaHusd
W. . Borpanosa u E. 0. ByabkoBy.




TTABA 1

JJieMeHTapHbIe CBOICTBA
KPHUBBIX BTOPOTO IMOPATKA

§ 1.1. Onpenenenus

IIycTh KO3a mpuBA3aHa BEPEBKOM K KOJIBIIIIKY.
fAcHo, UTO B 3TOM cJIyuae OHA CHECT TPABY BHY-
TPU KpPyTa, IEHTPOM KOTOPOTO ABJIAETCA KOJIBI-
ek, a paguyc paBeH IJIWHEe BepeBKU. [IpuBa-
JKeM Tellepbh KO3y K IBYM KOJIBIIIIKAM C IIOMO-
IIbI0 BEPEBKU U CKOJIB3AIIETr0 MO HEll KOJIbIlA.
B sToMm ciyuae 00J1acTh, BHYTPU KOTOPOII Ko3a
CHECT TPaBy, OyIeT BBITJISAAETh KaK Ha puc. 1.1.

I'panuma sToii (Qurypel xapaxTepusyeTcs
TeM CBOWICTBOM, YTO CYMMa PACCTOSHUM OT JIIO-
00ii ee TOYKM M0 KOJILIIIIKOB PaBHA AJWHE Be-
peBku. Takas xKpuBasg Ha3bIBaeTCA IAJLUNCOM,
a TOYKH, B KOTODPBbIe BOTKHYTHI KOJIBIIIIKU, —
Gorycamu.

IToHsATHO, YTO BJIIUIC BBITJIAIUT KaK <«BBI-
TAHYTaA OKPY'KHOCTb». ¥ HEro, OYEeBUIHO,
€CTh IBE OCU CUMMETPUU. ITO MPAMAaA, COEIM-
Hsomasa GOKYChI, M CePeIUHHBIN IePIeHIuKY-
JISIP K OTPe3Ky ¢ KoHIlaMu B (OKycaxX. ITU ABe
IpsAMble Ha3bIBAIOTCA 00bULOU U MAJLOU OCAMU
aNAUNCA, a OJIUHBI UX UYacTell, JieKaluxX BHY-
TPU BJJINICA, — OJUHAMU OOJILIIION M MaJIoi
oceii. PaccrossHme Merky hokycaMy Ha3bIBAIOT
(POKYCHBIM PacCTOAHUEM.

Tak:Ke 0U4eBUIHO, UTO AJUHA BEPEBKU, K KO-
TOPOM NMpUBA3aHa K03a, paBHa AJHHE OOJIbIION
OCU 3JIINIICA, BHYTPEHHOCTh KOTOPOTO OHA BHI-
eznaer.

WMHTYUTUBHO $CHO, UTO KO3a MOMKET mI0-
OpaTbca A0 JO0O0W TOUYKM BHYTPU JJJIHIICA
U TOKeBaTh TaM TpPaBy, a A0 TOYEK BHE 3TO-
r'o 3JIINUIICA OHA AoOpaThceA He Mo:KeT. Ho ecam
nepeopMyJIUPOBATE ATO YTBEDPIKIEHUE Ha UM-
CTO MaTeMaTUYeCKOM s3bIKe, OHO yiKe He Tak
OUEeBUIHO.

Puc. 1.1. F; u Fy —
doKycel, a u b — 6oabIas
¥ Majasg ocu
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Yupaxuenue 1. Jloxkakure, YTO cyMMa
paccToAHUIN OT JIF000H TOYKM BHYTPHU BJLIUIICA
I0 (POKYyCOB MeHbIIIe, a OT TOUKHU BHE JJLINIICA
0O0JIbIIe OJIMHBI OOJBIIIONA OCHU.

Pewenue. O603HaUUM (QOKYCHI DJLIUIICA Ye-
pes F1 u Fy, a Tourky uepesd X. Toury mepeceue-

Hua ayda Fi1 X ¢ sanuncom obosHauuM depes Y.

IIycTh cHauasa Touka X JEKUT BHYTPHU DJIUII- Puc. 1.2

ca. ITo HepaBeHCTBY TpeyroabHuKa FoX < XY +

+YF,, a saaunt, F1X + XFo < F1X + XY + YFy =F,Y + FoY (puc. 1.2).

Ho FY + F,Y paBHO nJumHe BepeBKHU, K KOTOpPOII HpuUBs3aHa Ko3a,
T. €. 0OJBINIOM ocu djsumca. Paccykaada aHaJOTUYHO B CayUae, eCJu TOU-
Ka X JeXUT BHe dJauica, nmoiayudaeM FoY < XY + XFy. CinemosaTeabHO,
FiX+XF=FY+YX+XFy;,>FY+FY.

AJLIUTICHI YacTO BCTpeuaroTca B MexaHuKe. Tak, Hampumep, IaaHera,
nBurasich BOKPyr CoJIHITA, OMUCHIBAET JJIHUIIC, npuueM CoJIHIle HaXOTUT-
cA B ogHOM u3 ero (poKycoB (3axon Kensepa).

AILIUTIC ABIAETCA OJHUM U3 IPUMEPOB KPUBbLLX 6MoOp020 nopadKa, Nin
KOHUK. [[pyruMu mpuMepaM¥ TaKUX KPUBBIX SBJISAIOTCA napabona u zu-
nepbo.a.

T'unep6osioii Ha3bIBAETCA MHOMKECTBO TOUEK, MOAYJIb PA3HOCTH PACCTO-
STHUHN OT KOTOPBIX 0 ABYX (PMKCUPOBAHHBIX TOUYEK, HA3BIBAEMBIX (JOKYCA-
MU, TIOCTOSTHEH.

T'unep6osia cocTOoUT U3 OABYX AYT, KOTOPBLIE CKOJb YTOAHO OJM3KO IIPHU-
OnMmKaloTCcA K ABYM OPAMBIM, HAa3bIBa€MBIM ACUMNMOMAMU 2UunepOoibl
(puc. 1.3). 'mmep6osia ¢ TePHeHANKYIIPHBIMY ACUMIITOTAMU HAa3bIBaeTCs
pasrHoCmMopoHHel.

IIpamas, opoxoasamiaa yepe3 GOKychl TUIIEPOOTbI, ABJIAECTCA €€ OChIO
CUMMETPHN UM HasbIBaeTcA delicmaumenbHol ocvio. llepueHIuKyIApHaA
eil mpsAMas, MPOXOAAIIAS UYepe3 CepeauHy
oTpeska Mexay (POKycaMu, TaKiKe SBJISIET- b
cA OChI0O CUMMETPUM M HAa3bIBAETCA MHUMOLL
0Cb10 TUTIEPOOJIEI.

Ecin xomera smetutr mumo ConHIIA U CH-
Jabl npuTakeHnsa CosHIIA HeIOCTaTOYHO, UTO-
ObI OCTAaBUTH KOMETY B IIpefejaX COJTHEUHOM
CUCTeMbI, TO TPaeKTOpHeil KOMeThI OyIeT ay-
ra runepboJbl, (OKYC KOTOPOH HaXOAUTCH
B nteaTpe CosHra.

IIapabonoti HasbIBAETCSA MHOXKECTBO TO-  Pyc, 1.3. F; u Fy — hoKychI,
4YeK, PacCTOAHUA OT KOTOPBIX 10 (PUKCHUDPO- g u b — geficTBUTENIbHASA U
BAaHHBIX TOUKM M IPAMOM paBHBI. OTH TOY- MHHUMAd OCH,

Ka M OpaMad Ha3bIBaloTcad (Qorkycom u Ou- U1 u lz —acuMOTOTHI
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pexmpucoii mapabosbl cOOTBeTCTBeHHO. [IpAMas, mepueHIUKYIsdpHAasa qU-
PeKTpuce W MPOXOAAIIas uepe3d (POKycC, HaA3LIBAETCA OCbI0 Nnapaboibl
(puc. 1.4). OueBugHO, UTO 9TA IPAMA ABIIETCA

0ChI0 CUMMETPUU I1apaboJIbI. 14

Hanpumep, kameHnb, OPOIIEHHBIN MO yTJIOM
K TOPU3OHTY, JIETUT IO mapabo.Je.

B xakoM-TO cMEBICTe, ¢ TeOMETPUUECKOM TOU-
KU 3peHus, napaboJia Bcero ogHa (KaK 1 OKPYIK-
HOCTB). TouHee roBops, Bce IapadoJIbl MOJO0HEI,
T. €. OHU IePeBOIATCA IPYT B Ipyra IMOBOPOTHOI
roMoTeTuei. Puc. 1.4. F — doxryc,

PaccmoTpuM ceMeiicTBO SJIJIMIICOB C (POKY- ! m ' — pupexTpuca u och
COM B (DUKCHDOBAHHON TOUKE M TPOXONAIMMX  NaPadoisl
yepes B3aJaHHYI0 TOUYKY. BTopoii ke @Qoxyc
ycTpeMuM K OECKOHEUYHOCTH BJOJIb KaKOTO-TO
HampaBjeHusa. Torma sTu BJJIUICH OYAYyT CTpe-
MUTBhCA K mapaboiie ¢ TeM ke ()OKYCOM U OChIO,
mapajjieJbHON HaNpaBJeHUIO, BIOJb KOTOPOTO
MBI YBOAUJIN BTOPOM (POKyC. AHAJIOTUUHBIHN 9KC-
MIePUMEHT MOJKHO HOBTOPHUTH U IJIA THUIEePOOJI.
Taxum obpasoM, mapaboJia ABJIAETCA IPeeJIb- Puc. 1.5
HBIM cJydYaeM KaK 9JIJIUIICA, TAK U TUIepOoJIbI.

Yupaxuenue 2. ChopMyaupyiiTe M TOKaKUTe IJA IapabOJbl U TH-
mepOoJILI YTBEPKACHNSA, aHAJOTHYHLIE YTBEPIKISHUIO U3 yIpaskHeHus 1.

Pewenue. [Insa Touek BHyTpHU mmapaboJibl paccTosume 10 QoKyca MeHb-
e, YeM pacCTOosSHUe A0 JUPEKTPUCHI, a I TOueK BHe mapabosibl Hao6o-
por (puc. 1.5).

IIpoekmnuio Toukm X Ha AUpeKTpuCy 0003HAUMM uYepe3d Y, a TOUKY
mepeceueHusa XY c¢ mapaboJsoii uepes Z. Uepes F ob6osmauum (GOKycC Ia-
pa6oasi. ITo ompemenenuro mapabosbl FZ =ZY. Ecau touka X JIeXUT
BHyTpPu mnapabosbl, To XY = XZ + ZY. Ilo HepaBeHCTBY TpPeEyroJbHUKA
FX<FZ+ZX=ZY+ZX=XY. Eciau tourka X u mapaboJa jexxarT 110 pas-
HBIEe CTOPOHBI OT AUPEKTPUCHI, TO YTBep:KIeHre oueBUAHO. IIycTh TOUuKa
X JexXuT BHe mapaboJibl, HO IIO0 Ty K€ CTOPOHY OT AUPEKTPHUCHI, TOTIa
ZY =7ZX + XY, u o HepaBeHCTBY TpeyroabHuka FX 4+ XZ >FZ =7Y =
=ZX + XY. A zgauur, FX > XY, uTo u TpeGOBaJIOCh JOKAa3aTh.

B cayuae ¢ rumep6oiioit 3To yTBep:KIeHme (GPOPMYJIUPYETCS CIEAYIO-
UM 00pa3oM: TYCTh MOJYJb PA3HOCTH PACCTOAHUN OT JII0OOOH TOUKM Ha
rumepboJie 10 GorxycoB F; u Fs paBern d. OGo3HauuM AYry TrUIepOoJIbI,
BHYTPHU KOTOpOMU JieKuT Fy, uepesd I'. Torma nna rouexk X BHe I’ BeTmumHA
XFy — XF, menbilie d, a BHyTpU — OOJIbIIIE.

IIycts Tourka X JeKUT BHYTPM UYacTH, oTcekaemoin ayrour I'. O6o-
3HAUMM TOUYKY IiepeceueHmsA Jgyda FoX u I' yepes Y. Ilomyuaem, uTo
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Fo X =FY 4+ YX. Ilo HepaBeHCTBY TpPEYToJb-
Huka F1X < F1Y + YX, sHauur, FoX — F1 X >
>(FY+YX)— (FLY+YX)=FY—-FY=d.

Eciau ke Touxka X Jjexxut BHe I', To, B34B 3a
TOuKy Y mepeceuenue F1 X u I', monyuum F1 X =
=F,Y + YX. Ilo HepaBeHCTBY TpPeyroJbHUKA
FoX <FyY +YX. CnemoBarennuo, FoX — F1 X <
<(FY+YX)— (F"1Y+YX)=FY -FY=d.

Ormerum (mmoka 0e3 moOKasaTeNIbCTBA), UTO
¥ BJILIUIC, U mapaboiia, u rumnepbosia o06IagaoT Puc. 1.6
CJeVIONIMMHU CBOMCTBAMU: Ji00as mpaAMasd IIe-
pecekaeT KamKIyIO0 M3 9THUX KPUBBIX He 0ojiee ueM B MBYX TOUKaX, U U3
JII000¥ TOUKM IIJIOCKOCTH K KPHUBOM MOXKHO IIPOBECTH He 0oJjiee IBYX Kaca-
TeJbHBIX. OTH CBOMCTBA ABJSIOTCA OUEBUAHBLIMU CJIEACTBUSIMHU PE3yJIbTa-
ToB § 1.5.

Yupaxuenue 3. Haiinure reoMmeTpuuecKoe MeCTO II€HTPOB OKPY:KHO-
cTell, Kacamolnxcsa ABYX MTaHHBIX.

Pewenue. PaccMOoTpUM OJIsI OIpPeNesIEHHOCTU CJIyYal, KOrJa OKPYIK-
HOCTHU C reaTpamu O, Oy U paguycaMu ri, r's JIeKaT ogHa BHe apyroii. Ec-
JIX OKPYKHOCTB ¢ IleHTpoM O U pagmycoM r KacaeTcsa 00enx oKpysKHocTel
BHeITHUM obpasom, To OO0 =r+ry, OO9 =r+ re u, saauut, 001 — 00y =
=r—re, T. e. O JeKUT Ha OOHOM M3 BeTBel rumepOoJIbI C (POoKycaMu
O1, Os. AHAJIOTMYHO eCJI OKPYIKHOCTEL KacaeTcsa o0erx JaHHBIX BHYTPEH-
HHUM 00pas3oM, TO ee IIeHTP JIXKUT Ha APYTroi BeTBU 9TO# runepbosnl. Eciu
JKe OHO M3 KacaHW# BHEITHee, a IPyroe BHYTPeHHee, TO MOAYJb PA3HOCTHU
paccrosauuit 001 u OOy paBeH r; + 'y, T. e. O ONUCHIBaeT APYTYIO THUIIEP-
0oy ¢ TemMu Ke pokycaMu. AHAJIOTMYHO €CJU OJHA OKPYKHOCTDH JIEIKUT
BHYTpU Apyroi, To uckomoe I'MT cocTouT m3 ABYX 3JIUNCOB ¢ (hoKycaMu
O1, Oy 1 GOJIBIIINMMHU OCAMM, PABHBIMU Iy + 'y U Iy — e, Cayuail mepecera-
IOITUXCA OKPYKHOCTel pasdbepure caMOCTOATEIbHO.

§ 1.2. AmaauTuueckoe ompeaeaeHne M Kiaccupurammsa
KPHMBBIX BTOPOTO MOPSAIKA

B mpenwigymiem maparpade Mbl YOIOMSAHYJIHN, UTO 3JIUIIC, Tapabojia u ru-
ep0oJia ABJIAIOTCA YACTHLIMU CIYyYAsAMU KPUBHLIX BTOPOTro mopsaakra. Ceii-
Yyac Mbl YyTOUHHM 3TO YTBEpP:KIeHHE U IOKasKeM, UTO, B OIpeaeieHHOM
CMBICJIE, APYTUX KPUBBIX BTOPOTO MOPAJKA HE CYIIEeCTBYET.
Onpenenenue. Kpueoii 6mopozo nopsadka Ha3bIBaeTCA MHOYKECTBO TO-
YeK, KOOPAUHATHEI KOTOPBIX B HEKOTOPOM (a 3HAUMUT U B JI000iT) ZeKapTo-
BOI1 cucTeMe KOOpPAUWHAT YIOBJIETBOPAIOT YPABHEHUIO BTOPOTO MOPAKA:

(1) a11%® 4 2a12xy + aszy® + 2b1x + 2byy + ¢ = 0.
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Ecinu neBas uactb ypaBHeHUudA (1) pasyiaraercsa Ha ABa MHOMKUTEJS IIePBOM
CTeIleHU, TO KPUBas SABJAETCA 00beJuHEHNEeM ABYX HPAMBIX (BO3MOXKHO,
COBHAAAIOIINX). B aTOM ciayuae oHa Ha3LIBAETCSA BblpoXcOeHHOl. BuIpo-
JKIEHHOU CUMTaeTcA TaKyKe KpuBas, COJAepJKalllad POBHO ONHY JNeHCTBU-
TeJBHYIO TOUKy (Hampumep, x2 + y2 =0).

B Kypce aHaimuTHMUeCKO reoMeTpuu IIOKasbiBaeTcs (CM., HalpuMmep,
[1]), uTo mysa ar000iT HEBBIPOKAEHHOI KPUBOII CYIIECTBYET CHUCTEeMa KOop-
IWHAT, B KOTOPOH ee ypaBHEHUE UMeEET JOCTATOYHO IIPOCcToii Bua. Onuinem
OCHOBHYIO UJI€I0 3TOTO YIIPOIEeHUS.

Brauase coBepIIuM IOBOPOT Oceil KOOPAUHAT HA YyTOJ ¢. ITO 3HAUUT,
uyTO B ypaBHeHUU (1) KOOpAMHATHI X U Y HAJNO 3aMEHUTH COOTBETCTBEHHO
Ha X COS ¢ —ysin ¢ u xsin ¢ +ycos ¢. Beibupasa sHaueHne ¢, MOXHO J0-
OUTHCS TOTO, UTO KO3(h(PUIIMEHT IpU TPOM3BEAEHUN XY CTAHET paBeH Hy-
JIf0. 3aTeM IIepeHeceM Hauvao KOOPAMHAT B TOUKY (Xg,Yo), T. €. 3aMEHUM
X Ha X+ X9 U Y Ha Y+ Yo. Bribopom 3HAueHU (X¢,Yo) MOKHO JOOUTH-
csA TOTO, UTO ypaBHeHUe (1) mpuUMeT OAMH U3 CAeIVIOIIUX KaHOHUYECKUX
suzos (1), (II), (III).

HemocpencTBenHOe BHIUKNCIEHNE TOKA3LIBAET, YTO KpUBAas

2 2
) z—2+‘;—2:1, a>b>0,

SIBJIAETCS 9AJUNCOM C IIEHTPOM B Havajie KOOPAUHAT, (POKycaMu B TOUKAX
(£va2 —b2,0) u GoJBIIOH U MAJOH MOJYOCAMHU (T. €. IOJOBUHAMMU AJIUH
COOTBETCTBYIOIIIUX OCeIi), PABHBIMU COOTBETCTBEHHO a, b. B wacTHOM cCiry-
yae a =b ssnunc (I) aBasgeTcAa OKPYIKHOCTBIO.

Kpusasa

2
S wm=1 a>0,b>0,

ABJIAETCSA 2unepboJioil, IepeceKaroIleil CBO0 NeNCTBUTEIBHYIO OCh B IBYX
TOUKaX, PACCTOSHME MEXKIY KOTOPBIMU PaBHO 2a. BennunHa a HasbIBaeT-
cA AeHCTBUTENBHOM, a b — MHUMOU moJiyochio runepbosibl. Ilpameie x/y =
= +a/b ABIAIOTCA aCUMITOTAMU I'MIepOoJIbl, a TouKu (£va2 +b2,0) —ee
doxycamu. IIpu a = b runepbosa (II) 6ymeT paBHOCTOPOHHEI .

B cayuae

(II1) y?=2px, p>0,

KpuBas sBJseTcs mapabosioil, och KOTOPOM coBIajaeT ¢ OChbio abcIiucc,
doryc HaxoxuTcs B Touke (p/2,0), a ypaBHeHUEe TUDPEKTPUCHI X = —p/2.
Kpusaa

x2 y2
2 tp=-1

Ha3BIBAETCSI MHUMbBLM IAAUNCOM W HE COAECP:KUT HU OTHOU MEeHCTBUTEJb-
HOM TOUKMU.
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B panbHeiimeM, eciy He OrOBOPEHO NMPOTHUBHOE, KPHUBas BTOPOTO IIO-
pAOKa moapasyMeBaeTcsAa HEBBIPOMKIEHHOM M He MHUMOIM.

3amaua 1. [loxakuTe, uTO ypaBHeHmMe Yy = 1/x 3ajgaer rumnepboiy,
U HaiiguTe ee (DOKYCHI.

§ 1.3. OnTuueckoe CBOICTBO

Kak maBecTHO, ecjiu JIyd CBeTa MaZaeT Ha 3€PKaJbHYIO IIOBEPXHOCTH, TO
oTpaskaeTcs OH OT Hee IIOJl TAKUM Ke YIJIOM, II0J KOTOPBIM yIaj. ITO CBA-
3aHO ¢ TaK Ha3bIBAEMBIM IIpUHITUIIOM PepMa, IIacAIuM, UYTO CBEeT Bceraa
BBIOMpaeT KpaTyaiiuii nyThb. JlaBaiiTe JoKaKeM, UTO 3TOT IIyTh AeHCTBU-
TeJbHO OyIeT KpaTdalIiImM.

HNrax, nana npamaa [ u touku F; u Fs, Jje:xalue Mo OOHY CTOPOHY
or Hee. TpebyeTca HAWTU TaKyio TOUKYy P Ha mpaAMOIi, YTO CyMMa paccTo-
aauii or P go Fy u Fy 0ymer muHuMaabHOIi. OTpasuB Fy OTHOCHUTEJIBHO
npamoii [, moxyuuM Toukry Fy. OueBuznHO, uTo FoX = F)X nia nio6oit To4-
Ku X Ha npamoii [. ITosToMmy HaM JOoCTATOYHO HAWTH TaKyio TOUKY P, uTo
cymma paccrosuuii ot P no F; u Fj Oyzer kak MokHO MeHbIe. OueBugHO,
MUHHMYM AOCTHTaeTcdA, Korja Touka P je:xutr Ha orpeske FyF;, mepece-
KatorieM npsamyio [. Torma TpedyeMble yIibl, OUeBUAHO, PaBHBI (puc. 1.7).

Yupaxuenue 1. a) Korga mocturaerca MakCUMyM MOAYJIA Pa3HOCTHU
paccToaHUM OoT ToUuKu P 10 ToueK F; u Fs, jJeKaliux II0 pasHble CTOPOHBI
OT IPAMOI [?

6) Ilycrs gannl ase npamele [ u I’ u Touka F,
He Jekaniad Ha Hux. Halinure Takyio Toury P
Ha IPAMON [, YTO PA3HOCTH PACCTOSIHUU OT Hee
o mpamoii I u 1o Touku F (B3sATasa CO 3HAKOM)
MaKCUMAaJbHA.

Pewenue. a) O6osHauum duepes F, TOUKY,
cuMMeTpuuyHyio Fy oTHocuTenbHO mpAMOM [.
OueBupHO, 4T0 F9X = FyX nna mi0060ifi TOUKU
X ma mpamoii [. Ham gocTraTouHo HaliTH TaKyio
TOYKY P, 4TO pasHOCTh paccTossHuUM or P mo Fy
u F; Oymer xKax MooxHO Goubire. I3 HepaBeH-
CTBa TPEYTOJbHUKA ciaenyeT uTo |1 P — FyP| <
< FiF,. I nocTuraeTcda 3TOT MAKCAUMYM TOI'LA U
TOJBKO TOTJAA, Korja Touku Fy, Fy, P nexar Ha
opuoi npamoii. ITockonbky Touku Fp u Fy cum-
MEeTPUYHBI, YIJIbI, KOTOPbIe 00pa3yoT IPIMbIe
F1P u FyP c npawmoii [, paBHbI (puc. 1.8).

6) O6osmauuMm uepes F' TOUKY, CUMMeTPUU-
Hyi0 F orHocuTenbHO [. BeIOEpeM Ty 13 TOUEK
F un F', paccrogHue oT KoTopoil no mpsamoi I’




§ 1.3. Onmuueckoe c6oticmao

MHUHHMAaJbHO (paccTosdHMe OepeTcs CO 3HAKOM).
IIycte sro Touka F. Paccroaume or F mo I’ oGo-
sgauumM uepe3d d. Torma gasa a060il Touku P Ha
npaMoii | paccroanue fo I’ e 6oabine uem PF +d.
A smauut, TpebyemMas B 3ajjaue Pa3HOCTD BCeTIa He
npesocxoautT d. C apyroii cTOpoHBLI, OHA paBHa B
TOUYHOCTH d, KOTJa TOUKa P JIe;KUT Ha IepHeHIun-
KyJaspe K I/, mpoBesensoM u3 Touku F (puc. 1.9).

CTout TakKe OTMETUTH, YTO €CJIH B II. a) npamad Fi Fy napannensHa [,
a B 1. 0) npaMasa [’ nepneHguKyJIApHa [, TO paccCMaTPUBAEMOI'0 MAKCHAMY-
Ma He cyIecTByeT (OH AocTUTaeTcA Ha 6€CKOHEUHOCTH).

Teneps chhopmMyaupyeM OJHO 13 BaXKHENIIINX CBOMCTB KOHUK — TaK Ha-
3bIBAEMOE OIITHUYECKOe CBOMCTBO.

Teopema 1.1 (onTuueckoe cBOMCTBO 3Jutunica). Ilycmvy npamas l kaca-
emca aaaunca 6 mouke P. Tozda npamas | — amo eHewHas Ouccekmpuca
yeaa F1PFy (puc. 1.10).

Hoxaszamensvcmeo. Ilycrs X — mpousBosibHAA TOYKA HA IPSAMOU [, OT-
angHad oT P. Tak Kak X JIe:KUT BHe djauiica, Mbl umeeM XFy + XFs >
> PF1 + PFs, T. e. U3 BcexX TOUYEK mpaAMoi [ Touka P mMeeT HAMMEHBIIYIO
cyMmMmy paccrosauuit 1o F; u Fo. Ho B cuy BBIIIIeCKa3aHHOTO 9TO O3HAUAeT,
YTO YIJIbI, 0OpasoBaHHble IpaAMbiMu PFi u PFs ¢ [, paBHBI. ]

Yanpaxaenue 2. ChopmyaupyiiTe 1 JOKAKUTE ONTUYECKOE CBOMCTBO
IS mapabos u Tuiep6o.

Pewenue. [Ina mapabosi OOTUYECKOE CBOI-
CTBO (OPMYJUPYETCA CJeAVIOIUM 006pasoMm.
IIycTs mpsaMas [ kacaeTcsa mapabosbl B ToukKe P.
IIpoexiuio Touku P Ha AUPEKTpUCY 0603HAYUNM
uepes P’. Torga | aBiaercs GUCCEKTPHCOMR yria
FPP' (puc. 1.11).

IIpenmnososxum, uro 6uccexkrpuca yriaa FPP’
(o6o3nauum ee uepes l') mepecexaer mapa6o-
Jy eIle B KaKou-HuMOyab Touke. O0o3HaAUUM
ATy TOUKY uepes3 @, a ee MPOEKIINIO Ha AUPEK-
Tpucy — uepes @'. Ilo ompegenenuro mapa6o-
a6l FQ =QQ'. C Apyroii CTOPOHLI, TPEYTOJbHUK
FPP' pasHOOefpeHHLIN, W OHCCEKTpHUCA YIJa
P — 5710 cepefuHHBLIA IEepHEeHAUKYIAP K FP'.
A zHauuT, aad Jg000#f TOUKHM @, JesKalen
Ha 9TOH OMCCEKTPICe, BLIMOJHACTCA PABEHCTBO
QP'=QF =QQ’'. Ho sTOoro He MOKeT OBITh, TAK
KaK @' — eIUHCTBEHHAA TOUYKA HA JUPEKTPUCE
mapaboJybl, B KOTOPOM TOCTUTAETCS MUHUMYM
PacCTOSHUA OO TOUKHU ). Puc. 1.11

Puc. 1.10
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Teneps chopMyaIupyeM OINTUUYECKOE CBOI-
CTBO JJIsI TUIIEPOOJIBI.

Ecnu npamas [ Kacaerca rumnep6oJbl B TOY-
Ke P, Tto | sBnsaercs 6uccekrpucoi yrua FyPFs,
rae Fy u Fo — @oxrychl runepboas! (puc. 1.12).

IIpeamososxum, uto OuccexTpmca I yriaa
F1PF, nnepecexaer ruiep0oJy eine B KaKOH-HHU-

Oyob TouKe @ (ye)xallieil Ha TOI JKe ayre, UTO

u P). [Insa ygobcTBa OyaeM CUUTATH, UTO TOUKA

P nexxut Ha ayre, KoTopas 6amKe K Gorycy Fy. Puc. 1.12
O6osHauyuM uepes F| TOUKy, cuMMeTpUYHYIO Fy

orHocutenbHo . Torna F1Q = QF], F1P = PF{; kpoMe Toro, Touku Fy, F|
u P jme:xat ma ogHoii mpamoii. tak, FoP — PFi = Fo@ — F1Q. B cuny BuI-
IIleyKa3aHHBIX PaBeHCTB IoiydaeM FyF| = FoP — PF| = F2Q — QF;. Ho mo
HEPaBEHCTBY TpeyrolbHUKa FoF| > FQ — QF].

Mo:kHO TaKiKe MOJTYUYUTh JOKAs3aTeJIbCTBA 9TUX YTBEP:KICHUM, aHaJIO-
TUYHbIe JOKa3aTeJbCTBY OINTUYECKOTO CBOICTBA MJsd sjauica. s aToro
JOCTATOYHO BOCIIOJIB30BATHCA PE3yJIbTaTaMU yIpasKHeHuA 1.

OmnTuuecKkoe CBOMCTBO mapabosibl OBLIO M3BECTHO eIlle APeBHUM TpeKaM.
CraxxeM, ApxuMe[, PAcIIOJIOMKUB MHOIO MeIHBIX II[UTOB TaK, UTO OHH 00-
pasoBasiu mapabosinuecKoe 3epKajo, coker ocaskaaBiiuii Cupakyssl (GJioT
PUMJISH.

Yupaxuenue 3. PaccMoTpuM ceMeicTBO COPOKYCHBIX KOHUK (Tak Ha-
3BIBAIOTCSA KOHUKM, Y KOTOPBIX (pOKYyChI coBIamamT). [loKasKuTe, UTO JIO-
Oble TuIIep00JIa U SJLIUIIC U3 9TOTO CEeMEMCTBA MePEeceKaroTCsa o MPIMBI-
MU yriaaMu (yriaoM MesKAy OABYMS KPUBLIMU Ha3LIBAeTCA YroJl MeKIy Ka-
caTeJbHBIMHU K HUM B JAaHHOI TOUKE UX IIepeceyeHus, cM. puc. 1.13).

Pewenue. IlycTh sanunc u rumnepbosa ¢ poxycamu Fy u Fo mepeceka-
orca B Touke P. Torga KacaTteJabHble K HIM B 9TOM TOUKe OyAyT OMCCEK-
TpHcaM¥ BHEITHEro U BHyTpeHHero yrioB FyPF,; coorBercTBeHHO. Cieno-
BaTeJIbHO, OHU OYAYT MEePIeHIUKYIAPHBI.

Puc. 1.13




§ 1.4. H3020HanbHOE CE0UICMB0 KOHUK

Teopema 1.2. ITycms xopda PQ co-
Odepacum Qoryc Fy sanunca, R — mou-
Ka nepeceuenHus KACAMEAbHbLX K 3J-
auncy 6 moykax P u Q. Tozda R —
MO UEeHMp 6HEBNUCAHHOU OKPYMCHO-
cmu mpeyzonvhuxka FoPQ, a F; — amo
MmouKa KACAHUS IMOU OKPYIHOCMU
co cmopoHoi PQ (puc. 1.14).

Hoxazamenscmeo. B cuny onrtu-
yecKoro coiictBsa PR u QR — sTo Ouc-
CEeKTPUCHI BHEITHUX YIJIOB TPEYTOJIb-
HUKa FoP@. A 3HaunT, R — IIeHTP €ro BHEBIMCAHHON OKpPYy:KHOCTH. Tou-
Ka KacaH’sd BHEBIMCAHHOI OKPYKHOCTU CO CTOPOHOU (0003HAUUM ee ue-
pes F|) BMecTe ¢ IPOTHBOIIOJOKHON BepIIUHON Fy Nenar mepumerp Tpe-
YTOJIBHUKA IIONOJaM, T. e. F{ P+ PFy=FsQ + QF;. Ho aTum cBoiicTBOM 06-
najaer Fy, u Takaa Touka TOIBKO ofHa. 3Hauut, F| u F; coBuagaior. [

CnencrBue. Ecau mouky nepeceienus KACAmeabHblX K INAUNCY 8 KOH-
uax xopdvl, codeprcauieii Goxryc, coeduHUmMb ¢ IMUM POKYCOM, NOLYUUS-
wascsa npamas 6ydem nepnenduKyaapra xopoe.

B cayuae rumep6oJibl Teopema 1.2 TosKe BepHA, HO BMECTO BHEBIIMCAH-
HOM OKPY’KHOCTU HAJO PacCMATPUBATh BIIMCAHHYIO.

Puc. 1.14

§ 1.4. 30roHaapHOE CBOMCTBO KOHHUK

OnTuyecKkoe CBOMCTBO MHO3BOJIAET 3JEMEHTAPHO JOKa3aTh COBCEM YIUBU-
TeJIbHBIE CBOMCTBA.

Teopema 1.3. IIposedem u3 nrwboii mouku P, nexcawell ene snnunca,
0se KacamenvHovle k Hemy. ITlycmov onu Kacaromcesa aaaunca 6 moukax X
uY. Tozda yeavt F1PX u FoPY pasnvt (F1 u Fo — porycwt aaaunca).

Hokxazamenvemeo. Ilycts F|, F) — Touku, cuMMeTpuuHsle F; u Fy or-
HocuteabHO PX m PY coorBercTBeHHO (puc. 1.15).

Puec. 1.15
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Torga PF| =PF; u PF;=PF,. Kpome Toro, Touku F;, Y u F; nexar Ha
OIHO IPAMO¥ (B CHJIy OIITUUECKOTO cBo¥cTBa). To JKe caMmoe BEPHO U AJIA
touek Fo, X u F|. Ilonyuaem FoF| = F3X + XFy = FoY + YF; = F}F;. Cie-
IoBaTeJIbHO, TpeyronbHuku PFoF| u PFiF; paBHBI (II0 TPEM CTOPOHAaM).
A 3Hauwur,

/FoPF, +2/F;PX = ZFZPF{ = /F1PF,= /F1PFs+2/F5PY.

Orciona mosydaeM, 4to /F;PX = /F»PY, uTo 1 TpeGoBaIoChH !. O
W3 pwuc. 1.16 BugHO, YTO aHAJIOTMYHOE CBOMCTBO BBIIIOJHEHO AJIA TH-

ep6oJInI 2.

Puc. 1.16

IIycTs Temepsb sanuic (rumepbosa) ¢ dorycamu Fy, Fo BIucau B Tpe-
yroabauk ABC. W3 moxkasaHHOTO YTBep:KIeHHUsA cjenyer, uto /BAF; =
= ZCAFz, ZABFl = ZCBFg n ZACFl = ZBCFg.

B § 2.3 Oymer mokasaHo, UTO AJIA JII000I (3a pPeIKUM HCKJIIOUEHEM)
TOUKM ILJIOCKOCTH X CYINECTBYeT eIMHCTBEHHAsd Takad Touka Y, uTo X
u Y ABIAOTCA (POKycaMu KOHHMKHU, Kacalollelicad BCeX CTOPOH TPeyroJb-
HUKa. Takasa Touka Y Ha3bIBAETCH U3020HAJbHO CONPAXCeHHOU mourke X
OTHOCHUTEJHHO TPEYTOJbLHUKA.

N3 xoHCTPYKIIMHK, C HOMOIILI0O KOTOPOHM MBI JOKasajau Teopemy 1.3,
MOKHO IIOJIYUYUTEL €Ille OAWH HHTEPeCHBIN pesyabTar. IIoCKOJBKY Tpe-
yronsHuku PFyF| u PF,F, paBHbl, paBHEI yrubl PF{Fy u PF, F;. Ilonyyaem

/PF,X = /PF|F, = /PF\Fy= /PF,Y.

1. MsI paccmoTpenu ciay4dait, korma Fi, Fo jexar BHyTpu yria F{PFé, npuyeM Fy JnexuT
BHYTPH yIJia FzPF{. B npyrux ciyuasx paccy:KJeHUSA aHAJOTUYHBI.

2. IlpepnaraemM ymraTeasaM pasoOpaTh ABA BO3MOXKHBIX CIy4asd: TOUKM KACAHUA HA OJHOH
BETBU M Ha Pa3HBIX.
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Taxum oOpasom, mToKasaHa CJeAyIOIllas TeopeMa, ABJSIOIIASICT 0000-
meHueM TeopeMsl 1.2.

Teopema 1.4. B o6o3Hauenusx meopemv. 1.3 npamas Fi1P sasnsemcs
ouccexmpucot yeaa XFY (puc. 1.17).

Teopema 1.5. I'eomempuueckum mecmom moiek, u3 KomopwvLx OAHHbLU
aaaunc eudern nod npamvim yzaom (m. e. npogedernHnvie K HeMy U3 3moul
MOYUKU KacameJbHble NePpneHOUKYAAPHbL), ABALEMCS OKPYHCHOCMY C YeH-
mpom 8 yenmpe aanunca (puc. 1.18).

Puc. 1.17 Puec. 1.18

Hoxazamenvcmeo. O6o3uaunM GOKYChI 3TOTO djauiica uepes Fy u Fs.
IIycTh KacaTeabHBIE K 3JIUIICY B TOuKaxX X u Y IepeceKarmTcsa B Touke P.
Orpasum F; orHocurtensHo PX. ITosydyeHHyI0 TOUKY 0003HAUUM uepes F;.
Torga us reopemsl 1.3 caenyer, uro Z/XPY = /F{PFy u F{Fy =F; X + F2X,
T. €. AJuHa oTpe3ka F|Fy paBHa 0oJblIOi ocu sJauica (IJIUHEe BepeBKH,
K KOTOpOH IpuWBA3aHA Kosa). Yroa F{PFy; mpaMoil Toria M TOJBKO TO-
raa, korga FjP? + FoP?2 = F|F2 (no teopeme Iludaropa). CiegoBaTenbHo,
yroa XPY npsMoil TOrAa U TOIBKO TOT/a, Korga cyMma Fy P2 + Fo P2 paBHa
KBaapaTry 0oJbIlIoi ocu ajauica. Ho, Kak JIeTKO MMOKas3aTh, 3TO YCJIOBUE
oIpefiesiseT OKPY:KHOCTD. [leficTBUTEeIbHO, ITyCTh TOUKA F; mMeeT mAeKap-
TOBBI KOOPAUHATHL (X1,Y1), a Fo coorBeTcTBeHHO (X9, Yy2). Torma Koopau-
HATBI UCKOMBIX TOUeK P OyAyT yAOBJIETBOPATH YCIOBUIO

(x—x1)2+ W —y1)?+ (x—x2)2+ (y—y2)?=C,

rae C — 9T0 KBagpat 00JbInoi ocu. Ho MOCKOMBKY K09 MUITMEHTHI TP X
u y? paBHH (a UMeHHO 2) U K03hdUIUeHT IpHu Xy paBeH 0, MHOMXKECTBOM
TOYEK, YAOBJIETBOPAIOIINX STOMY YPaBHEHUIO, OyJeT OKPY:KHOCTb. Jler-
KO TIOHSATh U3 COOOpaKeHU CUMMETPUM, UTO IIEHTPOM STOH OKPYIKHOCTU
oymeT cepenuHa oTpeska FiFs. O

2




18 TI'znasa 1. daemenmaphuuie c80ILCMBA KPUBLLX 8MOP0OZ0 NOPAIKA

Ias1 rumep0oabl TaKasd OKPYKHOCTb CYIIECTBYeT, BOOOIIe TOBOPs, He
Bcerma. Korma yroa MesKIy acUMIITOTAMHU TUIePOOJIBI OCTPBIN, pamuyc
OKPYXHOCTH OyZeT MHHMBIM. EC/JIM acCHMMIOTOTHI MMEPHEHAUKYJISAPHBI, TO
OKPYKHOCTHb BBEIPOXKIAETCA B TOUKY — IIEHTP I'MIIePOO0JIbI.

IIpumeuanne. Ilycts gauwl Touku Py, Ps, ..., P, u uucina kq, ks, ..., k,
u C. T'eomerpuueckum mecToM TOUeK X, YAOBJIETBOPSAMIOINUX yYPABHEHUIO
leP12 + 1152XP22 +...+ k,XP2=C, 6ymer OKpPY’KHOCTb. DTa OKPYKHOCTb
HasbIBaeTcsa okpyicHocmovio Pepma—Anonnonus. IIoHATHO, UTO WMHOTAA
oHa OyzeT MHUMOTO pagmyca (Korma?).

Teopema 1.6. IIycmb Ha aAUNC & HAKUHYAU HUMb, KOMOPYIO HAMAI-
HYyJau ¢ nomouwivio kapandawa. Toz0a kapandaw npu eépauleHuu 80KpYe
aaauUnca onuulem 0Opyzol INAAUNC, COPOKYCHBLU ¢ OAHHLIM IALUNCOM O
(puc. 1.19).

Hoxazamenscmeo. OueBuUAHO, UTO HoJyuuBInasca ¢urypa (ob0os3Ha-
YuM ee uepesd 1) OyAeT MMeTh IriIagkyio rpauuily. IlokakeM, 4YTo B KaK-
moit Touke X Ha purype o1 KacateiabHas OyIeT cOBIIagaTh C OMCCeKTPUCOM
BHerrHero yria F1 XFs.

IIycrs XM n XN — kacarenbuble K «. Torga /F1 XN =/FyXM, a 3Ha-
uyuT, 0KcceKTpuca BHerrHero yriia NXM O0yaeT coBIagaThb ¢ OMCCEeKTPUCOM
BHenrHero yriaa Fy XFy. Obosuauum ee uepes [.

IIycts Y — mpousBosibHasA TOuKa Ha mpamoit [, YL u YR — Kacaresb-
HBIE K o, IPUYEeM OHU IPOBEJEHBI C TeX JKe CTOPOH, KaK IMoKa3aHo Ha pPuC.
1.19. B gaixbpHeHIINX paccy:KIeHuAX OyIeT MCI0Jb30BAThCA, UTO TOUKA Y
JIEKHUT «cjJeBa» oT X, APYroil caydail paccMaTpUBaeTCsA aHAJIOTHUYHO.

O6osuauuMm uepe3 P TOuKy mepeceueHusa npAmMbix XM u YL. Jlerko
HOHATH, UTO YN < YR+ RN, a LM < LP + PM. Kpome TOro, IOCKOJb-
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Ky [ — BHemHaa Ouccektpuca yriaa NXP, umeem PX + XN <PY + YN.
A 3Hauwur,

MX+XN+VNM <MX+XN+vuNL+ LP+PM =
=PX+ XN+ VUNL+LP<PY+YN+VUNL+LP=LY+YN+uUNL<
<LY+YR+vVRN+VUNL=LY+YR-+VvRL

(3mech oA AyraMu IOApPasyMeBalOTCs AYTH, IO KOTOPBIM uaeT HuUTh). Cie-
JOoBaTeJIbHO, TOUKa Y OymeT BHe (purypsl 1. To ke BepHO AJd JII000H TOU-
Ku Y Ha npamoi [. Iloayuaercsa, 4To oy COAEP:KUT €TUHCTBEHHYIO TOUKY
mpsAMoii [, T. e. KacaeTcs 9Tou nmpamoii. I3 qoKkasaHHOro TaKJKe cpasy cJje-
IyeT, UTO IMOoJIyuYeHHasA KPUBasA BLIOYKJIA.

HNrak, cymma paccrosuuii no ¢GorycoB Fi u Fy B 11000ii MOMEHT Bpe-
MeHU He MeHAeTcA. VI3 3TOTO MOMKHO CIeJaTh BBIBOJ, YTO OHA IOCTOSHHA,
a 3HAYUT, TPAeKTOpUA KapaHAallla COBIIAAAET C 3JIJIUIICOM.

CTporo sTo MOMKHO JOKasaTh Tak. IlycTb Touka X JiedKUT BHe sjiuica. Ilo-
cTaBUM KapaHpam: B Touky X M HaTAHeM HUTH BOKDPYr Hero u ajiaunca. Ilycts
f(X) — pmuna Takoit HuTH, a g(X) = F1 X + F2X (TOUKy MBI IOHMMAaeM KakK Iapy
ee KOOpAMHAT; TAKUM 00pasoM, M (PYHKIUU [ U & 3aBUCAT OT Iaphbl AelCTBUTE/b-

HBIX ywucesa). MoKHO MOKas3aTh, 4TO 3THU (MYHKIIMK HEIpPepbIBHO AuddepeHupy-
of of og 0g

eMbI, IpuueM BeKTopsl grad f = ( , —) u grad g = ( —) OTJIMYHBI OT HYJA

ox’ Oy ox’ oy

BO Bcex Toukax. Torjga mo TeopeMe O HEeABHOUN (DYHKIUV KPHBAasg, ONUCHIBaeMasd
KapaHJaIlioM Ipu PUKCUPOBAHHON JyivHe HUTHU (T. €. JIMHUSA YPOBHA MYHKIUH f),
riankasa (HenpepbiBHO nuddepennupyemasi). OTciofa ciaenyeT, YTO KPUBYIO MOK-
HO mmapameTpus3oBaTh nuddepennupyemoil pyakmueir R= R(t) (9To onaTh Ke mapa
KOOpAMHATHBIX GYHKIUN x =x(t), y=y(t)), BEKTOpP IPOMU3BOJHON KOTOPOI OTJIU-
YeH OT HyJsd. Brillle GaKTUUECKM TOKA3aHO, YTO KACATEJLHBIH K KPUBOM BEKTOD
dR dx d
T (E’ d—‘l:) KacaeTcsd JUHUU YPOBHSA (PYHKIUU g, T. €. OPTOTOHAJIEH BEKTODY
grad g(R) B Touke R = R(t). Paccmorpum ¢yurnuio g(R(t)). Ee nmpousBoamas
paBHa

dg(R(¥))  dg dx(t) | 0dg dy(t)

dt ~ 0x dt dy dt

=0

(3TO 3amuCch YIIOMSHYTOH BBIIIE OPTOTOHAJIBLHOCTH), T. €. hyHKIUA g(R(f)) — KOH-
cTaHTa. OTO U O3HAUYAET, UTO Hallla KPUBas JIE;KUT Ha JJIIUIICE C TeMU Ke GhoKyca-
mu. [IocKOJIbKY Ha JII000M Jyde, UCXOAAIeM U3 Fi, MOJKHA JIeXKaTh TOUKa Halei
KPUBOIT, OHA COBIAJAET C HJIJIUIICOM. O

3agaua 2. IIycTh BOKPYT KOHUKU ¢ okycoM F ommcaH 2n-yroJabHUK,
CTOPOHBLI KOTOPOT'0 OKPAIIeHLI IIOIIePEeMeHHO B UePHBIN M OeJIblii IBeTa.
Hoka:KkuTe, 4TO CyMMa YTJIOB, IO KOTOPLIMU U3 F BUAHBLI YepPHBIE CTOPO-
HBI MHOTOYTOJBHUKA, paBHa 180°.

3amaua 3. B BRIOYKJIBIN UETHLIPEXYTOJbHUK BIIMCAH 3JIIUIC, (DOKYCHI
KOTOPOTO JIe:KaT Ha AUaroHadsax (pasHbIX) UeThIPeXyrojJbHUKa. JlokaKu-
Te, YTO IPOU3BeIeHUs IPOTHUBOMOJIOKHEBIX CTOPOH PAaBHEI.
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§ 1.5. KpuBble BTOPOT0 MOPAAKA KAK MPOCKIIUU OKPYKHOCTH

IIpoBemem uepes IEHTP OKPYKHOCTH HEPIEHAUKYJISIP K €e IJIOCKOCTA U
BO3bMeM Ha HeM TOoukRy S. [Ipamble, coegmHAOIME S C TOUKAMU OKPYK-
HOCTH, 00Pas3yiT KOHyC. PaccMOTpUM cHauajia ceueHne KOHYcCa IJIOCKO-
CTBIO T, IepeceKarolneil Bce ero obpasymoliue U He MepPHeHIUKYJIADPHON
oCU CUMMETPHUH.

Brouiiiem B KOHYC ZBa Itapa, Kacaroluecsa MJIOCKOCTU T B TOYKax Fj
u Fy (puc. 1.20).

Puc. 1.20

Ilycres X — mpousBoJsibHAas TOYKA Ha JIMHUU IIepecedyeHUs KOHyca C
miIockocTbio . IIpoBegem uepes X obpasyiomniyio SX u HalgeM TOUKHU Y1,
Y> ee nepeceuenusa ¢ snucanubiMu mapamu. Torga XFy =XYq, XFo=XY»
KaK OTPe3KM KacaTeJbHBbIX K IlapaM, HPOBeIeHHBIX W3 OJHON TOUYKH.
CraenoBartenbHo, XF1 + XFs =Y1Ys. Ho Y1Ys — aT0 oTpesok obGpasyiorieid,
3aKJIIOUEHHBINT MEXKIY ABYMS IIJIOCKOCTAMM, HEePIEHAUKYJIAPHBIMU OCU
KOHyCa, M ero AJHHa He 3aBUCUT OT BbIOOpa Touku X. SHAUHUT, JUHUSI
mepeceyeHnsA KOHYycCa C IJIOCKOCTBIO 7T ABJAeTCS sJnuiicoM. OTHoIIeHUe
€To TOJIYOCeH 3aBUCHUT OT HAKJIOHA CEKYINEeH IJIOCKOCTH W, OUEBUIHO, MO-
JKeT IPUHUMATH Jio0bie 3HaueHusa. CieqoBaTebHO, JIO00M SJIIUIIC MOMKET
OBITH ITOJIYUEeH KaK IleHTPaJbHAsd IMIPOEKIIUSI OKPYKHOCTH.

AHaJormuHO [IOKAa3bIBAETCH, UYTO €CJIM CeKyllas IIJIOCKOCTL IlapaJi-
JleJlbHA JBYM 00pasyooIuM KOHYCa, TO B CEUEHUHU IoJIydaeTcsa ruiepbosia
(puc. 1.21).
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O6o3HauuM uepes [ IMHUIO IIepeceueH s IJIOCKocTel T 1 o. BodbMeM 1Ipo-
M3BOJIbHYIO TOUKY X ceueHHusA KOHyCa IJOCKOCTBHIO T U HAUJIEM TOUKY Y
mepeceueHusa oopasymoineit SX ¢ MIOCKOCThIO 0 U MPOEKIUI0 Z TOUKU X
Ha npamyio l. Torma XF = XY kak KacareJbHBIE K cepe. C gpyroit cropo-
HBI, TOUKU Y U Z JIeXKaT B IIJIOCKOCTU O, YToJ MexaAy XY U ¢ paBeH Iy
MeXKIy 00pasyolneil KoHyca U IJI0CKOCTHIO, MEePIeHANKYIAPHOMA ero ocH,
a yroax Mexay XZ m ¢ — yray MeXOY ILJIOCKOCTIMHU T WM o. B cuiy BBI-
0opa IIJIOCKOCTH 7T STU YIJbI paBHBI. 3HauuT, XY = XZ KaK HaKJIOHHEIE,
oOpasymlue paBHbBIE YIJIBI C IJIOCKOCThIO o. CiaemoBarenbHo, XF = XZ,
u Touka X Je:KUuT Ha mapadose ¢ poxycom F u gUpEKTpuCcoi .

TakuMm o6pas3oM, BCSKas HEBBLIPOMKICHHAS KPHBAs BTOPOTO IMOPAIKA
MOXKeT OBITh ITOJIyUeHa KaK ceueHue KoHyca. [losToMy Takue KpuUBbIe Ha-
3BIBAIOT TaKiKe KOHUYECKUMU CeUeHUAMU WU IPOCTO KOHUKAMU.

Hapmo ckasathb, uTO ecyin BMeCTO KOHyca OyAeT IMUJIUHIP, TO aGCOJIIOTHO
TaKUMH K€ PACCYKICHUAMU MOYKHO ITOKas3aTh, UTO €r0 ceyeHueM OyneT
assunc. COOTBETCTBEHHO, 9JLIUIIC MOMKET OBITH ITOJYyUYeH KaK IapaJiiieiib-
HAas MPOEKINA OKPYKHOCTH.

Yupaxuaenue 1. HaliguTe reomeTpruecKoe MeCTO CePeIUH XOPH dJ-
JIUTICA, HapalIeJIbHbIX JAHHOMY HAIIPaBJICHUIO.

Pewenue. PaccMOTPUM 9JLIUIIC KaK MAapalIeIbHYI0 IPOEKIINIO OKPYK-
Hoctu. Torga mapajiesbHBIM XOPAAM SJIJIUIICA U UX CePeIUHAM COOTBET-
CTBYIOT TapaJjijie;ibHbIe XOPAbI OKPYsKHOCTH U UX CEePEeAUHBI, JeKaliue Ha
ImamMeTpe okpys;kHocTH. CJiieloBATEIbHO, T€OMETPUUECKHNM MECTOM cepe-
IVH MapajjeJbHBIX XOPJ 9JIINUIICA TaKiKe OyJZeT HEeKOTOPBIM ero auaMmeTp
(xopza, IpoxonadAIas uepes eHTp).

Yupaxuenue 2. C mOMOIBIO0 MUPKYJIA U JUHEHKU HaWaUTe POKYCHI
ITaHHOTO 3JLIUIICA.

Peuenue. IlocTpouM ABe mapaJuiiesibHble XOpAbl asnunca. [lo npexabi-
IyIeMy VIOpPasKHeHWIO0 MpsaMas, COeIUHSIONIas WX CepPeIUHBI, SBJISIET-
cA auaMeTpoM sJjuiica. IlocTpouB TakuM o6pasoM [OBa AUAMETPA, MbI
HaiigeM 1meHTp suaunca O. B cuiy cuMMeTpUHU 3JIIUICA OKPYKHOCTDH C
meHTpoM O mepeceKaeT 3JIJIUIC B UETHIPEX TOUKAX, 00PasyoIUX IPAMO-
YTOJBHUK CO CTOPOHAMM, IapaJIeIbHBIMI OCAM aJianuIca. Temepb GOKYCHI
DJIINIICA MOYKHO HANTH KaK TOUKHU IepeceueHUs: OOJIBIIION OCHU U OKPYK-
HOCTH C IIEHTPOM B KOHIIE MaJIOi OCHM W PaIUyCOM, PAaBHBIM OOJIBIIION
TIOJIYOCH.

Cdepbl, BIIMCaHHBIE B KOHYC U Kacalolluecs CeKylmeil MJIOCKOCTH, Ha-
3bIBatOTCA cepamu JJaHdeneHa.

§ 1.6. IKCIIEHTPUCHUTET U ellle OTHO ompeaesieHue KOHUK

Onucanuasa B TpefbiAyileM mmaparpade KoHCTPpyKIua JlaHmeneHa maeT
ellle OJHO BaKHOE CBOMCTBO KOHUK.
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IIycTes miockocTh T IepeceKaeT Bce 00pasymolye KPyroBoro KOHyca ¢
BepiiuHOU S. Buumiem B KoHyc chepy, Kacamliyoca T B Touke F. Kak
U B cilydae c¢ mapaboJjioii, IpoBeZeM ILIOCKOCTh O Uepes TOUKU KacaHusd.
IIpsamyro, To KOTOPOI mepecekaoTea T U o, obosHauum uepes [. [Iycts X
MIPUHAAJIEKUT KOHUKeE, 00pasyoleiicsa Ipu nepeceyeHn KOHyca U ILJI0C-
Koctu nw. O0o3HauMM uepes Y TOUKY IepeceueHud nmpamoit SX ¢ ILJIOCKO-
CTBIO O, a uepesd Z npoeknuio X Ha npamyio [. ITokasxeM, 4YTO OTHOIIIEHIE
XY x XZ nocTosHHO, T. €. HEe 3aBHUCUT OT BbIOOpa Touku X.

S

O6osuauuMm uepe3 T mpoermnuio X Ha ILJI0CKOCTh o. OrHoirenue XT
K XY He OymeTr 3aBuCeTh OT BbIOOpa TOUuKM X u OyAeT pPaBHATHLCSA KOCHU-
HyCYy yIJia MeXJIy 00pasyIoieil KoHyca 1 ero ochbio (0003HAUNM STOT yI'OJI
yepes «). OrHomtenue XT K XZ To:Ke He 3aBUCUT OT BbIOOopa Touku X u
PaBHO KOCHHYCY yIJja MeKIy IIJIOCKOCTBIO T M OChbI0 KoHyca (0603HAUMM
aroT yroJ uepes [3). CiemoBarebHO,

XY XY XT cosf

E_XT XZ  cosoa’

ITockoapky XF; u XY paBHBI (TAaK KaK 3TO IIPOCTO-HATIPOCTO KacaTeJIbHEIEe
K cdepe, mpoBeneHHbIe 13 TOUKU X ), oTHOIeHne X F; K XZ TOCTOSAHHO.

Taxum obpasom, AJd JI000H KOHMKM CYIeCTByeT Takas npamas [,
YTO OJA JII000¥ TOUKK Ha KOHMKE OTHOIIEeHNEe PAacCTOSHUI o (poKyca u
ATO¥ TMPAMOH ITOCTOSHHO. OTO OTHOIIIEHWE HAB3BIBAETCSA IKCUEHMpPUcume-
mom KOHMWYECKON KPUBOI, a mpaMble dupekmpucamu. JIupekTpuc y a-
Jumnca u rumnep6oJibl aBe (1o OSHOM AJiA Kaskmgoro ¢Gokryca).

JIerko moHsATH, UTO C HOMOIIBIO 3TOTO CBOMCTBA MOMKHO C(HpOPMYIHUPO-
BATh ellle OJHO OomIpeleseHre KPUBBIX BTOPOTO IIOPAIKA.
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Konunueckoit kpuBoit ¢ poxkycom B Touke F, mupekrpucoii [ (F He Jse-
SKUT Ha [) 1 DKCIIEHTPUCUTETOM € HA3LIBAETCSA MHOYKECTBO TOUYEK, Y KOTO-
PBIX OTHOIIIeHWEe paccToAHU# 10 F u no [ paBHO €.

Ecnu ¢ > 1, To kpuBaa — runepboia, ecau € < 1, To 3JJIUIIC, a B caydae
¢ =1 — mapabo.ia.

3anaua 4. [[oKa)KkuTe, YTO ACUMIITOTHI BCeX PABHOCTOPOHHUX TUIIEPOOJI
¢ poxycom B F, IPOXOIAIINX Uepesd TOUKY P, KacaioTcsd HEeKOTOPBIX IBYX
OKpYsKHOCTEeH (OZHO ceMeiiCTBO aCHMIITOT OJHOM OKPYKHOCTH, APYroe —

opyrou).

§ 1.7. 3ameuaTeapHbIe CBOICTBA MapadoIbI

B sTrom maparpadge uepe3 F mMbI OyzmeM obosHauaTh poKyc mapaboJibl, du-
TypupYyIoIieil B pacCyKIeHUAX.
Cuepsa chopmysIupyeM JIeMMY, KOTOpas eIlfe He pa3 HaM IIPUTOLUTCS.
Jemma 1.1. Ecau ¢poryc napabosbt ompa-
3UMb OMHOCUMENbHO KAcAmeJibHOl, mo ezo 00-
pa3 nonadem Ha dupexmpucy. IToryuuswascsa
mouxka 6ydem npoexkyuel MOYKU, 8 KOMOPOU
KacameavHasa kKacaemcs napabonvt (puc. 1.24).
Hoxaszamenvcmeo. Ilycts mpamas [ kacaet-
ca mapaboisisl B Touke P. IIpoekmuio P Ha nu-
pexTpucy ob6osHaumm uepes P’. Tax Kak Tpe-
yronbuuk FPP' paBHoGeapeHHEIN 1 [ — Guccek-
Tpuca yria P, | ABiasgercd OCbI0 CUMMETPUU
TpeyroJbHUKa. SHAUUT, TOUKA F IIpU cCuUMMeT-
PUHM OTHOCUTEJILHO | TepexXoquT B TOUKy P’, je-
JKaIlylo Ha AUPEKTpuce. |
CanencrBue. Ilpoexyuu ¢oxyca napabosbt
HA e20 KacameJbHble JAexiam HA Npamol, Ka-
cawwelica napaboavt 6 ee sepuiune (puc. 1.25).
Jlemma 1.2. ITycmv xacamenvHble K napa-
b6one 8 moukax X u Y nepecexaiomcs 6 mou- Puc. 1.25
ke P. Tozda P ssasemcs UeHMpoM ONUCAH-
Holl okpyxcHocmu mpeyzonvuuka FX'Y', 20e X'
uY' — npoexyuu mouex X u'Y na dupexmpucy
napabonvt, a F — ¢poxyc amoii napabosvt.
Hoxazamenvcmeo. B cuny mgemmber 1.1
9TH JABe KacaTeJIbHbIe ABJIAIOTCSA CEePEeIUHHBI-
MU NePIeHIUKYIApaMu K oTpeskam FX' u FY'.
CiemoBaTebHO, TOUKA WX IlepeceueHus U Oy-
IeT IIeHTPOM ONMNCAHHON OKPYKHOCTU Tpe-
yroapuuka FX'Y' (puc. 1.26). O

Puc. 1.24




§ 1.7. SameuamenvHuie cgolicmaea napaboavl

CuaencrBue. Ecau PX u PY — kacamenvHbLe
K napa6ose, mo npoexkyus mouku P na Oupekx-
mpucy 6ydem cepedunHoli ompe3xa ¢ KOHUAMU
6 npoexyusax mowex X u 'Y (puc. 1.27).

Cuenyromiasa TeopeMa aHAJOTHUYHA Teope-
mam 1.2 u 1.5, HO TONBKO AJia mapaboJsbl. Kak
BBITJIAAUT MHOKECTBO TOUEK, M3 KOTOPBLIX IIa-
pabosa BuaHa mon mpAMbIM yriaom? OxasbIiBa-
eTCs, BepeH CJeAYIOInil (DaKT.

Teopema 1.7. MHoxecmeo maxkux mouex
P, usz womopwix napaboaa eudua nod nps-
MbLM YeJoM, ecmb Oupexmpuca amot napabo-
avl. Kpome moeo, ecau PX u PY — kacamenw-
Hble K amol napabone, mo XY codepmum F u
PF — svicoma mpeyzoavrnurka PXY (puc. 1.28).

JMoxasamenvcmeo. Ilycts Touka P nesxur Puc. 1.28
Ha aupexTpuce, a X' W Y' — OPOEKIMU TOYeK
X u Y ma gupekrtpucy mapaGoabl. Torga tpeyronbuuku PXF un PXX'
paBHBI (OHU IIPOCTO CUMMETPUUYHBI oTHOcUTeabHO PX). 3Hauut, /PFX =
=/PX'X=90°. Ananornuno /PFY =/PY'Y =90°. Kpome Toro, Z/XPY =

= %(AFPX’ + /FPY’) =90°. To, 4To APYyruxX TOYEK, O0JaJAIOIIAX 3TUM

CBOMCTBOM, HET, OUEBUIHO. O

ITockoabKy aHaJOrMYHBIE (DAKTHI BEPHBI U IJIS OCTAJIbHBIX KOHUK, 9Ta
TeopeMa JIOCTATOUYHO ecTecTBeHHA. OHAKO mepBad YacTh ATOH TEOPEMbI
MMeeT JOCTATOUHO HEOXKUIAHHOe 0000IleHre, BepHOe TOJBKO IJIs IIapa-
60s. OHO HaMm ere mpurogutcsa B § 3.2 a9 moKasaTeJIbCTBa TEOPEMBI
Dpexbe.

Teopema 1.8. MHoxecmeo mouek, u3 Komopvlx napabosa 6udHa nod
yenom ¢ unu 180° — ¢, ecmov zunepbonra ¢ porxycom 6 moure F u dupek-
mpucot | (puc. 1.29).

Hoxaszamenscmeo. [lelicTBUTENBbHO,
mycTh KacareabHble PX um PY, mpose-
IeHHbIe K mapaboje us Touku P, o0pasy-
0T yroa ¢. PaccMoTpum ciy4ai, Korga
@ >90°.

IIpoeknuu Ttouek X m Y Ha OUpPEK-
Tpucy mapaboybl o6osHauumM uyepes X'
u Y'. Ilonarso, uro ZX'FY' =180° — ¢.
B cuny nemmbr 1.2 Touka P sBisAercs
IIEHTPOM OIIMCAHHOM OKPYKHOCTH Tpe-
yroapuuka FX'Y'. A smauur, /X' PY' =

—360° — 2¢. Puc. 1.29
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ITosTomy paccrosarue oT P 10 gupekTpuchl paBHo PF |cos(180° — ¢) |=
=PF|cos ¢ | u P nexur Ha runepbose, GOKyC U JUPEKTPHCA KOTOPOIl COB-
magaoT ¢ OKYCOM UM AUPEKTPUCOM mapaboJibl, a SKCIIEHTPUCUTET PaBeH
|cos ¢ | (T. e. yroa Mexxay acHMITOTaMH paBeH 2¢).

To e cpaBeJIKBO, €CJIH YroJl MeXKIy KacaTeJlbHbIMHU paBeH 180° — ¢.
IIpu sTom ecau mapaboJja JIE;KUT BHYTPU OCTPOTO yIJa MEXKAY KacaTesb-
HBIMH, TO P HaxoguTcA Ha «JajbHel» orT F BeTBU I'umepO0JIbl, & ecJu
BHYTPHU TYHOTO, TO Ha «OJIMMKHEN». Il

s mapaboJs Tak:Ke MOMKHO cPOpMYyJIUPOBATh YTBEpP:KIEeHUE, aHaJO-
rugHoe Teopemam 1.3, 1.4.

Teopema 1.9. IIycmv PX u PY — kacameavHble K napaboJie, npoge-
Oennvle u3 mouxku P, a | — npamas, npoxodsawas uepes P napannenvHo
ocu napaboavt. Tozda yzon mexncdy npamvimu PY u l pasen /XPF, a mpe-
yeoavHuku XFP u PFY nodo6Hul (Kak ciaenctBue, FP — 6ucceKkTpuca yria
XFY, cm. puc. 1.30).

Puc. 1.30

Joxazamenvemeo. Ilycts X' u'Y' — npoexiuu Touexk X u Y Ha IUPEK-

tpucy. Torga B cuny Teopemsl 1.2 Touku F, X' u Y’ jmexar Ha OKPYKHO-
1

CTH C IeHTpoM B Touke P. ITosromy /X'Y'F = §4X’PF =/XPF. C gpyroit
CTOPOHEI, yroa Me:xay PY u | paBen yray mexay Y'F u X'Y’', rak Kak
npamaa | nepnenguryiaspaa X'Y' (qupexTpuce mapaGoubl), a Y'F mep-
neuguKyJasapHo PY (6osee Toro, PY — 3T0 cepeqUHHBIA HePHEeHIUKYJIIP
K Y'F). IlepBas yacTh TeOpeMbI JOKAa3aHa.

IMoxasxeM BTOPYIO 4acTb. IIOCKOJBLKY Ipamasa [ mapajaenbHa YY',
yron mexay PY u [ paerm yray PYY', KOTOpBI B CHJIY OITHYECKOTO
cBoiicTBa paseH yray FYP. Takum obpasom, LFYP = /XPF. Auajoruuao
/FXP=/YPF. CnemnoBarenbHo, Tpeyroiabuuku XFP u PFY nogo6unl. [

Crenymoiiasa TeopeMa ABJISAETCA Ha CaMOM Jejle CJIENCTBUEM TeOpPeMbI
1.9. Ho MBI ee JoKaskeM, BOCIIOJIB30BaBINNCh Npsamoii Cumcora, KoTopas
IIOMOJKeT HaM BBITU Ha ellle 60Jjiee MHTepeCHbIe CBOMCTBA MapaboJIb.

Teopema 1.10. ITycmbv 60kpyz napabonv. onucan mpeyzoavHuk ABC
(T. e. mapabosa kacaercs npamerx AB, BC, CA). Toz0a ¢oxyc amoii napa-
00J1bL Jledum Ha onucarHnol oxkpyxicrHocmu mpeyzonrvruka ABC.




§ 1.7. Bamewamenvroie ceolicmea napabosvl 27

Hoxazamensvcmeo. CoryiacHo ciaecTBU0 13 jJeMMbI 1.1 mpoekmuu ¢o-
Kyca Ha CTOPOHBI JIEJKaT Ha OJHOU HNpAMOI (9Ta mpaMasd mapaJijaeabHa Iu-
PeKTpumce U JEeXKUT B IBa pasa Oamke K GoKycy, ueM aupextpuca). Ocra-
JIOCH BOCIIOJIb30BaThCA JieMMoii CuMcoHa.

Jlemma 1.3 (Cumcon). IIpoexyuu mouxku P Ha cmopoHb. mpeyzonbHU-
Ka ABC nexcam Ha 00HOU npamoli mozda u moJavko mozda, Koz0a mouka
P nexcum Ha ONUCAHHOU OKPYICHOCIMU MPEY2oNLbHUKA.

Hoxaszamenvcmeo. Ilycts P,, P, u P, — npoexknuu Touku P Ha cTOpO-
ubl BC, CA u AB cooTBeTcTBeHHO. MBI pPaCCMOTPHUM CJOyYail, n300parkeH-
HBIN Ha puc. 1.31, ocTambHBIE CIIyUay PacCMaTPUBAIOTCA aHAJOTUUHO.

YeroipexyroabHuk PCP,P, BuuCaHHbIH, II0-
stomy /PP,P,= /PCP,. Ananoruuno /PP,P. =
= /PAP.. Touxku P,, P, u P. nexxat Ha OgHOI
MIPAMOU TOTAa M TOJBbKO TOoraa, Korga /PP,P,. =
= /PP,P,, niu, uTo TO Ke camoe, LPAP.—=
= /PCP,. Ho sT0 1 03HauaeT, 4TO TOuKa P Je-

JKUT HA ONMCAHHOM OKPYKHOCTH TPEyTroJbHU-
Ka ABC. OcranbHBbIE CJIyYal PacCMaTPUBAIOTCS
aHaJOTUYHO.
ObOpaTHoe yTBep:KIeHIe AOKa3biBaeTcsa ab-
COJIIOTHO Tak ke. Eciin Touxka P JeXUT Ha OIu-
CaHHOU OKpPY:KHOCTH TpeyroabHuKa ABC, TO
/PAB=/PCP,= /PP,P, (mociefHee B CIIy TO- Puc. 1.31
ro, uto touku P, C, P, u P, nexxar Ha OKpPYK-
HocTu). Anajorunuuo LPAB=/PP,P.. Cnenosa-
TeJbHO, TouKu P,, P, u P, 1eXaT Ha OTHOU Ipd-
MOIii. O

Tem cambiM Teopema 1.10 moxasana. O

ITonyuatorasica TakuM o6pasoM MIpaAMAas
HasweIiBaeTca npamoil Cumcorna Touxku P.

Takum oOpasom, TOoUKaM Ha OIIMCAHHON
OKPYKHOCTU Tpeyroabunka ABC MBI MOXKeM
OJTHO3HAYHO COMOCTAaBUTH IapaboJry, KacaroIy-
J0OCSI CTOPOH 9TOTO TPEYroJbHUKA. A MMEHHO,
BO3BMEM ITPOMBBOJBHYIO TOUKY P Ha omucaH-
HOII OKpy:KHOCTU TpeyroabHuKka ABC u orpa-
3UM ee OTHOCUTEJIbHO CTOPOH TPeyroJbHUKA.
Ilonyuum Touku Py, Pg u Pc, Jiexkaliiye Ha On-
Hoit mpamoii. [Tapa6osa ¢ ¢hoKycom B Touke P Puc. 1.32
u nupeKTpucoit P, Pc 6ymeT KacaTbCA BCEX CTO-
poH TpeyroiabHUKAa (Hampumep, cTtopoHbl BC oHa OymeT KacaTbCs B TOUKE
nepeceuenusda BC ¢ mepueHIUKyaapoM K Py Pc, cm. puc. 1.32).

ITpsambie CuMcoHa 001a0aI0T PALOM MHTEPECHBIX CBOICTB.
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Jemma 1.4. ITycmv mouka P sexum HA ONUCAHHOU OKPYMCHOCMU
mpeyzonvuuka ABC. ITycmb mouka B’ Ha onucanHol OKPYHICHOCMU Bbl-
Oopana max, wumo npamas PB' nepnendury-
aapua AC. Tozda npamas BB' napanienvha
npamoii Cumcona mouxku P (puc. 1.33).

Hoxasamenvcmeo. Paccmorpum ciy-
yaii, u3obpakeHHbIH Ha puc. 1.33, ocraiab-
HBbIe CJIIyYal pacCMaTPUBAIOTCS aHAJOTUUHO.
IIpoektniuu Touxku P Ha cropoubl AB u AC
obosHauuM uepe3 P. u P, COOTBETCTBEHHO.
Torma L/ABB' = /APB' Kak yribl, onuparo-
mueca Ha nyry AB’. IIOCKOJIBKY YeThbIpex-
yroabuuk AP.P,P Bumcamubiii (AP — mma-
MeTP ero ONUCAHHOIN OKPY:KHOCTH), a CyMMa

ITPOTHUBOMNOJIOKHBIX YIJIOB BIIMCAHHOTO Ye-
THIPpEeXyroJbHUKa paBHa 180°, MBI mMeeM
/APB' = /APP,=180° — Z/AP.P, = /BP.P,.
CraemoBaresbHO, npaMmasa P,P. mapajieiabHa
BB'. O

Cnencrsue 1. IIpu epawenuu mouku P
no okpyxcrnocmu npamas CumcoHa epauia-

emcs 68 NPomMuONnOJONHYIO CMOPOHY, NPuU-
uem CKOpoCcmb ee 8pauLenHus 6 08a pa3a MeHbs-
we, uem cxkopocmov usmenenus dyeu PA.
CnencrBue 2. IIpamas Cumcona mouku
P omuocumenvno mpeyzoavHuka ABC Oe-
aum ompesox PH (z0e H — opmouenmp mpe-
yeonvHuka ABC) nonoanam (puc. 1.34).
Hoxazamenscmeo. Jlerko mTOHATH, YTO Puc. 1.34
/AHC =180° — ABC, a smauur, Touka H’,
cuMMeTprudYHasa Touke H orHocuTeabHOo AC, JIEKUT HA OIMMMCAHHON OKPYIK-
HocTu TpeyroabHuka ABC. Ilockoabky npavseie PB’ u BH' neprneHguKy-
aapusl AC, yersipexyroabauk PB'BH' Gyzer Tpamenueii, IpuyeM PaBHO-
GOKOM, IIOCKOJBbKY OH BIMCAaH. A 3HAUuUT, IpaAMasa, cuMmerpuuHas PH'
orHOCUTENbHO AC (T. €. IPAMOM, Mapaje;/bHOM OCM CUMMETPUHU Tpale-
nun), Oyzmer mapayienbua BB'. CiemoBatenbHo, npaMmaa P'H mapajiens-
Ha BB’, a smauur, u npamoii Cumcona touku P (3mecs P/ — o6pas Touxku
P upu cummerpunu otHOCcUTeJAbHO AC). ITockoabKy P, (IPOeKIIUsa TOUKU
P na croporny BC) aBiaserca cepenuHoil orpeska PP/, npamasa CumcoHa
Oyzer cpenHeil nuHueli tpeyronpbauka HPP', a sgauur, 6yzser geauts HP
IoII0JIaM. Ol
CaencrBue 2 BKyme ¢ Teopemoit 1.10 BiieueT 3a co0O#i cJIeAYyIOIIUIT
OUYeHb KPacuBBIH (aKT.
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Teopema 1.11. Opmouyenmp mpeyzoivbHUKA, ONUCAHHO020 0KOJ0 napa-
boabt, nexcum Ha ee dupexmpuce (puc. 1.35).

Puc. 1.35

3amaua 5. IlycTh Touka X ABUKeTcA 10 mapaboje, HOpMaJb K mapabo-
Je B Touke X (IepIeHAUKYIAP K KacaTeslbHOM) mepeceKkaeT ee OCh B TOUKe
Y, a Z — npoeknua Touku X Ha och. [lokakmurTe, UTO AJMHA OTpesKa ZY
He MeHsIeTCsd.

3amauya 6. Ilo AByM mIpsAMBIM AOpPOraM C HOCTOSHHBIMU CKOPOCTAMU
UAYT OBa merrexona. [JoKakure, 4TO COEIUHAIONIASI UX IPAMAas BCe BPpeMs
KacaeTcs HeKOTOPOM mapaboJibl (JOporu He MapajliebHbl, U Yepe3 TOUKY
repeceveHus AOPOT MeIIeX0Abl IPOXOAAT He OJHOBPEMEHHO).

3amaua 7. [lapa6osia Buucana B yroan PAQ®. HaiiguTe reomerpuuecKoe
MECTO CepelUH OTPE3KOB, BHICEKAEMBIX CTOPOHAMM YIJIa HA KaCATeJIbHBIX
K mapaboue.







TTABA 2

HexoTopsie pakThI
KJIACCUYEeCKOM reoMeTpuu

§ 2.1. UuBepcusa u Treopema MDeiiepbaxa

Uneepcueii OTHOCUTEIBHO OKPYKHOCTU C II€H-
TpoM B TouKe O U pagmycoM 7 HasbIBaeTcs
mpeobpasoBaHme IMJIOCKOCTH, KOTOPOe KasKIYIo
TOUKY A TepeBoJuT B TOUKy A’, jexariyio Ha

2
ayude OA u rakyio, uto OA' = (;—A. Camy Toury O

9TO IpeobOpas3oBaHUe IIEPEBOOUT B 0ECKOHEUHO
yIaJleHHYIO TOUKY.

OueBUAHO, UTO TNPU BTOM IIPeobpa3sOoBaHUU
mpAMBbIe, TPOXOoAAIye uYepe3d TouKy O, Kak
MHOKeCTBa OCTAIOTCS Ha MecTe.

WuBepcus xopolrra TeM, UTO HTePEeBOIUT
OKPY’KHOCTH, He IPOXOAAIIIe uepes [eHTp MH-
BEPCUU, B OKPYKHOCTH, & OKPYKHOCTH, HPO-
XOOAIINe uepes3 IeHTP, — B Impamble. Jlokasa-
TeJILCTBO 9TUX YTBEPKIACHUN MOKHO HAWUTH B
kHurax [2]-[4].

XoTh MHBEPCUSA U MIEPEBOAUT OKPYIKHOCTD B
OKPY?KHOCTDH, OHA 00JIaflaeT OJHUM CYII[eCTBEH-
HBIM HEJOCTATKOM IpU paboTe ¢ KOHUKaMU: KO-
HUKY B KOHUKM OHa, KOHEUHO, He TIEePEBOIUT.
Hampumep, paBHOCTOPOHHAS TuIepboJia mIpu
VHBEPCUU OTHOCUTEJIBHO OKPYKHOCTH C TEM JKe
IEHTPOM, UTO U Y 3TOM TumepOOJbI, IEPExXO0-
mutr B aemuHuckamy Beprnyaau (puc. 2.1). Ho
HA OCHOBE MHBEPCHUH MbI UYTh II03)Ke IIOCTPO-
UM NOJAPHOE Npeobpa3osaHrHue, KOTOPOE 3TUM
cBolicTBOM Ob6JiafaeT (IIepeBOIUT KOHUKU B KO-
HUKMN).

C moMoIIbi0 MHBEPCUU MBI JOKaKeM Teope-
My Peiiepbaxa 1 T€M CaMbIM IPOAEMOHCTPUPY-
€M MOIITHOCTEL 9TOro mHCTpyMeHTa. C TeopemMoii
deiiepbaxa MbI erle BcTpetuMcsa B § 4.1.

CurauvaJia BCTIOMHUM OIIpefiesieHre OKPYKHO-
CTH HeBATH TOUEK, MJIN OKPYKHOCTU Jiijiepa.
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Oxpysxcnocmovio IJusepa WUIN OKPYHCHO-
cmvlo 0e8imiu moueK Ha3bIBAETCA OKPYIK-
HOCTb, IIPOXOAAINasd uepe3 CepefuHbI CTO-
pou Ttpeyroabauka ABC. OkasniBaeTcs, OHA
IIOBTOPHO IIepeceKaeT CTOPOHBI B OCHOBAHU-
ax BeicoT. Kpome Toro, eciau uepes H o6o-
3HAYUUTDH OPTOIEHTP TPEYTOJbHUKA, TO cepe-
IuHBI 0Tpe3koB AH, BH u CH Toxe jexar
Ha 3TOI OKPYKHOCTH.

HasatiTe mokaskem arto. Ilyctes M,, M,
u M, — cepepunnl cropon. Yepes H,, Hy u Puc. 2.2
H, o603HauMM OCHOBAHUS BBICOT (puc. 2.2).

IToraskem, uto yraet MyM, M, u MyH, M. paBabI. I3 9TOTO OymeT caeno-
BaThb, YTO ToukKa H, JIEXKUT Ha OKPYKHOCTU JUJepa.

Tpeyronbauk ACH, npAMOYTOJbHBIN, a 3HaUUT, MpH, = M A. Anamno-
ruuao M .H, = M_A. Ilockonbry MyA=M, M. u M.A=M,M,, TpeyroJb-
HUKU MM, M. n MyH,M,. paBHbl. A 3HAYUT, PABHBI COOTBETCTBYIOIIIE
yrJIbl. AHAJIOTUYHO IIOKA3bIBAeTCsA, UTO Ha OKPYIKHOCTH Jiijepa JiesKarT
Touku Hy, u H,.

3amMeTnM, UTO OCHOBAHUS BBICOT TpeyrosbHuKoB ABC u ABH coBna-
JIaioT, a 3HAUUT, COBIAJAIOT M UX OKPYyKHOCTU Jiyepa. CiemoBaTesbHO,

Ha OKPYKHOCTHU Jiijiepa JerKaT TaK:Ke cepequHbl oTpe3koB AH u BH. To,
YTO Ha HeHW TaKiKe JIEXKUT cepequHa orpeska HC, moxasbiBaeTcs aHAaJO-

TUYHO.

Hy a Temeps moxaskem Teopemy Peiiepbaxa.

Teopema 2.1 (Deitepbax). OxpyxicHocmbv desamu mouek Kacaemcs
8NUCAHHOU U BHEBNUCAHHBLX OKPYICHOCMel mpeyzonvHuka (8 cayyae, ec-
AU MpeyzonibHUK PABHOCMOPOHHUL, OHA coenadaem ¢ 8NUCAHHOU OKPYic-
Hocmwio) (puc. 2.3).




§ 2.2. OcHo6Hble c6edeHUs 0 NPOEKMUBHBLX NPe0OpPA308AHULX 33

Hoxaszameanscmeo. Ilycts G,, G, u G, — 3TO TOUKU KacaHUs BIIMCAH-
HO¥ OKPYKHOCTH cO cTopoHamMu. Yepes A; 0003HAaUMM OCHOBaHUE OMCCEK-
TpuckHl yria A, depes C’' 0603HAUYUM TOUKY, CUMMETPUUYHYI0 C OTHOCUTEIIb-
HO AA;. Ilycts P — 5T0 TOuKa nepeceuenus AA; u CC’.

3amerum, uto P — cepemuna CC’, a sHauuT, P jgexuT Ha cpemHeil iu-
Huu M,M,. CTouUT TaKXe OTMETUTb, UTO

1 1 1
M,P=|M,M,~PM,|= ;| AB—AC| = 3| BG, — CGy| = 5| BG, — CGy | =
=M,G,.

W3 momobus map tpeyroabuauxkos M,M,C u ABC, ABA, u PM,A, cie-
IyeT, 4TO
M,P _ BC' _ M.Q
M,M, BA M,P’

rae @ — sro Toura mepecedenus A,C’ u M,M,. CregoBarensro, M,G2 =
=M,P?>=M,Q -M,M,. A 3HaUUT, IPU WUHBEPCHUH C IeHTPOM B M, U pa-
muycom M,G, Touka M, IIepexofuT B TOUKY, JieKallyoo Ha npamoi C'A;,
cumMeTpuuHoii BC oTHocuTeabHO OmccexTpuchl yria A. To ke camoe
MOJKHO CKasaTh 1 IIpo ToukKy M,.. Takum obpasoMm, Ipu MHBEPCUHU C I[€H-
TpoM B M, u pagmycom M,G, OKPYKHOCTDH Jijiepa IepexXoauT B IPIMYIO,
KAacarollyocs BIMCAHHON OKPYsKHOCTH, a 3HAUNT, U caMa OKPYsKHOCTb
JIeBATHU TOYEK KacaeTCA 9TOM OKPYsKHOCTH.

Il BHeBIIMCAHHBIX OKPYsKHOCTell Teopema Peitepbaxa NOKa3bIBAETCS
AHAJIOTUYHO. ]

TouKy KacaHMs BIIMCAHHOM OKPYsKHOCTH M OKPYKHOCTH Jiijepa Ha-
3bIBAIOT moukol Peliepbaxa (o6o3uauatoT F). Toukamu Peiiepbaxa TaKkKe
MHOTA HAa3bIBAIOT TOUKU KAaCaHUSA BHEBIMCAHHBIX OKPYKHOCTEH ¢ OKPYIK-
HOCTBIO Jiiynepa (obosuauator F,, F, u F,).

§ 2.2. OcHOBHbIE CBeeHUA O MPOEKTHBHBIX MPEOOPaA30BaAHUAX

ITox mpoeKTUBHBIMY TPeoOpPasoBaHUAMY MOAPA3yMeBaIOTCs IIpeodpa3oBa-
HUS IIJIOCKOCTH, COXPaHAINNe IpaMble. [Ipu aToM mapasielbHOCTh IPA-
MBIX MOKeT HapymiatbeA. IlpaBma, ecau peub maeT o0 OOBIUYHOM ILJIOC-
KOCTH, TO COXpaHeHMEe MapajeIbHOCTA SBJISETCI OUEBUIHBIM CJIEJICTBU-
eM B3aMMHOII OJHO3HAUHOCTU mpeobpaszoBaHusa. [losaToMy mIpuM mM3ydeHUU
MIPOEKTUBHLIX HpeoOpasoBaHUM K IIJIOCKOCTU M00ABJIsSETCS TaK HasbIBa-
eMasa 0ecKOHeuHO yodaneHHas npAMas. Toukm sToW MPAMOI, TaKk:Ke Ha-
3bIBaeMble 0OECKOHEUHO YAaJeHHBIMHU, CUMTAIOTCA TOUKAMU IIepecedeHms
mapajjieJbHBIX IPAMBIX, IPUUEeM KakJasd OeCKOHeUHO yaajJeHHas Tod-
Ka CUMTaeTcda IPUHAJJIEKAIel BceM NPAMBIM OIpeAeeHHOTO HalpaBJie-
Hus. [TomomHeHHasa TaKUM 00pa3oM ILJIOCKOCTh HA3bIBAETCA NPOCKMUBHOU
nJaocKoCmbio.
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Onpenenenue. IIpeobpasoBaHue MPOEKTUBHOU IJIOCKOCTH, HEePEBOI-
mee KayKayIo IpAMyo (00BIUHYIO UJau 0eCKOHEeUHO YAAJeHHYIO) B IPAMYIO,
HA3BIBAETCA NPOCKMUBHBLM.

W3 omnpepenenus cienyer, 4TO IPOEKTUBHEBIE IIPeoOpa3oBauusa obpasy-
OT Tpynny (MHaYe TOBOPSA, KOMIO3UIUA JBYX IMPOEKTHUBHBIX ITPeodpaso-
BaHUM — 3TO IPOEKTHUBHOE IIpeobpasoBanme). OTMETHM, UTO IOATPYIIaAMU
9TOIi TPYIIbBI ABIASIOTCA TPYIIILI auHHbLX TPeoOpasoBaHUM, COXPAHAIO-
IUX TMapajIeSbHOCTh MPAMBIX (MX MOKHO TaKKe OIpeneUTh KaK coxpa-
Hsoe 0eCKOHEUHO YAAJeHHYI0 MPAMYI0), a TaKsKe XOPOIIIo0 M3BeCTHHIE
TPYIIILI TOAOOUM 1 ABUKEHUM.

IIpoekTuBHOE ITpeoOpa3oBaHUe MOYKHO HATJISAIHO IMPEACTABUTDL CJIELY-
oM obpasoM. IlycTs HEKOTOPBIH UepTe:K, HAPUCOBAHHBIN Ha CTEKJIE,
IIpoeIupyeTcsa U3 TOUEUHOr0 MCTOUHUWKA CBeTa Ha cTeHy. Torma uepre:k
MOJKET II0JBepPraThCsa BecbMa CYIIEeCTBeHHBIM MCKAMKEHUAM, OTHAKO IIPs-
MBIM Ha CTEKJIe COOTBETCTBYIOT HpPAMBIe Ha cTeHe. IIpu sTom ecam mpo-
BECTH uYepe3 MCTOUYHUK CBeTa ILJIOCKOCTDH, MapajljieibHYI0 CTeHe, TO OHa
mepeceueT CTEKJO II0 HeKOTOopoi mpamMoii. ToukaM 5Toi MPsAMOM He COOT-
BETCTBYIOT HUKaKWe OOBIYHBIE TOUKHU CTEHBI, TIOITOMY ee 00pas3oM caeayeT
CUUTATH OECKOHEUHO YAAaJeHHYIO IPAMYIO CTeHbI. AHAJIOTUYHO, €CJIU IIPO-
BECTH Uepe3 MCTOYHUK CBeTa IJIOCKOCTDb, MapaslieJbHYI0 CTeKJY, TO OHa
mepeceyeT CTEHY IO IPAMOM, KOTOPYIO ClIefyeT CUNTATh oOpasoM OecKo-
HEUYHO yJaJIeHHOM IPSIMOI.

Mo:xkHO mOKas3aTh, YTO HPUBEAEHHBLIN IIpUMeEpP ABJIAETCA YHUBEPCAJb-
HBIM, T. €. JII000e MPOeKTUBHOE IpeodpasoBaHre MOMKHO IPEICTABUTh KaK
KOMITOBUITNIO ITEHTPAJbHON TPOEKIIUM U JBUMKEHUS IIPOCTPAHCTBA, COB-
MeIaoIero MJIOCKOCTh MpoeKInu ¢ ucxomaunoii. CiemoBaTelbHO, B CUIY
pesyJIbTaToOB, HOKas3aHHBIX B § 1.5, mpoeKTUBHBIE IIPeoOpa3oBaHusA mepe-
BOAAT KOHUKMU B KOHUKU. [[eficTBUTENbHO, JII000€ TPOEKTUBHOE ITpeodpa-
30BaHMEM MOMKHO IIPEJCTABUTH B BUAE KOMIIO3UIIMHU ABYX, IepBoe U3 KO-
TOPBIX IEPEBOAUT KOHUKY B OKPYKHOCTb. Ilociie BTOPOTO 9Ta OKPYsKHOCTh
MOJKET IIepefiTh TOJIbKO B KOHUKY. OTcIoa BUAHO, UTO IIPOEKTUBHLIE IIpe-
00pazoBaHUA ABJAIOTCA MOIITHEHIITUM MHCTPYMEHTOM AJA PabOTHI C KOHU-
KaMu.

3aMeTuM, UTO ruIepbosia mepeceKaetT 6eCKOHEUHO YAAJeHHY0 IPIMYIO
B ABYX TOYKaxX. T TOYKHU 3aJAI0T HANPABJEHUS, MMapajjieJbHbIe acuM-
nroram 3Toii rumepbosbl. Ilapabosa KacaeTcss O0eCKOHEUHO YAAJIEHHOM
IpAMOIf B TOUKe, KOTOpas 3aJaeT HaIpaBjeHUe, IapaljieIbHOe OCU 9TOM
napaboJsbl. Hy a sanuic BooOIe He ImepeceKaeT 0€CKOHEUHO yAAJeHHYIO
IPAMYIO.

Huxe MBI chopMyampyeM HECKOJbKO OCHOBHBIX CBOIMCTB IIPOEKTUB-
HBIX IIpeobpasoBaHuii. IHOrma BMeCTO JOKA3aTeJbCTBA MBI OyZeM JaBATh
JIUIITS mosicHeHus. Ilogpo0HbIe foKa3aTelbCTBA BhI MOKETe HAWTH B KHU-
rax [2] u [3].
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1. Bce ueThIpexXyroJbHUKK IIPOEKTHUBHO SKBUBAJEHTHBI. TouHee, A
JIOOBIX ABYX UETBEPOK TOUeK olifero monoskenus A, B, C, D u A, B,
C’, D' cymiecTByeT eIUHCTBEHHOE IPOEKTHUBHOE IIPeo0pasoBaHue, mepeBo-
namee ABA', BeB,CsC' uDsD.

Hna mokasaTesbCTBA MOCTATOUYHO ITPOBEPUTH, UTO JIIOOYIO UETBEPKY
MIPOEKTUBHLIM IIPeo0pa30BaHMEM MOKHO IIEPeBeCTH B KBaApaT U TaKoe
mpeob6pa3oBaHMe eJUHCTBEHHO.

ITepeBenem Toukm mepeceueHua map npambix AB u CD, a Tak:ke AD
u BC B 6eckoHeuHocTh. Torga Hallta ueTBepKa TOUeK ImepeiieT B BePITUHbBI
napajieaorpamMma. Jlamee appuHHELIM Ipeo6pa3oBaHUEM STOT HapaJLIeso-
rpaMm JIETKO IIPEeBPaTUTh B KBaJparT.

Coeguuaum npAmMbiMu Touku A, B, C, D. Yepes nmapsl TOUeK mepeceye-
HUS 9TUX IPSAMBIX ITPOBEJIeM HOBbIe IPAMBIE M OTMETHM TOUYKHU UX IIepece-
YeHUS C YiKe IPOBeJeHHBIMU MPAMBIMHU U T. 1. O0pasbl BceX OTMEeUeHHBIX
TOUEK OIIPeleIATCA OJHO3HAYHO M MU MOYKHO MPUOJIN3UTH JIO0YIO TOY-
Ky maockoctu. CiemoBaTesibHO, KICKOMOE TTPeo0pa3oBaHe equHCTBEHHO.

Temephb TOKaKeM, UTO IATH TOUEK OOIIEro IOoJI0MKeHNA OJHO3HAYHO 3a-
marorT KOHUKY. [lepeBeseM ueThIpe 13 HUX B KBaJparT, BEPIIUHBI KOTOPOTO
uMeroT KoopauHaTthel +1. Torga Ierko mpoBepuTh, UTO ypaBHEHUS KOHUK,
IPOXOAAIINX Uepe3 ero BepHINHBI, OyAyT uMeTh Buf ax? + (1 —a)y?=1.
Ho, oueBugHO, uepes J00YI0 TOUKY HA MJIOCKOCTH (OTJIUYHYIO OT BEPIINH
KBajapaTa) IPOXOIUT TOJHbKO OJHA KPUBaA, MMeIONiasd ypaBHeHUE TaKOTO
THUIIA.

Huxe MBI mOKa)XeM, UTO CYIIIECTBYeT eIMHCTBeHHAS KOHHKA, Kacaro-
masaca MATU 3aJaHHBIX TPAMBIX OOIIEr0 IMOJIOMKEeHUA.

2. IIpoeKkTuBHBIE TPeoOPa3OBaHUSI COXPAHSIOT 0B0lUHbLE OMHOULCHUS
TOUEK Ha MPAMOM. ITO 3HAUUT, UYTO ecaum Touku A, B, C, D, jexxaiiue
Ha OJHOM mpamoii, nepexozar B touku A', B/, C', D', To

AC-BD

(AB; CD) = 53¢

= (A'B’;C'D)).

OTMeTHuM, 4YTO AJIMHBI OTPE3KOB 0epyTCsA cO 3HA-
KaMu.

Hokasxkem aTo. Kak ObLIO mOKas3aHO BHIIIE,
J000e TIPOEKTHMBHOE IIPeoOpasoBaHMe MOXKHO
CUHTaATh IMEHTPAJbHOU ITPOEKIIMell OTHOCUTEIb-
HO KaKou-TO TOUKHU. IIyCcTh IIEHTPOM 3TOM IIPO-
exnuu 0yaer Touka P (puc. 2.4). Torga

AC-BD _ Spacp-Saspp
AD-BC  Saapp-Sarcp’

IMOCKOJBKY ILIOIIALb KaXKIOr'0 M3 STUX TPEYroJbLHUKOB PaBHA IIOJOBUHE
MIPOM3BeIeHUs MJUH pacCMaTPUBAEMbIX OTPE3KOB HA PaACCTOSHMWE OT TOY-
Ku P 1o mpsaMoil, Ha KOTOPOH Bce 3TH TOUKM Jie:kaT. C Apyroi CTOPOHBI,
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ILIOMIaAb KAXKJO0r'0 TPEYroJbHNKA paBHA II0JOBUHE IIPOMU3BENeHN CTOPOH
Ha CHHYC yrJja MexXay HuMHu (mjad ymobcTBa 0003HaUMM yroj Mme:xay PA
u PB uepes a, mesxxay PB u PC uepes 3, a mesxxny PC u PD — uepes ).
IToaTomy

Saacp-Saspp _ (AP-CP-sin(a+B) - (BP-DP-sin(B+7v))  sin(a+B)-sin(B+v)
Saapp-Sapcp  (AP-DP-sin(a+B+7v))-(BP-CP-sinf3)  sin(a+B+7v)-sinf *

ITockoaBKY 5TO OTHOIIIEHUE He 3aBUCUT OT TOT'0, HA KAKOU IIPSIMOM Jie-
JKaT Hallll TOYKHW, MBI IIOJIlydyaeM

sin(x + ) -sin(B+ 1)
sin(e+B+v) -sinf

(A'B';C'D) = = (AB;CD).

ATO CBOMCTBO IIO3BOJISIET OIPENeINTh OBOIHOE OTHOIIEHNE UYeThIpex
MPSAMBIX, IIPOXOIAINUX Ueped OSHY TOUKY, KaK ABOIHOE OTHOIIEHH’E TO-
YeK UX IepeceueHuns C IPOU3BOJIbHOI npaMoii. OueBUIHO, YTO OHO TaKiKe
COXpaHsAeTCs IPU IPOEKTUBHBIX IIPeoOPa3OBaAHUAX.

IIBOiiHOE OTHOIIIEHNE UeThIpex IPAMBIX a, b, ¢ u d Oyaem o603HAUATH
uepes (ab; cd).

N3 coxpaHeHusa OBOWHOTO OTHOIIEHUS

cJeayeT, UTO eCJIM M3BECTHBI 00pashbl TPeX TO-
yeK NpPAMOI, TO 00pasbl OCTAJIBHLIX €€ TO-
YeK ONpeAeadaioTcs OJHO3HAYHO. B wacTHO-
CTH, TPOEKTUBHOE ITPeo0pa3oBaHme, OCTABJIA-
[olllee TPU TOUYKU MPSAMOIN HEIOABUKHBIMH,
OCTAaBJISET HEIIOABUYKHOU BCIO IIPAMYIO.

3. Teopema Ilanma

Teopema 2.2. Ecau mouku A;, By, Cq qe-
acam Ha npamou ly, a mouxku Ay, Ba, Co Ha
npamoil ly, mo mouku nepeceuerHus NPsMoblx
AlBg u AgBl, 3102 u Bzcl, ClAz u C2A1 Jie-
aam Ha 00HOU npamol (puc. 2.5).

Hnsa moxasaTeabCTBa MOCTATOUYHO YBECTHU
TOUKM IIepeceueHuss Iap OpaMbix A1By m
AsB1, B1Cy u B3C; Ha 6€CKOHEUHOCTL U BOC-
0JIB30BaThCA Teopemoit Pajeca.

4. Teopema JIe3apra

Teopema 2.3. IIpamvie A1Az, B1Bg, C1Co,

coeduHsaOwWue coomeemcemayujue 8epuLiHbl
mpeyzoavHukoe A1B1C1 u AyByCy, nepece-
Kalomca 6 00HOU mouke mozda U MOJLbKO
mozda, K0z0a MOUKU nepecedeHus NPAMbLY
AlBl u Ang, 3101 u BzCz, ClAl u CzAz Jie-
acam Ha o0HOU npamoi (puc. 2.6).
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31ech HAIO IPOEKTUBHBLIM ITpeoOpasoBaHUeM IIePeBeCcTH TOUKU Iepece-
yeHUA Map OpaMbeix A1B1 u AsBy, B1C1 u BsCy Ha 0€CKOHEUHOCTD U OIIATH
JKe BOCIIOJIb30BAThCs TeopeMoit Pasieca.

Kak mpaBujio, MpoeKTUBHBIE IIPeo0pa30BaHUA He COXPAHSIIOT OKPYIK-
HocTu. OTHAKO MMEIOT MECTO cjaenyiomnme GaKThI.

5. IlycTs maHa OKpy:KHOCTH U TouKa C BHyTpu Hee. Torma cyiiecTByer
IIPOEKTUBHOE IpeoOpazoBaHMe, IIPU KOTOPOM AaHHAs OKPYKHOCTDL IIepe-
XOIUT B OKPYKHOCTD, a Touka C — B ee IEHTP.

ITOoT QaKT MBI AOKaKeM UYyTh II03:Ke, BOCIIOJIb30BABIINCEH TMOJAPHBIM
COOTBETCTBUEM.

6. IlycTp mana OKPYKHOCTH U He mepecekaromiad ee npamasa [. To-
rla CYIIEeCTBYeT ITPOEKTHUBHOE IIpeoOpasoBaHMe, MEePEBOIAINEe MTaHHYIO
OKPY’KHOCTHL B OKPYsKHOCTb, a IPAMYI0 [ — B 0eCKOHEUHO YyAAJEHHYIO
IPSAMYIO.

ITepeBeem mpoeKTHMBHBIM IpeoOpasoBaHMEM HAaITy mpamMyio [ B Gec-
KOHEUYHO yJaJIeHHYI0 IpaMyio. IIpu TakoMm mpeo6pa3oBaHUU OKPYKHOCTH
MOXKET IIepeiiTh TOJBKO B 3JLIUIIC, IIOCKOJbKY He MMeeT TOUeK Ilepeceue-
HUA ¢ 0eCKOHEUHO yaaJieHHON npAmoii. [aee caenaem ahduuHOE ITPeosd-
pasoBaHMe, KOTOPOe 9TOT JJLJIUIIC IIepeBeleT B HAIIY OKPYsKHOCTH (Takoe,
OYEeBUIHO, HalAeTCA).

7. Teopema Ilackansa

Teopema 2.4. Touku nepeceieHus npomueo-

NOJLOHCHBLX CMOPOH BNRUCAHHO20 WECMUY20AbHUKA
Jaexcam Ha 00HOU npamoi.

Hoxaszamenvcmeo. 1lycts naH BIIMCAaHHBIN IITe-
ctuyroabuauk ABCDEF . IlepeBeneM IPOeKTUBHBIM
mpeobpa3oBaHMeM Ha 0ECKOHEYHOCTHh TOUKHU Iiepe-
ceueHud nap npameix AB u DE, a tak:xe BC u EF.

ITonyuum, uro AB || DE, BC || EF; Hago noxasarthb,
uyro CD || FA. Ho aro coBceM He CI0KHO. B cumiy
napaJieabHocTu yrisl ABC u DEF paBHBI. A 3Ha-
yuT, paBubl gyru AC u DF. Ho 310, oueBUIHO, U
O3HayvaeT MapaiyieJIbHOCTb NpAMbIX AF u CD. [

8. Teopema Bpuanmona

Teopema 2.5. I'nasHble OuazoHaLU ONUCAHHO20
uLecmuyzosbHUKQ nepecexanmcs 6 00Hol mouke.

Hdoxaszamensvcmeo. IlepeBeneM TOUKY Iiepece-

YeHUd ABYX AUaroHajed B IeHTp. Ham Hamo mo-
Kas3aTh, YTO ¥ TPEThsS AUATOHAJb IIPOXOAUT Uepes
IEeHTP OKPYKHOCTH.

Wrak, nycres mecruyroabuuk ABCDEF omnu-
caH OKOJIO OKPY:KHOCTH C IIeHTpoM B Touke O u
muaronanu AD u BE npoxogat uyepes O. O6o3Ha-




38 Taasa 2. Hexomopule pakmbl KLACCULECKOL 2e0MEMPUL

YUM TOYKM KacaHHA OKPY:KHOCTH co cropoHamu AB, BC, ..., FA uepes
A1, By, ..., F; coorBeTrcTBeHHO. JIerKo nmoHATh, uto L E10C; = /F10B; =
=2/A0B, a takxe uro LE{OF = /FOF; u /B,0C=/ZCOC;. A 3uauwur,

/FOF, + /F,0By + /B,0C = /E,OF + /E{0Cy + /COCy — % —180°.

CrnemosaTreabHO, Touku F, O u C jexaT Ha OSHOUN IPAMOI. O

Ormerum, uTo Teopembl Ilackansa m BpuaHIiiona ocratoTca BEpHBIMH,
€CJIN IIeCTUYTOJbHUK BBIPOMKIAETCA B MATH- UJIN YETHLIPEXYTOJbHUK. OTO
cooOpaskeHue He pas3 HaM elle IPUTOAUTCA.

ITpu moxasarenbcTBe TeopeMbl IlacKayisgs MBI HOJB30BAJNIMCH TEM, UTO
COOTBETCTBYIOIIIAA MPAMaA He IepeceKaeT HaIly OKPYsKHOCTh, a IPU J0-
KasaTeJbCTBe TeopeMbl BpMAaHIITOHA — UTO TOUKA IIepeceueHus auaroHa-
JIeli JIeXKUT BHYTPHU OKPYsKHOCTU. Ha caMoM zejie 9Tu JBe TeOPEeMbl BEPHBI
B JIIOOOM cJiyyae, T. €. TOUKHM U MPAMBIE B 9TUX TeopeMaX MOTYT UITU
B KaKOM YT'OJHO TOpAIKE.

BaskHo TaKiKe cKasaTh, UTO 9TO YMCTO IPOEKTHUBHLIE TeopeMbl. IIoaTo-
MYy OHU BEPHBI U AJA KOHUK. B 171. 3 MBI chopMyaupyeM U AOKAKEM dTU
TeopeMbI B O0IIleM BHU7E.

9. Ilycrs mausl Touku A, B, C, D, nexaiue Ha OKpyskHOCTH. VI3 Teope-
MbI O BOMCAHHOM yTJIe CJIeIyeT, UTO AJA JIf000i TouKu X Ha 9TOH OKPYK-
HOCTHU OBoiiHOe oTHOoIeHne NpAMbIX XA, XB, XC, XD 6yaetr ofHUM 1 TeM
ske. HazoBeM ero mBOMHBIM OoTHoIIeHumeM Touek A, B, C, D. OueBugHo,
YTO eCJU IPOEeKTUBHOE IIpeodpa3oBaHue IePEeBOIUT OKPYKHOCTD B OKPYK-
HOCTBH, TO JIBOMHOE OTHOIIIEHWE TOUEK COXpaHseTcsa. BepHo u oOpaTHOe:
ecau 3amaHo mpeobpas3oBaHME OKPYKHOCTH, COXpPaHAINee ABOWHBLIE OT-
HOIIIEHUS, TO €70 MOKHO IIPOJOJI:KUTEL IO IIPOEKTHUBHOTO IIPeo0pa3oBaHms
BCel MJIOCKOCTH.

C TpoeKTHMBHBIMU ITIPEOOPA30BAHUAMU TECHO CBSI3aHO OoToOpaskeHwue,
CTaBsAIllee B COOTBETCTBUE TOUKAM IIPSIMbIe M Ha00OPOT.

Onpenenenue. [loasapHoe coomeemcmeue OTHOCUTEIbHO OKPYKHOCTHU
¢ meuTpoM O M PaguycoM I CTaBUT B COOTBETCTBHME KaKJIOI TOYKe ILJIOC-
KocTu A, oTiimuHon ot O, IpAMYIO a, IepueHaAnKyaapuyo OA u nmepeceka-
forryio ayud OA B TOUKe, MHBEPCHOI TOUKe A OTHOCHUTEJIBHHO 5TOUN OKPYIK-
Hoctu. IIpsamas a HaswpIBaeTCA noAAPOU TOUKU A, a TOUKa A — noawcom
npamoii a. Iloasapoi Touku O cunTaeTcss 6eCKOHEUHO yaajeHHasa mpAMas,
a ToJApoii 6eCKOHEUHO YAAJeHHOM TOUKHW — JUaMeTpP, MepPIeHIUKYJIAP-
HBIT TPOXOAAIIMM Uepes Hee MapasjieIbHBIM TPAMBIM.

OrMeTHM BasKHBI€ CBOMCTBA MOJIAPHOTO COOTBETCTBUA.

1. Eciiz Touka B JeXKUT Ha IIOJAPe a TOYKU A, TO ee moJjsapa b mpoxo-
IuT uyepes A.

Hoxaszamenvcmeo. Ilycte Touku A’ u B’ mHBepcHBI Toukam A u B
OTHOCHUTEJILHO Hallleil oKkpysxHocTu. Torga tpeyronsauk OA’B, oueBuaHO,
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nogoben TpeyroabEuky OB’A, a 3mauur, yrosa
AB’O npsawmoii, T. e. A nexut Ha b (puc. 2.8). O

Orcrofa BEITEKAET, YTO II0JIIOC JI000H IIPAMOI
SABJIAETCS IlepeceueHreM IOJIAP BCeX ee TOUEeK, U
Hao00pOT, MOJIAPA TOUKHU ABJIAETCA TeOMEeTpUuUe-
CKUM MECTOM IIOJIIOCOB BCEX MPOXOIAIIUX Uepes
ATy TOUKY HPAMBIX.

2. ITonapoit Touku A, jJexalleii BHe OKPYIK-
HOCTH, OyZeT mpaAMas, COeIUHAIONIaA TOUKY Ka-
CaHUA OKPYsKHOCTH C KacaTeJIbHBIMU, IIPOBEIeH-
HBIMU K Hel u3 A (TOYKM KacaHUA ABJIAIOTCA IOJIOCAMU KacaTeJbHBIX).
Orcroza ciegyer, 4To, HECMOTPA HA METPUYECKOE OIIpefiesieHre, TTOJAPHOe
COOTBETCTBUE SBJSETCS IPOEKTUBHBIM MOHATHUEM, T. €. €CJIU IIPOEKTUBHOE
mmpeoOpasoBaHme COXPaHsIeT JAaHHYIO OKPY/KHOCTH M IIEPEBOAUT TOUKY A
B A’, TO moJIspa a TOUKU A MepexoiuT B moasapy a’ Touku A’. ITo mo3Bo-
JasieT copMyIUPOBATE CAEAYIONTNIN pe3yabTar.

IIpunnun gBoiicTBeHHOCTU. [Iycmb 00KA3AHO HEKOmopoe NpoeKmue-
Hoe ymeepicderue. Toz0a eepHuim makxice 0ydem ymeeprcoeHue, NOLY-
YeHHOoe U3 00KA3aAHH020 83AUMHOU 3aMeHOl credyruiux mepMunos: (Tod-
Ka) <« (mpamad), (JiekaThb Ha OPAMOIi) < (IIPOXOAUTH Uepe3 TOUKY), (Je-
JKaTh Ha OKPYIKHOCTH) <+ (KacaTbca OKPYKHOCTH). [Ipumepamu ymaeep-
Jaclenull, noaywarnwuxca 0pyz u3 opyza no npuHyuny 06oiicmeeHHocmu,
asnawmes meopemvt Ilackansa u Bpuanuiona, npamoe u o6pamnoe ymeep-
Jcdenus meopemot Jlesapza u Op.

TaksKe ¢ TOMOIIBIO ABOMCTBEHHOTO MpeoOpasoBaHUSI MOYKHO JTOKAa3aTh
cBoiicTBO 5. JlocTaTOYHO, BOCIIOJIB30BABINNCH CBOMCTBOM 6, meperuars Imo-
aapy touku C Ha OecKoHeuHocTh. Torga, oueBuaHo, Touka C mepeiiger
B IIEHTP OKPYKHOCTH.

3. Ilpamas, coegWHAMIONIAS TOUYKU IIepeceueHUs ITPOTHUBOIIOJIOMKHBIX
CTOPOH BIIMCAHHOTO (OIMCAHHOI'0) UeTHIPEeXYTOJbHUKA, SABJIAETCS IIOJIS-
po¥i TOUKM TepeceueHus ero AuaroHaIei.

ITo yTBep:KIeHUE caenyeT u3 cBoiicTBa 1 um Teopembl HbioTOHAa: mua-
TOHAJIM OHMCAHHOTO YeThIPeXyToJbHUKA IIPOXOIAT Yepe3 TOUKY IIepeceue-
HUA MPAMBIX, COETUHAONINX TOUKN KACAHUSA IPOTUBOIOJJOKHBIX CTOPOH
CO BIIMCAHHOUW OKPYKHOCTBHIO. JTa TeopeMa SABJAETCS YACTHBIM CJIydaeM
TeopeMbl Bpuanmiona.

4. JIBoiiHOe OTHOIIIEHNE YeThIpeX TOUEeK HPAMOM paBHO ABONHOMY OT-
HOIIIEHUIO UX TIOJIAP.

Hokxazamenvcmeo. Ilycts aTo Touku A, B, C u D. Torma nBoitHOe
OTHOIIIeHNE dTOI YeTBePKU TOUEK PAaBHO JBOMHOMY OTHOIIEHUIO HPAMBIX
OA, OB, OC u OD, kotopoe B CBOIO OUepelb PABHO JBOMHOMY OTHOIIIEHUIO
npamerx OA’, OB’, OC' u OD’, rpe A’, B', C', D' — npoexnuu Touku O Ha
noaapsl Touek A, B, C, D coorBercTBeHHO. IlycTh P — 9TO IIOJIIOC IIPs-

Puc. 2.8
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moii AB. Torga trouku A’, B', C', D', O u P nexaT Ha OJHON OKPYKHOCTHU
(c suamerpom OP). A suauur, (PA’, PB’; PC', PD')=(0OA’,OB’; OC’,0D’) =
= (A, B;C,D). Ho PA', PB', PC' u PD’ u ecthb monspsl Touek A, B, C
u D. O

3amaua 8. Ha croponax Tpeyrompuuxa ABC BbIOpaHBI TOUKU Ap, Bj
u Cy, Tax utro AA,, BB; u CC; mepecexarT-

cA B onHoii Touke. ObosHauum ee uepes P.
IIycte C' — 2TO TOUKa mepecedyeHUs IIPAMOM x Y
A1B1 co croponoit AB. Touku A’ u B’ ompe- 3 Q
IeJA0TCA aHAJIOTUYHO. JJoKaKuTe, UYTO TOU-
ku A’, B u C’' nesxar Ha OJHON IPAMOIi.

IMonyuarmiasaca TakuM oOpasoM TpaMas

Ha3bIBaeTCA MPUAUHEUHOU NOAAPOoU TouKu P
OTHOCUTEJbHO Tpeyroabuuka ABC, a Touka Puc. 2.9
P — mpuauneiinbiym non0com IPIMOH.

3amaua 9. IIpamasa mepecekaeT ruiepbo-
Jy B ToukKax P u @, a ee aCUMIITOTHI B TOUKaX
X un Y. Jlokaskure, 4TO AJUHBLI OTPe3KOB PX
u QY pasHEI (puc. 2.9).
3amaua 10. [IBe mapajyieJbHbIe IIPAMEBIE
.

mepecekaroT mapaboay B Toukax A, B u C,
D cooTrBeTcTBeHHO. [loKakute, 4TO IIpsaMad,
COeQUHAIOIIAA CepeIuHblI dTUX OTPE3KOB, Ia- Puc. 2.10
pajieabHa ocu mapab6oJsl (puc. 2.10).

3amaua 11. ITycTs mama okpykHOCTh U Touka C BHyTpU (BHe) ee. Uepes
Tourky C mpoBeneHbI 4 xopasl (cerkymue) A;B;, i=1, ..., 4. IIycts D — Tou-
Ka mepeceueHns ONPAMbIX A1As n A3Ay4, E — TouKa mepeceuyeHnd IPAMBIX
B1By n B3gBs. Hokaxkure, uro Ttouku C, D, E jexar Ha OZHOUN MIPAMOI
(puc. 2.11).

=

Puc. 2.11
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3agaua 12. OKpy’KHOCTH, KacarIluecsa Ia-
PBI CONIPAMKEHHBIX AMAMETPOB ' 3JLIHIICA, IIeH-
TPBI KOTOPBIX JIEKAT HA STOM JJIIUICE, UMEIOT
OOUHAKOBBIN paguyc.

3amaua 13. Ilo aBYyM mepeceKaroIMMCS
B TOuKe A TPAMBIM CKOJB3AT KOHIIBI OTPE3Ka
BC, Tak UuTO ero AJMHA IIPU 5TOM He MeHseT-
cda. Joxkakure, uTo ecau Ha BC 3aduKcupoBaTh
TouKy P, TO ee TpaeKkTopus OyIeT 3JIUICOM
(puc. 2.12).

3agaua 14. Ilycts Ha cTopoHax TpeyrojbHUKa ABC jeKaT IIecTh TO-
yek: A1, Az Ha cropoue BC, By, Bz Ha cropone AC u C{, Cy Ha AB. [lo-
KasKuTe, YTO 9THU IIECTh TOUEK JeKaT Ha ONHOI KOHHKE TOTAA W TOJIBKO
TOrga, KOTAa

Puc. 2.12

BA;-BA; CB;-CB; AC;-ACy;

=1.
CA;-CA; AB,-ABs; BC;-BCs

IIpegnomaraercda, uTo aTo oTHOIIIeHUE OepeTca co 3HaKamMu. Iloosku-
TeJIbHBIM HallpaBJIEeHUEM [AJdA KasKIOT'0 BbIpayKeHUS IlojaraeTcsA HaIpaB-
JileHre OT (hUrypupyromnieil B BHIPAKEHUN BEPIITNHLI B CTOPOHY APYTO# Bep-
MMUHBI (PUTYPUPYIOIIENA CTOPOHBI.

§ 2.3. Herkoropsie hakThl U3 reOMETPUU TPEYTOJIbHUKA

9roTr maparpad IOCBAIIeH HEKOTOPLIM OJEe3HBIM, HO He 00IIen3BeCTHBIM
cBolicTBaM TpeyrojbHUKa. B OCHOBHOM peub MOMJeT O CBOMCTBaX M30T0-
HAJIbHOTO M M30TOMHUECKOTO CONIPSKEHUI, HO OyAeT YHOMAHYT U DAL
IPYTUX KPacwuBBIX (aKTOB, HEe MMEIOIIUX
IIPSAMOI'0 OTHOIIIEHUSA K TeMe KHUTH.
Onpenenenue. I1edanvHvim (n00EPHbLM)
mpeyzonabHUKOM TOUYKM P oTHOCHTEJTbHO
TpeyronbanKa ABC Ha3bIBaeTCA TPEYTOJb-
HUK, BEPIIMHAMU KOTOPOTO SBJIAIOTCA IIPO-
eKIUU TOUKU P Ha CTOPOHBI TPEYTOJbHUKA
ABC. OnucaHHas OKPY:KHOCTD IIeJaJIbHOT0
TPeyroJibHUKA HasbIBaeTcA nedanvHol (no-
O0epHoll) OKpyxcHOCMbIO TOUYKU P oTHOCHU-
TeJbHO Tpeyroabuuka ABC (puc. 2.13). Puc. 2.13
Teopema 2.6. IledanvHbvlii mpeyzovb-
HUK 6blpoxcdaemcs (npoexyuu Jaexcam HA 00HOU npamoi) < mourka P
JleJcum Ha ONUCAHHOU OkpYyscHocmu mpeyzoavHuka ABC.

1. [Ipa quameTrpa 3JIIUICA COMPSAKEHBI, €CJHM KasKIbIil M3 HUX NapajiejleH KacaTeJIbHbIM
K 9JIJIMIICY B KOHIIAX APYroTo.
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(9To mpocTo nepedopMyaupPoBKa JeMMbl CUMCOHA.)

Onpenenenue. 9euaHHbILM MPEY2oAbHUKOM TOYKU P OTHOCUTEJIHHO
Tpeyronbanka ABC HasbIBaeTCA TPEYTOJbHUK, BEPITUHBI KOTOPOTO — TOY-
Ku mepeceueHusa npambix AP u BC, BP u AC, CP u AB. Onucauuasa
OKDPY/KHOCTh UEBMAHHOTO TPEYTOJbHUKA HA3LIBAETCSA YEBUAHHOU OKDYMC-
Hocmbio Touku P orHOCHUTENbHO TpeyroabHuKa ABC (puc. 2.14).

O cBoiicTBax YeBHMAHHBIX TPEYTOJbHUKOB OyAeM TOBOPHUTH IIO3JKe.
A cefiuac maguMm elre onpeneseHUE OKPYHCHOCMHO-Ye8UAHHOZ0 Mpeyzoib-
HUKQ.

B

Puc. 2.14 Puc. 2.15

Onpenenenue. OKPYHHOCMHO-YCBUAHHbLM MPEYZO0JbHUKOM TOUKU P
OTHOCUTEJNBHO TpeyroabHuKa ABC Ha3bIBAETCS TPEYTOJbLHUK, BEPITUHBI
KOTOPOT'O — 3TO TOUKHN MOBTOPHOIO IepeceueHus mnpameix AP, BP, CP
C ONMCAHHOHN OKPYKHOCTBIO Tpeyroabuuka ABC (puc. 2.15).

Jemma 2.1. Ile0anbHblll U OKPYHHOCTHO-LEGUAHHBLI MPEY20AbHUKU
mouxku P omnocumeavrno mpeyzonvnurka ABC nodobHbL u 00UuHAK080 OPU-
eHMmUpPOBAHYL.

Hdorxazamenvcmeo. PaccmoTpum cirydyail, n3o0pakeHHbIN Ha puc. 2.16.
OcraabHbIe caydan pasouparoTcsa aHAJOTHUYHO.

Touknu P,, Py, P, —9TO BepIIUHLI IIeJaJIbHOTO TPEYTrOJbHUKA, 8 TOUKHU
A’, B', C' — BepIINHEBI OKPYKHOCTHO-Y€BUAHHOI'0 TPEYTOJIbHUKA. MBI MMe-
em LAA'C' = /ACC' = /P,P,P. TlocnenHee PaBeHCTBO BEPHO, IIOCKOJBKY
yeTbipexyroiabHuK PP,CP, BuucaHHBIN. AHAJOTUYHO JOKAa3bIBAETCS, UTO
/AA'B' = /P,P,P. A suaunr, /C'A'B' = /P,P,P,. Auanoruuno LA'B'C’ =
=/P,P,P. u /A'C'B'=/P,P.P,. Ho 3TO 1 03HAYaeT, YTO TPEYTOJbHUKU
A'B'C' u P,PyP, 10500HBL. O

Teopema 2.7. OKpYyircHOCMHO-4Le6UAHHbIE MPEY20NbHUKU MOYEK, UH-
6EPCHBLLX OMHOCUMENbHO ONUCAHHOU OKPYHCHOCMU MPeyzonbHUKA, N0J00-
HbL U NO-PA3HOMY OPUEHMUPOBAHDBL.
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Puc. 2.16

CHauaJja JOKaKeM CJIeIYIOITyIO JIEMMY.
Jemma 2.2. ITycmv mouku P u @ uH8epcHbL OMHOCUMENbHO OKPYHC-
Hocmu @ ¢ yenmpom O. ITycmv ompe3ox PQ nepecexaem «w 6 mouke R.

Tozda 0a 210601 mouku A, nexcauieii Ha v, RA — amo duccexkmpuca yzna
PAQ.
Hoxazamenvcmeo. Ilockonbky Toukum P u
@ uuBepcHBbI, TpeyroabHUKu OAP u OQA mo-
mobubsl (puc. 2.17), ciaemoatenbHo, Z/OQA =
=/Z0OAP. TlockoabKy O — IIEHTP OKPYKHOCTH @,
TpeyroiabHUK AOR paBHOOEAPEHHLI, a 3HAYUT,
Z0OAR = Z/0ORA. Takum obpasom,

/PAR=/0OAR — ZOAP =
=/0ORA - ZOQA=/RAQ, Puc. 2.17

YTO U TPeOOBaJOCh MOKA3ATh. O

W3 noxasaHHOIl IEMMEI CJIeAYeT, UTO OKPYIKHOCTD () SBJISETCS reOMeT-
pUYECKUM MECTOM TOUEK, OTHOIIEHWE PACCTOAHUHA OT KOTOPHIX A0 P u @
OCTOAHHO (U oTIn4YHO OT 1). OHA HA3BIBAETCSA OKPYHCHOCMbI0 ANOJLIOHUSA
orpeska PQ. O Heil Oyaer moapoOHee HAIIMCAHO HIMKE.

Hoxaszamenvcmeo meopemui. Ilycts Touku P v @ MHBEPCHBI OTHOCH-
TeJLHO OMMCAHHOM OKPY:KHOCTH TpeyroabHuKa ABC (0003HaumM ee ue-
pe3 w). Ilycth oTpesok PQ mepecexkaeT w B Touke R. O603HAUMM IIOBTOP-
HYIO TOUKY IepecedyeHus npamoir AP ¢ w uepes A’, a npamoii AQ — ue-
pes A”. Beuny nemmbl 2.2 npamas AR — 6uccekrpuca yria PAQ, ciaero-
BaTeJbHO, R menur gyry A’A” nmomonam, T. e. Touku A’ u A” cummerpuu-
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HBI oTHOcUTeabHO OP. To ke BepHOo 1Ja nap Touek B’ u B, C' u C”, Bep-
IITUH OKPY*KHOCTHO-YEBMAHHBIX TPEYTOJbHUKOB TOUeK P 1 @ OTHOCUTEb-
HO Tpeyroabauka ABC. Takum o6pasoM, IPU CUMMETPUU OTHOCUTEIHLHO
P@ TpeyroJbHUKY NEePeXonAT APYT B Apyra, a 3HAYUT, OHU MOAOOHBI U I10-
pPasHOMY OPUEHTUPOBAHEL. O

CnencrBue. IledanbHble MpPeYzoabHUKU UHBEPCHBLX MOYeK Nno0oOHbL
U NO-pasHomy OpueHmupo8atbl.

Mo:xHO moKasaTb, UTO AJA JIOO0ro TpeyroJbHuKa XYZ CyIlecTByeT
eIVHCTBEHHAA TaKad TOYKA, UTO IeJaJbHBIA TPEYrOJbHUK 3TOU TOUKU
OTHOCUTEJBHO TaHHOTO TpeyroabHuka ABC momo6eH TpeyrolbHUKY XY Z
Ipu PUKCUPOBAHHOM ITOPALKE BEPIIUH.

B moxasaTenbcTBe mpembIAyIleii TeopeMbl MbI IIOJYUYMJINA ABA IIOI00-
HBIX TPEYTOJbHUKA U TOUKY P BHYTPM HUX, TaK UTO YIJbI, 00pasoBaHHbIE
CTOPOHAMM W UeBHaHAMMU, CBASAHHBIMU C TOUKOH P, paBHBI, HO KaK ObI
MeHsAoTeAa Mectamu (puc. 2.16).

Taxkum 00pa3oM, MBI IPUXOAUM K TaK HA3LIBAEMOMY U3020HAJbHOMY
CONPANCEHUI0 OTHOCUTEJIbHO TPEeYyroJbHUKA.

IIycTs mam mpousBoabHBIN TpeyroabHUK ABC u Touka P, oTanuHaA OT
BEPINUH TpeyrodbHUKa. OTpasuM mpsaMble, COeIUHAIOIINE BEPITUHBI Tpe-
YTOJIBHUKA C TOUKO P, OTHOCUTEJIbHO OMCCEKTPHC COOTBETCTBYIOITNUX YI-
JI0B TpeyroabHUKa. OKas3bIBaeTCsa, STU TPU IPAMBIE BCET/Ia IIEPECEeKAI0TC
B OOHON TouKe (MU Ke IapajyieJbHBbI,

T. €. IepeceKaloTcs B OJHOI TOUKe Ha IIPo-
eKTUBHOU IIJIOCKOCTH), KOTOPYI0O MBI 000- \
suauum P’ (pmc. 2.18). Touxky P’ mHasbI- i
BAIOT U3020HAJNbLHO CONPANCEHHOU TouKe P
OTHOCUTEJBbHO Tpeyroabumka ABC, a mpe-
obpasoBaHue, IepeBoOAAlNee KAKIYIO TOU-
Ky IIPOEKTUBHOM TJOCKOCTH B M30TOHAJb-
HO COTIPSAKEHHYIO, — U3020HALbHLLM CONPS-
JHCeHUueM.

Ha camom mesme KOPpPEKTHOCTH 3TOTO Puc. 2.18
oIpelesieHUs MbI IMOYUTH NOKA3aJau B JIeM-
me 2.1. [ei#icTBuUTEeNIbHO, Bo3bMeM TpeyroabHuK ABC u toury P. Ilycth
A’'B'C’ — OKpPYsKHOCTHO-U€BUAHHBIN TPEYTOJbLHUK TOUKU P OTHOCHTEILHO
tpeyronbauka ABC. Torma tpeyroabHuK ABC OymeT OKpY:KHOCTHO-Ue-
BUAHHLIM TPEYTOJLHHUKOM TOUKHK P oTHOcuTeJLHO Tpeyroabuuxa A B'C/,
a 3HAYUT, MOoAO0eH MHemaJbHOMY TPEYTOJbHUKY TOUKU P OTHOCHUTENHLHO
A'B'C’'. CnemoBaTesbHO, IIPU IIOLOOWU, IIEPEBOAAINEM INeJalbHBEIM Tpe-
yroJsHUK Touku P B TpeyroasHux ABC, touka P nepeiigzer B Toury P/,
KOTOpad KakK pas u OyAeT M30TOHAJIbHO COMPIAKEHHOU.

OTMeTMM HECKOJIbKO 3JIeMEeHTAPHBIX CBOMCTB M30TOHAJBLHOTO COIIPS-
JKeHus.
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1. Ecau Touka P He JIeKUT Ha NMPAMBIX, COAEPIKAIIUX CTOPOHBI Tpe-
YrOJIbHUKA, TO TOUKA P’ ompegenserca 0OJHO3HAYHO M N30TOHAJIBHO COIPSI-
JKeHHOM TouKoll Kk P’ Gymer Touxka P. Takue gBe TOuKu OygeM Ha3blBAThb
U3020HANLHO CONPANCCHHBIMU.

2. VI3oTOHAIBHO COUPAMKEHHOW TOYKON K TOYKe, JIeKalllel Ha IIpsd-
MOM, cozepJKallieii CTOPOHY TPEYyroJbHUKA, OyAeT BepIInHa TPeyroJbHIU-
Ka, IPOTUBOIIOJIOKHAS dTOI CTOPOHE.

3. MsoronambHOE CONPAKEHWE OCTABJIAET HA MECTe€ POBHO 4 TOUKU
IIJIOCKOCTH, a UMEHHO, IIeHTPHI BIUCAHHONU U TpeX BHEBOUCAHHBIX OKPYIK-
HOCTeHl TpeyroJbHHuKA.

4. Eciu Touka P JIeKUT Ha ONMMCAHHON OKPYKHOCTH TPEYTroJbHUKA
ABC, TO 130TOHAJBHO COTIPSAKEHHOH TouKe P OymeT Touka Ha 6€CKOHEUHO
yIaJleHHOH NTpAMOIi, KOTopas 3ajaeT HaIlIpaBJieHUe, MePIeHIUKYJIApHOe
npamoit CuMcoHa ToukKu P oTHOCuUTeJIbHO TpeyroabHuka ABC (mrpamoii,
MIPOXOAAIIel uepes MPOEeKInY TOUYKU P Ha CTOPOHBI TpeyroabHuka ABC).

IlepBrie Tpu cBolicTBa oueBUAHBI. JlOKasKeM
yeTBepToe. PaccMoTpuMm ciyuaii, M300paskeH-
HBIH Ha puc. 2.19, ocrambHble caydyau pasdou-
paitorca anajgoruyHo. IIycTh Touka P JeXKUT Ha
OIIMCAaHHOI OKPY:KHOCTU, a P, u P. — mpoeKIuu
Touku P Ha cropousl AC u AB COOTBETCTBEHHO.
Touky nepeceueHusa npsamoii CumMmcoHa Touxku P
C OpaAMOW a, cuMMeTpPuuYyHON AP OTHOCHUTEJB-
HO OuccekTpuchl LA, obosHauuMm ueped X. Ye-
THIPeXyroabHUK APP.P, BIUCaHHBINA, a 3HAYUT,
/AP,P,=180°— APP,=180° — (90° — ZPAP,) =
=90° + LZPAP. = 90° + XAP,. Ho, TOCKOJBKY
BHEIITHUN YTOJI PaBeH CyMMe ABYX OCTaBIIHXCS
BHYTPEHHUX YTJIOB TPeyrodbHUKa, /AXP,=90°. AHAJIOrMYHO JOKa3bLIBa-
ercs, 4YTo IpaMble, cuMMeTpuuHble PB 1 PC OTHOCHUTEJILHO OMCCEKTPHUC
COOTBETCTBYIOIIUX YIJIOB, MEPIEHAUKYJIAPHBI Py P,.

W3 npuBemeHHOTO MOKAa3aTebCTBA CYIIIECTBOBAHUA WM30TOHAJIBHO CO-
MPAKEHHON TOUKHM CJIOMKHO MOJYUYUTh KaKue-HUOyAb ero cBoiicTBa. MbI
ceifyac IIpUBEIEM elrle OAUH CII0CO0 MOCTPOEHUSA M30TOHAJIBLHO COMPAKEH-
HOW TOYKM, KOTODPBIN Cpasdy Ke BBIBEJET HAC HA HECKOJbKO KPACUBBIX
CBOIICTB 9TOT0 IIPpeodOpa3oBaHUA.

Ilycts Touka P snexxkut BHyTpU TpeyroabHuka ABC, Touka P, cumMmeT-
puYHa el OTHOCUTEeJbHO cTOpoHBI BC, Touku P, u P, ompeneseHbl aHa-
gornuHo (puc. 2.20). IIycTs P/ — 3TO IEHTDP OMMCAHHON OKPYKHOCTH Tpe-
yroapauka P,P,P.. Touka C paBHOyzmajeHna ot P, u P,, ciemoBaTeJbHO,
npamasa CP’ aBisercsa cepefUHHBIM IIEPICHAUKYIAPOM K OTpe3Ky P,P.

Puc. 2.19

A smauur, /P,CP' = %APQCPb =/C. Ho rorpa /BCP' = /P,CP' — /BCP, =
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Puc. 2.20

=/C — /BCP = /ACP. AHajornuHo nokasslBaercsa, uro LABP' = /CBP
u /BAP' = /CAP. A 3T0 1 o3HauaeT, 4TO TOUYKA P’ M30roOHAJLHO COIIPS-
skera P orHocuTennruHo ABC.

Ecau Touka P JeXUT BHe TPEYroJbHUKA, TO PACCYKACHUA aOCOIIOTHO
aHAJOTUYHBI, HO, KOTJAa TOUKa P JeKUT Ha OMMCAHHOM OKPYKHOCTU Tpe-
yroabuuka ABC, Ttpeyroasuuk P,P,P,. BeipoxkaeH. Torga 1meHTp ommucan-
HOM OKPYKHOCTH TpeyroiabHukra P,P,P. He ompenejeH (XOTA eCTeCTBEH-
HO ONMCAHHOU OKPY!KHOCTBIO cUnMTaTh npamyio P,P,, a ee IEHTPOM — TOU-
Ky Ha 0eCKOHEUHO yIAJeHHON IPAMOIi, COOTBETCTBYIOIYIO HAIIPABJIEHUIO,
meprueHAuKyJIApHOMY P, Pp).

W3 BTOpPOTO TOCTPOEHUSA MBOTOHAJIBHO CONPAKEHHBIX TOUEK TaKiKe
cJeIyeT, UTO IeHTP IMeJalbHOM OKPYKHOCTU TOUKHU P — 9To cepeanHa OT-
peska PP’, a paguyc B 1Ba pasa MeHbIIe IJIUHBI oTpe3ka P’'P,, IOCKOJLKY
mefaJbHasA OKPYKHOCTb TOUKU P — 3TO OKPYIKHOCTH, IOJyYamInasaca U3
ONMCAHHON OKPY:KHOCTH TpeyrojbHuKa P,P,P. romMoTeTHeil C IeHTPOM

1
B TouKe P u KoahpuIrueHToM 5

Orcioza TakKe ciaelyeT TaKasd TeopeMa.

Teopema 2.8. IledanvHbie oKpYyicHOCMU 08YX mouek coenadarom mo-
20a u mosvko mozda, K0z0a OHU U3020HAJILHO CONPANCEHDL.

Joxaszamenvcmeo. JleiCTBUTEIBHO, €CIU TOUYKKA P u P’ M30roHAILHO
COTIPSKEHBI, TO UX TeJaTbHASL OKPYIKHOCTh — OTO OKPYHKHOCTH C IEHTPOM
P2P“ = %, raoe P, u P, —sT0 TOUKH,
cuMmMeTpuuHbie P u P’ orHOCcuTenbHO cTOpoHbl BC Tpeyronpanka ABC.

Hoxkasxem obparHoe. Eciiu memanbHble OKPYMKHOCTH TOUueK P u @ coB-
[ajaioT, TO II0 JOKA3aHHOMY BBIIIE OHU COBIIAJAIOT C MeAAJbHOM OKPYIK-
HOCTBLIO TOUKM P’, M30TroHaJLHO COIpPsKeHHoH Touke P. Ilo mpuumumy
Hupuxiie y meJaJbHOTO TPEYTOJbLHUKA TOUKY @ ABe W3 TPeX BePIIUH 00-
Iye ¢ MefaJbHBIM TPEeyTroJbHUKOM 6o Touku P, nu6o Touku P’. Cieno-

B cepesuHe oTpeska PP’ u paguycom
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BATeJIbHO, TOUKA @ COBHAMAET C OAHON M3 OTUX TOUEK, IIOTOMY UTO IIPOEK-

AU TOYKM Ha JBe IPAMBIE TTOJHOCTHIO 3aaI0T MOJOMKEHUE 9TON TOUKMU.
HemocpencTBenHo u3 9TOH TeopeMbl CJIeAyeT, YTO opToueHTp H Tpe-

yroabuuka ABC M30TrOHAJNBHO COIPSKEH IeHTPY OMMCAHHOM OKPYKHO-

ctu O. [leficTBUTENBbHO, TefadbHBIE OKPY:KHOCTU ToueK H m O coBmagaooT

C OKPY’KHOCTBIO NeBATHU TOUeK Iiijepa.

KoneuHo, 5To0 MOKHO IOKas3aThb HeIloCcpe-

CTBEHHO IIOJICYETOM YTIJIOB. PaccmoTpum

cayuai, um3o0pakeHHBIH Ha puc. 2.21,

OoCTaJbHBIE CJIyuau pasdbuparoTcad aHaJio-

ruyHo. Mbl umeem /BAH = 90° — /B,

HO LAOC = 2/B, cnenoBarenbHo, LOAC =

= %(180O —2/B) =90° — ZB. Orcioza cie-

nyet, uto /BAH = Z/0OAC, a 3T0 1 o3Haua-
er, uto AH 1pu CUMMETPHUN OTHOCUTEJb-
HO OMCCEKTPUCHI yIia A IepeXOoauT B IPs-
myo AO. [Insa gpyrux AByX YTJIOB AoKasa- Puc. 2.21
TeJbCTBO AHAJOTHUYHO. ]

IIyers K,, Ky, u K, — 210 TOuKu mepeceuenusa npsameix BC u P'P,,
AC u P'P,, AB u P'P. coorBercrBenno. Ilonarno, uro /PK,B=/P'K,C.
CilemoBaTeIbHO, KOHUKA ¢ pokycamu B P u P/ u cymMoil paccTogHuil 10
(porycos (mim MoOmyJIeM Pa3sHOCTH B ciaydae rurep6oibl), pasuoii P'P,,
Kacaerca mpamoit BC. AHaJIOTMYHO TTOKAa3bIBAETCHA, UTO 3TA JKe KOHUKA
KacaeTcs IBYX OPYTUX CTOPOH TPEYTOJbHUKA, HMOCKOJILKY PaCCTOSHUS
P'P, = P'P,=P'P, paBHBI YABOEHHOMY PaAUyCy IeAaJbHON OKPYKHOCTH
Touku P. Ha puc. 2.22 3amTpuxoBaHbl 30HBI, I'/le COOTBETCTBYIOII[ME TOY-
KaM KOHMKM OyayT rumepOojiaMii, 1 He 3alITPUXOBAHBI 00JIaCTH, I'Je 3TU
KOHUKU OynayT saiauincaMu. TouKaM OIMCAHHOM OKPYKHOCTU COOTBET-
CTBYIOT HIapaboJIbI.

4

Puc. 2.22
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Ecau Troukn P u @ mM30TOHAJILHO CONPSKEHBI B MHOTOYTOJbHUKE (T. €.
s Jii000i BepIUHBI X 3TOTO MHOTOYTOJdbHUKA mpamMblie XP u X@ cum-
MEeTPUYHBLI OTHOCHUTEJBHO OmcceKTpuchl yrja X), TO HauWgeTcsd KOHHKA,
KacamwIlascsa BceX CTOPOH MHOTOYIoJIbHIKA, ¢ GOKycaMU B 3THUX TOUKAX.
OG6paTHOe TOKe BEepPHO, T. €. eCJii KOHMKA BIIMCaHA B MHOTOYTOJbHUK, TO
ee (hOKYChI MBOTOHAJBHO COMPAMKEHBI OTHOCUTEIHLHO 9TOTO MHOTOYTOJb-
HUKa. AHAJOTMYHO MOXKHO IIOKAa3aTh, UTO TOTAA IIefabHbIEe OKPYIKHOCTU
ToueK P u @ coBmamaoT (IOMHMO TOTO UTO OHU CYIIIECTBYIOT!).

B cienyroiem maparpade OymeT IIOKa3aHo, YTO AJA JIOOBIX HATH HPs-
MBIX CYII[ECTBYeT eIWHCTBeHHAas Kacamlascd WX KoHHKa. [losTomy mis
MATUYTOJbHNKA CYIeCTBYeT TOJbKO OJHA Iapa M30TOHAJLHO COIPSKEeH-
HBIX TOUeK. [[JId YeThIPeXyroJbHUKA, KAK JErKo IMOHATH, TaKUEe TOUYKU
00pas3yoT HEKOTOPYIO KPUBYIO (HA caMOM Jejie OHA OyAeT KyOUKoil — KpH-
BOIi TpeThbero IOpAAKa), a IJd IIeCTUYTrOJbHUKOB (M MHOI'OYTOJbHUKOB
¢ OOJIBIITUM YKCJIOM CTOPOH) TAKUX TOUEK, KaK IIPABUJIO, HE CYIIECTBYET.

C mTOMOIITbI0 M30TOHAJIBLHOTO COMPAMKEHNS MOKHO JOBOJBHO ITPOCTO J0-
KasaTh Teopemy Ilackais, mpuueM B 00IlleM BHE.

Teopema 2.9 (Ilackaas). [Tycmv mouxku A, B, C, D, E u F aexcam Ha
Kornuke. Toz0a mourku nepecevenus npamvix AB u DE, BC u EF,CD u FA
Jexcam Ha 00HOU NPpaAMOol.

Jokazamenbcmeo. Mbl pacCMOTPUM TOJBKO OJUH CJAyUYail pacriososxe-
HUSA TOYEK Ha OKPYKHOCTHU (KOHMKe). OcTaibHbIe PACCMaTPUBAIOTCA aHa-
JIOTUYHO.

ITepeBenemM NpPOEKTUBHBIM IPeoOpPa3OBaAHM-
€M KOHUKY B OKPY:KHOCTB. [losyuum caemyto-
Y10 KOHCTPyKItuio (puc. 2.23).

Touxku A, B, C, D, E u F nexar Ha of-
HOI OoKpy:kHOCTU. IlycTh mpsamvmbie AB u DE
mepecexaioTca B Touke X, npameie BC u EF —
B Touke Y, a AF u CD — B Touke Z. Hazmo mo-
KaszaThb, uTO TouKu X, Y U Z JjexaT Ha OLHOH
IpAMOiA.

Yrabt BAF u BCF paBHBI, IIOCKOJIBKY OIIH-
paloTcsa Ha OJHY AYyry. AHAJIOTMYHO PaBHBI
yrasl CDE u CFE. Kpome TOro, TPEyTrOIBHUKHA
AZD u CZF nopobubl. Paccmorpum 1rpeobpa- Puc. 2.23
30BaHUe IIOM00Ms, IePeBOAsIee TPEYTOJbHUK
AZD B tpeyroabuuk CZF. Ilpu sTtom mpeoOpasoBaHuu ToukKa X Iepei-
merT B TOuKy X', M30rOHAJIBHO CONPAMKEHHYIO TOUKe Y OTHOCHUTEILHO Tpe-
yroabuuKka CZF (B cuyry BBINIIEyKa3aHHBIX paBeHCTB yriioB). CiemoBaTesb-
HO, LAZX =/CZX'=/FZY, a 9T0 1 03HaUaeT, 4TO TouKu X, Z u Y JexKarT
Ha OJHOM IPAMOI. O

IIpuBegem ellle HECKOJIBKO ITap M30TOHAJILHO CONPSIKEHHBIX TOUYEK.
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1. IlenTp Taxectu — Touka Jlemyana

IIpamble, cuMMeTpUUYHBIE MeIMaHAM OTHOCUTEIbHO OMCCEKTPUC COOT-
BETCTBYIOIUX YIJIOB, HAas3bIBAlOTCA cumeduanamu. Touka IepeceueHUs
cuMeauaH, OYeBUIHO, M30TOHAJLHO COIpAMKeHa TOUKe IepeceueHus Me-
IuaH. ITY TOYKY Ha3bIBAIOT MOoukol Jlemyana.

OTMeTHM HECKOJLKO OCHOBHBLIX CBOHCTB TOuKu JlemyaHa, KOTOpbIE
B UeM-TO IOXOKM Ha CBOMCTBA II€HTPA TAMKECTH.

la. ITycmv kKacamenvbHble K ONUCAHHOU OKPYICHOCMU MPeyzosibHUKA
ABC, npogedennsie 8 moukax B u C, nepecexaromcsa 6 mouke Ay. Tozda
AA; — cumeduana mpeyzoavHura ABC (puc. 2.24).

Puc. 2.24

HeficTBUTENIbHO, TIyCTh TOUYKa M, — cepenuHa ctopoHbl BC, Torma ona
WHBEPCHA TOUYKE A; OTHOCUTEJIHHO ONIMCAHHO OKPYKHOCTU TPEYTOJbHUKA
ABC. 3uauur, ocHOBaHMe O0ucceKTpucsl yriaa M,AA; coBOagaer ¢ cepenu-
"o myru BC, T. e. 9Ta OMCCEKTpHCa COBIIafaeT ¢ 0ucceKTpucoii yriaa BAC.
Hy a Torga npamas AA; cumMeTpudyHa Mmenuamne AM, oTHOCUTeJIbHO OuC-
CEeKTpUCHI yria A.

Jlpyroe masInmoe AOKa3aTeJIbCTBO 3TOr0 (paKTa OCHOBAHO MCKJIIOUU-
TeJILHO Ha CYII[eCTBOBAHUY M30TOHAJIBHOTO COMpsKeHuAa. MbI mpocTo yKa-
JKEeM TOYKY, MB0TOHAJBHO COMPIKEHHYI0 Ai. ITO TOUKA, CUMMETPUYHAA
TOUKe A OTHOCUTEJbHO M,; OHa, OUEeBUIHO, JeKUT Ha meguane AM, (06o-
sHauuM ee uepesd A’; cMm. puc. 2.25). Kax HeTpyAHO IIPOBEPUTH, IPAMBIE
BA’ u CA’ npu oTpaskeHUU OTHOCUTEJILHO OMCCEKTPUC COOTBETCTBYIOIIAX
YTJIOB TEPEXOnAT B KacaTeJbHbIE K ONMMCAHHON OKpy:KHocTu. Hy a 3Ha-
yur, A’ mepexogur B A;.

W3 sToii TeopeMEI clIeAyeT, YTO CUMeANaHy MOYKHO HOCTPOUTEL C IIOMO-
IbI0 JUHENKU, eCJU JaHa OMMCAaHHAasd OKPYKHOCTb TpeyroJbHuHKa. Ilpu
MIPOEKTUBHLIX TPeo0pPa30BaHUAX, OCTABISIONINX OMUCAHHYIO OKPYKHOCTh
Tpeyroabauka ABC Ha MecTe, CUMeINaHbI IIePeXOAT B CUMeINaHbl U TOY-
ka JlemyaHa — B TouKy JlemyaHa. 9TO CBOMCTBO B HEKOTOPOM CMbICJIEe aHAa-
JIOTUYHO TOMY, UTO Ipu aGUHHBIX IPeo0pa3oBaHus [EHTP TAKECTH Tpe-
YTOJbHUKA MEPEXOAUT B IEHTP TSI KECTH.
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Kax cimemcrBue, cTouT TaKyKe OTMETUTH, 4TO Touka JlemyaHa Oymer
moukoil HepzonHa (cM. HUKE) TpeyroabHUKA A1 B1Cq, Tae Touku By u Cq
CTPOATCA AHAJOTHMYHO TOUKe Aj.

16. Cumeduana denum cMOpPOHY 8 OMHOWEHUU, PABHOM OMHOULEHUINO
K8aodpamos npunezarnuiilx CnMopoH.

O6o3HauUMM TOUKY IepeceueHus cuMequaHbl yriaa A co cropouoit BC
yepes3 L,, a cepenuny orpeska BC uepes M,.

ITockonbky mioiaau Tpeyroabuukos ABM, u ACM, paBHBI, OTHOIIIE-
HUe paccTosauuii or Touku M, mo cropou AB u AC 0o0paTHO IPOIIOPIIHO-
HaJIbHO OTHOIIEeHUIO0 3TuX cTopoH. Ho mockoabKy mpsamas AL, cumMmer-
puuHa npsaMour AM, OTHOCHUTEJIbHO OMCCEKTPHUCHI yria A, IpousBeleHe
oTHOIIeHu# paccroauuii ot M, u L, 1o AB u AC pasuo 1. CiemzoBaTeabHO,
OTHoOIIIeHue paccTodnui ot L, 1o AB u AC paBHO OTHOIIIEHUIO AJIUH dTUX
CTOpPOH, a 3HAYUUT, ILJIOIAAN TPeyrodbHUKOB ABL, u ACL, OTHOCATCA KaK
KBaapaTsl AauH cTtopoH AB u AC. Ho, ¢ Apyroii CTOPOHBI, 9TO OTHOIIIEHUE
paBuo oTHOIneHni0 BL, u CL,, TOCKOJBbKY y 9TUX TPEYTOJbLHUKOB 00II[asd

BBICOTA.

1B. Cymma xeadpamos paccmosHull om mouxku P 0o eepuiun mpe-
Y2oavHUuKa docmuzaem c60e20 MUHUMYMA, Koz0a mouka P — amo mouka
nepeceuenus meduar. B mo e epems cymma xeadpamos paccmosnuil 0o
cmopoH docmuzaem c80ez20 MUHUMYMA 68 mouke JlemyaHna.

IToT (haKT HETPYIHO BLIBECTHU U3 IIPEABITYIIETO.

2. Touku Bpokapa

OkaseiBaeTcs, B JIOOOM TPEeyroJbHUKE
ABC cyiiecTByeT Takas Touka Bri, 4uTo
/BABry = Z/CBBr; = LACBr;. Eciu B3aTb
M30TOHAJBLHO COMPSKEHHYI0 K Br; Touky
Bry, T0o, oueBugHo, LABBrys = /BCBry =
= /CABry (puc. 2.26).

It ABe TOYKUW HAa3bIBAIOT COOTBET-
CTBEHHO nepsoi u emopoil mouxkamu Bpo-
Kapa, a dJIJINIC, KacaloITUHUCa CTOPOH Tpe-
YTOJbHUKA, ¢ (POKycaMU B STUX TOUKAX
Ha3bIBAIOT aJaauncom Bpokxapa. B mpa- Puc. 2.26
BUJIBHOM TPEYI'OJIBHUKE OTHU [JB€ TOUYKHU
COBIIAAIOT C IIEHTPOM TPEYTOJbHUWKA, a JJIJIUIC — C BIMCAHHON OKDPYK-
HOCTBIO.

HoxasxkeM cyiiectBoBaHue Touku Br;. Ha cTopoHax TpeyrojJbHUKA I0-
cTpouM mog00HbBIe emy TpeyroabHuKu BCA{, BiCA, BC1A Tak, Kak IOKa-
3aHO0 Ha puc. 2.27.

Torma onucaHHBIE OKPYsKHOCTH STUX TPEYrOJbHUKOB (0003HAUNM MX
uyepes Wy, Wp U W) IIEPECEKAIOTCSA B OAHOU TOUKe. [efiCTBUTENBHO, TYCTh
Bri — 9TO TOUKa IlepeceueHus OKPYKHOCTell w, U wj, orauuuas ot C.
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Puc. 2.27

Torga

ZLABr1B=360° — (LABr,C+ £BBr,C) =
=360° — (180° — LAB;C) — (180° — ZBA;C) =
=/BA,C+ /AB,C=/C+ £A=180° - /B=180° — LAC,B.

A 3HauuT, Touka Br; JEXUT Ha W.. MBI TaKKe TMeeM

/CBBr; =180° — «/BBr;C — /BCBr; = /BA;C — /BCBr, =
=/BCA — ZBCBI‘l = LACBrl.

Amnanornuno L/CBBri = ZBABr.

To, uTo Takas TOUKAa eIUHCTBEHHAdA, JeTKO MOHATL U3 €e MOCTPOSeHU .
IIpenmono:xuM, UYTO CyIllecTBYeT elrle omHa Takas Touka X. Torma, Kak
HeTPYJHO IIOKAa3aTh aHAJOTMUYHLIMHI paccykaenuamu, /BXA=180° — /B,
a 3HAUUT, X JIEKUT HA OKPYKHOCTH .. AHAJOTMYHO OHA JOJKHA JIeKATh
HA OKPYKHOCTAX W, U Wy, a BHAUUT COBIALAThL ¢ Bry.

Yron BABr; HaswsiBaeTcsa yzaom Bpoxapa tpeyroavraura ABC.

OrmMeTuM TaK:Ke, 4YTO TOUKU A, Bry, A ne:kaT Ha ogHOI mpamoii. [leti-
CTBUTEJBHHO,

LABriA;=/ABrC+ ZCBrA; =180° — ZAB;C+ ZCBA; =
=180° - A+ /A =180°.
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Toukm Bpokapa o06samaioT HECKOJIBKUMU MWHTEPECHBIMU CBOMCTBAMMU.

2a. ITedanvbHble U OKPYHICHOCMHO-LEBUAHHbLE MPEY2ZOJLbHUKU MOYEK
Bporxapa nodobrnvt mpeyzoavrury ABC.

O6Go3HauuM IIpoeKIuu TOYKu Br; Ha cropousl uepes A, B’ u C’
(puc. 2.28). Yernipexyroabuuk B’AC'Br; BOWCAHHBIN, CJIELOBATEJBHO,
/C'B'Bry = £/C'ABr; = ZACBr, (nmocjenmee paBeHCTBO BEPHO B CHJY TOTO,
uro Bri — Touxka Bpokapa). Amanoruuno ZA'B'Bry = /A'CBr;. 3uauur,
/A'B'C'=/A'B'Br; + /C'B’'Br; = Z/A'CBry + ZACBr; = /C. TouHO TakK xe
nokaseiBaerca, uto /B'A'C'=/B u LA'C'B' = ZA. TIoOCKOJBKY TemaIb-
HBIA TPEYyroJbHUK IOJ00EH OKPYsKHOCTHO-UYEBHAHHOMY TPEYIOJLHUKY,
OKPY’KHOCTHO-UYeBUAHHBIN TPEYroJbHUK TOUuKu Bry momoben ABC.

I
BN

Puc. 2.28 Puc. 2.29

26. ITycmv O — yenmp onucanHoi okpyrxrcrocmu mpeyzonvrnuxa ABC.
Tozda OBry =0Brs u /BriOBry pagen ydgoennomy yzay Bpoxapa.

IIyere A”B"C” — 3T0 OKPYXHOCTHO-UEBUAHHLIA TPEYTOJLHUK TOUKU
Bry orHocuTenbHO TpeyroabHuka ABC (puc. 2.29).

3aMeTuM, UTO TOUYKa A IIPW IMOBOPOTE BOKPYT Touku O Ha yroj, pas-
HBIN yaBoeHHOMY yriy Bpokapa, mepeiizer B Touky C”. To ke BepHO 1A
Touek B u C. A 3HauuT, Ipu moBOpoTe BOKPYT Touku O TpeyroabHUK ABC
nepexoaut B Tpeyroabuuk C” A" B”. Touka Br; 6yzer BTopoil Toukoi Bpo-
rapa tpeyroabauxa A”B"C" (LC"A"Bri=/C"A"A=/C"CA= /Z/BriCA).

CienmoBaTesbHO, IIPU IIOBOPOTE Ha YABOEHHBIN yros Bpokapa BOKDYT
Touku O Touka Bry mepexomut B Bry.

2B. Touka Jlemyana sexum HA ONUCAHHOU OKPYHIHOCMU MPEY20AbHU-
ka ABriBry u asasemcsa duamempanvHo npomuononoxcHoi mouke O.

PaccmorpuM npoeKTHUBHOE IpeobpasoBaHuie, IepeBoaAlllee TOUKY Bry B
IEeHTP OKPYsKHOCTH ), ONMTMCAHHOM OKoJio TpeyroabHuKa ABC. Tpeyroab-
uuku ABC u A”B"C”, oueBugHoO, MepeiayT B TPEYroOAbHUKYN, CUMMETPUY-
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HbIe OTHOCHUTEJIbHO IIEHTPA OKPYKHOCTH ), 4 3HAUHUT, UX TOuKU Jlemyana
TOKe OyayT cumMmeTpuuHbl. C IPYyroil CTOPOHBI, 3TU TOUYKHU OyayT obpa-
samu Touek Jlemyana TpeyronbEukos ABC u A”B"C", cnegosarensso, L,
Bry, L" nesxar Ha ogHoli npamMoii, rae L’ — rouxa JlemyaHa TpeyrojabHUKAa
A"B"C". IIpu stom, mockoabKy Tpeyroabuuxku ABC u A” B”C" monxyuaror-
cs APYr U3 Apyra IIOBOPOTOM Ha ABOWHON yroa Bpokapa BoKpyr Touku O,
L u L"” paBHOyZAJIeHBI OT KOHIIOB IIPOXOJAIel yepe3 HUX XopAbl. OTcrona
U U3 COXPaHEHUs OBOMHBIX OTHOIIEHWN IPU HNPOEKTHUBHLIX IIpeobpasoBa-
HUAX ciaenyer, uro Br; — cepeguna orpeska LL"” u yroa OBriL mpamoii.
CrnemoBaTesbHO, TOUKHU Br; u Bry Je:aT Ha OKPY:KHOCTU ¢ nuamMmerpom OL
U CUMMETPUYHBI OTHOCUTEJIbHO ImpamMou OL.

2r. danunc Bpoxapa kacaemcs cmopoH mpeyzoivbHUKA 8 0CHOBAHUAX
cumeduan.

Ilycte Tpeyrombuuxu BCA; m C9AB momo0HBI TpeyroiabHuUKy ABC
¥ PACIOJIOMKEHBI TaK, KaK IMokKas3aHo Ha puc. 2.30. O603HaunM UX OIMCAH-
Hble OKPYKHOCTHU 4epe3 w. U w2. ITockoabKy Touku Bry u Bry jnekar Ha
w} 1 w2 coorBeTcTBeHHO M yruIBI, omupalomuecsa Ha ayru CBr; u ABrs,
PaBHBI, TO OTHOIIEeHNe AJUH OTpe3KoB CBr; u ABry paBHO OTHOIIIEHUIO
PafNyCOB OKPY:KHOCTEHl Wl u w?2. C Apyroil CTOPOHBI, OTHOIIEHHUE PALH-
YCOB 9THUX OKPYKHOCTEH pPaBHO KO3(PPUIMEHTY IIO400MS TPEYyroJbHUKOB
BCA{ u C9AB, a 3HAYHUT, PaBHO

BC BC AB
ACy ~ AB ACy
CBr1 _ CLb
ABry, ~ ALy’

(BC )2 _CLy

AB ALy’

T. €. A mockoabky /BriCA = /BrsAC (yrasl Bpoxapa),

Puc. 2.30
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TpeyroiabHUKU CLyBri m AL,Bry momoouni. CiaemoBarenbHo, /BriL,C =
= /BreLyA. 3uauur, sjuic ¢ oKycaMu B TOUKax Bpokapa um cymMoii
paccroguHuil 10 porycoB BriL, + BroL, Kacaetrcsa npamoii AC B Touke L.
Ho Takoii smuiic eIMHCTBEHHBINH, 1 9TO 3JIUIIC Bpokapa.

To, uto sanuic Bpoxapa kacaerca AB u BC B Toukax L. u L,, ToKa-
3BIBAETCS aHAJIOTUYHO.

3. dnmunc IlTeiiHepa U KOPHU IMPOU3BOTHOM

ComocTaBuM KasKA0M TOUKE MJIOCKOCTH, UMEIOIEN JeKapTOBbI KOOPAM-
HaTH (a,b), KOMILIEKCHOe UmcJo a + ib.

Teopema 2.10. ITycmbv p u ¢ — KOpHU NPou38odHOU MHOzZ0ULeHa P (z) =
=(z—24)(z—2p)(z2—2.). Toz0a mouku HA KOMNAEKCHOU NJLOCKOCMU, CO-
omeemcmaynuue Yuciam p U ¢, U3020HAJLbHO CONPANCEHbL OMHOCUMELb-
Ho mpeyzonvrhurxa ABC, sepuiunbl KOMOP020 COOMBEMCMEYOM YUCLAM 24,
2y, 2ee

Hoxazamenvcmeo. [lokaxkem, uro /BAP=/CAQ, rae Touku P u @ co-
OTBETCTBYIOT UmMcjaM p u . Be3 orpaHnYeHuA OOIITHOCTY MOYKHO CUNTATD,
uT0o 2, =0, IOCKOJBKY €CJIU OT TOUeK Z2,, Zp U Z, OTHATHb Z,, TO U KOP-
HU TTPOM3BOJAHOI MHOTOUJIeHa P(2) m3MeHATCSa HAa —2,. B MJIOCKOCTH 3TO
OyIeT COOTBETCTBOBATH CABUTY HA BEKTOD —2,.

Muorounern P(z) mpu stom OyzaeT paBeH 2° — (25 + 2.)2% + 2.2p2, a ero
npousBogHaa 322 — 2(zp + 2.)2 + 2p2.. Ilo Teopeme Bumera mpousBeneHue
KOpHeli MHorounena P’(z) pasHO %zbzc. A »TO O3HauUaeT, 4TO IPOU3BE-
IeHVe KOpHeN 2, M 2, MMeeT TOT JKe apryMeHT, UTO W IIPOu3BeleHUe
p u q, a sHauutr, /BAx + /CAx = /PAx + /QAx. CienoBaTeabHO, YTIJIbI
/BAP n /CAQ® paBHBI. AHAJIOTUYHO NoKasbiBaeTcda, uTo LABP=/CBQ n
LZACP = /BCQ. O

Auuiic ¢ GoKycaMu B 3TUX TOUYKAX, Kaca- Zb
IOIUiicss CTOPOH TpeyroabHuka ABC, Ha3bI-

BaeTcA 8NUCAHHbIM daauncom Illmeiinepa.

HokaskeM, YTO ero IIEHTD COBIAZAEeT C
IEeHTPOM TSAMKECTU TPeyroJbHuKa. LLeHTp Ts-

JKeCTH TPeyroJbHUKA COOTBETCTBYET TOUKe

1
g(za 4+ 2zp 4+ 2.), a TEHTp TAKecTH ToueKk P u

1
Q — rouxe - (p+q). Mot nmeem P'(2) =32% — Puc. 2.31
— 224+ 2p+2:)2+ 242p2., 2 3HAUUT, TO TEO-

. o 2
peme Buera cymMa KOpHeH IPOM3BOAHOM paBHA g(za +2p+2), T.

1
LEHT TAMKECTH PaBeH o (24 +2p +2.), uTO U TPeOOBAIOCH JOKA3aTh.

3ameuanusd. 1. Boobire sToT (paKT BepeH A1 MHOrOUJIEHOB JIF000I cTe-
TIeH’, OOJIbITIell eIUHUIILI: YeHmMpP Msdecmu KOpHel MHO20UleHa U YeHmp
msdecmu KOpHel ezo npou3godHoli cosnadarom. IIpoie Bcero sTo mOKa-
3aThb, mepeBeasd 1eHTp TsaxkecTtu B 0. Torma BTOpOil KOo3(PUITMEHT MHOIO-
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yjieHa, a 3HAUUT, U ero MPOU3BOIHON 00paTUTCA B HYJb, CJIeIOBAaTEJIbHO,
cyMMa KOpHell IpPOM3BOMHOM (a 3HAYUT, W IEHTPA TAMKecTH) OymeT paBHa
HYJIIO, T. €. COBIIAQJET C IIeHTPOM TSAMKECTH KOpHeii caMoro MHOTOUJIeHA.

2. PaccmoTpuMm addpuHHOEe mpeoOpasoBaHme, IIEepPEeBOAAIINee ITPaBUJIb-
HBIH TPeyroJbHUK B TpeyroabHUK ABC. Torga BmucaHHas OKPYKHOCTh
ATOTO TPEYTOJbHUKA MIePeiIeT B 3JJINIIC, IPUUYEeM IIeHTPOM 3TOTO AJIIUIICA
oyzmeT IeHTp TswxecTu TpeyroabHuKka ABC. Kak Oyger moxasaHo B II. 4,
CYIIIECTBYEeT eIUHCTBEHHAA KOHUKA, KacamInasaca JaHHBIX TPeX MPAMBIX,
C IIEHTPOM B JaHHOM Touke. A 3HauUuT, 9T0 1 OymeT sjaumc IllreiiHepa.

ITockoMbKY B IpaBUJIBHOM TPEYTOJbHUKE TOUKU KAacaHUsA BINCAHHOI
OKPYKHOCTH CO CTOPOHAMMU — 3TO MX cepequHbl, ajauic Illreiinepa Toxxe
OymeT KacaTbCs CTOPOH TpeyroabHuka ABC B X cepeinHax.

Ilo amasorum co BIMCAHHEBIM CYIIIECTBYET ONUCAHHbGLU danunc IIImeii-
Hepa — 9TO BJLIINIC ¢ IIEHTPOM B TOUKe IlepeceueHnd MeaH, IPOX oA
yepes3 BEPIINHBI TpeyroabHuKka. OH 6ymeT 00pasoM OMMCAHHOM OKPYIKHO-
CTH IIPABUJILHOI'O TPEYTroJbHUKA IpU a(PUHHOM Ipeodpa3oBaHuM, IIepe-
BOZAIIEM ero B TpeyroiabHUK ABC.

4. Touxku Anmoanonus u Toppuuesan

Ecau mam tpeyroabuuk ABC, TO reoMeTpUuYecKHM MeECTOM TOueK P,

PA  AC
JULSL KOTOPBIX -2 = 2o, OyIeT OKPY'KHOCTh AMOJIIOHUA TOueKk A u B,

IVaMeTPaJIbHO MPOTUBOMOJIOKHBIMY TOUKAMU KOTOPOM SABJISIOTCA OCHOBA-
HUS BHYTPeHHeN 1 BHelrHell 6uccexTpuc yriaa C. Jlna touek Py, Ps mepe-
CeueHUsA 9TOH OKPYKHOCTH C aHAJOTMYHOMN OKPYKHOCTBIO, ITOCTPOEHHOMH
IO IPYTroi mape BePIIUWH, BHITOJHAOTCA paBeHcTBa P;A-BC=PB-AC=
=P,C-AB, ciegoBaTeJIbHO, TOUKU P; jleskaT 1 Ha TpeTheil TaKO OKPYIKHO-
CTH. OTH TOYKM HAa3BIBAIOTCA mourkamu Anoanonus tpeyroabauxka ABC.
Hanee MbI OyeM 9TH TOUKHW 0003HauUaTh uepes Ap; (0OBIUHO mMEePBOI TOU-
KO ATIOJITOHUSA CUNTAIOT TOUKY, JIEKAIYI0 BHYTPU OINCAHHOM OKPYIKHO-
ctu) u Apy. IIpocToit moacUeT yriioB IIOKA3bIBAET, UTO OKPYKHOCTH AIIOJ-
JIOHUSI OPTOTOHAJILHBLI ONMCAHHON OKPYsKHOCTU TpeyrogbHuKa ABC. 3Ha-
YUT, TIPU UHBEPCUU OTHOCUTEIHHO 9TOM OKPYKHOCTU OHU TEPEXOAAT B
cebs, a Touku AmoJioHusa Apyr B apyra. OTcioga, B YaCTHOCTH, CJIEIYET,
yTOo IpaAMasa ApiAps npoxoauT depes meHTp O OonMCaHHON OKPY KHOCTH.
Hanee, MeHTPOM OKPY:KHOCTH ATOJIJIOHUSA, TPOXOAIei yepe3 Touky C,
ABJIAETCS TOUKA IIepeceueHus mpaMoii AB ¢ KacaTe/JbHOI K OIMCAHHOM
OKpy:kHOCTHU B TouKe C. IIpu OJISPHOM COOTBETCTBUM OTHOCUTEIBHO OIIH-
CaHHOU OKPYsKHOCTH 3THM IPAMBIM COOTBETCTBYIOT TOUKA II€PECEUEHUST
KacaTeJbHBIX K Hell B Toukax A u B u Touka C. CienoBaTe/bHO, MOJIIpa-
MU IIeHTPOB OKPYKHOCTEHN ATIOJIOHUA ABISAIOTCS CUMEIUAHBI, a TI0JI0COM
MIPAMO¥, Ha KOTOPOI 3TH IIeHTPHI JIeyKaT, — TouKa Jlemyana L. Takum 006-
pasom, TouKa L TakiKe JIeKUT Ha MpAMOil ApiAps M MHBEPCHA cepeauHe
oTpe3ka ApiAps OTHOCUTEJBHO OIMCAHHOU OKPY KHOCTH.
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OrMeTM BaskHOE CBOMCTBO TOUEK ATOJJIOHMA, KOTOPOE MOKET OBITH
MIPUHSATO 3a UX OIpPeJeeHue.

ITedanvHble mpeyzonbHUKU MoYeK ANOaJLOHUSL NPAGUTIbHbLE.

Horxasamenvemeo. Ilyers A’', B’ — npoeriuu Touku Ap; Ha BC u CA.
Tak Kak uyeTnipexyroabHuk CA’Ap; B’ BIncaH B OKPYXHOCTH C IUAMETPOM
Ap;C, 10 A’B'=Ap;CsinC=Ap;C-AB/2R. Orciofa cpa3y CIeIyeT, uTo BCe
CTOPOHBI TeJAJBHOTO TPEYTOJbHUKA PABHBEI. O

Temneps JeTKO MOHATH, KAKKWE TOUKU M30TOHAJIBHO COMPSKEHBI TOUKAM
Anonnonusa. [leficTBUTEIHLHO, €CJIY OIIYCTUTHh U3 BepIiuH A, B meprieHau-
KYJApBI Ha COOTBETCTBYIOIME CTOPOHBI ITeNAJLHOTO TPEYyroJbHUKa Ap;,
TO OHU IIePeCeKyTCs B M30TOHAJIBHO cOIpsaKeHHOI Touke T;. Tak Kak me-
TaJbHBIN TPEYyTOJbHUK MPaBUILHBIN, yros AT;B paseHn 60° mau 120°. Ta-
KUM 00pasoM, 13 ToueK T; Bce CTOPOHLI TPEeYyroJbHUKA BUAHBI IO YIIaMU
60° mau 120°. Touku, ygOBJIETBOPAIOIINE STOMY YCJIOBUIO, HA3bIBAIOTCS
mouxamu Toppuueanu tpeyronbHuKa ABC. IlocTpouTs X MOMKHO CJIENY-
omuM obpasom: mycts A’, B’, C' — BepIINHBI IPABUJILHLIX TPEYTOJbHU-
KOB, IIOCTPOEHHBLIX HA CTOPOHaX TpeyroabHuKa ABC BO BHENIHIOKO (BHY-
TPeHHI0W) cTopony. Torga npamveie AA’', BB, CC' nepecekaioTca B nepsoil
(8mopoii) mouke Toppuueanru (puc. 2.32).

C/

Puc. 2.32

Ecau Bce yrawl TpeyrombHuKa MmeHbinme 120°, To mepBas Touka Top-
pUYeNIN JIeXKUT BHYTPU TPEYTOJbHUKA W CyMMAa PACCTOSHUM OT Hee 0
ero BEepIIIWH MeHbIIe, YeM OT JI000# Apyroi Touku X MIJIOCKOCTH. B aToM
HeTPyAHO yOoeauThcs, moBepHYB TpeyroabHuku AXC u AT;C ma 60° BO-
Kpyr Toukm A (puc. 2.33).
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ITpuBenem Ge3 moKasaTeJbCTBA ellle TPU CBOMCTBA ToueK Toppuuesan
1 ATIOJIJIOHUS:

1) npamovte Ap1 Ty u ApeTe napanienvHst nps-
Mot Jiinepa OH;

2) npamas T1Te npoxodum uepez mouky Jle-
myarna, omkyda, kax 6ydem nokasaHo 6 § 3.3,
caedyem, ymo npamvie Ap1To u Aps Ty nepecera-
romces 8 uenmpe mscecmu mpeyzonvHurka ABC;

3) ZApBrL = 60° (moMmepa He MMEIOT 3HaAUe-
HUSA, TOCKOJBKY Api, Aps m L Jjexxar Ha on-
HOM IIPSAMOM, OTHOCUTEJILHO KoTopoil Bry u Bry
CHIMMETPHUYHEI); 9M0, 8 YACMHOCMU, 03HAYAem,
umo mpeyzoavHuk OBriBry umeem me e mou-
KU ANOALOHUS, MO U UCXOOHDBLI.

5. Touku sKeprouma m Harejsa M IeHTPHI TOMOTETHMM OIMUCAHHOW M
BIIMCAHHON OKPYKHOCTEH

Onpenenenue. ITycTh BOucaHHAs OKPYKHOCTh TpeyroabHuKa ABC Ka-
caeTcs ero cTopoH B Toukax Gy, Gy, G.. Torga npameie AG,, BGy, u CG, 1ie-
pecexaioTcss B ofHOUM Touke G (OKa3aTh 9TO MOMKHO C IIOMOIIIBIO TEOPEeMBI
YeBbl UM IPUMEHUB IIPOEKTUBHOE IIPeo0pasoBanme, COXpaHAmoIee BOU-
CAaHHYIO OKPYKHOCTb U IIEPEBOASAIIee TOUKY IepeceueHusa OpaAMbeix AG, u
BG} B 11eHTpP), KOTOpasa Ha3bIBAETCSA MOYKOU sHepzoHHa.

IIpoBenem nmpsambie, cumMerpuuHbie AG, 1 BG, OTHOCUTEIHHO OMCCEK-
puc Al u BI, u maiimem Touku A, B mX mepeceueHUs ¢ BIIMCAHHON
OKPY’KHOCTBIO, nambHUEe oT A 1 B (puc. 2.34). Umeem

/G AL = /G IGy + /GyIA; —180° — /B+2 (43 + %A — 900) —
—/A+ /B=/GIB,.

CrnenmoBarensHO, A1 B1 || AB. Anamoruusno npsimasi, cummerpuutrasi CG, or-
HocuTeabHO CI, mepeceueT BOMCAHHYIO OKPY’KHOCTHL B Takoil Touke Ci,
uyro C14; || CA, C1B; || CB. Takum obpa-
3oM, TpeyroabHuku ABC u A1B1C; ro-
MOTETUYHBI OTHOCUTEJIHLHO TOYKU, M30TO-
HaJBHO COMPSKeHHOUN TouKke G. IIpu aToi
TOMOTETHM OIMCAHHAs OKPY/KHOCTH Tpe-
yroapbHuka ABC mepexomuT B BIIMCAH-
HYIO, CJIeOBaTeJIbHO, MBI JOKA3aJM TaKoe
yTBep:KIeHUE.
Tourka /epeoHHa U3020HANLHO CONPS-
JHcena 8HYMpeHHeMYy UeHmpy 20Momemuu
ONUCAHHOU U B6NUCAHHOU OKPYMCHOCMEU
mpeyzoavHUKQ.
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AHaJornuHo, eciu COeIUHUTHh BEPIIMHLI TPEYyroJbHUKA M TOUKHU Ka-
CaHUSA IPOTUBOIOJJOKHBIX CTOPOH C BHEBHHCAHHBLIMU OKPYKHOCTAMU, TO
9TU MpPAMBIE IIePEeCeKyTCsA B ONHOM TOUKe, KOTOpas Has3bIBAETCA MOYKOU
Hazens. IloBTOpsiA MpUBeIeHHbBIE BLIIIE PACCYKICHUA, IIOJyIaEM:

Tourxa Hazens u3020HANAbHO CONPANCEHA 8HEULHEMY UEHMPY zomome-
Muu ONUCAHHOU U 8NUCAHHOU OKPYHHOCMEU MPEY20LbHUKA.

IToMrMO M30roHAJBHOIO COIPSMKEHUS, OTHOCHUTEJILHO NAaHHOTO Tpe-
YTOJILHUKA OIIpeesieHo 1 TaK Ha3bIBaeMoe N30TOMUYECKoe, KOTOpPoe CTPO-
UTCA CJIEAYIOIINM 00pa3oM.

Onpenenenue. Ilycts npameie AP, BP, CP
ImepecexKarT IPOTUBOIOJIOMKHBIE CTOPOHLI Tpe-
yroasruuka ABC B Toukax Aq, By, C1, 1 IyCcThb
Ay, By, Cy — TOUKU, cUMMeTpuuHLIe A1, By, Cq
OTHOCUTEJBHO CePeINH COOTBETCTBYIOIIUX CTO-
pou. Torma mpsameie AAs, BBs, CCy mepeceKa-
I0TCA B OLHOM Touke P/, KoTopas HasbIBaeTcs
U30MOMUYECKU CONPANCeHHOU TOUuKe P oTHOCH-
TeJbHO Tpeyroabuuka ABC (puc. 2.35).

Kax um B ciyuae m30TrOHAJIBLHOTO COIPSIKe-
HUA, BepIINHA TPEYroJbHUKA M30TOMUUYECKH
comIpsiKeHa JII000M TOUYKe IIPOTHBOIOJIOMKHON CTOPOHBI. Bo Bcex ocraJib-
HBIX CJIyYasX M30TOMUYECKOe COIIPAKeHNe B3aMHO OJHO3HAUHO.

HenmoaBm»KHBIMU TOYKAMMN H30TOMHUYECKOI'0 CONPSMKEHUS SBJISIOTCS
IEHTP TAXKECTH TPEYyroJbHUKA W TOUKM, CUMMETPUUHBLIE €ro BepIIrHaAM
OTHOCUTEJbHO CePeIrnH NPOTHBOMOJIOMKHBLIX cTOpoH. CiemyeT Tak:ke OT-
METHTh, UTO M30TOMHUECKAs COIPIKEHHOCTh TOUEK COXPAaHIEeTCa IpU
apPuHHBIX IPeoOpPa30BaAHUAX.

N3 npyrux cBONCTB M30TOMUYECKOI'O COIIPAKEHUA 3aCHIY:KHBAET YIIO-
MUHaAHUA TO, 4TO TouKa JKeprouna m3oToMuuYecKu compskeHa Touke Ha-
ress.

§ 2.4. PagukaJpHbIe OCH M MYYKH OKPY:KHOCTEH

Onpenenenue. IlycTs faHbl OKPYKHOCTD ¢ eHTPOoM O U paguycoM 1 ¥ TOY-
ka P. Besmumna OP2 — r2 HasbIBaeTCsa cmenenvio moyku P oTHOCHUTEIHHO
OKPY’KHOCTH.

W3 ompemenenus cpasdy cjJaeqyeT, YTO CTEIIeHb BHEIIMHUX TOYEK II0JIO-
JKUTeJIbHA, & BHYTPEHHUX OTPUIIATEIbHA.

Yupaxuenue 1. Hailinure reomeTpmuecKkoe MeCTO TaKUX TOUEK, UTO
UX CTeleHb OTHOCUTEJILHO JaHHOM OKPYKHOCTH pPaBHA HEKOTOPOII IIOCTO-
AHHOI BeJMUYMHE.

Omeem. TouKku, cTelleHN KOTOPBLIX OTHOCUTEJIbHO OKPYIKHOCTH () PaB-
HBI, 00Pa3yIoT OKPYKHOCTb, KOHIIEHTPUUECKYIO C .
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Jlemma 2.3. ITycmov npamas, npoxodsuias wepes mouky P, nepecekxa-
em okpyxHocmvb 8 moukax X u Y. Tozda npousgedenue PX - PY He 3a-
gucum om npaAmMol U pagrHo MoO0YJni cmeneHu mouku P omHocumenvbHO
IMOoU OKPYHCHOCMU.

Hoxazamenvcmeo. 1lycts uepes Touky P mpoBeleHBLI ABe NIpPAMEIe,
mepBas U3 KOTOPBIX IepeceKkaeT OKPYKHOCTb B TOUKax A u B, a BTopasa —
B Toukax C m D. Jlokaskem, utro PA-PB = PC:PD. Jlerko mOoHATb, YTO
TpeyroabHuKU PAC u PDB 1omo0HbI, a 3HAYUT,

PA PD

c-p = PA-PB=PC-PD.
Ocrasoch AO0KasaTh, UTO 9Ta BeJWUMWHA PAaBHA MOXAYJIIO CTEIEHUW TOUYKU P
OTHOCHUTEJIbHO OKPY:KHOCTHU. [IpoBegeM MIpAMYI0 Uepes MEeHTP dTOH OKPYK-
HocTu. Torga mpousBeleHNEe PACCTOAHUI OT TOUKU P 10 Touek Iiepecede-
HUA OymeT, oueBUIHO, paBuo (OP +r) - (OP —r) (rme uepe3 O MbI 0003HA-
UYMW IEHTP OKPY:KHOCTH, a uepe3 r — ee paauyc). Hy a aTo mpousseme-
HUe, OUeBULHO, paBHO OP? — r2, O

Yupaxaenue 2. Ilycts orpesku AB u CD mepeceKaloTcs B Touke P,
npuueMm PA-PB=PC-PD. [loka:kure, 4TO TOTa YeTHIPeXyroabHuK ABCD
BONCAHHBIN.

Pewenue. Ilockonbky PA-PB=PC-PD, tpeyroanvuuku PBD u PCA
mono0HbI, a 3uauut, /PBD = /PCA. Ho sT0 1 o3HauaeT, UTO UeThIpeX-
yroabHUK ABCD BOUCaHHBIN.

Jlemma 2.3, B yacTHOCTH, HYKHA [IJA OOKas3aTeJbCTBA CJEeNYIOIIel
BasKHOU TeopeMBI.

Teopema 2.11. MHoxecmao mouek, cmeneHu Komopvlx OMHOCUMENLb-
HO 08Yyx OQHHbLIX HEKOHUEHMPUYECKUX OKPYNMCHOCMEl DPABHbL, eCmb NPs-
Mas. IMa NPpAMASL HA3bl8AeMCcs PagUKaAIbHON OCbI0 OKPYMCHOCME.

Jokxazamenvcmeo. Ilpeamnono:xmuM, YTO 9TH ABE OKPYKHOCTHU IIepece-
KatoTcdA. [IpoBemeM IpaAMYyIo Uepes TOUKM UX Iepeceuenud. Torga sta mps-
Masa OyzeT paguKaabHOI ocbhio. Ilokaskem sTo. IlycTh 9TU I1Be OKPYIKHO-
CcTU TepecekamTca B Toukax A m B. BosbMeM mpousBoibHYIO TOUKY P Ha
npamoit AB. Torma mMoayab cTelleHHW TOYUKH P OTHOCUTEJBHO STUX OBYX
OKpYysKHOCTelr paBeH PA-PB, a 3HaK1, OYeBUTHO, COBIIAAIOT.

Hpyrux Touek, 00JaJal0IMM 3TUM CBOCTBOM, HeT. IIpoBemem uepes
MPOM3BOJLHYI0 TOUKY X, He JeKallylo Ha npaAMoil AB, mpsaMyio, IIpo-
XomAmTyio uepesd Touky A. Torma, Kak JIeTKO BUIETH, JUOO PaCCTOSIHUSA
OoT TouKu X 70 TIOBTOPHBIX TOUEK IMEPECEUEHUA C 3TUMHU OKPYKHOCTAMU
pasauuHbl (a 3HAUUT, ¥ MOJIYJU CTeleHel ToOueK He PaBHBI), JU00 3HAKU
cTeleHell TOUueK OTJIUYAIOTCS.

Temepb mTOoKa)keM TEOPEMY B cJIydae, eCJU OKPYsKHOCTU He MMEIOT 00-
mux TouyeK. Il 3TOro mMpmMMEHWM HEKOTOPHI TPIOK, KOTOPBIA TaKiKe
MIPUTOAUTCS B AajbHelIeM. PaccMoTpuM aBe cepnl, KOTOPbIe IIepeceKa-
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IOT HAIIIY IIJIOCKOCTD II0 3TUM ABYM OKPY KHOCTSAM U MUMEIOT OOII[1ie TOUKH.
Jlerxko moHATh, 4TO Takue cepsl CyIlecTBYIOT. [lelicTBUTETBHO, PACCMOT-
PUM IPOU3BOJBHYIO TOUKY, He JeKalllyio B HaIllel IIJIOCKOCTU, U chepsl,
MIPOXOAAIIME Uepes 5Ty TOUKY M 9TH ABe OKpy:KHocTh. s cdhep ama-
JIOTUYHO MOXKHO OIPENEeJIUTh CTEIleHb TOYKU, U OJdA Hee, OUEeBULHO, BEP-
Ha jJeMMa 2.3. AHAJOTMYHO HOKAa3bIBAE€TCS, YTO MHOKECTBO TOYEK, CTe-
IIEHN KOTOPBIX OTHOCUTEJBHO 3THX OBYX cq)ep PaBHBI, €CTh IIJIOCKOCTB,
IIPOXOAAIIAA Uepes3 OKPYKHOCTD ITepeceueHns 9TuX ABYX cdep. ITa 1miaoc-
KOCTB IIepeceKaeT HaIlly IIJIOCKOCTD II0 KaKoii-To npamoii. Iloayuartomasncs
TaKuUM 00pasoM HpAMasi, OUeBUIHO, U OyIeT paJuKalIbHOM OChI0 HAIITHUX
IBYX OKPYsKHOCTEIl. O

Puc. 2.36

Ilycth Temepb mambl TPU OKPYsKHOCTU. Eciin MX IEeHTPHI He JexKaT Ha
ONHOU HPSIMOI, TO PafUKaJbHBIE OCU KaKUX-TO ABYX IIap IIepeceKaroTcs.
CremeHN TOYKM MX IIepeceuyeHIs OTHOCHUTEJbHO BCEX TPeX OKPYKHOCTeH
PaBHBI, 3HAUUT, U TPEThA PASUKAJIbHASA OChb IIPOXOAUT UYepe3 3Ty TOUKY,
KOTOpasA Ha3bIBAETCSA paduUKAJbHbLM UEeHMPOM TpeX oKpy:kHocrei. Ecau
JKe IeHTPLI OKPYIKHOCTEH JekaT Ha OQHOM IIPAMOM, TO paguKaJbHbIEe OCU
nmapaJjjejbHBLI UJIN COBIIaLaloT. B mociegHeM ciyuae OKPYsKHOCTH Ha3bI-
BaIOTCS COOCHbLMU.

MHoKecTBO BceX OKPYKHOCTEI, COOCHBIX C IBYMs HAaHHBIMU, Ha3bIBa-
ercsa nyukom. Ecau 3amarolye TyYoK OKPYsKHOCTH TIepeceKaroTcA B ABYX
TOUKAaX, TO IYYOK COCTOUT M3 BCEX OKPYIKHOCTEH, IIPOXOOAIINX Uepes dTU
TouKu. Takolil IydoK Ha3bIBaeTcs zunepbonuieckum. Ecam nBe OKPYyx-
HOCTU KacaloTcs, TO Jo0asd OKPYKHOCTh IMYYKa KacaeTcsd MX oOIeil Ka-
caTeJIbHOU B TOH :Ke TOuKe. TaKoll Iy4YOK HasbIBaeTCA napaboiuiecKuM.
Haxomer, 7Be HemepeceKalolecsa OKPYIKHOCTH 3a4al0T IYYOK TAKOI'0 TH-
ma, Kak m3oopaskeno Ha puc. 2.37. Takoil IyuyoK HasbIBaeTCA LAUNMUYE-
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CKUM. OTMeTI/IM, 4qTO ABE U3 OprmHOCTeﬁ QJIIUIITUYECKOI'O ITyYKa BbIPO-
HKIOAIOTCA B TOUKHN, KOTOPBbI€ HA3BIBAIOTCA npeaeﬂbnbtmu mouyxkamu 1IIry4dkKa.

C NI
) N/

Puc. 2.37

Eciu B3ATh HA PagUKaJbHOM OCU IIYUYKA JIIOOYIO TOUKY, JIEHKAIIYIO BHE
OKPYIKHOCTeI, TO KacaTeJlbHble, IPOBEIeHHbIe U3 Hee KO BCeM OKPYIKHO-
CTSM IYYKa, paBHBI. I109TOMY OKPY’KHOCTH C IIEHTPOM B 3TOM TOUKE U
paguycoM, paBHBIM IJNHE KACATEJIbHOM, IIePIEeHAUKYIIPHA BCEM OKPYK-
HOCTAM IIyuKa. Bce Takme OKPYsKHOCTH caMH O0pasyiT HEKOTOPBIM IIy-
ok (puc. 2.38), u Mo JIOOBLIM ABYM W3 HUX HUCXOMHBIH ITYYOK CTPOUTCS
omHosHauno. OTcloma ciegyer, 4TO HPU MHBEPCUU OTHOCHUTEIHHO IIPOM3-
BOJIBHOM OKPYKHOCTH IYYKH IIEPEXOAAT B IYUKHU, IPUUEM JIIO00H IIyYOK,
COIepsKaIlluil OKPYKHOCTh MHBEPCHUM, IIepexXoauT B cebs. B uacTHOCTH,
[IpeebHbIe TOUKN SJIIMITHUYECKOrO IIyYKa HePexXosaT APYTr B Apyra Ipu
MHBEPCUY OTHOCUTEJIBHO JIF000H OKPYsKHOCTH 9TOr0 Hyuyka. OTMETHM TaK-
JKe, UTO MHBEPCUS C IEHTPOM B IIPEJeJbHON TOUKEe IePEeBOAUT OKPYIK-
HOCTHU MEPHEeHIUKYJISIPHOro NyYyKa B npaMbie. CaemroBaTeIbHO, NCXOIHBIN
IIyYOK IepeiifleT B IyYOK KOHIEHTPUUYECKUX OKPYKHOCTE.

Puc. 2.38
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Yupaxuenue 3. J[okaxxute 5TOT (paKT C IIOMOIIbIO «BBIXOAa» B TPeEX-
MepHOe IPOCTPAaHCTBO.

Pewenue. PaccMoTpuM mepecekarolieecsa cemMeiicTBO cdep, mepecera-
IOIUX HAIy ILJIOCKOCTh MO OKPYKHOCTAM M3 STOr0 MyYKa. OTH chepsnl
Tak:Ke 0o0pasyioT mydok. Ilpm mHBepcum 3Tu chepbl TaKkKe HePeXOomdaT
B cepnl, IpUUeM IepeceKaroluecsa Mo HeKOoTopoit okpy:kHocTtu. Ciemo-
BaTeJbHO, OHU OYAYyT MepeceKaTh HaIly ILJIOCKOCTb OHATH JKe II0 IIYUYKY.

IIyuyox oxkpyskHOCTEe# obJsafaeT elne OJHUM OUeHb BasKHBIM CBOMCTBOM.

Teopema 2.12. ITycmbv 0aHnbL 06e OKpYyx#cHOCMU W1 U W2. I'eomempu-
YeCKUM MeCmoM MAKUX mouex, umo OMmHOUleHUe UX cmeneHeil OmHocu-
MmenbHO amux 08YX OKPYHICHOCMEl NOCMOAHHO, ABAAEMCS OKPYHICHOCMY,
npuHadiexauias nYyvKy, 00pa308aAHHOMY OKPYHHOCMAMU W1 U 3.

Hoxazamenvcmeo. Ilpenmosioskmm, UYTO
OKPYKHOCTH 1 U (g IIEPECEeKaIOTCsI B TOU-
kKax A u B (puc. 2.39). O6o3HaAUUM IT€HTPBI
9TUX OKpYsKHOCTel ueped O1 u Oq, a UX pa-
IWYCHI — Uepes 'y U I's COOTBETCTBeHHOo. Tou-
KM, CUMMETPUUYHLIE TOUKE A OTHOCUTEJILHO
O:1 u Og, obo3uHauum uepe3 A; u As. Iloka-
JKeM, UTO MHOXKECTBO TaKMX ToueK X, UTO
OTHOIIIeHNEe WX CTelleHell OTHOCUTENLHO i
U o PaBHO k, — 3TO OKPYKHOCTL. IIpoBe-
nem npamyo XA. Ilycts oHa mepeceuer wi
u ws B Toukax X u Xs coorBeTcTBeHHO. To-

XX,
raa k 60yzer paBHO XX, (B3ATOMY C HYKHBIM
2

suakom). IlockonbKy AA; m AAs — nuamer-
PBI COOTBETCTBYIOIIUX OKPYYKHOCTEH, YIJIbI
AX1A; m AX,A; mpaMble, a 3HAUMT, X Puc. 2.39

u X9 — 3TO IIPOEKIIUY TOUeK A1 u Ay HaA Ips-

. PA
myio AX. Bosbmem Ha mpamoii A1 Ag TaKkyio TOuKy P, uTo i =k (Takux
2

TOUYEK, YTO 9TO OTHOIIEHVEe PaBHO |k |, OyZeT nBe, HAZO BHIOPATH TY, ¥ KO-
TOPOIi «3HAK» cooTBeTcTBYyIomuit). Torma mo Teopeme Paseca Touxka X 0y-
IeT mpoekmnuei Touku P Ha npamyo AX, a 3HaUUT, oHa OyIer JieskaTh Ha
OKpyskHOCTHU ¢ guamMmeTpoM AP. OOGpaTHLIMHU PacCyKISHUSIMU JIeTKO MOKa-
3aTh, UTO AJIA JIIOOOI TOUKM Ha STOM OKPYKHOCTH OTHOIIEHHE CTeleHel
TOUEK OTHOCHUTEJILHO (W1 1 Wy PABHO k.

Hns Toro uToObI MOKAa3aTh 3TO YTBEP:KAEHUE NJA HemepeceKalommX-
CcAd OKPYIKHOCTEH, OIATh IPUMEHUM HAEI0 «BBbIXOJa» B TPEXMEPHOe IIPo-
crparcTso. IIycTh maHbI JBe IepeceKaroluecsa cepsl, Iepecekariue Ha-
Iy IIJIOCKOCTD II0 9THUM JBYM OKPYsKHOCTAM. IIpoBOAsA aHaJIOrMUYHbBIE pac-
CYKOeHUs, IIOKAa3bIBAE€M, UTO I'€OMETPUUYECKHNM MECTOM TaKHX TOUYEK, UTO
OTHOIIIEHNE HX CTeleHell OTHOCHUTEJLHO 3THUX ABYX cdep paBHO k, eCcTh
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cepa U3 9TOro Iy4ykKa, T. €. cepa, comepkalas OKPYKHOCTb IIepeceye-
HUsaA 3Tux AByX cep. Ilepeceuenue sToit chepsrl ¢ HaIlel IIOCKOCTHIO €CTh
OKPY?KHOCTDH M3 IIYYKa, 00pa30BaHHOTO OKPYKHOCTIMHU (W1 U W3, 4 9TO U
TpPe6oBaJIOCh JOKA3aTh. O

C moMOIIIbI0 9TOM TEOPEMBI MOYKHO TOCTATOUHO IIPOCTO JOKA3aTh TeOpe-
my IloHcesne (msg mIyuKa OKPYsKHOCTEI), He mpuberas K ajaredpandyecKuM
cooopasxkenuam. Teopemy IloHcese B obileM BuIe MbI JoKaskeM B § 3.3.

Teopema 2.13 (Iloncene). IIycmb daHbL OKpYHIcHOCMU ©;, NPUHAODLe-
Jeaujue 00HOMY NYUKY, U MOUKaA Ay, Leiaulas Ha OKpyxcHocmu wy. Ka-
cameavHas K OKPYMHOCMU 1, NPOGedeHHas u3 mouxku Ay, NOBMOPHO
nepecexaem wog 6 mouke Ay, KAcameavbHas K OKPYIHOCMU W3, NpoGe-
OJenHas u3 mouku Ai, NOBMOPHO nepecexaem wgy 68 mouke Ay u m. 0. Ka-
camenvHas K OKPYIHOCMU ®iy1, NPOBeJeHHAA U3 MOUKU A;, NO8MOPHO
nepecexaem &g 8 mouke A;.1. Ilycmuv 014 HeKOMOPO2o N 0KA3ANOCH, LMO
mouka A, cognana ¢ moukoi Agy. Tozda 0as niob6oii mouku By, nexcauwell
Ha w1, NOCMPOCHHAS AHAJL0ZUYHbIM 00pasom mouka B, cosnadem c By
(puc. 2.40).

Az

Hago sameTuTh, UTO He Bcerjga MOKHO IIOCTPOUTH TAKYI0 TOUKY B,.
Hanpuwmep, ecsiu TouKa By JIEKUT BHYTPU (W1, 9TOTO CAeJIATh HEJIb3A. MbI
IIpeamojaraeM, UYTo Takas TOYKa B, Bce-TaKu MOJyUYMJIACh.

Hoxaszamenvcmeo. [Iya moKasaTesbCTBa AOCTATOYHO IIOKA3aTh, UTO
A;B; xacaeTca HeKOTOPOH (PMKCUPOBAHHOMN OKPY:KHOCTM M3 HAIIETO Myu-
ka. Torma eciu Ay coBmazaer ¢ A,, TO KacaTeJbHas, IPOBeJeHHAd U3
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TOUKHU Ao, JOJIKHA COBIIAJATh C KacaTeJbHOM, MMPOBEeJeHHON U3 TOUKU A,
K 9TOIi OKPYsKHOCTU (IIpeAIlojiaraeTcsi, UTO MbI BCerja IPOBOAUM Kaca-
TeJbHbIe B HYKHYIO CTOPOHY). A 3HAUHUT, U TOUKHU UX IIePECeUeHUs C Wy
IOJI>KHBI COBIIAJATh, a 3TO TOUKHU By u B,,.

Ilycts mpambie AgA; m BgBi KacamoTCcid OKPYKHOCTH ()1 B TOUKAax
X m Y coorBercTBeHHO (puc. 2.41). Touky mepecedeHUs ITUX TPAMBIX
obosmauuM ueped Z. Tpeyroapbuuk XZY paBHoOGempeHHBIH (Tak Kak X
u Y — 3TO IPOCTO KacaTesJbHbIE, IPOBEIEHHBIE M3 TOUKH Z K OKPYIKHO-
¢t w1). CiremoBaTenbHO, YTkl X 1 Y B 9TOM TPeyTroJbHUKE PaBHBI. Kpo-
Me TOT0, PaBHBI Ykl B1A1Ag u B1ByAy. Takum o6pasomM, TpeyroJbHUKNA
XQA1 u YPB( ntono06ubl, rie P m @ — 3TO TOUKU IlepeceueHusa MpPAMOit
XY c orpeskamu AgBy u A1B1. CiegoBareabHo, yribl PQA; u QPB, pas-
HBI, 4 3HAYNUT, CYII[eCTBYeT OKPY KHOCTb ¢/, Kacamlasacsa oTpe3koB AyBy
n A1B; B Toukax P u @ coOTBEeTCTBEHHO.

Puc. 2.41

Temnepsh AOKaKeM, UTO OHA MPUHAMJEKUT HalIeMy myuky. s aToro
JOCTAaTOUYHO JOKAa3aTh, UTO OKPYKHOCTD (o HIPUHALJIEIKUT IYUKY, 00paso-
BAHHOMY OKPYXXHOCTAMU w1 1 w'.

ITokaxxem, uTO OTHOIIIEHUSA CcTemeHel Touek Agy, A1, Bo u B; oTHOCH-
TeJIbHO w1 U ¢’ paBHEI. JIETKO IOHATEH, UTO 5TU OTHOIIEHUA PABHBI COOT-
ApX? A1X2 ByY?  B;Y2
AP’ A;Q7 BoP? © Bi@%"

BETCTBEHHO
AgX?
AgP?
paBHBI. AHAJOTUYHO B CUJIY ITOH00UA TPeyroabHuKOB BoYQ 1 A1 XQ
A1X2  ByY?

41Q7 7 ByP?

B cuny momobusi TpeyroabHuUKOB AgXP um B1YQ OTHOIIEeHUS
B;Y?
B;Q?
PaBHBI OTHOIIIEHUA
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AoX ByY

OcraJjiocs A0oKa3aTb, YTO —— — ——. Ho 1o TeopemMe CMHYCOB
AgP ~ BoP
AgX _ sin ZAgPX _ sin ZByPY _ BogY

AoP ~ sin LAgXP ~ sin ZBoYP  BoP’

AHaJI0TMYHO IIOKa3bIBaeTcA, UTO OTpe3ku A;B; u A;11B;11 O6yayT Ka-
caTbCA OSHOM U TOH Ke OKPY:KHOCTU HAIero mydyka. JIeTKo IMOHATH, UTO
oTpesku A;B; MOTYT KacaTbCs TOJLKO OOHOII TaKoOM OKpy:KHOCTH. IloaTo-
MY 5Ta OKPYKHOCTEL OJHA U Ta e JJd BCeX OTPe3KoB A;B;, u sto w’'. [

Teopema IloHcesie o3HauaeT, B YaCTHOCTHU, YTO €CJN MHOTOYTOJLHUK
BIIMCAH B OJHY OKPYKHOCTDb UM OIIMCAH OKOJIO APYI'Oi, TO ero MOXKHO «Bpa-
IIATh» MEXAY STUMU OKPYKHOCTAMU. IIpy 9TOM Kaskaada IuaroHajb MHO-
TOyroJbHUKA KacaeTcs OKPYsKHOCTH, COOCHOM C ONMCAHHON 1 BIIMCAHHOM
(puc. 2.42).

Puc. 2.42

ITomumo Teopemnl IloHcese, cBolicTBa paguKaJdbHBIX OCell ITO3BOJIAIOT
IOKas3aTh TaKiKe TeopeMy BpuaHIloHa, Ha 3TOT pa3 B obmiem Buze. Ho
cHayasga chopMyJIUPYEM ee.

Teopema 2.14 (Bpuanmon). IIycmwv npamvee l;,i=1, ..., 6, kacaromces
00HOU KOHUKU, A;j — moukKu nepecevenus npamvlx l; u lj. Tozda npamvie
Aq9Ay45, AsgAse U A3yAg1 nepecexaromes 8 00HOU mouke.
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Joxazamenvcmeo. IIpoeKTUBHLIM IIpeo0pa3oBaHMEM IIepeBeleM KO-
HUKY B OKPYKHOCTb. ByJleM cumMTaTh, YTO MBI MMEEM JI€JIO C IITeCTUYTOJb-
HUKOM, OIMCAHHBIM BOKPYT OKPYKHOCTU, WM HY:KHbIe HAM IIPAMBIE — 9TO
ero rjaBHble aumaroHanu. Clenyiomue paccyKIeHUsA JeTKO MepPeHOCATCS
Ha cayuali, ecau MPAMbIe KacalTcsa OKPYKHOCTH B APYTroM HOpPAIKE.

Wrak, oycTh AaH OMUCAHHLIN IecTuyroabHuk ABCDEF (puc. 2.43).
Hano moxasath, uro AD, BE u CF mepecekailoTcad B OJHOII TOUKeE.

Puc. 2.43

PaccmoTpuM oKpPysKHOCTH W1, W2 U W3, KacaloImiueca nap npAMbeix AB
u DE, BC u DE, CD u FA cooTBeTCTBEHHO, IIPUUYEM TaK, UTO TOUYKHU Ka-

CaHUS HAXOMATCS HA PACCTOSHUM @ OT COOTBETCTBYIOIIMX TOUEK KacCaHUA
CTOPOH ITNTECTUYTOJHLHUKA C OKPYKHOCTHIO (0003HaumM ux uepes A, Bi,
..., F1). Torga cremeHb TOYKN A OTHOCUTEJIBHO OKPYKHOCTEH W1 U W3
paBHa —(AA; + a)?. BHAauUT, OHA JIEIKUT HA PAAUKAIBHON OCH 9THX ABYX
okpysxHocTeit. To sKe camoe BepHo u msa Touku D. Takum obpasom, AD —
9TO PagUKaJbHAA OCh OKPYKHOCTEH w1 1 3. AHAJOTUYHO JOKAa3bIBaeTcsd,
uyto BE — paguKkajbHas 0Ch OKPYsKHOCTEN w1 U Wa, a CF — OKpysKHOCTEN
ws U w3. CiaegoBarenbno, AD, BE u CF mepeceKalmTcs B OJHOI TOUKe,
a IMEHHO B PaJHNKAJLHOM IIeHTPEe OKPY:KHOCTEH w1, W U W3. ]




TTABA 3

IIpoekTUBHBIE CBOMCTBA KOHUK

§ 3.1. /IBoiiHOe OTHOLIIEHNE YETHIPEX TOUEK
kpusoii. [lapamerpusamus.
Ooparubie TeopemsI ITackanxa u Bpuannona

IIpoexkTHBHAA SKBMUBAJEHTHOCTh KOHUK O3HA-
YaeT, YTO BCE CBOMCTBA OKPYsKHOCTH, O KOTO-
PBIX TOBOPUJIOCH BO BBEIEHUU, OCTAIOTCA BEp-
HBIMH UM JJI KOHUK. B uacTHOCTH, IS UeThI-
pex touexk KoHuku A, B, C, D nBoiiHoe OTHO-
menne upameix XA, XB, XC, XD He 3aBUCHUT
oT BbIOOpa Toukum X Ha KOHUKE. JTO OTHOIIIe-
HUe Ha3bIBAETCS ABOWHBIM OTHOIIIEHUEM TOUYEK
A, B, C, D. OueBUIHO, YTO IIPU IPOEKTUBHBIX
mpeo6pa3oBaHUAX ABOMHBIE OTHOIIEHUSI COXpa-
HSIOTCH.

3aduKkcupyeM HEKOTOPYIO TOUKYy P KoHU-
KM W He IPOXOJAIINYI0 uepe3 Hee MpaAMYy 0 .
Kamnmoii Touke X KOHMKHU IIOCTABUM B COOTBET-
crBue TouKy X' mepeceuenus mpsamoin PX c [
(Touke P COOTBETCTBYET TOUKA IepeceueHUs [
C KacaTeJbHOU K KoHuWKe). OueBUAHO, 3TO CO-
OTBETCTBUE B3aMMHO OJHO3HAYHO U COXPAHSET
IBOWHBIE OTHOINEeHWA. Kciu Temeph CTaHIAPT-
HBEIM 00pa30M YCTAaHOBUTH COOTBETCTBUE MEKIY
TOUYKAMU NPAMO# | M JeHdCTBUTEJIbHBIMU YKC-
JIaM¥, TO TOJYYUM IIapaMeTpus3aluio KOHUKU.
Herpyauo yb0emuThcsa, UTO TpU TaKoil Iapa-
MeTpU3aIuu KOOPAUHATHI TOUKU X SABJIAIOTCS
panuoHaIbHBIMY QYHKIIMAMY apaMeTpa.

Teopema 3.1 (o6paTHaa Teopema Ilackans).
ITycmv Oanvt makue mouku X;, i=1,...,6,
umo moyku nepecevenus npamvltx XX u
X4X5, X2X3 u X5X6, X3X4 u X(;Xl Jexpcam
Ha 00HoU npamoi. Tozda cyuwecmeyem KOHU-
Ka, npoxodawas uepes ece mouku X;.

Hoxazamenscmeo. Bocionb3yemcsa TeMm a-
KTOM, UTO Uepes JI0ble AT TOUeK OOIIero Io-
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JIOKeHUA IPOXOAUT eqUHCTBeHHasdA KoHuKa. IlocTpouM TaKyio KOHUKY o
nasa Touexk X;, i=1,...,5. IIycts A, B, C — TOUKU IIepeceueHus IPSIMBIX
X1X2 n X4X5, X2X3 n X5X6, X3X4 n X6X1, Y — rouka ImepecedyeHuda o
u BX;, oraimunada ot X5. Ilo Teopeme Ilackaia Touka mepeceueHU IIPA-
MbIxX X3 X4 u X1Y nexkut Ha AB, T. e. coBuagaer ¢ C. 3HaUUT, Y COBIIagaeT
c X 6. ]

Teopema 3.2 (o6patHada Teopema Bpuanmona). Ilycmos danvl npambie
li, i=1,...,6, Ajj — moura nepeceuenusa npamoix l; u lj. Eciu npamore
Aq2Ay45, A3 Ase u AsgAg1 Nepecexkaromes 8 00HOU mouke, mo cyuecmayem
KOHUKQ, KACAULAACS 8CeX NPAMbLX ;.

HoxaspIBaeTcsa 9Ta TeopeMa aHAJOTHMUYHO Ipeabiaymieii. OgHAKO HAIO
cHavaJia MOKas3aTh, UTO CYIIECTBYET eIUHCTBEeHHAA KOHUKA, KacaoIaacsa
ATU 3aJaHHBIX TPAMBIX. MBI MOKeM C IOMOIIbI0 TeopeMbl BpuaHIiona
IIOCTPOUTHh TOUKM KACaHUA 3TUX IPAMBIX C KOHU-
Koii. Hy a uepe3 mATh TOUeK MIPOXOAUT TOJIBKO OJI-
Ha KouHmKa. [locTpoeHme TOUKM KacaHUA IMOKas3a-
HO Ha puc. 3.1.

C mowmoIbio TeopeMbl BpuaHIIIOHa MOMKHO TO-
JYYUTL HOBOE [IOKa3aTeJbCcTBO Teopembl 1.11.
HeiicTBUTEIBHO, MyCTh Mapaboja BIKUCAHA B Tpe-
yroapuuk ABC. IlpoBemem uepes3 oproieHTp H
TPeyroJbHUKA OPAMYIO 1, Kacarollyocsa mapado-
Jbl, 1 HNEePIeHINKYJIAPHYIO el mpamyio ls. Ecan
IokasaThb, uTo npameie AB, BC, CA, 11, Iy u Gec-
KOHEUHO yJaJieHHaA IpaMasd KacaloTcsa OJHOM KOHUKU, TO, IMOCKOJBKY
CYIIIeCTBYEeT eIUHCTBEeHHAA KOHMNKA, Kacalollasicsa OATH MPAMBIX, OHa 0y-
IeT cOBIIaJaTh C JaHHOI mapaboJjioii. A 3HAUHUT, KacaTeJbHEIe K mapaboJie,
IIPOBEIEHHbIE U3 OPTOIEHTPA, MEPIEHAUKYJIAPHBI, CJIEOBATEIHLHO, OH Jie-
JKUT Ha TUPEKTPUce.

IIycts P — Touka mepeceuenus AB c l;, a X © Y — TouKu 6eCKOHEUHO
yAaJIeHHOU ImPSaMOIi, 3aalolye HallpaBJIeHna, napaJjieabHbie s u AC co-
oTBeTCTBeHHO. PaccMoTpum «imectuyronbHuk» BPHXYC. Ero riaBHBIE
muaronanu BX, PY u HC, oueBUAHO, SBJISIOTCA BLICOTAMH TPEYTOJbHU-
kKa BPH, a 3HauuT, IepeceKalmTcs B OGHON TouKe. M3 oOpaTHOI Teope-
mbl BpuaHiiona ciaexayer, uto mectuyroabHuK BPHXYC onucanubiii. Hy
a KaK JIeTKO BUIETh, €70 CTOPOHBI — 3TO HYKHBIe HAM IPAMBIeE.

Bocnonbp3oBaBmiuck Teopemoit Ilackassa, MOKHO ¢ HOMOIIHIO OJHOMN JIU-
HEWKM ITOCTPOUTH IIPOU3BOJBHOE KOJUYECTBO TOUEK KOHUKM, ITPOXOIA-
mieli yepes3 AaHHBIE IATH ToueK Xi, Xo, X3, X4, X5. HeticTrBuTennHO,
mycTh A — TouKa nepeceueHus nIpaMbix X1Xg 1 X4 X5, | — mpousBosbHAA
mpoxondAniad uepes TouKy A npamas, B, C — Touku nepeceuenus [ ¢ X2 X3
u X3X,. Torga Touxka mepeceuenusa npAMbix BXs m CX; mo o0paTHOI
TeopeMe ITackays JeKUT HA KOHHKe. AHAJIOTUYHO C IIOMOIIBIO TEOPEeMbI

Puc. 3.1
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BpuaHIiiona MOXHO IIOCTPOUTE IIPOU3BOJIb-
HOe KOJIMYEeCTBO KacaTeJbHBIX K KOHUKE,
Kacaroreica 5 3aJaHHBIX NPAMBIX.
3agaua 15. [[okaskuTe, YTO AUATOHAJIU
YeTBIPEXyTOJbHUKOB, OOpPa3OBAHHEBIX TOY-
KaMu TepeceueHus ABYX BJIJIUIICOB U UX 00-
UMY KacaTeJbHLIMU, IIepeceKaioTcsa B Of-
HO¥ TouKe (puc. 3.2).
3amaua 16. B KoHMKYy BIHCaH IIECTHU-
yroasHuK ABCDEF. [lokaXure, 4TO II€CTh Puc. 3.2
npameix AC, CE, EA, BD, DF u FB xaca-
I0TCA HEKOTOpPOIl KOHUKU. BriBenuTe orcioga Tteopemy Ilomcene misa Tpe-
YTOJIbHUKA.
3amaua 17. IIycTs KacareabHas K rumnepodosie, mpoBegeHHasd B TOUKe A,
ImepeceKaeT ee aCUMIITOTHI B TOUKax Aj, Ag, a KacaTeJabHad, IPOBeIeHHAA
B TouKe B, — B Toukax Bi, By. [loka:xkure, uto npambie A1Bs, AsB1 u AB
mmepecexkaloTcs B OTHON TOUKeE.
3amaua 18. Tpeyronsuuku ABC u A’B'C’ meHTpaIbHO CUMMETPUYHEL.
Yepes Touxku A’, B', C' npoBeieHsI TPpH MapaJjlielbHble IpAMbIe. [JOKaMKu-
Te, UTO TOUKHU X nepeceuenusa ¢ BC, CA u AB coOTBeTCTBEHHO JiedKaT Ha
OIHOU HMPSIMOI.
3amaua 19. [lokasKkuTe, 4TO KOHUKA, OMU-
camHad 0KoJIo TpeyroabHuka ABC, sBiaseTcsa
PaBHOCTOPOHHE# runep0b0JIoli TOTa U TOJBKO
TOT/Ia, KOTJa OHA IIPOXOJUT UYepes3 OPTOIEHTP
TPEeyTroJbHUKA.
3agaua 20. (Teopema o IIeCTHYTOJILHU-
Ke.) IIycTh KOHUKA IIepeceKaeT CTOPOHBI AB,
BC u AC tpeyroabauka ABC B Toukax C;
uCy, A u Ay, By u By cooTBeTcTBeHHO. Ye-
pes As, B3 u C3 0603HauYUM TOUKH IIepeceuye-
HUA Hap KacaTeJbHBIX, MIPOBEJEHHLIX B TOU-
Kax Ay u Ag, By u By, C1 m Cy (puc. 3.3).
Hoxakure, uro npambie AAs, BBs u CCg ne-
pecekaroTcs B OTHOW TOYKe.

§ 3.2. ITonapuoe coorBeTcTBUE. IIpUHIUII TBOIICTBEHHOCTH

IIycTts mambl HEKOTOpas KOHMKA M TOuKa A. PaccMoTpmM mpoum3BOJIbHOE
IIPOEKTUBHOE IIpPeoOpa3oBaHMe, IMepPeBoAAllee JAaHHYI0 KOHUKY B OKPYIK-
HOCTL. IlycTs A’ — 00pa3 TOUKHu A IpU 5TOM IIpeoOpa3oBaHuu, @' — mojdapa
TOUKU A OTHOCUTEJIBLHO OKPYKHOCTH, @ — 00pas IpAMOi a’ mpu 06paTHOM
npeobpasoBauuu. Torga mpsamas a MOXKeT OBITH IIOCTPOEHA CJIEAYIOIINM
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oopasom. IIpoBemem uepes TOUKy A 1Be
IpsAMBIe, TTepeceKalnue TaHHYI0 KOHUKY B
TouKax X1, Xg u Yy, Y. Ilycth X — TOU-
Ka IlepeceueHUsI KacaTeJbHBIX K KOHUKE B
Toukax X1, Xo, Y — TouKa mmepeceueHud Ka-
caTeJbHBIX B TOUKax Y7, Ye. Torma mpsamas
XY cosmnagaer c a (puc. 3.4).

HelicTBUTEeIbHO, IIPU NMPUMEHEHUU OIU-
CAHHOTO IIOCTPOEHHUSA K TOuKe A’ U OKpYyK-
HOCTH IIOJIy4aeM MPSAMYIO &', a IPOeKTUBHOe
npeoOpa3oBaHre COXpPaHSET TOUKH Iiepece-
YeHUsS U KacaHUsa NPAMBIX U KOHUK. Ciemo-
BaTeJbHO, MPAMASA @ He 3aBUCUT OT BHIOpaH-
HOT'O IPOEKTHUBHOTO IIpeodpasoBaHmuA. Mox-
HO TOCTPOUTH @ U MHO-APYToMy: KaK mpdA-
MYI0, COEIUWHSIONIYI0 TOYKM IIepeceueHus
X1Y1 C X2Y2 n X1Y2 C X2Y1 (pI/IC. 3.5).
B wacTHOCTH, eciu A — IEHTD dJINIICA WU
runepoOoJIbl, TOJYUYNM OECKOHEUHO yaaJieH-
HyI0 mpamyo. OTMeTuM, UTO IocJeqHee II0-
CTpOEHUWEe NMPUMEHHMO U K BBIPOKJIEHHBIM
KPUBBIM BTOPOTO MOPAAKA, IPUUYEM ITOCTPO-
eHHas mpaMas OyoeT IPOXOAUTH uyepe3 06-
myo Touky O mpambix [y, lp, cocraBisaio-
IMUX KPUBYIO, M ABOWHOE OTHOIIIEHWE TIPA-
MbIX (l1l2; OAa) paBuoO 1 (puc. 3.6).

OmpenesieHHOE TAKUM 00Pa3oOM COOTBET-
CTBUE MEMKAY TOUKAMH U TPAMBIMU Ha3bI-
BaeTCA NOJAPHbLM COOMBEMCMEUeM OTHOCU-
TeJbHO JaHHOM KOHMKHU. IIpu sToM mpamasd
a Ha3BIBAETCA NOJAPOL TOUKU A, a A — no- Puc. 3.6
aocom npamon a. OueBUIHO, UTO Bce chop-
MYJIMPOBAHHBIE BHIIIE CBOMCTBA IIOJSPHOTO COOTBETCTBUA COXPAHAIOTCSH.

OrMeTHM, YTO ecau IpaMad p ABJIAETCA IOJAPoi Touku P, a mpous-
BOJIbHAA TIPOXOnAINas yepes P mpaAMas IepeceKaeT p B TOUKe @ U KO-
HUKY B Toukax A, B, To (PQ; AB) =1. [Ina moKasaTeabCTBa JOCTATOYHO
paccMOTpeTh caydaii, Korga KOHUKA SBJISeTCA OKPYKHOCTBIO, a OJHA U3
ToueKk P, @ GeckoHeuHO yaaJjenHad (puc. 3.7).

B uactHocTH, eciu KOHMKA ABJISETCA SJIJIUIICOM WJIU THUIEPOOJIOH, TO
cepenrHbI BCeX XOPJ, MapajlieJbHbIX (PUKCUPOBAHHON IIPSIMOI, JeKaT Ha
IpAMO, MPOXOAAIIEe uepesd IeHTP KOHUKM (HAIIpaBJieHUsA, 3ajlaBaeMble
9TOUN MPAMOM W MPAMOM, IMapaJIeIbHON XOpAaM, Ha3bIBAIOTCA CONPANCEH-
HbLMU OTHOCUTEJNHBHO KOHUKI), a eCJIM KOHUKa — rmapaboJsia, To Ha IPAMOi,
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napaJuieJbHOU ee ocu (cm. 3amauy 10). BepHo u gBOMICTBEHHOE YTBEpIKIE-
HIe: ecJiU Uyepe3 HEeKOTOPYI0 TOUKY IIPOBeleHbl KacaTeJbHbIe K KOHUKE a
U b U 1Be MPOU3BOJIbHBIE IPAMBIE P U ¢, TO TOJIOC IIPAMON p JIEKUT HA ¢
TOTZa W TOJIBKO TOTZa, Korga (ab; pg) =1.

IIpuHIIUT IBOMICTBEHHOCTH TaKsKe ocTaeTcsd BepHbIM. [losaToMy, HATIpU-
Mep, oOpaTHada TeopeMa BpuaHIIOHA ABISETCA CIEACTBUEM OOPATHOU Te-
opembl ITackansa. MoKHO TaKyKe 3aKJIIOUNTh, YTO AJIS JIOOBIX IATH IIPA-
MBIX OOII[ero IOJIOMKEHUSA CYIeCTByeT eINHCTBeHHAA Kacalomasicsa UxX Ko-
HUKA.

Omnpenenenue. /[6oticmeenHblm 06PA30M TIAL- /\/\
KOl KPMBOU HA3LIBAETCS MHOKECTBO IBOIICTBEH-

HBIX 00pasoB BCeX KacaTeJbHBIX, IIPOBEIEHHBIX
K 3TOU KPUBOIA.

IIpumep KpuBOIl U ee ABOMCTBEHHOTO 0OOpasa
usobpakeH Ha puc. 3.8. °

Ba)xHBIM CBOIICTBOM ABOMCTBEHHOI'O Ipeodpa- Puc. 3.8
30BaHUA SABJSETCSA CJIEAYIONasd TeopeMa.

Teopema 3.3. IIycmv R(y) ecmb d8oiicmeennulii 06pas kpusol y. To-
2da R(R(y)) =v.

Horxaszamenvcmeo. Ilycts Touka X IBMIKETCA O KPUBOH Y K TOUKe A.

Torma, oueBUAHO, IIepeceueHre KacaTelbHbBIX, IPOBEIeHHBIX B TOUKax X
u A (o003HAUMM UX Uepe3 X U & COOTBETCTBEHHO),

crtpemutca K A. Ilepeceuenne x u a 0603HaUUM Ue- Y
pes Y. IlocMoTpuM, UTO IIPOMCXOLUT C oOpasaMu
IpAMBIX X 1 @ Ha KpuBoi R(y). OueBugno, R(x) x
crpemutrca K R(a), a 3mauuTr, orpesoxk R(a)R(x)

X

cTpeMuUTCA K KacaTeJbHOU K R(y), mpoBegeHHOI
B Touke R(a). Ho R(a)R(x) —9TO He UTO WHHOE,

A a
kak R(Y), ciaemoBateabHo, R(Y) cTpeMuUTCS K Ka-
carenbHO# K R(Y), mpoBemenuoii B Touke R(a). To- R(a)
rga K o0pasy KacaTeJbHOM, HPOBENEHHON B TOYKE R()R(Y)
R(a), crpemutcsa oopas R(Y). Ho 910 u ecThb Touka *

Y, KoTopas mpu 5TOM ABUMIKEHUUN CTPEeMHUTCA K A.
ITonyuaercs, uTo o0pas KacaTeJbHOIl, IPOBEIEeHHOM Puc. 3.9
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B Touke R(a), —oT0 cama Touka A. A 3TO 1 03HaAUaAET, YTO ABOHCTBEHHBINA
o0pas KacaTedbHBIX K R(Y) ecTh cama KpuBad y. O

ITonsapuoe cooTBeTCcTBHE HaeT ellle OAUWH CIOCO0 IIOJYYeHHUS KOHUK.
PaccMOTpUM OKPYIKHOCTh & C IEHTPOM A U PaguycoM I U APYTI'YI0O OKPYK-
HOCTh w ¢ meHTpoM O. IToasapsl Bcex TOUEK OKPYKHOCTH  OTHOCHUTEJIBHO
@ ormbarT HEKOTOPYIO0 KPUBYIO, KOTOpas HA3bIBAeTCA NOAAPHbLM 00pa-
30M OKpPY:KHOCTH . IIOJIAPHBIA 00pa3 MOYKHO MOJIYUYHUTH W IIO-IAPYTrOMY:

KaK MHOKECTBO IIOJIIOCOB BCeX KacaTeJbHBIX K (.
Teopema 3.4. IlonapHvlii 00pa3 00HOU OKPYHHOCMU OMHOCUMESbHO
Opyezol asnsemcs KOHUKOU.
Joxazamenvcmeo. IlycTh JaHBI OKPYKHOCTD () C IIEHTPOM B Touke O
U OKPYKHOCTh (1 C IeHTPOM B Touke Op (mja yzobcTBa OymeM CUMTATh,
uyto O JIEXKUT BHYTPU wW1; cM. puc. 3.10). IlycTh w1 Ipu mMHBEPCUU OTHO-
CUTEJIbHO () TepeHIeT B OKPYKHOCTD (Wg C IEHTPOM B Touke Os.

Puc. 3.10

00603HAYNM TIPAMYIO, IIPOXOAAINYIO Yeped TOUKY X U IMeplIeHIuKYIAp-
Hyo OX, uepes p(X). Oua GymeT MOJAPHLIM 00Pa30M TOUKU, MHBEPCHOM
TouKe X OTHOCHUTEJBHO . Tak, nmpu ABU:KeHUN TOUKM X II0 (g COOTBET-
CTBYyIOIIAA el mpsMasi MPOOEeKUT MHOKECTBO MOJSAP BCeX TOUEK, JIerKa-
IMUX Ha 1. Takum o6pasomM, HAM HAO JOKa3aTh, YTO MHOYKECTBO BCEX Ta-
KHUX IPAMBIX KacaeTca HeKOTOPOoW KOHuMKM. Paccmorpum Touky O, cum-
MeTpuuHyio Touke O orHOCUTENbHO O3, 1 ToUuKy O, CHMMeTPUUYHYIO TOU-
ke O orHocurenbHo X. JIerko moHAThL, uTo AauHAaA orpeska O'O” pasHa
IMaMeTPy OKPYKHOCTH ws. Ilyets O'O” mepeceraer p(X) B Touke Y. To-
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rma, B cury Toro uto p(X) — cepeAMHHBIN MepneHAuKyasap k¥ 00", mau-
HEI oTpe3koB YO u YO” pasuwl. Kpome TOro, yribl, KOTOpble 06pasyioT
npameie YO u YO’ ¢ p(X), paBubl. A smaunt, p(X) B TouKe Y Kacaercs
siumunca ¢ poxycamu B O u O’ u GOJILIION IIOJIYyOChIO, PABHOI AUaMeTpy
OKPY’KHOCTH 3. Kpome TOro, JIeTKO MOHATH, UTO HNPU ABUKEHUU TOUKU
X 10 w3 TouKa Y MpPOoOEeKUT BeCh 3TOT BJIJIHUIIC.

TakuMm 00pasoM, MBI IIPOCTO YKa3aIu KOHUKY, KOToOpas ABJIAETCA II0-
JIAPHBIM 00pasoM HaIllle#l OKPY:KHOCTH.

Ecau Touka O j1eXuUT BHE W1, aOCOJIOTHO aHAJOTUUHLIMU PACCYKISHU-
M1 MOXKHO ITOKAa3aTh, YTO IOJSAPHLIM 00pasoM OyaeT rumepboa, a B CIy-
yae, ecau O JeXUT Ha w1, — IapaboJia. O

B cuny npoeKTrBHOM 5KBUBAJIEHTHOCTU KOHUK JJOKAa3aHHYIO TeopeMy
MOJKHO 00OOIIHUTE.

Teopema 3.5. IlonapHbiil 06pa3 00HOU KOHUKU OMHOCUMELbHO OpY2oll
ABJLACMCA KOHUKOLL.

EnunscTBenHOE, YTO, KOHEUHO, HEIOHATHO, — 3TO IIOYEeMY JIIOOble IBe
KOHUKU IPOEKTUBHLIM IIPeo0pasoBanreM MOKHO IIEPEeBECTH B ABE OKPYIK-
HOCTH. ITO, BOOOII[e TOBOPA, HEBEPHO (XOTs BEPHO B KOMILIEKCHOM CMBIC-
Jae). Ho aTo BO3MOKHO, eciii KOHUKU IiepeceKaroTcsa He 0ojee UueM B IBYX
TOUYKaX. JTOTO JIETKO JOCTUUYD, YBEJIUUYUB (I YMEHBIITNB) KOHUKY, OTHO-
CHTEeJIbHO KOTOPOI JejaeM IOJSAPHOEe IIpeo0pasoBaHIe, B HECKOJLKO pas3
(c IleHTPOM B IIEHTpe 3TOH KOHUHKE), TaK, UTOObI OHAa IlepeceKasia HYXK-
HYI0O HaM KOHHUKY He 0ojiee UeM B ABYX TouKaX. [[BolicTBeHHBII 06pas mpu
aToM coxxmeTcsa. Hy a sio0ble [Be KOHUKH, IIepeceKaroluecs He 6oiee ueM
B IBYX TOYKaX, ITPOEKTUBHBIM ITPe0o0pa30BaHMEM MEPEBECTHU B IBE OKPYIK-
HOCTHY MOKHO.

Ha camom mese aTy TeopeMy MOXKHO IIPOCTO HOKasaTh, BOCIIOJIb30BAB-
uch ToJAbKO Teopemamu [lackana u Bpuaniiona. 3apukcupyeM mATH TO-
YyeK Ha KOHMKe, 00pa3 KoTopoil Mbl paccmaTrpuBaeM. O603HaUNM UX Uepes
X1, X9, X3, X4 u X5, a KOHUKY uepe3d «. Torga moadapsl 9TUX HATH TO-
yeK OyAyT KacaThes ellle HEKOTOPOil (pMKCUPOBAHHON KOHUKH, KOTOPYIO
MbI 0003HauUUM uepe3d «. IlycTs Touka X aBuikerca mo «. Torma mjasa To-
yeKk X1, ..., X5 1 X BBITIOJHEHO CJIeCTBMe TeopeMbl Ilackans. 3mauur,
IJIs1 TIOJISAP 9TUX TOUYEK BBIMOJIHEHO ciiefcTBue TeopeMbl Bpuaniona. Ho
u3 obpaTHO# TeopeMbl BpuaHIioHa cJeAyeT, UYTO BCE STHU INMECTb MPAMBIX
KacaloTcCA OSHOM KOHUKU. ITOM KOHUKOM MOKeT ObIThL TOJILKO KOHUKA o1,
MMOCKOJIBKY IATH MPAMBIX (ITOJAP K ToukKam X;, i=1, ..., ) MOTyT KacaTb-
cA TOJBKO OJHOU KOHWKM. Takmm o0pasom, IOJISAPHI BCEX TOYEK, JierKa-
muX Ha o, KacaioTca 1. OOpaTHBIMU PAaCCYKICHUIMI JIETKO IIOKa3aTh,
YTO KOHUKA (/1 3aMeTaeTcs IMOJHOCTHIO.

Haxomnelr, yxaxkeM elrje OOVH BO3MOKHBIN ITOAXO0M K OIIPeAeIeHII0 KO-
HUK U TMOJSPHBIX COOTBETCTBUM. IIycTh MeKAy TOUKAMU U IPAMBIMU IIPO-
eKTUBHOI TJIOCKOCTH YCTAHOBJIEHO B3aMMHO OJHO3HAUHOE COOTBETCTBUE,
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o0Jiamaroiee CBOMCTBOM IBOMICTBEHHOCTH, T. €. €CJIU TOUKa A TpuUHAAJIe-
KUT o0pasy Touku B, To Touka B mpuHagme:xkut obpasy Touku A. To-
rIa MHOKECTBO TOUeK, IIPUHAIIeKAIIIUX CBOUM 00pasaM, IBJISeTCS KOHU-
Koi1 (BO3MOKHO, MHUMOI1), IPUYEM IOJAPHOE COOTBETCTBHE OTHOCUTEIHHO
3TOM KOHUKU COBHAJlaeT C 3aJaHHBIM.

Temnepsb moKakeM, 4T0O (POKYC ¥ COOTBETCTBYIOIIASA My TUPEKTpuca Ko-
HUKHU MOJSPHBI. OTO yKe II0 CyTH ObLIO JOoKasaHOo s mapaboibl. [foka-
JKEM 9TO /IS OCTAaBIINXCA KOHUK.

Teopema 3.6. Pokxyc u coomeemcmeyowas emy dupexkmpuca KOHUKU
noaspHut (puc. 3.11).

Hoxazamenvcmeo. Paccmorpum ¢o-

Kyc F; u ero monsapy l. JlokamkeMm, 4TO IJs
JIO0BIX ABYX Touek X M Y Ha KOHUKE OT-
HOIIIeHUs paccToAHuit n0 F; m | paBHBI.
IIycte S — 3TO TOUKa IlepeceueHUs IIpPs-
mbIx XY m [. IlepeceueHune KacaTeJbHBIX
K KOHHIKe, IIPOBEeJeHHBIX B TouKax X n Y,
obosHaumM uepes Z. B cumy cBoiicTB mo-
JIIPHOTO mpeobpasoBauud F1Z — 9T0 HOJIs- Puc. 3.11
pa Touku S. B cuiy ciaemcTBus u3 Teo-
pembl 1.2 yron SFiZ upsamoii. Kpome Toro, m3 Teopemsl 1.4 cienyer,
uyro F1Z — 6uccekrpuca yraa XF1Y. CinemoBarenbHo, F;.S — OuccexTpuca

BHeIrHero yriia XF1Y. Bocnoss30BaBIINCE CBOMICTBOM OHCCEKTPHCHI, II0-

X FRY
TYYAeM, UTO = <.
KaK OTHOCATCS PACCTOAHHUA OT ToueK X u Y [0 Jr000H IpsaAMOii, comepsKa-
mieir S (KOHeUHO, OTJANYHOIMi oT XY), moaydaeM I:;—X = IZ—Y, rae d, u dy —
paccrosguus ot Touek X u Y mo [. * Y O

ITo yTBep:KIeHWE MOKHO TaKsKe MOKasaTh, BOCHOJH30BAaBIIUCH KOH-
crpykmnueii [langesaeHa, ¢ IOMOIbI0 KOTOPOIl MBI JOKA3ajaHW, YTO KOHU-
Ka — 9TO IpoeKIus okpysKHocTu (puc. 3.12). B TpexmepHom (u BooOIIIE
n-MepHOM) IIPOCTPAHCTBE TOKE MOYKHO JIejlaTh TBOMCTBEHHBIE TTPeodpaso-
Bauud. OHU cTpoATCS abCOJIOTHO TaK Ke, KaK B AByMepHOM. IIpu sTom
TOUKM TEPeXOAAT B IJIOCKOCTH M HAOGOPOT, a IpAMEBIe IIePeXOoqAT B ApY-
rue IpAMBbIe.

IToiApHO MIOCKOCTHIO TOUKM S OTHOCUTEJILHO cepsl {2 Oymer mJoc-
KOCTb O, a IOJIIPHOHN IJIOCKOCThIO ToOuKM F Oymer n. IToromy moaspoit
npamoit SF 6yaetr npamasd [. SIcHO UTO mpu 3TOM MIOJIOCOM IIPAMOM [ oT-
HOCHUTEJILHO OKPYKHOCTH, 00pPa30BaHHON TOUKAMHU IepeceueHns cqepsl §2
U IIJIOCKOCTH O, OyZeT TouKa IepecedeHus mpsamoir SF u IIJOCKOCTH O.
A sHauwt, F OymeT IIOJIOCOM IIPAMOM [ OTHOCHUTEJILHO 3JIJIMUIICA, 00paso-
BAHHOTO IIepeceueHreM Halllero KOHyca 1 ILJIOCKOCTHU 7T (9To OyAeT mpocTo
MIPOEKIUA U3 TOUKHU S IMJIOCKOCTH O Ha ILJIOCKOCTH TT).

Hy a mockonsky SX orHocuTca K SY Tak ke,
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— 7\

Puec. 3.12

HMurepecHblil mpuMep yTBEp:KICHNUM, MIePeXoAdIInX APYT B Apyra Ipu
HEeKOTOPOM MOJISIPHOM IIpeo0pasoBaHUU, HpeacTaBJaAl0T Teopema 1.11 u
yTBep:KIeHUe 13 3amauu 19.

HeficrBuTeNIbHO, ycTh H — opTomenTp Tpeyroabuuka ABC. Ilpu mo-
JIIPHOM MIpPeo0pasoBaHUM OTHOCHUTEIBLHO OKPYXKHOCTH () C IleHTpoM B H
TpeyronbHUK ABC mepeifieT B TOMOTETUUYHBIA €My OTHOCHUTEJIBHO TOUKU
H rtpeyronpauk A’B'C’. Ecau mapabojia KacaeTca CTOPOH TPEYrOJbHUKA
ABC, TO KOHHKA, IBOICTBEHHAs €l OTHOCHUTEJIBHO (W, OyJeT IPOXOAUTH
uepes Touku A’, B’ u C’/, a Tak:Ke uepe3 TouKy H, Tak Kak 5TO IIOJIOC
0eCKOHEUHO yAaJieHHOH npsamoii. B cuny sagaum 19 sTa KOHMKA OyAeT AB-
JATHCS PaBHOCTOPOHHEHN rumep6osioii. TouKu IepeceueHUs 3TOI THIEp-
00JIbI ¢ 0ECKOHEUHO yIAAJIEHHON IIPSAMON 3aJaloT HMepIeHAUKYIAPHbIe Ha-
IIpaBJIEHUA, & 3HAYUT, UX IOJAPHI OYAYT mepuneHAuKYJAApHBI. C npyroi
CTOPOHBI, MOJIAPAMU TOUEK IepeceueHus dTOH TuiepboJibl ¢ 6eCKOHEeUHO
yIaJeHHOH NpAMOM OGyayT KacaTelbHbIe, IPOBeJAeHHbIe N3 TOUKM H K Ha-
mrei mapaboie (puc. 3.13).

AHaJOTUYHBIMU PACCY:KICHUSIMHU MOYKHO, HA000pOT, BHIBECTH YyTBEp-
sKaeHue 3amaun 19 us Tteopemsnl 1.11. CiaemoBaTesIbHO, 3T TEOPEMEBI sB-
JISIIOTCS OBOMCTBEHHBIMIU.

JlobaBuM ellle HECKOJBKO TeOpeM, CBA3AHHBLIX C UYEeBUAHHBLIMH Tpe-
YTOJbHUKAMU BIIMCAHHBIX B KOHUKY TPEyTOJbHUKOB.

Teopema 3.7. Tpeyzonvnux ABC asmonoaspen (m. e. ezo cmopoHbL
ABAAIOMCS NOLAPHLIMU 00PA3AMU COOMBEMCMEYIOWUX BEPULUH) OMHOCU-
MmesbHO KOHUKU m0z20a U MOoJbK0O mozda, K020a OH A8JAeMCs Le8UAHHbLM
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Puc. 3.13

mpeyzoabHUKOM HEeKOMmOpoU MOouKU, JeHau,ell Ha 3mol KOHUKe, OMHOCU-
MeJsbHO MPeyzonbHUKA, BRUCAHHO020 8 MY KOHUKY.

Hoxaszamenscmeo. IlepeBemem BepiIu-
HbI B u C TpeyroibHuKa B 0ECKOHEUHO ya-
JIeHHBIe TOUKU, 3aafolye MepPIeHIuKYyJIap-
HbIe HampaBJeHua. Torma Halla KOHHKA,
OUYEeBUIHO, IEPEHJeT B KOHUKY C II€HTPOM
B A (TIOCKOJIbKY II€HTP KOHUKU SABJIAETCS
IIOJTIOCOM GECKOHEUYHO YAAJEeHHOM MPAMOI).
PaccmoTpuM TpPAMOYTOJNBHUK, BIIMCAHHBIN
B KOHUKY, CO CTOPOHAMM, MapalieIbHBLIMU
HAIIpaBJeHUAM, KOTOpbIe 3aJal0T TOUKU B
u C (Taxkoii IPAMOYTOJbLHUK CYIIECTBYeT B Puc. 3.14
CHJIy aBTOHOJIIPHOCTU TpeyroabHuKka ABC).

Ero BepIMHLI MOKHO pacCMATPUBATh KaK TPEYyrOJbHUK M TOUKY Ha KO-
HUKe, IJA KOTOpoi TpeyroabHUK ABC aBTomossapeH (puc. 3.14). O

Teopema 3.8. IIycmv danwvt mpeyzorvnuxk ABC u mouka Z. [[as npo-
U380/1bHOU npoxodaweli uepes mouky Z npamoi Hatidem mouku A’', B’ ee
nepecevernus ¢ BC u AC. Toz0a zeomempuueckum mecmom mouekx nepece-
yenusa npamvix AA' u BB’ asnsemcsa KOHUKQ, Npoxodau,as uepes moiku
A, B, C u kacawnwasaca npamvix AZ u BZ.

Hoxaszamenvcmeo. IIpoBeneM IpoeKTUBHOE IpeodpasoBaHUe, IEPEBO-
nsamniee TpeyrodbHUK ABC B paBHOOEAPEHHBIN HPAMOYTOJIbHBINA TPEYTOJb-
HUK (AC = BC), a TouKy Z — B 0ECKOHEUHO yJaJIeHHYI0 TOUKY, HAIIpPaB-
JIeHre Ha KOTOPYIo IepneHAuKyasapHo AB. Torza tpeyrogbHuxu AA’P
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u B'BP, rge P — touka nepeceuenus AB u A’B’, paBHBI 1, 3HAUUT, IIPI-
mbie AA’ u BB’ nepneHguKyJIApPHBI, T. €. TOUKA UX MePeCeUeHUs JICHKUT
Ha OIMCAHHOU OKPY:KHOCTH TpeyroabHuka ABC. Ilpu sTom npsmbie BZ,
AZ kacarTca 3TOH OKPYKHOCTH B TouKax A, B. [l

Ilycts Tenmeps Y — Touka nmepeceueHnd KacaTeJbHBIX K KOHUKE, IPOBE-
neHHBIX B Toukax A u C. Bygem pacecmarpusats Touku A’ u C’' mepeceue-
HUA IPAMBIX, Ipoxoaainux yeped Y, ¢ BC u AB. Torma Touka mepeceue-
Husa npamelx AA’ u CC’ nexuT Ha KOHUKe. OTO 03HAUYAeT, YTO CYII[eCTBYeT
ceMercTBO TPeyroabHuKoB A’ B'C’, BepIINHEI KOTOPBIX JIEKAT HA COOTBET-
CTBYIOIIIUX CTOPOHAaX TpeyrogbHuka ABC, co cIeIyIOIIIMI CBOMCTBAMIU.

1. [Insa Kasgoro TpeyroJbHUKA cemeiicTsa npameie AA’, BB', CC' me-
pecekamTcsa B OAHOM TouKe. MHOKECTBO 3TUX TOUEK ABJsAETCA KOHUKOIM,
npoxopgsmieir uepes A, B, C.

2. Bee npamviie A’B’ poxonAaT depes mOJI0C NpsaMoii AB oTHOCHATE Ib-
HO ONMCAHHON KOHMKHU. AHajlormuHO Bce mpamble A'C’ mpoxogar depes
noJtoc apamoii AC, a Bce mpameie B'C’ — uepes momtoc mpamoit BC.

IIpoekTuBHBIE CBOMCTBA KOHUK MOTYT OKa3aTbCs IIOJIE3HBIMU IJIsS JO-
KasaTeJbCTBA YTBEDP:KICHUHN, HA MEPBBLIN B3TJAL ¢ KOHMKAMU HE CBA3aH-
HeIx. [IpuBegemM mpuMep TAKOr0 YTBEPIKIAEHUA.

Teopema 3.9. Ilycmv danvt mpeyzoavnuk ABC u mouxku P, @, u
nycms npamvie AP, BP, CP nepecexaiom coomeemcmeyoujie CmopoHbL

mpeyzoavHuka 8 moukax Ai, Bi, C1, a npamvie AQ, BQ, CQ — 6 moukax
Az, By, Ca. ITycmv Cs3, C4y — mouku nepecevenusa npamwvix CCi1 u AzBo,
CCy u A1B; coomeemcmeenHo;, mouku Az, A4, Bz, By onpedensiomcs
ananozuyrno. Toz0a npamvie A1 Ay, AgAg, B1By, BaBg, C1Cy4, C2C3 nepece-
Katomcesa 8 00HoU mouke (puc. 3.15).

Puc. 3.15
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Hoxazamenscmeo. Touku A, B, C, P, @ ompeneiadarT KOHUKY. Bes
OrpaHUYEeHUs OOIITHOCTH MOJKHO CUUTATh, UTO 9Ta KOHUKA — OKPYKHOCTbD,
a PQ — ee muametrp. Tak Kak A1, By, C1 — TOUKU IIepeceuyeHUsd IIPOTUBO-
MOJIOKHBIX CTOPOH W AMAroHAaJell BIIMCAHHOIO YeThIipexyrojabHuka ABCP,
A1B1 —noasapa touku Cq. Tak xax PQ — quaMeTp, OCHOBAHUSA BLICOT Tpe-
yroapuuka PQC, mpoBegeHHBIX 13 P 1 @, JiexKaT Ha OKpysKHOCTH. Pac-
CMOTPEB UYEeTHIPEXYTroJbHUK, 00Pa30BAHHBIN STUMH OCHOBAHUAMM M TOY-
Kamu P, @, mojiydyaeM, YTO OPTOIEHTP Tpeyroabuuka PQC JeKUT Ha MO-
aspe Cq, T.e. Ha A1B1. Tak Kak oH JeXKUT 1 Ha IpamMoii QC, oH coBIagaeT
¢ Toukoint C4. Takum obpasom, npamas C1C4 mepneHIUKYJIAPHA JTHUAMET-
py PQ, T. e. IPOXOAUT uUepe3 ero I0Joc. AHAJIOTMYHO OCTAJbHBIE HATH
MIPAMBIX TaK:Ke MPOXOAAT Uepesd MoJfoc mpamoi PQ, a caemoBaTesibHO, OH
ABJSAETCS TOYKOIf, 0 KOTOPOM TOBOPUTCSA B Teopeme. O

C IOMOIIbI0 IBOMCTBEHHOT'O ITPeo0pa30BaHUA MOMKHO JOKA3aTh CJIELY-
OIYI0 KPACUBYIO TEOPEMY.

Teopema 3.10 (®Ppe:xbe). IIycmv danb. KOHUKa u mouka P Ha Hell.
Tozda 6ce xopdvt, 6udHble U3 MOouKU P nod npamvim yzaom, npoxodam
uepe3 o0ny mouky (puc. 3.16).

Hoxaszamenvcmeo. llpumenuM moJApHOE P
COOTBETCTBHE OTHOCHUTEJILHO OKPYYKHOCTU C
meuTpoM P. Tak Kak JaHHAS KOHHKA IIPOXO-
IUT uepe3 TOUKY P, ee o6pasom OyzmeT mapabdo-
Jga. IIpoxogAinue yepes TOUKY P meprueHInKy-
JISIPHBIe HpAMbIe IepeifiiyT B 1Be 0€CKOHEUHO
yaajieHHbIe TOUKI, COOTBETCTBYIOIIINE IIepIIeH-
IUKYJSAPHBIM HaIpPaBJIeHUAM, a HUX BTOPbBIE
TOUKHU IIepeceueHnsa ¢ KOHNKOI — B IIePIeH -
KyJApHBbIe KacaTeJabHble K mapabose. Tak Kak
TOUKA IIePEeCeUeHNsI 9TUX KACATEJIbHBIX JIEHKIUT
Ha JUPEKTpHuce, COOTBETCTBYIOIIAA el xopjaa
IIPOXOJUT yepes ee 1moiioc P’. O

OueBugHO, uTO TOuKa P’ ABIseTca mepece-
YeHHEeM AUaMeTPa, CUMMETPUUYHOTO IIPOXOIs-
memMy uepes P, u HOpMaJIl K KOHUKE B TOUKe
P (puc. 3.17).

Herpyguo y6emurshesa, uro P gennt pgua-
MeTP B OTHOIIEHHHN, pPaBHOM OTHOIIEHHUIO
KBaJpaToB Ocell KOHMKM, W, 3HAUUT, KOTJa
Touka P npoGeraer KoHUKY, P’ onuceiBaeT Ko-
HUKY, TOMOTETUUYHYIO HMCXOZHOM OTHOCHUTEJb-
HO ee IleHTpa (ecau MCXOOHAs KOHMKA — I1apa-
00J1a, TO HOBasA MOJYUYaeTCs U3 Hee Mapajiesb-
HBIM IIepeHocoM) (puc. 3.18).




§ 3.3. ITyuxu kpusvix. Teopema IToncene

AHAJOTUYHBIMU PACCYKACHUAMU IO-
KasbIlBaeTcs cJenyiolnee o000IeHMe Teo-
pembl Ppexbe.

Xopdvl KOHUKU, 8UOHbLE U3 PUKCUPO-
6anHol mourku P na Hell nod yzaiom ¢
unu 180° — ¢, Kacaromces 00HOU KOHUKU
(puc. 3.19).

ITocsne pBo¥icTBEHHOTO ITPEOOpPa30BaAHUA
OTHOCUTEJBLHO OKPYKHOCTH C IeHTpoM P
HCKoMAas orubaroIas IepeifeT B KOHUKY (rumepboy), U3 KOTOpOi ma-
pabosa BuAHA oz yriaom ¢ mau 180° — ¢.

3amaua 21. IIycts C — 1IeHTP KOHUKH, ABJAIONIECA IOJIPHBIM 00pa-
30M OKDPY’KHOCTH ( OTHOCUTEJILHO OKPYKHOCTH ). JJloKaKuTe, UTO IMOJIS-
pa Touku C OTHOCHUTEJIBHO () COBIIAJAEeT C IOJAPOIH IEeHTPa OKPYKHOCTHU
() OTHOCHUTEJILHO .

3amaua 22. 1. [JoxasKkuTe, UTO HaNpaBJIeHUS, COMPSIKEHHBIE OTHO-
CHUTEJIbHO PABHOCTOPOHHEM rumep00Jbl, CHMMETPUYHBLI OTHOCUTEJLHO ee
ACUMIITOT.

2. [lokasKuTe, YTO YyroJl MKy KOHIIEHTPUUECKUMU PABHOCTOPOHHUMU
runepboJiaMy paBeH YABOCHHOMY YIUIY MEKAY UX aCHUMIITOTAMMU.

3amaua 23. Kakyio KpuBYIO Oorm0aioT CTOPOHBI POMOOB, BIIMCAHHBIX
B (OUKCUPOBAHHBIN JIIUTIC?

Puec. 3.19

§ 3.3. Ilyuku kpuBbix. Teopema Iloucene

Onpenenenue. IIycTh JaHBI [Be KOHUKY C YPaBHeHUAMU BUIA

(1) f(x,y)=0 u g(x,y)=0.

Tor/:[a nYyi1KomM KOHUK Ha3blBa€TCA MHOMECTBO KPUBBIX C YPABHEHUAMU

(2) af(x,y) +bg(x,y) =0,

rIe a, b — Ipous3BOJIbHBIE UHCIA.

OueBUAHO, UTO IMIyYOK MOJKET ObITH 3aJaH JIIOOBIMHM IBYMS IpPUHAMIJIE-
KamuMu eMmy KoHukamu. [Ipu aToM eciu Be KOHUKY, 3aJai0Ine MYyUYOoK,
mepeceKaroTcss B HEKOTOPOM TOUKe, TO M BCe KOHUKU MMydYKa IMIPOXOIAT Ue-
pes oty Touky. Ecau ke IBe KOHUKHM KacaloTcs APYT Apyra, TO U Bce KO-
HUKY OyYKa KacaloTcA APYT APyra B 9TOH TOUKeE.

YacTHBIMU CAYUYAAMU ITYYKOB ABJIAIOTCA ompeaeaeHHbie B § 2.4 myuKu
OKpYysKHOCTel. [[eficTBUTEIBHO, €CJAW NMPUHATL JIMHUIO ITIEHTPOB OKPYK-
HOCTel 3a ochb abcCIuce, a paguKaJbHYI0 OCh 3a OCh OPAWHAT, TO JIETKO
BUETDH, UTO YPABHEHUA OKPYKHOCTEH IPUMYT BUI

2 +y’+ax+c=0,
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rle ¢ — CTeleHb Hauajga KOOPAUHAT OTHOCHUTEJIBHO OKPYIKHOCTEH myuKa,
a a — mpou3BoJbHOE umca0. OUeBUIHO, UTO 9TO YACTHBIN caydail ypaBHe-
Hu4a (2).

W3 ocuoBHOIT TeopeMbl ajirebphl cjaeayeT, YTO JiIOOble 1Be KPUBHIE II0-
PAJKOB M U n IepeceKaroTcs Mo mn ToYKaM (KOTOpbIe MOTYT OBITH KOM-
IIJIEKCHBIMY WJIXM COBIIAMAIOIUMK). B uacTHOCTH, TIPU M =n = 2 moJIy4yaem,
yTOo JIIo0ble ABe KOHUKMU IepecekaroTcs B 4 Toukax. Torga jmobas KOHUKA
COOTBETCTBYIOIIETO MYUYKa TaK:Ke MPOXOAUT Uepes 9TU TOUKMU.

Mo:xHO mJO0Kas3aTh 1 00paTHOE yTBEep:KIAeHUe: IJIA JI000H KOHUKU, IIPO-
xXondAIeil yepe3 4 TOUKHM IlepeceueHrs KOHUK ¢ ypaBHeHuUAMH f(x,y) =0
u g(x,y) =0, HalinyTCcA TaKue 4Yucia a, b, YTO ypaBHEHNE KOHUKU MOXKHO
mpuBecTH K BUAY af(x,y) +bg(x,y) =0. 310 yTBep:KIAeHNE HA3bIBaETCA
meopemot 0 nyukKe KOHUK.

Herpynuo mokasaTb, uTO ruiep0ojia SABJIAETCS PABHOCTOPOHHEHN TO-
ra U TOJBKO TOTJAa, KOorjaa B ee ypaBHeHuu (cMm. ypaBHeHue (1) B § 1.2)
a1 + ass = 0. Ilpu sToM ymoOHO CUMTATL PABHOCTOPOHHEH TruiepboJIoit
¥ BBIPOKIEHHYIO KPUBYIO, COCTOAIIYIO U3 ABYX IMEPHEeHINKYJISAPHBIX IPA-
mbIx. Torga u3 TeopeMbl 0 TyYKe KOHUK CIEeAYeT, UTO €CJIV JBe PABHOCTO-
pOHHME TUIepPOO0Jbl IePeceKalnTcss B YeThIpeX TOUKAX, TO Jobasd KOHUKA
oIIpelesiAeMOro STUMHU TOYKAMM IIyYKa TaKiKe OyJeT pPaBHOCTOPOHHEH
runepboJioi. TakuMm o06pasoM, MBI IIOJyYaeM eIlle OJHO AOKAa3aTeJbCTBO
TOTO, UTO OMMCAHHAS OKOJI0O TPEYTOJbHUKA KOHUKA ABJIAETCA PABHOCTO-
pOHHeU rumep00J0i TOTAA U TOJBKO TOT[a, KOrJa OHA IIPOXOAUT uepes
OPTOIIEHTP.

TeopemMa 0 myukKe KOHUK IIO3BOJIAET ONMPEAEJUTH MYUYOK KaK MHOMKe-
CTBO KOHUK, IPOXOAAIINX Uepe3 JaHHbIe 4 TOUKM OOIIero moJo:KeHusa A,
B, C, D. Ilpu sTom s aioboi Touku X, oryimuHoit ot A, B, C, D, cyiie-
CTBYEeT POBHO OJHA KOHMKA MyuYKa, MpoxonaAmiasa yepesd X.

Cpenu ToueK, 3aJaloINUX IMYYOK, HEKOTOPbIe MOTYT OBLITH MHHMBIMU.
Hampuwmep, s06as OKPYKHOCTD IlepeceKkaeT 6eCKOHEeUHO YAAJeHHYIO Ips-
MYIO B IBYX (PMKCHPOBAHHBIX KOMIIJIEKCHBIX TOUKAX, TAK UTO I'UIIepO0JIH-
YeCKUH IIYUYOK OKPYKHOCTell 3aJaeTcsa STUMHU TOUKAMU U ABYMS OOIIIUMU
TOUKAMHU OKPYKHOCTEeH, a SJLIUITUUYECKUH — UeThIPbMA KOMIIJIeKCHBIMU
TOUKaMM, JBe 13 KOTOPBIX KOHEUHbIe 1 JBe 0€CKOHEUHO yaaJieHHbIe. Bos-
MOJKHO TaKJKe COBIAaZeHWEe HEKOTOPHIX 00pa3yIoIuX Iy4YoK ToueK. Ilpm
9TOM €CJIM COBIIAAIOT IBE TOUKM, TO BCE KOHMKHU IIyYKa B JBOMHOM TOY-
Ke KacaloTcsd IpPYyT Apyra, Kak B mapaboinuyecKoM IIyYKe OKPYKHOCTeI,
ecJii TpU, TO KacaHUe B 9TOUI TOUKe MMeeT BTOPOM MOPANOK, €CJIU YeThl-
pe, To Tperuii. Hampumep, MHOKECTBO KOHIIEHTPUUECKUX OKPYKHOCTEH —
9TO IYYOK, 00pa30BAHHBIN ABYMS IMapaMU COBHAAOIINX TOUYEK.

Eciu Bce Touku, 3amarolliye IMIy4YOK, PAa3JIMYHBI, TO CPeOU BXOMAIIUX
B HEro KPUBBIX €CTh TPU BEIPOKIAeHHLIX: ABUCD, ACUBD, ADUBC.

OmnuiiiemM moapoOHee pasJIUYHbIE TUIIBI TYUYKOB.
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1. ITyuku, mpoxonsdIue yepes UeTbIpe pasjudHblie TouKu (puc. 3.20).
I9ToMy THIIy HPUHALJIEKAT TaKiKe SJINNTUYECKUNl M TUIepOoJIMUYeCKUHi
IYYKU OKPYKHOCTEI.

;

Puc. 3.20
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2. Ilyuku, IPOXOAAIe UYeped UeThIpe TOUKM, JBe M3 KOTOPBIX COB-
majmamT, T. €. Kacaoluecsa JaHHOU HpAMOI B ()DMKCHUPOBAHHOM TOUKe
(puc. 3.21). ITapaboanuecKuii TyYOK OKPYKHOCTEH IIPUHAIJIEKUT STOMY
TUIY.

Puc. 3.21
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3. IIyuok, y KoTOoporo JBe Iaphl TOUeK cKJemBawTcd. OH OyneT co-
CTOATh M3 KOHUK, KaCAIOIIUXCS ABYX MAHHBIX NPAMBIX B ABYX JaHHBIX
Toukax (puc. 3.22). K sTromy Tuny Tak:ke IPUHAIIEKUT TYYOK KOHIIEH-
TPUUECKUX OKPYKHOCTeH mau mapaboj, ypaBHEeHME KOTODPBIX MMeeT BU[

y=ax?.

Puc. 3.22
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4. Ily4yok, y KOTOPOTO TPU TOUKHU camBaroTcsa B ogHy (puc. 3.23). Ko-
HUKU 9TOr0 IIYUYKA COIPUKACAIOTCA C HEKOTOPOU OKPYIKHOCTHIO.

~_/

Puc. 3.23

5. CepxconpukacamIuiica MyY0K, ¥ KOTOPOr0 UYeThIPe TOUKM, OIIpe-
IeJAoInue IyUYoK, coBmamaoT (puc. 3.24). ITpuMmep Takoro myuka — mapa-
00JIbI, ypaBHEHIE KOTOPBIX MMeeT BUJ Y = x® +a.




§ 3.3. ITyuxu kpusvix. Teopema IToncene

Puc. 3.24

ITomumo myuykoB, 3aaHHBIX YETHIPHMA TOYKAMM’, MOKHO paccMaTpHU-
BaThb 060lUCMEeHHble NYLKU, T. €. MHOXKECTBA KOHUK, KACAIOIIUXCI Ue-
TBIpEX TaHHBIX NPAMBIX (puc. 3.25—3.27). [[BolicTBeHHBIE IYUKU TaKiKe
KJIaCCUDUIIUPYIOTCA B 3aBUCUMOCTH OT TOT'O, €CTBb JI CPEeAU OIIPeAeJIAr0-
IMUX TYYOK IIPAMBIX coBIagatomive. Eciy coBmazamoT ABe IpAMEIe, TO BCe
KOHUKY IyYKa KacalTcAd WX, a 3HAUUT, W APYT APYyra, B OGHOU TOUYKe;
€cJI TPU, TO KOHUKU IIyYKa COIPUKACAIOTCS; €CJIU BCce YeThIpe, TO CBEPX-
compukacapTcsa. OTMeTUM, UTO ABaXKIbI KACAIOIUHICS U CBEPXCOIPUKA-
carouiuiica NyYKM ABJIAIOTCS CaMOABONCTBEHHBIMHU, T. €. IIePEeXOAAT ca-
MU B ceb6s IPU MOJSIPHOM COOTBETCTBUM OTHOCUTEJIBHO JI000I BXOAAIei
B IIy4oK KOHUKH. Iloyb3ysdach NPUHIIMIOOM ABOWCTBEHHOCTU, MOYKHO AJISA
Ka'KIOTO YTBEP)KAEHUA 00 OOBIUHBIX MyYKax cHOPMYyJHPOBATH COOTBET-
CTBYIOIIlee YTBEPIKAEeHNEe O IBOMCTBEHHBIX M HAa0OODOT.










Puc. 3.27
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C IIOMOIIBI0O TEOpeMbl O MYyUYKe KOHMK MOXKHO JOKA3aTh CJIemYyIOIMii
KpacuBbIil (paKT.

Teopema 3.11 (0 yeThIpex KoHMKaXx). Ilycmb 0aHb. Mpu KOHUKU X1,
o9, a3, u nycmsv P1, Q1, P{, @] — mouku nepeceuenus KOHUK g u ag; P,
Q:2, Pj, Q) — mouku nepecevenus KoHuK a1 u a3; P3, Q3, P3, Q5 — mouku
nepecedyeHus KOHuk oy u o1. Tozda ecau mouku Py, Q1, Pz, @2, P3, Q3
aexcam Ha 00HOU KOHUKe, mo npamvie PiQ), PyQ%5, PiQ%5 nepecexaiomcea
8 00Hoil mouke (puc. 3.28).

Puc. 3.28 Puc. 3.29

Jokazamenvcmeo. [lokaskeM cHauaja cjenyiolliee BCIOMOTaTeIbHOE
yTBEPIKIEHIE.

Teopema 3.12 (o0 Tpex KoHuUKax). [lycmbv mpu KOHUKU umerom dage 00-
wue mourku. Tozda ux oduue xopdvl, NPoxodaujue yepes 0oCmaJlbHvle mou-
KU nepeceuenus Kaxcoou napul, nepecexaromcs 6 00Hol mouke (puc. 3.29).

Hna pgokasaTeJabCTBa [TOCTATOUYHO MEPEBECTH OOIMEe TOUYKM KOHUK
B TOUKHU IIepeceueHuss OeCKOHEUHO yNAJeHHON NPAMOIM C OKPY:KHOCTS-
mu. Torma Bce TPWM KOHUKM HePeNIyT B OKPYKHOCTH M YTBepPIKIEHUE
TeopeMbI OyZeT clefoBaTh 13 CYINEeCTBOBAHUA PASUKAJIBLHOTO IIeHTpPA.

IIycTs Temeps oy — KOHUKA, TPOXOAAIIAA uepes Touku P;, Q;, Fi(x,y) =
=0 — ypaBHeHUe KOHUKH &;. TaKk Kak BBIPOKIeHHAA KOHUKA, COCTOAIIAS
U3 IPAMBIX PoP3 1 Q9Q3, MIPUHALIECKUT OTHOMY IIYUYKY C Xg, X1, MOXKHO
CUHTATh, UYTO €e ypaBHeHue uMeeT Buf Fy = F;. AHAJOrMYHO YpaBHEHUAMU
KOHUK, COCTOAINMUX 13 IPAMBIX P1Q1, P3sQ3 1 P1Q1, PsQs, OYyAyT cooTBeET-
CcTBeHHO ypaBHeuus Fy=Fy u Fy= F3. CienoBaTelbHO, Ha BCEHl IPAMOI
P3@3 BBIDOJIHSETCA paBeHCTBO Fi = Fs. Tak Kak OHO BBIMOJIHEHO U IJIs
Touek Pj, @5, OHO ABJIAETCA YPABHEHNEM BBIPOMKJEHHON KOHUKHU, COCTOS-
mieil us npaMbix P3Qs u P;Q%5. CoOTBETCTBEHHO, YpaBHEHNEM KOHHUKH, CO-
crodAIei us IpaAMbIX PoQy u PyQ5, Oyner ypaBHeHue Fy = F3, a U3 IPAMBIX
P1Qq u P{Q} —ypaBueHue Fy = F3. Takum 06pasoM, 9TH TPU KOHUKU IIPU-
HaAJexaT ogHOMY Oyuky. Tpu TOUKHU, 3a7al0IKe 9TOT IYUYOK, HaXOAATCSA
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13 TeopeMbl O TPeX KOHMKAaX, IPUMEHEeHHON K TPOMKaM ag, A1, o2} g, X1,
o33 Ao, Ag, A3t OTO TOUKH IIepecedeHns TpoeK IpAMBIX P1Q1, PaQ2, P;Q5;
P1Q1, P3Qs, PiQ5; P2Q2, PsQs, P{Q). 3HauuT, YeTBEpTasd TOYKA IIPUHAL-
JIEKUAT BCEM NPAMBIM P/Q). AHAJIOIrMYHBIMU PACCYKACHUSIMU JOKA3bIBA-
eTca o0paTHOe YTBEPs;KICHUE: eCIN KayKIas M3 YeTHIPeX TPOEK IPSAMBIX
P1Q1, P;Q2 u P3Q5; P1Q1, P3Qs u PyQy; PoQ2, P3Qs u PiQ); PiQ;, PyQ,
u PjQ; mepecekaeTca B OZHOI TOuKe, TO Touku Pi, Q1, P, Q2, Ps, Q3
(a Taxxe Py, Q1, P, Q%, P}, Q5 u Be aHATOTUYHBIE IIIECTEPKH) JEXKAT Ha
ONHOII KOHHUKE. ]

Bocmois30BaBIINCh, IPUHIUIIOM JBONCTBEHHOCTH, IIOJYYaeM CJEHYIO-
II¥e YTBEPKICHNI.

Teopema 3.13 (mBoiicTBeHHas K TeopeMe O Tpex KOHUKax). Ilycmuv
mpu KOHUKU Kacalomcs 08Yyx 3a0anHblx npamuvix. Tozda mouku nepeceue-
HUA 00WUX KACAMELbHbLX, OMAUYLHBLX OM 3A0AHHbLX NPAMbBLX, K KAHOOU
nape u3 Hux nexcam Ha o0HOU npamoi (puc. 3.30).

Puc. 3.30

Teopema 3.14 (HBolicTBeHHAs K TeopeMe O YeThIpeX KOHHMKAaX). Ecau
0se u3 o0wux KacameavbHvlX K Kax#0oil nape u3 OAHHbLX Mpex KOHUK
Kacawomces 00ROl U Mol e KOHUKU, MO0 MOYKU nepecewenus 08yx opyzux
KacamenvHvlXx K Kaxc0ol nape nexcam Ha 00HoU npamoi (puc. 3.31).

IIpuBegemM HeKOTOpPBIE BasKHBLIE CBOMCTBA IIYUYKOB.

Teopema 3.15. Ilycmv A, B, C, D — uembipe pasauyHvle mouxu, X,
Y, Z — moukxu nepeceuenus npawoetx AB u CD, AC u BD, AD u BC, P —
moukxa, omauurnas om X, Y, Z. Tozda noaspv. mouku P omHocumenbHo
8cex KOHUK nyuika, 3a0anHozo moukamu A, B, C, D, npoxodam uepe3 00HY
mouKy.

OTMeTHM MHTEpPeCcHBIN yacTHBIN caydaii. Ecau Touku A, B, C, D 06-
PasyioT OPTOIEHTPUUECKYIO UeTBEePKY (T. e. KayKJasd TOUKa ABJAETCA Op-
TOIIEHTPOM TPEYyTroJbHUKA, 00Pa30BAHHOTO OCTAJNBLHBIMHU), TO MOJYUEHHAS
TOUKa M30TOHAJBHO COINpPSAMEHa TOYKe P OTHOCHUTEJNLHO TPEeyroJbHUKA
XYZ.

HelicTBUTEIEHO, TOJSPA TOYKW P OTHOCHUTENIBHO BBIPOMKIEHHON KPU-
BOM, ABJIAIONIEiCS o0beguHeHneM IPpAMBIX AB u CD, — 310 npaAMas, CUM-
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Puc. 3.31

merpuuHad X P orHocuteabHo AB. Tak kak AB u CD — GMCCeKTPHUCHI yIJa
YXZ, sTa npsaMas IPOXOIUT uepes3 M30TOHAJIBHO CONPSIKEHHYI0 TouKe P
Touky P’. Anasornuyno uyepes P’ IpPoXOgUT MMoJiApa TOUKU P OTHOCUTEILHO
IPYToii BEIPOKIEHHONM KPUBOM, a 3HAUUT, ¥ OTHOCUTEJILHO JI000M KPUBOM

myJKa.

TouHO Tak "xe MOXKHO IOKas3aTb, UTO ecJu onHa u3 Touek A, B, C,
D aBasieTcs MEeHTPOM TAMKECTU TPEYTOJbHUKA, 00Pa30BAHHOTO OCTAJBHBI-
MU, TO OIMCAHHOe mpeobpasoBaHUe OyeT M30TOMUUECKUM CONPAKEeHUEM
oTHOcUTeJabHO XYZ.

W3 Bcero BLINIECKA3aHHOTO CIEAYET, UTO U30MOMULECKOe U U3020HALL-
HOe CONPANCeHUS NPOCKMUBHO IKBUBAJLCHIMHDL.

BwmecTo Teopemsul 3.15 MBI JOKaKeM ABOMCTBEHHOE eIl yTBep:KIeHIe.

Teopema 3.16. I[Tycmv danv. wvemuipe npamote l;, i=1, ..., 4, u nycmo
Xij — mouka nepeceuenusa npamorx l; u lj. Toz0a zeomempuueckum mecmom
noacos a6oil npamoi, omaudHoi om X12X g4, X13X 24, X14X 23, OMHOCU-
meJabHO KOHUK NYUKa, 3a0aHH020 npambimu l;, 6ydem npamas (puc. 3.32).

Hoxazamenvcmeo. IlpuMeHUM TTPOEKTHUBHOE TIpPeoOpa3oBaHuUe, mepe-
BOJSAIEe UCXOMAHYIO IPAMYIO B 6eCKOHEUHO yaajdeHHYo. VI3 ycioBus cie-
IyeT, 4YTO B BTOM cJydae IIpAMbIe [; 00pa3yoT yeTbipexyroabHuK ABCD,
OTJINYHBIA OT mapajiejorpamMma. J[oKaskeM, UTO II€HTPBI BINCAHHBIX
B Hero KOHUK JIe)KaT Ha TaK Ha3biBaeMoll npamoi I'aycca, nmpoxopnsaiiei
yepes cepeauHbl ruaroHajieil YeThIPeXyTroJIbHUKA.
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Puc. 3.32

Ormerum, uTo npAMas I'aycca ABIsSeTCA reoOMeTPUUYECKHUM MECTOM TO-
uek P, nns KoTopbIX Spap + Spep =Sppc + Sppa (WI0maau cuuraroTcsa 10-
JIOKUTEJIbHBIMI WJIN OTPULIATEIbHBIMI B 3aBUCUMOCTY OT OPUEHTAIIUN CO-
OTBETCTBYIOIIIET0 TPEYTroJbHUKA). ]eficTBUTeIbHO, ILIOIAAb KAaXKIOTO U3
YeThIpeX TPEYTrOJbHUKOB eCTh JUHeHHasdA (QYHKIUA OT KOOPAMHAT TOUKHU
P, ciemoBaTesibHO, MHOXKECTBOM TOYEK, YIOBJIETBOPAMIINX YKASAHHOMY
COOTHOIIIEHUIO, ABJsgeTca npAaMas. OQUueBUAHO, UTO CepeanHbl AuaroHasiei
TIpUHAAJEKAT 3TOM IPAMOiL.

IIycTs Temeps B ueThipexyroabHuk ABCD BOucaHa KOHUKA ¢ oKyca-
mu Fq, Fy. Tak Kax ee IeHTPOM ABJAETCA cepenunHa otpesra F1Fy, yTBep-
JKJleHVe TeopeMbl PABHOCUJIBHO TOMY, 4TO S 4B + Srcp + Srmas + Srcp =
=Sr,Bc +Srpa + SrBc + SEDA-

ITycts F; — TOouKa, cuMMeTpuYHasa Touke F; orHOocuTeabHo AB. Torma

SraB + Sk, = SrarB = %AF{ - AF, sin /F|AF; + BF} - BFy sin /F|BF,.

Puc. 3.33
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Ho Touku Fy, Fy mM30TOHAJNBLHO CONpAKeHBbI oTHOcuTesnbuo ABCD, ciaeno-
BaTeabHO, LF{AFy=/F1AB+ /FyAB= /A, /F{BFy=/B u

Sriars =5 (AFy - AFysin LA+ BF, - BFy sin ZB).

W3 sTOT0 M1 aHAJIOTUYHBIX PaBEHCTB CJIeqyeT, UTO KaK JieBad, TaK 1 IIpaBad
JacTu MCKOMOI'O COOTHOIIIEHUA PaBHBI

% (AF; - AFy sin /A + BF, - BFysin /B + CF; - CFy sin /C +
+ DF, - DF, sin /D).

YacTubIM caydaeM TeopeMbl 3.16 aBasetrcsa meopema MoHxica, yTBED-
JKIAIOINAA, UTO €CJAU B YeTHIPEXYTrOJbHUK MOXKHO BIIMCATH OKPY2KHOCTD,
TO ee IEHTD JIeXKUT Ha mpamoii ['aycca.

HamomuuM, uTO (OKYCHI TAKMX KOHHK WK30TOHAJBHO COIPAMKEHBI
B MHOroyrojbHuke. IlegaibHble OKPYKHOCTH 3TUX (POKYCOB OTHOCUTEIID-
HO MHOTOYTOJLHUKA CYIIECTBYIOT M COBIIaJaioT. VX IIEHTPHI — 9TO cepe-
IUHBI OTpe3Ka, coeauHsAmImlero ¢orycwl. IloaToMy IeHTPBI BCeX TaKUX
OKPYIKHOCTEH Jie:kaT Ha npamoir ['aycca.

Teopema 3.15 mmeeT Takoe KpacuBoOe CJIeICTBUE.

CaencrBue. I1ycmv dan mpeyzoavHuk ABC u d6e napvl u3020HAAbHO
(usomomuuecrku) conpsaxennvix mouexk X, X' u'Y, Y'. Tozda mouku ne-
pecevernusa XY ¢ X'Y' u XY’ ¢ X'Y moxe uzozonanvro (u3omomuuecku)
conpsadcerst (puc. 3.34).

Puc. 3.34
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Joxazamenvcmeo. PaccMOTPUM HYUYOK KOHHUK, IMOPOKIAIOIIUN HYMK-
HOe conpsAskeHue. BoibepeM m3 HEro KOHMUKY, OTHOCUTEJIHLHO KOTOPOU 1O-
asapa Touku X cosnagaer ¢ npamoin X'Y’. Torga nmoasapa Touku Y’ mpoxo-
out yepes X, T. e. coBnagaer ¢ XY, a nmoJiocom npamoit XY’ asiserca Tou-
Ka nepeceuenus npameix XY u X'Y’. CiemoBaTeabHO, TOUKA, COMPAMKEH-
Has K 9TOM TOUYKe, jJekuT Ha XY'. AHamornuuo oHa Jje;xut Ha X'Y. O

Teopema 3.17. Ilonwcol pUKCUPOBAHHOLU NPAMOL OMHOCUMENbHO 8CEX
KOHUK nyuka, 3adannozo moukamu A, B, C, D, o6pa3yiom KOHUKY.

Hokxazamenvcmeo. IlepeBeneM HaHHYIO TPAMYI0O B OECKOHEUHO yaa-
neHnyo. Torga ee moarocaMu OyOyT IEHTPHI KOHUK myuka. M3 o6paTHO
TeopeMbl Ilackaina ciaexnyer, uro cepenuubl K, L, M, N cTOpOH ueThIpeX-
yroapuuka ABCD mpuHaaaeXaT MHOMKECTBY IeHTpoB. IlosTomy mocra-
TOYHO MOKAa3aTh, UTO AJA IeHTpa O n1060i KOHUKY IIyYKa ABOWHOE OTHO-
menue npameix OK, OL, OM, ON O6yneT ogHUM U TeM Ke. ITO IBOIHOE
OTHOIIIeHVE PABHO OTHOIIIEHUIO ITOJIIOCOB 9TUX MPAMBIX, KOTOPBIE SBJSIOT-
cA TOUKaAMHU TepeceueHNsA OECKOHEUHOUM IMPSIMOM CO CTOPOHAMU YeThbIpex-
yroapunka ABCD 1, 3HAUUT, He 3aBUCAT OT BLIOOPA KOHUKIHI. O

3aMeTHuM, UTO I[EHTPOM BBIPOKIEHHON KPUBOUM BTOPOTO IMIOPALKA ABJIA-
eTcs TOUKa IepeceueHus: o0pasyionux ee npAMbrx. CiemoBaTerbHO, KOHU-
Ka, 0 KOTOPOIl ToBOPUTCA B Teopeme 3.17, Bcerma IMPOXOAUT uepe3 TOUKU
nepeceuenud npAMbeix AB u CD, AC u BD, AD u BC.

Anagoruuno Teopeme 3.15 Teopema 3.17 nMeeT BarKHBIN YACTHBIHA CJIY-
ga.

Caencreue. ITycmov dan mpeyzonvhuk ABC u He npoxodauias uepes
ez0 eepwurbvl npamas L. Toz0a obpaszom npamoii I npu uzozonarvHom (U30-
momuyvecKkom) conpaxcernuu 6ydem Kornuka, npoxodawas yepe3 A, B, C.

ATo cieACTBUE IIO3BOJISIET MOJYUYUTH eIlle OJHO JOKa3aTeJIbCTBO YTBEp-
skaeHuda sagauu 19. KoHuku, npoxoasAIue yepes BepPIIUHBI TPEYTOJbHU-
Ka, IpU M30TOHAJBHOM CONPKEHUMN MEPEeXOnAT B IPsSMble. BeCKOHEeUHO
yaaJeHHbIe TOUKM 9TUX KOHUK IIEPEeXOIAT B TOUKU HA OMMCAHHOMN OKPYIK-
HOCTH, a TOUKH, 3aJalolue IMepIeHAUKYJISIpPHOe HallpaBJeHle, — B aua-
MeTPaJIbHO MPOTUBOMIOJJIOMKHEIE (3TO JIETKO IIPOBEPUTh). SHAUUT, 3TU IIPA-
MbIe OYIAyT IIPOXOAUTH Yepes IEHTP ONMCAHHOI OKPYXHOCTH TPEyroJib-
HUKa, KOTOPBIM IIPU M30TOHAJIHLHOM CONPSAMKEHUN IePeXOIUT B OPTOIEHTP
TPEeYyroJbHUKA, T. €. KOHUKA JOJIKHA CONEePKaTh OPTOIEHTD TPEYTroJbHU-
kKa. O0paTHoOe yTBep:KAeHNe NOKAa3bIBaeTCsA aHAJIOTHUUHO.

Teopema 3.15 umeeT elle 0AHO KpacuBOe JOKa3aTeJbCTBO B IIPEIIIOJIO0-
JKEeHUH, YTO PACCMATPUBAEMBIH HAMU ITYYOK COCTOUT M3 OKPYKHOCTEM.

3aMeTHuM, YTO PaguKaJbHBIE OCH TOUKHK P M OKPYKHOCTEH M3 IIyuKa
YV mepeceKkaioTcs B OGJHOM TOUKE, KOTOPYIO MBI Ha3zoBeM . OTO OUeBUIHO,
MMOCKOJBbKY Ha paIuMKaJbHON ocu Iy4YKa V) CTelmeHW TOUEeK OTHOCUTEJb-
HO BCeX OKPYKHOCTell paBHBI. A 3HAUUT, ICKOMOU TOUKO# P OymeT Tou-
Ka Ha paJuKalbHOM OCH, CTEIIeHb KOTOPOM OTHOCUTEJIBHO KaKOW-HUOYIb
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OKPYKHOCTH M3 HAIIlero IIy4YKa paBHA KBaJI-
pary paccroanuda no P. Ilonapa Touxku P ort-

HOCUTEJIBbHO JII000H OKPY:KHOCTH ITapajeb-

Ha paguKaJbHON OCU TOUKU P 1 3TOHN OKPYK-

HOCTM ¥ TIPOXOJUWT B JBa pasa AajbIlie OT

P (puc. 3.35). Takum obpaszoM, Bce IOJSAPHI

TOUYKY P OTHOCUTEJBbHO OKPYKHOCTEH 13 Imyd-

Ka YV mpoxomAT uepes TOUKY, CUMMeETPUY-

HYI0 TOUKe P OTHOCUTEJIHHO Q.

3agaua 24. [lokasKuTe, YTO PABHOCTOPOH-
Hsasd rumnepbosia aBTOMOJAPHA OTHOCUTEILHO
OKPY’KHOCTH, KacaloIleica ee B BepITNHAX.

3agaua 25. BHyTpU BLIOYKJIOTO YeThIpeX- Puc. 3.35
YTOoJbHUKA B3sATa TOuKa T, paBHOyZAJeHHAs
OT ero IMPOTUBOIOJIOMKHBIX CTOPOH. [lOKasKuTe, YTO TOUKa 1 JIEXKUT Ha
OPSIMOM, COeTUHAIONIEN cepeInHbl AuaroHajeil 4eThIPeXyTroJIbHUKAa, ToTaa
W TOJHKO TOT[a, KOTAA UeTLIPEXYTOJbHUK SABJIAeTCA JU00 BINCAHHBIM,
Jr0O OMMCAHHBIM, JU0O Tpamelnue.

3amaua 26. BuyTpu yriia ¢ Bepminuoii O pacioioyKeHbl Touku A u B.
BunbapaHblii map MoKeT IOHacTb u3 A B B, 0TpasuBIIUCH JUOO OT OX-
HOM CTOPOHLI yrJia B Touke X, aubo ot apyroi B Touke Y. Touku C, Z —
cepeanHbl 0Tpe3KkoB AB u XY.

1. Hoxaxure, uro ecam yroa O mpamoii, To Touku C, Z, O jexaTr Ha
OIHOU HPSAMOI.

2. Hokaxkure, uto ecau yroa O He mpamoii, To npamad CZ mpoxXomauT
yepe3 O Torga m TOJILKO TOTJa, Korga jiomanbie AXB u AY B uMeioT ofqu-
HAKOBYIO IJIUHY.

3amaua 27. Yepes a1Be TOUKKM HEKOTOPOU KOHUKY IPOXOIAT ABE OKPYIK-
HOCTH, OfHa M3 KOTOPBLIX IepeceKaeT KOHUKY TaK:Ke B Toukax X, Yi,
BTOpas — B TouKax X, Ya. [lokamure, uro ipambie X1Y, U XoYy mapaJj-
JIEJIbHBI.

3amaua 28. [lokasKuTe, UTO IJIA JIIOOOTO UETHIPEXYTOJbHUKA CEpemu-
HBI €T0 CTOPOH U AUaroHajeil, a TaK:Ke TOUKM IlepeceueHus AuaroHasiei
Y IPOTHBOMIOJIOMKHBIX CTOPOH JIesKaT Ha OSHOU KoHuUKe. Kakoil Oymer aTa
KOHUKA, €CJU BEPIINHBI UYEeTHIPEXYTOJbHUKA 00pa3yoT OPTOIEeHTpUuYe-
CKYIO UYeTBEPKY?

3agaua 29. [lokaKuTe, YTO IIEHTPHI OMUCAHHBIX OKOJIO YeTHIPEeXYTOJIb-
HuKa ABCD KOHUK 00pa3yiOT PaBHOCTOPOHHIO THIIep0O0JIy TOTAA M TOJIb-
KO TOT[a, KOorjga 4YeTbIpexyroabHuKk ABCD BOUCAHHBIM.

3agaua 30. [TaHBI TPU OKPY:KHOCTH, KasKIas 13 KOTOPBLIX JIEKUT BHE
IBYX Ipyrux. Iloxka:KuTe, 4TO OOII[Iie BHYTPEHHNE KacaTeJbHblie K KaiK-
Ioii mape OKPYKHOCTeli 00pasyioT IeCTUYTOJbHUK, IJIaBHbIe AUaroHajIn
KOTOPOTO TepeceKaloTcsa B OTHOI TOUKe.
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Teopema Ilonceie

PaccmoTpum Temeps my4YoK, 3amaHHBIA Toukamu A, B, C, D, u upsa-
MYIO [, He TPOXOAAIIYIO Uyepes3 9Tu TOYKU. Eciim HeKoTopas KOHUKA MyYyKa
mepecekaeT npAMYyio [ B Touke P, TO OoHa mepeceKaeTr ee U B IPYrod TOU-
ke P’ (Bo3Mo:KHO, coBmagarolieil ¢ P). Byasem HasnIBaTh nMpeobpazoBaHue
P — P’ uneonmoyueii, mopoxgaemMoii nyuxkom Ha [. IlpuMensasa K 1mecTu-
yronsauky ABCDPP' teopemy Ilackas, mojaydaeMm CIOCO0 IIOCTPOEHUS
Touku P’, moKasaHHBIN Ha puc. 3.36.

B
Puc. 3.36

ITockoabKY 5TO TOCTPOEHME MOXKET OBITh IPEACTABICHO KaK KOMIIO3M-
U TEHTPATBHBIX IPOEKIINI, MHBOJIONNA COXPAHSAET ABOWHBIE OTHOIIIE-
Hus. OTciona, B YaCTHOCTH, CJeAyeT, UTo IpamMad [ KacaeTcsa He 6ojiee ueM
IBYX KOHUK OyuKa. KpoMe TOro, MHBOJIOIMA OAHO3HAYHO OIMPEIeIIeTCs
IBYMSA TTapaM¥’ COOTBETCTBYIOIIUX TOUEK.

OTMeTHM TaK:Ke, YTO €CJIM He BCe UeThIPe TOUKH, OUpenessioniue my-
YOK, AENCTBUTEJIbHBIE, TO CBOMCTBO MHBOJIOIIUM MOKHO OOKa3aTb U He
mpuberasg K KOMIJIEKCHOM IIJIOCKOCTHY, & UMEHHO TepPeBeA MyYOK ITPOEK-
TUBHBIM ITpeo0pas3oBaHueM B OKpyskHOCTHU. [IycTh TOTAA P — 9TO TOUKA TIe-
pecedyeHUa dTOM IPAMON M PAANKAJILHON OocU myuKa. Torga MHBOJIIOIUEH
Ha MPAMOIi OyZeT IPOCTO MHBEPCHUA C IEHTPOM B Touke P.

C mmoMoOIIbI0 MHBOJIIOIIUY MBI JOoKakeM Teopemy IloHcesie B 00IIeM CJIy-
yae, IJA IyYKa KOHUK.

Teopema 3.18 (Iloncexe). ITycmv KoOHUKU g, A1, ..., A NPUHADe-
acam nyuky F. H3 npous3sonvHoll moiku Ay Ha oy nposedem Kacamev-
HYIO K 01 U Halidem emopyro moyky Aj ee nepeceieHus ¢ do. 13 mouxu
Ay npogedem KacameavbHy0 K A U HaAlidem emopylo mouxky Ag ee nepece-
yeHus ¢ dg u m. 0. Ecau 0as Hekomopoii mouku Ay mouka A, cognadaem
c Ay, mo amo 6ydem GuINOLHAMBCA U O A1000U Opyzoll MOYKU KOHU-
KU Xyp.

Hoxazamenvcmeo. IloxkaspiBaTh TeopeMy OyaeM HHIYKIIWMeH IO 7.
IIpe:xme BceTo MOKa)KeM cJieyiolllee YTBepP:KIeHMe, MpeAcTaBasionee ca-
MOCTOATENbLHBIN MHTEpeC.
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Jlemma 3.1. 1. ITycmv mouku A, B, C nexam HaA KOHUKe Xy, NPAMAS
AB kacaemcsa KoHuku o1 6 mouke K, a npamas AC kacaemces KOHUKU Qg
6 mouke L. Toz0a cyuwecmeyem maxas mouka D Ha oy, umo o kacaemcs
npamoii CD, a ag — npamoii BD 8 moukax ux nepecewenus ¢ KL. Kpome
mozo, cyujecmeyem KOHUKa u3 nyuxka F, kacawnwasaca npamvix AD u BC
8 moukax ux nepecevenus ¢ KL.

2. IIycmv mouxu A, B, C, D nexam Ha KOHUKE Xy, @ KOHUKA O] Ka-
caemcsa AB 6 mouke K u CD 6 mouke M. Toz0a cyujecmeyem KOHUKQ
u3 nyuka F, kacawnwasacsa npamvix AC u BD 6 moukax ux nepeceieHus
¢ KM (puc. 3.37).

Puc. 3.37

Hoxazamenvcmeo. 1. Ilycts M — BTOpasa Touka nepeceuenus o ¢ KL,
G — Iy4OK, coJepKaIuil o7 M BBIPOMKAECHHYIO KPHUBYIO, COCTOSAIIYIO 13
npameix CM u AB. Ha npawmoit AC nyuku F u G mOpPOKIAIOT OTHY U TY
’Ke MHBOJIIOIIMIO, 3aJjaBaeMyIo mapoil Touek A, C 1 ToOUKaMU IepeceueHns
AC c oy (ue obszaTenbHO AelicTBUTeNbHBbIMI). CilaemoBaTenbHO, TOUKa L
ABJISAETCS ABOMHOI TOUKOI MHBOJIOINHI, IOPOMKIEHHON MyukoM G, T.e. §
COIEPIKUT ABOHHYIO MpAMY0 KL. 9TO 3HaYUT, UTO BCe KOHUKU U3 §, B TOM
yuciye o1, Kacaiorca CM B Touke M. O6o3HaumB uepe3 D BTOPYIO TOUKY
nepeceuenusa CM ¢ oy U IPUMEHUB IIPUBEJEHHOE PACCYKICHIE K TOUKAM
B, C, D, monyuum, 4TO (g Kacaercsa nmpsaMoi BD B TOUKe ee IlepeceueHusd
¢ KL. [lanee HalimeM TOYKY mepeceueHus mpamMbix AD u KL u Bo3bMeEM
MIPOXOIAIYI0 uepe3 Hee KoHuUKY u3 F. To ke camoe paccyskAeHue ImoKa-
3BbIBaET, UTO 9Ta KOHMKA KacaeTcd nmpamoit AD.

To, uTo oHa Kacaetrca Takke u BC, u yTBep:kAeHue 2 JOKa3LIBAIOTCA
aHaJIOTUYHO. O

CnengcrBue. Ilycmv npamas AB kacaemcsa koHuku o1 6 mouke X,
a npamas AC kacaemcs KOHUKU oy 8 mouke Y. Tozda cyuecmayrom pos-
Ho 06e KoHUKU u3 nyyka F, kacarnwuecs BC 6 mouxkax Zy, Zg, npuuem
mouku X, Y, Zy nexcam Ha 00HOU npamoli, a npamvie AZy, BY, CX nepe-
cexamces 8 00HOU mouke.

Hoxraxkem Temepb Teopemy Iloncene mina n = 3. Ilycts mpambie AgAiq,
A1As, AsAp KacaoTea KOHUK o1, Xg, &3 B Toukax X, Xs, X3, He JexKa-
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X Ha OJHOI mpAMOii, a mpaMasa ByBi KacaeTcsad KOHUKH X1 B TOUKe Y7.
ITo nemMme 3.1 cyIimecTBYIOT KOHMKA o m3 F, KacawInaacs mpamMbix AgBg
u A1B; B TouKax Zg, Z1 ux mnepeceuenusa ¢ XYy, U Takasd Touka By Ha
®g, UTO Az Kacaerca B1Bs, a o/ — Bo Ay B Toukax Ys, Zs UX IepecedyeHus
¢ Z1Xs. Kpome Toro, cyImiecTsyeT KOHAKA ¢, Kacaromasaca IpaMbIx AsAg
u ByBy B Toukax K, Y3 ux nepeceuenus ¢ ZyoZy. Ilpumenaa Treopemy [les-
apra K TpeyroJabHUKaM AgA1As u ZyZ1Zy, yoexgaeMcsa, 4yTo Touku X,
X5, K He nexar Ha ofHol npamoii. Ciremosarensno, K =Xz un o’ = as.
PaccmoTrpum Temephb ciayuaii mpousBojbHOro n. Ilo Toukam Ay, Aj,
Ay mocTpouM KOHUKY @', Kacarouiyocsa nIpamMbix AgAs u BgBy. Tark rak
CTOPOHBI MHOT'OYTOJBHUKA AgAs...A,_1 KacaoTcd KOHUK o, A3, ..., Uy,
MOJKHO OCYIIIeCTBUTHL MHAYKTUBHBINA IIepexon oT n— 1 K n. ]

Konuku c o6mum GoxKycoM u TUPEKTPUCO

PaccmoTpum cemeicTBO KOHUK ¢ (hpUKCHUPOBaHHBIM (hoKycoM F m cooT-
BeTCTBYIOITEH eMy AupeKTpucoii [. O6o3HaumM ero uepes Q.

B cuny Teopemsl 3.15 mossipHbIe IpeoOpa30BaHusa OTHOCUTEIBHO ITUX
KOHUK OJMHAKOBO AefiCTBYIOT Ha IIPAMbIe, IpoxoAsainue uepe3 F. A umeH-
HO, IpaMasA @ TepPexXoAUT B TOUKY IepeceueHus IMePHeHINUKYIapa K a
B Touke F ¢ mpamoii [.

CroesaeM IIPOEKTHUBHOE IIpeoOpa3oBaHNe, IIepeBoAdllee KaKylo-HUOYIb
U3 HaIllUX KOHUK B OKPYsKHOCTh, IPUYEM TaK, UTO TOUKA F ImepeiifeT B ee
meaTp (0603HAUMM MOJYUYMBIIYyIoca TouKy depes F’). Torma mupexTtpuca
mepeiieT B MOJIAPY IEHTPA, T. €. B 06eCKOHEUHO yAaJeHHYIO pamyo. Kyaa
mepedayT ocTalbHbie KOHUKM IIPU TaKOM IpeoOpasoBaHum?

Ounu mepeiiiyT B MyYOK OKPYKHOCTEH ¢ IeHTPOM B TouKe F'!

HelicTBUTEIbHO, OHU MEPEHAYT B KOHUKHU, ¥ KOTOPBIX MOJApa OecKo-
HEYHO yAaJeHHOU mpsamMoii — 3To Touka F'. Ho mas 11060 KOHHUKHU IIOJIIOC
0eCKOHEUHO yJaJIeHHOU NPAMOM — 3TO ee IeHTD, a 3HAuuT, meHTtp F’ Oy-
IeT IeHTPOM BCceX TaKMX KOHUK. Kpome TOro, mojrocoM Jiro00O# IIPAMOI,
mpoxopsameii uepes F/, momskHa OBITH TOYKA HA OECKOHEUHO YAAJEHHONI
IpAMO#, 3ajafoNiad HapaBJeHue, IePIeHANKYJIAPHOE d9TOM IPAMON (TaK
KakK [IJId OKPYsKHOCTH 9TO MMEHHO TaK, a ABOMCTBEHHOe IIpeoOpasoBaHme
Ha MPAMBIX, IPOXOLAIUX ueped F’', Iisa BceX KOHUK ommMHaKoBoe). Ho
9TO, OUEBUIHO, BOBMOKHO, TOJbKO €CJIN BCe KOHUKU — OKPYKHOCTH.

3aMeTuM, UTO KOHIIEHTPUUYECKIHE OKPYKHOCTHU IIOCJIe MBOMCTBEHHOTO
MMOJIAPHOTO MpeoOpasoBaHUSA OTHOCUTENHLHO OJHOM M3 3TUX OKPYKHOCTEH
MepexonAT APYT B APyra. OTO CBOWCTBO JOJKHO COXPAHUTHLCA U TIOCJIE
IBolicTBeHHOTO IIpeobpasoBanusa!l Takum ob6pasoM, MbI JOKAasalu CIELy-
IOIIYIO TeopeMy.

Teopema 3.19. Ilocse nonsapHozo npeobpa3o8arHus OMHOCUMENbHO 00-
HOU KOHUKU u3 cemeiicmaea Q (cemelicmeo ¢ QUKCUPOBAHHBIM (OKYCOM
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u dupexmpucoil) cemeiicmeo Q ocmaemcs HA mecme, M. e. KOHUKU U3 3Mmo-
20 cemelicmea nepexodam 6 KOHUKU MOX}e U3 3mozo cemelicmaa.

3Haﬁ, YTO 9TOT IIYUYOK IIPOEKTHBHO 3KBHUBAJIEHTEH IIYUYKY KOHIIEHTPM-
YeCKUX OKPYKHOCTEM, MOKHO CKa3aTh, KaK 9TO IpeobpasoBaHue AeHCTBY-
eT Ha CaMU KOHUKMU.

Teopema 3.20. IIycmbv R — 3mo noasapHoe npeobpa3o8aHue OMHOCU-
meabHo KaKol-Hubydv konuku us Q. Ilycmv mouka X, nexau,as HA KO-
Hurke o (u3 Q), npu amom npeobpazoeanuu nepeiidem 6 npamyio R(X),
rKacawywca R(a) 6 mouke Y. Toz0a mouku X, Y u F aexcam Ha 00HOU
npamot (puc. 3.38).

Puc. 3.38

HNurepecHo, uTo mpu TaKoM IIpeoOpPa3OBaHUU SKCIIEHTPUCUTET BeneT
ce0s1 caeayIouM 00pa3oMm.

Teopema 3.21. ITycmb KOHUKU Q1 U Oy 080UCMBEHHbLL OMHOCUMENLb-
Ho KoHuku a (6ce onu u3 nyuxa Q). Tozda c1c9 =€2, 20e €, €1 u €9 —
dKCUeHmpucumemuvl KOHUK O, 01 U (g COOMBEMCMBEHHO.

Jokazamenvcmeo. Obosuaunm uepes F; mpoexiuio Touku F Ha mps-
myio [. Touku, B KOTOpbIX oTpe3ok FF; mepecekaeT KOHUKHU o, X1 U A3,
obozuauuM uepes X, Y u Z coorBeTcTBeHHO. HaM Hamo JoKasaTh, UTO

FY FZ FXx?
FY FZ FX?
HO,T.[e.HI/IB IIpaBYIO 4aCTh Ha JIEBYIO U IIeperpynnmupoBaB YJI€HBI, IIOJY-
YMM, 4YTO HagO AOKa3aTh Cjeaylollee PaBEeHCTBO:
FY-FX FZ-FX

el L)
FX-FY FX-FZ

3ameruM, uTO JieBad 4acTh paBHa (XY; FiF) - (XZ; F;F), mosTroMy oHa
HE MEHAETCH IIPU IPOCKTUBHBIX IIPEO0Pa30BAHNAX.

Ocrajioch IIOKAa3aTh, YTO 5TO PABEHCTBO BBLIIOJIHEHO, KOTJAa KOHUKH
CYTh KOHIICHTPUUYECKUE OKPYKHOCTHU.

Urak, cmeiraeM IPOEeKTUBHOE IIpeo0pasoBaHIe, IEPEeBOAAINEEe o, o1
U oy B TPH KOHI[EHTPpUUYECKHE OKpY:KHocTH &', @y u o c 1enHtpom F’
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(npoekTuBHBIZ 00pasd Touku F). Touxku X, Y, Z u F; nepeiiiyT B TOUKU
X', Y, Z' u F/, nexamue Ha ogHOU IpPAMOH (Ha KOTOPOIi, KPOMe TOTO,
sgexur F'), npuuem F] mepeiifer B 66CKOHEUHO YAATEHHYIO TOUKY.

ITo ompenesneHnio MOMAPHOrO NMPEOOPA3OBAHUA OTHOCUTEJIBHO OKPYIK-
sHoctu F'Y' - F'Z' = F'X'"?. Tloatomy

F'Y'-F/X' F'Z'-F/X' F'Y'.co FZ-co FY FZ _
F'X'-F]Y F'X'-F/Z FX -0 FX.-c0o FX FX

=1. O

OTMeTHM TaKIKe, UTO KOHUKM, (PUTyPUPYIOIe B 0000IIIEHHON Teope-
Me Pperxbe, moayuaoTca 13 Q NBOMCTBEHHBIM mpeoOpasoBaHUeM. A 3HA-
YUT, OHU 00Pa3yIoT IMIyYOK TPEThEero TUMa, ¥ IPOEKTHUBHBIM IpeodpaszoBa-
HUEeM UX MOJKHO IIEPEeBEeCTU B KOHIIEHTPUUYECKHE OKPYKHOCTHU.

3amaua 31. Hokraskure, uTo OTAUYHBIE OT F (DOKyCHl ABYX KOHUK U3
myuka Q, MIBOMCTBEHHBIX OTHOCUTEJIHHO HMapaboJbl, CHKMMETPUYHEBI OTHO-
CUTEeJIbHO [.




TTABA 4

EBKINIOBBI CBOMCTBA KPMBBIX
BTOPOT0 MOPAIKA

§ 4.1. OcoObIe cBOiiCTBA PABHOCTOPOHHEH
TUIIEPOOJIBI

Hamomuum, uTo rumepbosia HasbIBaeTCA pPaB-
HOCTOPOHHEM, ecJu ee AaCHUMIITOTHI IIepIIeH-
IUKYJIAPHBI. B mpoliiaoil riaaBe MBI HIPUBEIN
HECKOJIbKO JOKas3aTeJbCTB TOro (aKTa, UTO
ONMMCaHHAsA OKOJI0O TPeyroJbHHKA KOHUKA fAB-
JsieTcsAd PaBHOCTOPOHHEH TruiepO0Joi Torma u
TOJIBKO TOT/ZIa, KOT/[a OHA IIPOXOIUT Yepes OPTO-
IeHTP TPeyroJbHUKa. B aTom maparpade OyzeT
IOKa3aH PAN IPYTUX WHTEPECHBIX CBOMCTB.

Teopema 4.1. IJenmpuvL 8cex pagHOCMOPOH-
HUX 2unepbos, npoxodsauwjux uepe3 6GepULUHbBL
mpeyzoavHuka ABC, aejcam Ha OKPYIHCHOCMU
Jilnepa amozo mpeyzonibHUKA.

Hoxazamenscmeo. Ilycts D — uerBepras
(orauunas or A, B u C) Touka mepeceueHUsd
rumepboJibl ¥ ONHCAHHON OKPYYKHOCTH Tpe-
yroasauxka ABC, a A, B/, C', D' — opronen-
TPl TpeyroabHuKoB BCD, CDA, DAB, ABC
cooTBeTCTBeHHO (puc. 4.1).
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Tax kak CD'=2R|cos Z/BCA|=2R|cos /BDA|=DC’, CDC'D’ — napai-
sgesorpamm, 1. e. C'D'||CD u C'D’' =CD.

CunegoBsarenbHO, deTbipexyronabHuku ABCD u A'B'C'D’' nenrpanbHO
cuMMeTpUYHLI. FIX IIeHTPp CUMMETPUHN ABJIAETCA IIEHTPOM I'UIep0oJbl, Ha
KOTOPOM B CHJIy OCHOBHOTI'O CBOMCTBa PABHOCTOPOHHEI rMmepOoJIbl JeKaT
Bce 8 Touek. IIpu 5TOM OH COBIAZaeT ¢ cepesuHoi orpeska DD’ u, sHauur,
JIEKUT HA OKPYsKHOCTU Odujiepa TpeyroiabHuUKa ABC (a Tak:Ke TPEyrojb-
HUKOoB BCD, CDA u DAB). O

OrMmeTuM, 4TO 13 TeopeMbl 4.1 BrITeKaeT ciaeaymooiuii paxt. Ecau nps-
Mble @ U b BpallaioTcsa BOKPYT ToueK A M B COOTBETCTBEHHO C PABHBLIMU
110 MOJYJI0, HO Pa3HBIMHU [0 HANPaBJIEHUIO CKOPOCTSAMI, TO TOUKA UX IIe-
peceueHUsI PUCYET PABHOCTOPOHHIO TUIIEpPO0Jy, IIpuueM TOUKHM A m B
OyOyT CUMMETPUUYHBLIMH OTHOCHUTEJIbHO IIeH-

Tpa rurepoosbl. [leficTBUTEIbLHO, €CJIU TOUKHU
A m B cuMMeTPUYHBI OTHOCUTEIBHO IIEHTPA, a
X, Y — npousBoJibHBbIE TOUKIU T'UIEePOO0JILI, TO
ee IIEHTP JIEKUT HA OKPYKHOCTHU Jiijaepa Tpe-
yroapauka AXY. Ilycts M — cepenuHa oTpes-
ka XY. Torpa LA=/M = /0= /B (puc. 4.2).
ITocnemHee BEpHO B CHUJIy TOTO, UTO OKPYIK-
HOCTh Jiyepa TpeyroabHuka AXY mpu romo-

TeTUU C IeHTpoM A u KoapdumnuenTom 2 me-

PEXOAUT B ONUCAHHYIO OKPYKHOCTb TPEYI'0JIb-
HUKa BXY.

Hanee paccmorpum TpeyroabHuk ABC u Puc. 4.2

TouKky P. OKpy»KHOCTH, CUMMETPUYHBIE OIIU-
CaHHBIM OKPYXXHOCTAM TpeyroabHUKOB ABP, BCP, CAP OTHOCUTEJIBHO
AB, BC, CA, nepecekaiorcsa B OGHOI Touke. ITo OygeT Touka P/, cummer-
puuHas Touke P OTHOCUTEJIbHO IleHTpa rumepboast ABCP. [leficTBuTe b-
HO, U3 IPEeIBIAYIIEero YTBEPIKAEHUA CIeAYeT, UTO OMMCAHHELIE OKPYKHOCTHI
TpeyroJbHuKoB ABP u ABP’' uMmeloT paBHLIEe pPajguychl, T. €. CUMMETpUU-
HBI OTHOCUTENbHO AB.

Teopema 4.2. IIycmv dan mpeyzonvhuk ABC u mouka P, omauunas
om ezo opmouyenmpa. Tozda yuenmpvL BNUCAHHOU U BHEBNUCAHHBLX OKPYHC-
Hocmell 4e8UAHH020 MPeYzoabHUKA MOYKU P omHocumerbHO mpeyzoJiv-
Huka ABC aexcam HaA pagHOCMOPOHHel zunepbogie, npoxodsuieil uepes A,
B, C, P.

Hokazamenbcmeo. ITO CBONCTBO ABJIAETCSA YACTHBIM CJIyYaeM CJIeay-
fomrero (pakxra.

Jemma 4.1. Ilycmo danvt 08a mpeyzonrvrhurka A1B1C1 u AsBsCs, u
nycmov A', B', C' — mouxu nepeceuernusa B1C1 u B3Cs, C1A1 u CoAz, A1Bq
u AgBg coomeemcmeenno. Ecau mpeyzoavrnux A'B'C' nepcnexkmuesen Kak
mpeyzoaviuky A1B1C1, mak u mpeyzonvrhuky AsB2Cy (¢ yenmpamu nep-
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cnexmuavt D1 u Dsy), mo mouxku Ay, By, C1, D1, Ag, Bs, Co, Ds nexxcam Ha
00HOU KoHuke (puc. 4.3).

Joxazamenvemeo. PaccMoTpuM IPOEKTUBHOE Ipeobpa3oBaHue, Iepe-
BoOJAlllee dyeThIpexyroabHuk A;B1C1D; B kBagpar. Tak kak touku A’, C’
IIPHU 3TOM IpeoOpa3oOBaHMUU MepeiiyT B 0eCKOHEUHO yAaleHHbIe TOUKH, CO-

OTBETCTBYIOIINE TEPIEHANKYJIAPHBIM HAIPaBJICHUAM, YeTHIPEXYTOJIbHUK
Ay9BsCs Dy mepeiiieT B IPAMOYTOJLHUK CO CTOPOHAMM, HapaJLIieJbHBIMNI
cTopoHaM KBaapaTa. KpoMe Toro, meHTpoM KaK KBajpaTa, TaK W IPAMO-
yroapuukKa Oymer o6pas3 Touku B'. OueBUIHO, UTO KOHHMKA, IIPOXOIAIIAL
yepes BEPINMUHBLI KBaApaTa WM OOHY BEPIIUHY IPAMOYTOJbHUKA, TPOXOJUT
U Yepes3 TPU OCTANbHBIX BEePIIUHEI. O
IIycts Teneps A’B'C’ — uyeBMaHHBIA TPEYroOJbLHUK TOUKHU P, I’ — meHTp
BIIMCAHHOH B HEro OKPYXXHOCTH, I, I;, I, — IIeHTpbl BHEBIMCAHHBIX
okpyxHocreit. Torga tpeyronbuuku ABC u I;I,I, yROBIETBOPSAT yCJIO-
BuaM JjeMMbl. CiemoBarensHo, Touku A, B, C, P, I;, I}, I., I' nexar
Ha ofHOU KoHuKe. IlockoabKy I — oproueHTp TpeyroabHura Iyl I, sTa
KOHUKA SBJIAETCS PAaBHOCTOPOHHEH Iruiep00JIoii. O
Teopema 4.3. IIycmv mourku A, B, C, D nexam Ha pasrocmoporHel
eunepbone. Toz0a wesuanHas OKPYHHOCMb Mouku D omHocumeavHo mpe-
yeoavHuka ABC npoxodum uepe3 yenmp zunepbonvt (puc. 4.4).
Hoxaszamensvcmeo. Ilo Teopeme 4.2 1MeHTPHI BHEBIUCAHHBIX OKPYYKHO-
cTeil yeBMaHHOTO TpeyroipHuka I, I;, I; nexar Ha rumepbose. Taxk Kak
yeBUAHHASA OKPYIKHOCTD SBJISETCSI OKPYKHOCTBIO AEBATH TOUEK TPEYTroJb-
Huka Iz} I, oHA IPOXOAUT Uepes I[eHTP rUmnepOoIbL. O
Teopema 4.4. I[Tycmv mouxku A, B, C, D aexcam Ha pa8HOCMOPOHHET
eunepbone. Toz0a nedanvHas oKpyircHocms mouku D omHocumeavHo mpe-
yeoavHuka ABC npoxodum uepes yenmp zunep6o.ibl.
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Joxazamenscmeo. Ilycts A’B'C' — nejanbHBI TPEYyrOJLHUK TOUKHA
D, a By u C; — cepenuusl orpe3koB BD u CD (puc. 4.5).

YT00BI LOKA3aTh, YTO OKPYKHOCTh, OIMCAHHAA BOKPYI TPEYroJbHUKA
A'B'C’, Toxe IPOXOAUT yepes IeHTP IUIep6oanl §, JOCTATOUHO YOeouTh-
ca B paBeHcTBe yrioB A'C'B' u A'QB'.

3amerum, uto LDC'A’ = ZDBA’, OCKOIBKY 4YeThIpexyroabuuk C'BA'D
BunucaHHbIl. OTpesok B1Ci1 — cpegHasa quHud TpeyroabHuka DBC, a 3Ha-
uur, /DBC1 = 2/DBA’. IlockonabKy Touku D u A’ cUMMeTPpUUYHEI OTHOCH-
TeabHO B1Cq, yriusl DB1Cy u A’B{C; paBubl. Teneps BOCIIOJb3yEMCS TEM,
4TO TOUKa @, KaK IIeHTP PABHOCTOPOHHEH I'MIIepOoJIbl, JEXKUT HA OKPYIK-
HocTu diiynepa Tpeyroabuuka BCD. Ciuemosarenbuo, LA’B1C1 = /ZA'QCy.
Taxum obpasom,

/DC'A'=/DBA' = /DBC1=/A'B1C1 = ZA'QC;.
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Ananorumuso /DC’'B’' = B'QC;. CiegoBaTeabHO,
LA'C'B'=/A'C'D+ /DC'B'=/A'QC, + /C1QB' = LA'QB'. O

Teopema 4.5 (EmeabsanoBsr). Ilycmv A;, By, C1 — ocHOB8aHUA buccek-
mpuc mpeyzonvrnuka ABC, Ay, By, C2 — ocHosarnus ezo evicom, C*, B¥,
A* — moyuku nepecedenus npamvix A1B1 u AgBg, C1A; u CoAg, B1Cy1 u
ByCy (8 OaavHeliuiem makxue mouku 6ydem Hasvieamsv moJaiocamm), A’,
B’ — mouku nepeceuenus npou3eonbHOl NpaAmMOl, npoxodsuetl yepes C*,
¢ BC u AC coomseemcmeenHno. Cnpagedniusuvl caedywujue ymaepicoeHus.

1. IIpamvie A’B*, B'A* u AB nepecexaiomcs 8 00HOlU mouie (Ha308em
ee C").

2. ITpamvie AA’', BB’ u CC’ nepecerxawomces 8 0010l mouke.

3. OkpyrcHocmb, onucannas oxonro mpeyzoaviuxa A'B'C’', npoxodum
uepes mouky Peiiepbaxa mpeyzoavnurka ABC (puc. 4.6).

Puc. 4.6

Hoxazamensvcmeo. IlyakTsr 1, 2 caenyior us Teopemsl 3.8. [flokamem
n. 3. Tak Kak MHOYKECTBO II€HTPOB IIePCIIEKTUBLI TPEYTOJIbHUKOB U3 Ce-
MeticTBa Peiiepbaxa JIEKUT HA PABHOCTOPOHHEH rumnepbosie (0Ha HasbIBa-
ercs eunepooaoil Peiiepbaxa), nX YeBUAHHBIE OKPYIKHOCTU HTPOXOAAT Ue-




106 T'nasa 4. Eexaudosvl ceolicmea Kpusblx 8mopozo nopadka

pes 1eHTp rumnepbossl. Yepes sTOT IEHTP MIPOXOAAT TaKKe UX IeJabHbIe
oKpy:xHOCTU. HO meganbHBbIe OKPYKHOCTU TOUEK | 1 H MMEIOT e JUHCTBEH-
HYIO OOIIyI0 TOUKY — TOuKy Peiiepbaxa. CiaemoBaTebHO, OHA U ABJIAETCSA
IEHTPOM T'UIIePOOJILI. O

Mo:xHO chopMyaupoBaTh caenyioiiiee 0600IeHIIe TEOPEMBI.

Ecuau cemelicTBO ueBMaHHBIX TPEYTOJbHUKOB, YAOBJIETBOPAOINee i, 1
u 2 TeopeMbI 3.9, COIEPIKUT OPTOTPEYTOJbLHUK, TO UX UeBHAHHBIC OKPYIK-
HOCTHU MMEIOT OOIIYIO TOUKY.

Tak Kak uyepes IEHTP TUIEPOOJILI IMPOXOAAT HE TOJHLKO UeBHAaHHEIE,
HO U TleJajibHble OKPYsKHOCTH €e TOUeK, a MeJaJibHble OKPY:KHOCTH COB-
MagaoT IJIsd JIOLIX JBYX M30TOHAJIBHO CONPSKEHHBIX TOUEK, IIeNalb-
HbIe OKPY’KHOCTHY TOUYEK, N3OTOHAIBHO COMPAKEHHBIX TOUKAM TUIIEPOOJIHI
deiliepbaxa, IpoxoaaT uepe3 Touky Peitepbaxa. Ho m3oromaJbHBIM 00-
pPasoM KOHUKM, HIPOXOASAINel uepes BepIIUHLI TPEYyroOJbHUKA, OyIeT Ips-
Mas. B gaHHOM ciydae sTa mpAMas OPOXOAUT uepesd meHTP O omMcaHHON
OKDPY/KHOCTHU TpeyroJbHUKa ABC, M30TOHAJIBHO COMPSIKEHHBIA OPTOIEH-
TPy, U COIPSKEHHYI0 camoii cebe Touky I. Takum obGpasom, ZOKasaHO
cJeNyIoNee yTBEPKICHUE.

Ecnu mouka aexcum nHa npamoi OI, mo ee nedanvHas OKPYHHOCMD
npoxodum yepe3 mouky Deiiepbaxa.

ITO yTBep:KAeHNE TaKiKe MOMKHO 0000IIUTD.

IIycrs | — mpoxopsamniasa udeped Touky O mpamaa. Torma memajbHBIE
OKDPYKHOCTH BCeX TOUEK IIPSAMOM [ MMeIoT OGIIYI0 TOUKY.

BHOBE paccMoTpuM mpoxomAmlyio uepe3 Touky O mpamyio [. Kakmgoi
ee TouKe P mocTaBUM B COOTBETCTBHE APYIYIO TOUKY P’, 061aal0IIyI0 TeM
CBOMCTBOM, UTO TOUYKM, N30TOHAJIBLHO CONPAKEHHBIEe P 1 P', CHMMeTPUYHEI
OTHOCUTEJBHO IeHTPa MPOXOAAINell uepes HUX W BEPIIHUHBI TPEYTroJbHU-
Ka paBHOCTOpOHHe# rumnepbosibi. I3 qokazauHbIX B § 3.3 CBOMCTB M30r0-
HAJILHOTO COIPSAKEHN BBITEKAeT, uTo mpeobpasosanne P — P’ coxpanser
IBOMHBIE OTHOIEeHUs. I[IOCKONBLKY 5TO IIpeobpasoBammre OCTABISAET HEIlo-
IBU)KHBIMU TOUKM IIepeceueHus IPAMOM [ ¢ OMMCAHHOM OKpPYKHOCTBIO,
a O u 6eCKOHEYHO yTaJIEHHYI0O TOYKY MEHSEeT MEeCcTaMM’, OHO COBIIAJaeT C
mpeobpa3oBaHMEM, KOTOPOe ITOPOoKIaeT Ha [ MHBEPCUS OTHOCUTEIbHO OIU-
caHHOIT OKpy:KHOCTH. TeM caMbIM JOKasaHa Clelyolias TeopeMa.

Teopema 4.6. /[ge mouku uH8epCHbL OMHOCUMENbHO ONUCAHHOLU OKPY-
JHHocmu 0aAHH020 MpeyzonbHUKA moz0a U moJavbkKo mozda, Kozda u3020-
HAJbHO CONPANCECHHbLE UM MOUKU CUMMEMPULHbL OMHOCUMEJbHO UeHMPA
coomeemcemayuieli pagHOCMOPOHHel 2unepooibl.

B zakirouenune mpuBeeM eilie ABa MHTepPecHbIX ¢arTa. OueBUAHO, UTO
Ha mpamon OI jmexaT aBa IeHTpPa TOMOTETHHN ONNCAHHON W BINCAHHON
OKPYKHOCTell TpeyrolbHUKA. M30TOHANBLHO CONPSKEeHHbIe K HUM TOUYKU
Keprouna nu Harens nexart Ha runepbosie @eiiepbaxa, T. €. BEPHO CJIELY-
[ollee YTBePIKIeHUe.
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ITycmv AA;, BBy, CC; — ouccekmpucv. mpeyzorvhuka ABC, AA,,
BBjy, CCg — ezo svicombt, Az, Bg, C3 — mouku kacarnus cmopon BC, CA,
AB c enucaHHOU okpyrHcHOCcMbI0, Ay, By, C4 — mouku ux xKacanusa ¢ coom-
8emMCcmaynUWUMU 8HEBNUCAHHLIMU OKpYHcHOcmamu. Tozda npamvie A1 By,
AsBg, A3B3, Ay4B4 nepecexarwomcsa 8 00HOU mouke.

Temeph pacCMOTPUM HPAMYIO, ITPOXOIAIIYI0O Uuepes3 TOUKy O U TOUKY
Jlemyana L. Ha sToii mpsaMoOil Je;KaT ABe TOUKU ANOJJIOHUS, IIeJaIbHbIe
TPEYTOJbHUKY KOTOPBIX MTPaBUJIbHBIE. VI30rOHAJIBHBIM 00pa30M 9TOM mpA-
Moii OymeTr zunepbosa Kunepa, mpoxopasamiasa uepes IeHTP Ts:kectu M u
rouku Toppuuennau Ty, Ty. IIpu stom Tourku Ti, Te, oueBUIHO, 00JIaza-
IOT CJIeAYIOIIUM CBOMCTBOM: OKPY KHOCTH, CUMMETPUYHBIE OKPYKHOCTIM
ABT., BCT;, CAT;, npoxomgar uepe3 Ty. CiemoBaTeJbHO, cepearHa OT-
pesxa T1 Ty siBiaseTcs IeHTPOM ruiepooabl Kumepa m, 3HAUUT, JEKUT HA
OKPYKHOCTH 9 TOoueK.

Kpome Toro, Tak kak npamsie T1T] u TeTy nmapanneabHbl IpAMOH Oii-
nepa, a npamad T1Ts, kaxk u T Ty, IpoxonauT uepesd L, MBI 3aKJI0YaeM,
uyto npamsie T Ty u Ty Ty mpoxonar depe3 M U IeHTPHI ABYX IPABUIbHBIX
neJaJbHBIX TPEYTOJbHUKOB JIeXKAT Ha Impamoit LM.

3amaua 32. J[lan ueTbipexyroiabHuK ABCD. Haiigure reomeTpuueckoe
MeCTO TaKMX TOoueK P, 4UTO paamychbl OKPY:KHOCTEH, OIMMCAHHBIX OKOJO
TpeyroabHUKOB ABP, BCP, CDP u DAP, paBHBI.

3amaua 33. Ha paBHOCTOpOHHEH rumepboJie B3sATa MPOU3BOJIbLHAA TOU-
ka P. O6o3HauuM uepes @ TOUKY, CHMMETPUUYHYIO TOUKe P OTHOCUTEIHLHO
ImeHTpa 3Toi rumnepbosbsl. OKPYKHOCTh ¢ meHTpoM P u paguycom PQ 1e-
pecekaeT rurepbosy eie B Tpex Toukax A, B u C. [[okaskuTe, 4TO Tpe-
yroabHUK ABC mpaBUIbLHBIN.

3amaua 34. IIycts P — 9T0 IIeHTP PAaBHOCTOPOHHEHN Irunep0oJIbl, IIPOX0-
IAIIe uepe3 BePIIUHBI BITUCAHHOTO YeThIpexXyroabHuKka ABCD. [loKkaxu-
Te, 4TO P JIeKUT Ha MPSIMOM, COeIUHAIONIEN IIeHTP OIIMCAHHON OKPYIKHO-
CTH U IEeHTP TAMKeCcTH ueTbipexyroabHuka ABCD.

3amaua 35. [lokaxkuTe, uro Touku A, B, C, A’, B/, C' nexar Ha ogHON
KOHUKE TOTZa M TOJBbKO TOT/A, KOT/la CYIIeCTBYEeT KOHUKA, OTHOCUTEJIHLHO
KoTopoii 06a Tpeyronbpauka ABC u A’B'C’' aBTONOJIAPHEI.

3agaua 36. TpeyronbHuk ABC aBTOHOJIAPEH OTHOCUTEJNHHO KOHUKU C
meaTpom O. JloKamkuTe, 9YTO 9Ta KOHMKA TOMOTETHYHA KOHUKE, ITPOXO0IA-
el uepes cepenunnl oTpesxkos AB, BC, CA, OA, OB, OC.

§ 4.2. BnucaHHbIe KOHHKH

PaccMoTpuM KOHMKY, BOHMCAaHHYIO B TpeyroabHuk ABC. Ilycrs A', B/,
C’' — Tourku ee KacaHus co croponamu BC, CA, AB. IlpoBeis IPOeKTUB-
Hoe TIpeoOpasoBaHme, MEPeBOAsAINee KOHUKY B OKPY:KHOCTBL, yOe:KmzaeMm-
cd, uro npamele AA’, BB', CC’ nepecekaroTcs B OLHOM TOUYKe. JTa TOUYKA
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HasbIBAeTCA nepcnekmopom KoHUKU. TaK KaK CYIecTByeT eqUHCTBEHHOe
IIPOEKTUBHOE IIPeodpasoBaHre, OCTABIAOIEe BEPIIUHBI TPEYTOJIbHUKA Ha
MecTe W IepeBojsIee JaHHY TOUYKY P B Touky sHepronua (mepcuexTop
BIIMCAHHOM OKPYKHOCTH), CYIIIECTBYET eINHCTBeHHAA KOHUKA C IePCIeK-
Topom P.

Caenyioliiee yTBep:KIeHUE OMUCHIBAET CBA3H MEKAY MEPCIEKTOPOM U
IIEHTPOM KOHHUKHU.

Teopema 4.7. ITycmv P — nepcnexkmop KOHUku, @ — ee yenmp, M —
yenmp maxcecmu mpeyzoavnura. Tozda M nexcum na ompeske P'Q, zde
P’ — mouka, usomomuuecku conpaxernnas mouke P, u P’M =2MQ@Q.

Joxazamenvcmeo. Ilpe:xae Bcero oTMETHM, UTO €CJIM KOHMKA BIIHCA-
Ha B TpeyroabHuKk ABC, To moJioc meguaubl CM, JIeKUT HA IPAMOK Cy,
mpoxondAmnieii uepes C u mapasnenbHoii AB. [leficTBUTENbHO, TBOMHOE OT-
HOIIleHUe MPAMBIX C,,, CM,., CA, CB pasuo 1.

IlycTh Temeph KOHMKA C IMEHTPOM ) KacaeTcs CTOPOH TPEYroJbHUKAa B
roukax A’, B, C'; C; — Touka nepeceuenusa npameix C'Q u A’B’. Tak Kax
@ — IIeHTp KOHUKU, HoJocoM Ipamoil C’'Q Oyrer 6eCKOHEUYHO yhaJleHHAsd
TouKa npamoii AB, a moarocom npamoii A'B’ asinserca touxa C. Takum
obpasom, moJiApoi Touku Cqi Oyaer mpsaMmas ¢, U, 3HauuT, Touxka C; Je-
KuT Ha mepuane CM.,.

IIo Teopeme 3.9 Touka mepeceuenus npameix CC' u M.Q nexur Ha
cpenuent suauu M,M,, T. e. TOUKa ¢ U30TOMUYECKU COIPIKEHA OTHOCHU-
TeJbHO TpeyroabHuka M,M,M, o6pa3y mepcuexkTopa P Ipu TOMOTETHUHU C

1meHTpoM M 1 KoshGUuIiineHToM -5 OTcioza cpasy ciaenyeT yTBep:KIeHUe
TeOPEeMBEI. ]

N3 Teopemsnr 4.7 ciexyer, 4TO IJis JIIOOOM TOUKHU CYIIECTBYET €IWH-
CTBEHHAas BIIMCAHHAS KOHMKA C IIEHTPOM B 9TOH TOuKe. B wacTHOCTH, ec-
JU IIeHTP KOHWKHU coBIIagaeT ¢ M, TO IIePCIeKTOPOM TOKe OyIeT TouKa
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M n xKoHuKa Oymer BrmucaHHBIM aJutuiicoMm IllTeiinepa, T. e. mpoodOpasoM
BIIMCAHHOM OKPYKHOCTU TIPU adhGUHHOM ITpeodpasoBaHUU, TEePEBOIAIIEM
TPeyroJbHUK B OpaBuibHBIN. OTMeTmMm, uro aJyiuic IllteiiHepa mmeer
HaMOOJIBIITYIO IJION[ab U3 BCEX BOUCAHHBLIX B JAHHBLIN TPEYTOJbHUK 3JI-
JIUTICOB. ATO CJIeAyeT U3 TOTO, UTO CPEeIUu BCEX TPEYTroJbHUKOB, OMMCAH-
HBIX OKOJIO JaHHOM OKPYsKHOCTH, TPABUILHBIN NMeeT MUHUMAJILHYIO I1JI0-
manab, a ah@uHHbIe TPeodpa30BaHUA COXPAHAIOT OTHOIIEHUA ILIoIame.

Teopema 4.8. I[enmp 8nucanHol KOHUKU ¢ nepcnexkmopom P ecmwv
noawc npamoti PM omHocumenvHo KOHUKU, npoxodauiell yepe3 mouku A,
B, C, M, P (puc. 4.8).

B

Puc. 4.8

Hoxazamenvcmeo. [ocTaTouHO BOCIIOJIB30BATHCA IIPEABIAYINEH Teope-
MO u Teopemoit 3.9. d

B zakmoueHMe paccCMOTPUM ITYYOK KOHUK, KaCaIOIUXC YeThIpeX JaH-
HbIX OpaMbIiX. [Iyets U, U' uV, V' — QOKyCHI ABYX KOHUK M3 DTOTO IIyUYKA.
Torma TOUKM B KasKI0u mape (QOKYCOB M30TOHAJIBHO COMPSAKEHBI OTHOCU-
TeJIbHO TPEYTroJbHUKA, 00pasoBAHHOIO JIIOOBIMU TPeMs W3 JTaHHBIX HpA-
MbIX. Kak ObLTO mokasaHo B § 3.3, oTcioza ciaenyeT, YTO TOUKHU Ilepecede-
aua UV ¢ U'V' u U'V ¢ UV’ Toxe N30TOHAIBHO COIPSAMKEHBI OTHOCUTEIIh-
HO BCEeX 9TUX UEeThIPeX TPEeYyrOJbLHUKOB M, 3HAUUT, ABIAIOTCA (PoKycaMu
HEeKOTOPOl KOHMKHM IIyuKa. V3 Toro, uro mpoekKIiiuu (PoKyca Ha maHHBIE
IPAMBIE JIEKAT Ha OJHON OKPYsKHOCTH, HETPYAHO BBIBECTU, UTO T'€OMET-
pruuyecKkuM MecToM (DOKYCOB OyAeT KpuBas TPeThero mopAaKa — KyOuKa.
ComocTaBUB APYT APYTYy (MOKYCHI KaMKIONM KOHUKM IYYKa, MBI 3aJaluM
Ha 9TOM KyOuWKe MHBOJIONUIO. MBI yOeAUINUCH, UTO JJIA JIOOBIX JBYX IIap
COOTBETCTBYIOIUX ToueK Kyouku U, U' u V, V'’ Touka nmepecedueHus mpsa-
MmbIx UV u U'V’ takske nexut Ha KyOouke. Kak npefenbHbIi ciaydai 3ToTo
YTBEPIKISHUA IOJIYyUaeM, UTO KacaTeJbHbIe K KYONKe B COOTBETCTBYIOIINX
roukax U, U’ mepecekarorTca Ha KyOHKe, a TOUKA UX IEPECEUEHUS COOT-
BETCTBYeT TPeThell TOUKe ImepeceyeHnsa Kyouxu c¢ npsamoit UU’ (puc. 4.9).
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IIycTh B TpeyroabHUK BIucaHa mapabosa. Torma, IpuMeHUB TeopemMy
4.7, moay4aeM, YTO TOUKA, U30TOMUYECKU CONPAKEHHAA IePCIeKTOPY ma-
pabosibl, ABAsgeTCa 6eCKOHEUHO yhasmeHHOW. Ecau TpeyroibHUK TPaBUIb-
HBIN, TO N30TOMUYECKOE CONMPAKEHNE COBIAAAaeT ¢ M30TOHAJIBHBIM U 00pa-
30M 0eCKOHEUHO yaaJIeHHOII MpaMoii OymeT omucaHHas OKPY:KHOCTHL Tpe-
yroapHUKa. B 00111eM cirydyae moJsiydaeM Ipoo0pas 9TOW OKPY:KHOCTH IPHU
adpduHHOM IIPEeodpPa30BaHNN, IIEPEBOAAIIEM TPEYIOJbHUK B IPABUILHBIM,
T. e. onucanHwvlii saaunc Ilmeiinepa, KacaTeabHbIe K KOTOPOMY B BepIIIH-
HaxX TPeyroJbHUKA MapajejbHbl €er0 IPOTUBOIOJOKHBIM cTOpoHaM. OT-
METHM, YTO 9TOT JJIJIMIIC MMEEeT HAMMEHBIIYIO IIJIOIIaab Cpean BCeX OIIM-
CaHHBIX OKOJIO JaHHOT'O TpeyroJbHuKa. VITak, foKasaHa TaKas TeopeMa.
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Teopema 4.9. I'eomempuueckum mecmom Nepcnexmopos 6nUCAHHbLY
8 0aHHbLI mpeyzoivbHUK Napabos A8asemcs OnucanHovli aaaunc Ilmeii-
Hepa.

3amaua 37. Ilapa6osia KacaeTca CTOPOH TPEYroJIbHHKA B TouKax A’,
B’ u C'. IoxaskuTe, UTO TOUKA IEPECEUEHMs MIPAMOM, IPOXOAAIIEH Ue-
pes Toury C’ u mapaiienbHOR ocu mapaboibl, ¢ upaMoii A’'B’ nexut Ha
menuane CM.,.

3anaua 38. [loka)KkuTe, YTO ONMCAHHBIN U BOIUCAHHBIN ajunckl [1lTeti-
Hepa roMmoTeTnuHbI. Haligure meHTp U Koa(hPUIMeHT rOMOTEeTHH.

3agaua 39. [JokaKuTe, YTO MHOYKECTBOM II€HTPOB KOHUK, IPOXOMIs-
X Yepe3 BEPIINHLI TPEYTOJbHUKA U €T0 IEeHTD TAMKECTH, ABJIAETCS BIIU-
cauHbIl saauic IlteiiHepa.

3amaua 40. Ilycte Touku P, P/ U30roHAJILHO CONPAMXKEHBI OTHOCUTEh-
Ho TpeyroasHuka ABC, A’, B, C' — Touku mepeceuyeHns CTOPOH TPEYyToJib-
HUKA U IPAMBIX, COEIUHSIONINX TOUKY P ¢ COOTBETCTBYIOIUMY ITeHTPAMU
BHEBIIMCAHHLIX OKpYysKHOCTel. Jlokaxure, uro npameie AA', BB', CC' u
PP’ mepecekaloTcss B OSHOI TOUKeE.

3amaua 41. JlaH TpeyroabHUK W I€HTP BOUCAHHON B HETO KOHUKMU.
Ompepenure, ABAAETCSI JU KOHUKA 9JIIUIICOM WU TUIIEPOOJIONM.

IMTapa6oaa, KacamwIasacsa YeThbipex MPAMBIX

ITockonbKy AJA JIOOBIX TATH MPAMBIX (OOIEro ITOJIOMKEHUSA) CyIIe-
CTBYET eIMHCTBEHHAA KacawIasacad X KOHUKA, AJA JIIOObIX YeThIPeX IPs-
MBIX OOIIETO IOJIOMKEHUA (9Ta KOHCTPYKIIUA HA3LIBAETCS NOJHbLM Yembl-
PexcmopoHHUKOM), HUKaKue OBe M3 KOTOPHIX He IMapaslieJbHBI, CyIIe-
CTBYeT eIUHCTBEeHHAadA Kacalolascsa nxX mapaboJsa. B KauecTBe mATOM mps-
MOIi B JJAHHOM CJIy4Yae BBICTyIIaeT 0€CKOHEUHO yAaJeHHasd ImpsaMasd.

Hy a Temeps, BocmoJsib3oBaBmiuck Teopemamu 1.10 u 1.11, aaa ueTsI-
pex TPeyroJbHUKOB, 00pas3yeMbIX STHUMU HPAMBIMHU, IIOJyYaeM CJIEIYIO-
e JBe TEOPEMHBI.

Teopema 4.10 (Muxeas). Ilycmo
0an noaHwlli uemowipexcmoporHHukr. To-
20a ONuUCaHHbLe OKPYHICHOCMU Uemblpex
mpeyzoavbHUK08, KOmopbLe 00pasyom ezo
npamvle, nepecexkaromcs 6 00HOU moyke.

ITonyuatorasica TaKkuM o0pasoM TOU-

Ka HasbIBaeTcA moukoi Mukens TOJHO-
ro ueTbIpexcTopoHHUKA (puc. 4.10).

Hoxazamenscmeo. Paccmorpum 1a-
pabojly, KacarmoIIylCcs CTOPOH HAIIeTo
YeTBIPEXCTOPOHHUKA. Torzga mo Teopeme
1.10 ommcaHHBIE OKPYsKHOCTHU COOTBET-
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CTBYIOIUX TPEYrOJbHUKOB OYIyT IPOXOOUTL uepes (oKyc mapaboJibl.
A 3zauut, Poxyc mapaboJbl 1 OyAeT dTOM caMOIl TOUKOIA. O

Teopema 4.11. IIycmv dan noansili uemvipexcmopornuk. Tozda op-
MOUEeHmMpPvL Yemwvlpex mMpeyzoibHUKO08, KOMOopble 00pas3yiom ezo npsmble,
Jexcam Ha 00HOU npamol. dma npamas nepnenduryaiprHa npamoi I'ayc-
ca 3Mmozo LemuvlpexCmopoHHUKA.

Ira npaMas HasbIBaeTcsa npsamoi Ob6epa MOJIHOTO YeTHIPEeXCTOPOHHUKA
(puc. 4.11).

Puc. 4.11

Joxazamenvcmeo. AHAIOTHMYHO NOKAa3aTeIbLCTBY HPEAbIAYINe Teope-
MBI PACCMOTPUM IapaboJry, Kacalomlylocd CTOPOH YeThIPEeXCTOPOHHUKA.
ITo Teopeme 1.11 OpPTOILEHTPEI COOTBETCTBYIOIUX TPEYTOJbHUKOB JIEMKAT
Ha TUPEKTpHce 9TOM mapaboJIbl.

IHokasxeM Temepb BTOPYIO YacTh TeOpeMbl. BOCIOJIL30BaBIINCH CJIE[-
crBueM u3 jeMMbl 1.2 m pesyabraTom 3azauu 10, JerKo mokKasaThb, UTO
MIPOEKIINA CepeqUHbI UATOHAJIN YeTHIPeXCTOPOHHNKA Ha JUPEKTPUCY II0-
MMajaeT B LEHTP TAMKECTU IPOEKIINH TOUeK KaCaHUA YeThIPEXCTOPOHHUKA C
mapaboJIoii, T. €. 9TH TPU TOUKU IIPU IPOEKIIUM HA JUPEKTPUCY TTOMATAIOT
B OIHY U Ty K€ TOUKY. SHAUUT, OHU JIeKAT Ha OTHOI MPaAMO (TeM caMbIM
MBI ellle pas JoKasaJii CyIllecTBOBamme mpsaMmoit 'aycca), KoTopas K TOMY
JKe MepHeHIUKYJASpHa JupeKTpuce (IIapaJuiejibHa ocu IapadoJbl). O

9T OBe TeopeMbl JIeTKO JOKasaTh W He mpuberasd K PacCMOTPEHUIO
mapab6oJ. IlepBas HeCJI0KHO JOKA3bIBaeTCA MPAMBIM IIOJCUETOM YIJIOB, a
BTOpPAas — C UCIIOJb30BaHNEeM PafuKaJIbHBIX oceli. OMHAKO JOKa3aTh CIeny-
IOIIYI0 TeOpeMy AOCTAaTOYHO KOPOTKO U MPOCTO, He mpuberas K BIIMCAHHOMN
mapaboJe, He TTOJydYaeTcs.
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Teopema 4.12 (EmeabanoB). OxpyscHocmy Jilaepa mpeyzoivbHUKA, 00-
Pa308anH020 OUAZOHANAMU NOAHOZO0 YeMbLPEXCMOPOHHUKA, NPOX0JUm ye-
pe3 mouky Mukeas amozo wemuvipexcmoporruka (puc. 4.12).

Puc. 4.12

g mokasaresbcTBa HYKHO OyZeT BOCIIOJIB30BATHCS JIEMMOI, TBOM-
CTBEeHHOH’ K JiemMe 4.1.

Jlemma 4.2 (nBoiicTBeHHaA K 1emMme 4.1). Ecau y 08yx noiHvlx Yembl-
pexcmopoHHUKO08 cosnadarm OuazoHalu, Mo cyujecmsyem KOHUKA, Ka-
CarnwWascs 8cex CMOPOH IMUX YemblpeXCMOPOHHUKO08 (0ue8UOHO, MaKas
KOHUKA eOUHCMBEHHA).

Hoxaszamenvcmeo meopemuvt 4.12. PaccmoTpuM cpefHUe JUHUU TpPeE-
YTOJIBbHUKA, 00Pa30BAHHOTO NUMATOHAJNAMU YeThIPEeXCTOPOHHUKA, U 0€CKO-
HEUHYIO MPAMY0. OTH UYeThIpe IIPsSMble 00pas3yioT YeTHIPEeXCTOPOHHUK,
INarOHAJIN KOTOPOTO IIPEACTABIAIOT CO0OM He UTO MHOe, KaK CTOPOHBI
9TOr0 TPEyroJbHUKAa. A 3HAUUT, B CUJIY JeMMEbI 4.2 cylllecTByeT KOHUKA,
KOTOpas KacaeTcs CTOPOH YeTHIPeXCTOPOHHWKA, 0ECKOHEUHO yAaJeHHOMH
IPAMOI M CPeIHUX JUHHUN HAaIlero TpeyrojbHuKa. IIoCKOJIBKY OHA Ka-
caeTcsa 0eCKOHEUHO yIaJeHHOII IIpAMOi, 9To mapabosa, u Touka Mukeisa
HAIIIer0 YeThIPEXCTOPOHHUKA — (POKYC dTOM mapabosnl. OKPYsKHOCTD -
Jiepa — 3TO OIMCAHHAS OKPYKHOCTb CPEIUHHOTO TPEYTOJbHUKA, CTOPOHBI
KOTOpPOT0, KaK MBI TOKas3aJJau, KacalTcsa Halllei mapaboJsbl, a 3HAUUT, OHA
MIPOXOAUT uepes3 (POKyc mapaboiibl, T. €. ueped TOUKy MuKess HAIIEro
YeTHLIPEXCTOPOHHUKA.

AHaAJOTUYHO MOKA3bIBAETCS, UTO UEeHMP ONUCAHHOU OKPYHICHOCIMU mpe-
Y20NbHUKA, 00PA308AHH020 OUAZOHAAAMU NOJHO20 LemblPeXCMOPOHHUKA,
aexcum Ha npamoi Obepa.
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Puc. 4.13

HelicTBUTEILHO, IIEHTP ONNCAHHON OKPYIKHOCTU — 3TO OPTOIEHTD Cpe-
IWHHOTO TPEYroJbHUKA, CTOPOHBI KOTOPOTO, KaK OBLIO ITOKasaHO, Kaca-
IOTCA TOH Ke mapaboJbl, UTO U CTOPOHBI YETHIPEXCTOPOHHUKA. A 3HAYUT,
eTo OPTOIEHTP JIeKUT Ha AUPEeKTpuce mapabosbl, KoTopasa, KaK OBLIO II0-
KasaHo, COBIagaeT ¢ mpAamoii O6epa HAIIEro YeThIPeXCTOPOHHUKA. O

3aMeTuM, YTO ¢ KasKIOM TOUKON P Ha OKPYKHOCTHU Jiijiepa TPeyrojb-
HuKa ABC MOKHO CBA3aTh Iapabosy ¢ ¢GOKYCOM B 3TOUM TOUKEe U AUPEK-
TPUCOU — IMIPSAMOM, ITPOXOLAINEN Yepes3 TOUKU, CHUMMeTPUUYHBbIe TOuKe P
OTHOCUTEJBbHO CpeIHUX JUHUU TpeyroiabHuka ABC. Paccmorpum 100yio
IPAMYI0, Kacarollyocsa aToi mapabosbl. IlycTh oHA mepeceKaeT CTOPOHBI
AB u AC tpeyroabHuka B Toukax C; m Bi. IIycts mpambie CCy; u BB,
mepecekatoTcsa B Touke @. Ilycts AQ mepecexkaetr BC B Touke A;. Torzaa,
BOCIIOJIB30BaBIINCEH JeMMOU 4.2, JIerKo moKasaTh, uTo A1B1, A1Cq1 u Tpu-
JUHeHHasd MoJIApa TOUKK @ KacaloTcs STOM mapaboJibl, a 3HAUNUT, TOUKA
P — 310 Touka MukKesa 4eTBIPEXCTOPOHHIKA, 00pa3soBaHHOTO CTOPOHAMU
YeBMAHHOTO TPEYTOJbHUKA TOUKU @ U ee TPUIUMHEHHOM IOoJAPOH OTHOCU-
TeabHO Tpeyroabuuka ABC. [losToMy onmcaHHAs OKPY:KHOCTH TPEYTOJb-
Huka A;B;C; nmpoxoaur uepes P.
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Tak, paccMOTpPeB MHOKECTBO BCeX KacaTeJbHBIX K Haleil mapaboJe,
MBI TIOJTYYUM MHOYKECTBO BCEeX TaKUX TOoueK @, uto P Oymer Toukoit Mu-
KeJIs CTOPOH YeBMAHHOTO TPEYroJbHIUKA TOUKMN @ 1 ee TPUJINHEHNHON II0-
JAPBI. ITO MHOKECTBO (Ha caMOM Jejie 9T0 OyaeT KpuBas UeTBEPTOTO IIO-
panka, nzobpakenHad Ha puc. 4.13) B 06befuHEeHNN C PAaBHOCTOPOHHEHN
runep00JIoii, OMMMCAHHON BOKPYT Tpeyroabuuka ABC m uMerolnei IeHTp
B TOUKe P, macT Bce MHOKECTBO TaKUX TOUEK, UTO X UeBUAHHAS OKPYIK-
HOCTH IIPOXOAUT uepeld TOUKY P.

OnaTh Ke ¢ IOMOIBI0 3TOH KOHCTPYKIIMM MOKHO TIPOCTO OOKAa3aTh
ellle OJHY MOCTATOUHO CJIOMKHYIO Teopemy.

Teopema 4.13 (Apos3-Papuu). ITycmv npamas ly, npoxodawas uepes
moukry H, aeasowyrca opmouenmpom mpeyzonviura ABC, nepecexaem
€20 cmopoHvl 6 moukax Ay, B1 u Cy. Ipyeas npamas la, nepnenduxyasap-
Hasa 1y u moixce npoxodawas uepes mouxky H, nepecexaem cmopoHsvl mpe-
yzonvHUKa 8 moukax Ag, By u Ca. Toz0a cepedunb. ompeskos A1 Az, B1By
u C1Cy nexxcam Ha 00HOU NpAmol.

Hoxazamenvcmeo. PaccmoTpuM mapaboiry, Kacamlyiocsa CTOPOH Tpe-
yroabHUKa 1 npAmMoi [;. B cuay Teopem 1.11 u 1.7 KacaresbHas K 9TO#
mapaboJie, IpoBeJeHHASI U3 TOUKH H 1 oTauuHasd OT lq, MepIeHIuKYJIIp-
Ha [1, a 3HauUUT, OHa coBmajzaeTr ¢ ls. B cuny Teopembl 1.10 ommcamubie
OKPYKHOCTU TPeYyroJdbHUKOB A1AsH, B1BoH u C1CoH mpoxomAT uepes
doKyc aToil mapabosbl F, a 3HAUUT, IEHTPHI STUX OKPYIKHOCTEHN JeKaT
HA CepeIWHHOM IepIeHAUKYIApe K
FH. IlockoJIbKY BCe 3TH TPEYTOJbLHU-
KM MPAMOYTOJIbHBIE, IIEHTPHI UX OMU-
CaHHBIX OKDPY:KHOCTEIl — 9TO cepenu-
HBI THUIIOTEHY3, T. €. OTPe3KoB A1A,,
Ble n Clcz (pI/IC. 414)1 l

Eciu Touka P aBuiKeTCA IO OIIU-
CaHHOM OKPYKHOCTU TPEyroJbHUKA,
TO CepeAMHHBIE IEePIEeHINUKYJIAPHl K
PH 6ynyT KacaTbCcAd KOHUKM, BIIMCAH-
HOII B TPeyroabHUK, ¢ (poKycamMu B
Toukax H u O (3TO0 ciexyer u3 KOH- Puc. 4.14
CTPYKIINH, OINCAHHOII B TeopeMe 3.4).

Takum o6pasoM, MBI MOMIYTHO AOKAa3aJau, UYTO BCE 9TH MPAMEIe OYIYT OTU-
6aTh BIIMCAHHYIO B TPEYTOJbLHUK KOHUKY ¢ (pokycamu B Toukax O u H.

CTouT OTMETHUTH, UTO 9Ta TeopeMa JIeTKO IoJyudaeTcd u3 3agauu 18.
B KauecTBe IeHTPAJbHO CUMMETPUYHOTO TPEYTOJbHUKA CTOUT BHIOPATH
TPEeYTOJbHUK, BEPIINHBI KOTOPOTO0 CHMMETPUYHBI IIEHTPY OIIMCAHHOMN
OKPY’KHOCTH OTHOCUTEJIBbHO CTOPOH TpeyroabHuKa. C KayKIoH IoJyda-

1. HOCJIe,I[HHH YacCThb JOKAa3aTeJIbCTBA ABJAETCA YaCTHBIM CJydYaeM 3aJavu 7.
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oIIeicad B 9TOU 3ajade IMPAMON MOKHO CBA3ATh JBE MPOXOAAIINE Uepel
OPTOIIEHTP NepHeHAUKYJSAPHbIe NMPAMbIe, KOTOPble MOPOKAAIOT IPAMYIO
u3 TeopeMbl [[po3-Papuu. CymiecTBOBaHWE TAKUX ABYX IIPAMBIX JIETKO
JIOKa3aTh NPAMBIM IIOACUETOM YIJIOB.

§ 4.3. Hopmaau k kouuke. Okpy:kHOCTh Hoaxumerans

Omnpepenenue. IlycTs gambl KOHUKA U ToukKa P Ha Hell. Hopmanavio K Ko-
HUKe B TOUKe P Ha3bIBaeTcsd IpaAMasg, IPOXOAAIIasa uepes TOUuKy P u mep-
MeHANKYJAApHAA KacaTeJbHON K KOHUKE B TOUKe P.

Yepes mpou3BOJIBHYIO He JIEMKAIIYI0O HA KOHMKE TOYKY MOXKHO IIPOBe-
CTU YeThIpe (BO3MOYKHO, KOMILJIEKCHBIE) HOpManu K KoHuKe. OKasbIBaeT-
cd, IJIsI OCHOBAHUI 9TUX HOPMAaJiel BEPEeH CJIEAYIOIUM (haKT.

Teopema 4.14. ITycmv Py, Py, Py, Py — uembipe mouKU KOHUKU Q C UeH-
mpom O, HOpMAAU 6 KOMOpvLx npoxodam yepe3 mouky Q. Toz0a mouxku
Py, Py, P3, Py, O, Q ntexxcam Ha pa8HOCMOPOHHEU zunepboge, acCUMNmomyl
KOmopoi napainesioHvl 0OCAM KOHUKU.

Hoxaszamenvscmeo. BosabmMeM IIPOU3BOJBHYIO OKPYYKHOCTb ) C IeH-
TPOM @ ¥ PacCCMOTPUM TeOMEeTPUUYEeCKOe MeCTO IIeHTPOB KOHHUK MyUYKa,
MMOPOKAEHHOTO 9TOM OKPYsKHOCTBhIO M KOHHKOH «. Ilo Teopeme 3.17 sTo
OyZeT KOHWKA, a IOCKOJBKY BTOT IIYYOK COAEPIKUT OKPYIKHOCTb, 3TO

OyzeT paBHOCTOPOHHsAA rumepbosia (cMm. 3amauy 29). O6o3HauuM ee 3a Y
(puc. 4.15). BeckoHEUHO yAaJIeHHBIMHU TOUKAMY TUIEPOOJBI ¥ OYAYT HEIIO-
IBUKHBIE TOUKM WHBOJIOIUY, MOPOMKAECHHON pacCcCMaTPUBAEMbBIM HMYUYKOM
Ha OECKOHEUHO yIaJIeHHOI HPSAMOIi, T. €. TOUKU, IIPUHAIIeKAIINEe OCIM
KoHUKHU «. JIto6asa Touka X, Jekamias Ha ¥, ABJIAETCA IEHTPOM KOHUKU
W3 9TOT0 IYyYKa, ee MOJAPON OTHOCUTEJIbHO dTON KOHUKH OymeT Oecko-
HEYHO yaajJeHHas mpAMas, a 3HauUuT, mo Teopeme 3.15 momapsl Touku X

Puc. 4.15
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OTHOCHTEJbHO BCE€X KOHUK IIyYKa OYAYyT HmapaJuielbHbl. [IOCKOIBKY IIpPs-
Masa QX MeplneHAUKYJIIPHA MoJadpe TOUuKM X OTHOCUTEJIHHO OKPYsKHOCTU
w, OHA OyJeT TakiKe IEPIEeHINKYIAPHA HoJsape TOUuKK X OTHOCHUTEJILHO
KoHUKHY «. IToaTomMy eciu TouKa P mpUHALIEIKUT MEePECceUeHuo o U Y, TO
KacaTeJlbHasd B HEH K KOHUKe o OyAeT MeprneHAUKyJApHa @P, a sHauur,
®P OymeT HOPMAJIbIO K .

Kpome ToTO, JIETKO BOCCTAHOBUTHL KacaTeJbHYIO K Y B Touke O. Ha-
ImpaBJeHle, COIPIKeHHOe OTHOCUTEJNLHO o HaIpaBJeHUIO KacaTeJbHOI,
IOJKHO OBITH mepuneHAUKYJAApHO QO. CremoBaTesbHO, rumepboJsia y He
3aBHCHUT OT pajguyca OKPYKHOCTH (), TAK KaK ee MOYKHO OIIPeleJUTh KaK
KOHHUKY, IIPOXOAAIIYIO Uepe3 TOUKY @, IBe TOUKU OECKOHEUHO yAAaJeHHOM
MIPAMOI, Yepes3 KOTOPbIe IIPOXOAAT OCU KOHUKHU &, U TOUKY O 1 KacaloIry-
1ocs B Touke O cooTBeTcTBYyIOmMell npamoii. OTcioma caeqyeT, 4YTo IPYTUX
Touek P, 06IagaoIuX TeM CBOHCTBOM, uTO PQ — HOpMaJb K o, HeT. IloTo-
MYy Jit00as TaKas TOUKAa MOJIyUYaeTCs BBIMIEONMCAHHBIMU PACCYKICHUAMU,
ecJIt 3a () MPUHATH OKPYKHOCTh C I[EHTPOM @ 1 pagmycoMm QP. O

ITocTpoennas rumep6osa Ha3bIBAETCS 2UNep600l ANONLOHUS KOHUKHU
a OTHOCUTEJNbHO ToukKu @. CepequHBI CTOPOH UETHIPEXYTOJIbHUKA, BEp-
IIVHBI KOTOPOT'O — TOYKW IEePEeceueHms W W o, JeyKaT Ha Y U 00pasyioT
mmapaJijiejorpaMM, IeHTP KOTOPOTO COBIAZAET C IeHTPOM T'HUIIepPOoJIbI Y
U IEHTPOM TSAMKECTH STOT0 UEeThIPEeXyroJbHUKA. SHAUUT, IEHTP TAMKECTU
TmepeceyeHns ABJISIETCA IEHTPOM TUIEpOOJIbI ¥ M He 3aBUCUT OT paguyca
OKPY*KHOCTH.

Teopema 4.15. Touxku Py, Py, P3 u mouka, cummempuynas Py omnocu-
MenbHO YeHmpPa KOHUKU, JeHam Ha 00HOU OKPYHICHOCMU.

Hoxazamenscmeo. Paccmorpum cayuail, Korjga JaHHAsA KOHUKA SAB-
Jgsgerca suuncoMm. Ilycte P/ — Touka, cMMMeTpUUYHAs ToukKe P, OTHOCHU-
TeabHO O (puc. 4.16). YTBep:KIeHHe TeOpeMbl PaBHOCUJIBHO TOMY, UTO
KOHUKOH IIeHTPOB IyYKa, oIpeaensaeMoro roukamu Py, Py, P3, P’, Oyzmer
PaBHOCTOPOHHASA ruiepbosia. PaccMoTpuM coxkaTie K MaJjoOil OCH dJIJIMIICA,
IepeBOAsAIIee ero B OKPYKHOCTh. TaK Kak
adpdpunHOE mHmpeobpaszoBaHMe IEHTPHI KO-

HUK IIepeBeleT B IEHTPhI, paccMaTpuBae-

MOe reOMeTPHUUYEeCKOe MeCTO ImepeieT Toxe

B KOHUKY, IIPUYEeM B PABHOCTOPOHHIOIO T'Hi-

mep00Jy, MOCKOJBbKY HOBBIA IIYUOK OymeT

COZIePsKaTh OKPYKHOCTDL (00pas MCXOIHOTO

aJnImca). Jra runepbdosia comepKuT odpa- Puc. 4.16

361 Touku O (T. e. camy TouKy O) u cepequH

orpeskos P'P;, P'Py, P'P;, KoTOpEIe IPU TOMOTETUN OTHOCUTEILHO 00pa-
3a Touku P’ ¢ Kospduimentom 2 nepeiiayT B o6pasnl Touek Py, P, Po u
P3. Ho IIOCKOJIBKY CYIIIECTBYET TOJILKO OJHA PaBHOCTOPOHHSA IrumepooJia,
nmpoxogsAiiasa yepes odbpasel Touek Py, Py, Py u P3, 370 OymeT o6pas coorT-
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BeTCTBYIOIIEel runep0oJibl AToJIOHUA (KOTOpasa MPU 3TOM CXKAaTUU IIepei-
IIeT B PABHOCTOPOHHIOIO TUIIEPOO0JY, TaK KaK €e aCUMIITOTHI COHATIPABJIEHBI
C OCAMH JJIJINIICA), T. €. KOHUKA IIeHTPOB IIyYKa, OIPeleIaeMOro TOUKaMu
Py, Py, P3, P/, Oyzger romoreTuuHa rumepboJie AMOJIOHNUSA, IPOXOLAIei
yepe3 Touku P;, Ps, P3, P4, a 3HauuT, OyAeT paBHOCTOPOHHEH ruiepbo-
JIOH. O
ITa OKPYKHOCTb Ha3BIBAETCA OKPYHHOCMbI0 Hoaxumemans.
Ecimn Bocmonb3oBaThCA KOMILJIEKCHBIM
adpduHHELIM IIPpeodpas3oBaHueM, Teopemy 4.15
MOXKHO JOKasaTh U IJid rumnepboJi. B ciayuae,
Korla KOHWKAa sABJseTcsa IapaboJoii, OTHO
U3 YeThIPeX OCHOBAHWIN HOpMAaJIeH, ITPOXO-
IAINUX Uepes3 HaHHYI0 TOUKY, YXOOUT B Gec-
KoHeuHOCTh. CooTBeTcTBEHHO Teopema 4.15
mpuoOpeTaeT ciaenyiomuii Bux. Tpu ocHosa-
HUs HopmaJel K napaboje, npoedenHblX U3
0aHHOU MOYKU, U ee BepULUHA Jexam Ha
00nol okpyxcrHocmu (puc. 4.17). Puc. 4.17

§ 4.4. Teopema Ilonceae aa coPOKYCHBIX IJLIUICOB

Eciu B3ATH OKPYKHOCTH C ITEHTPOM B OZHOM 13 (DOKYCOB COMOKYCHBIX

KOHUK U IPUMEHUTDL CHAYAJIa IOJIAPHOe COOTBETCTBUE, a 3aTeM MHBEPCUIO0

OTHOCUTEJIBHO Hee, TO COPOKYCHBIEe KOHUKHU IIePeHayT B KOHIIEHTPUUYECKIIe

OKDPY/KHOCTH. 3HAUUT, U IOJAPHBIE OKPYsKHOCTH O0pPa30BBIBAJU ITYUYOK.

CienoBaTe/IbHO, COPOKYCHBIE KOHMKK 00pa3yoT JBONCTBEHHBINA IIYUYOK.
Mgz GymeM paccMaTpuBaTh ABa TAKUX

COGOKYCHBIX BJIJINIICA, UTO CYIIECTBYET

MHOTOYTOJIbHUK, BIIMCAHHBIA B OOJIBIITIIA

W3 HUX U ONUCAHHBIM BOKPYT MeHbIIIe-

ro (puc. 4.18). ITo Teopeme IloHcese Ta-

KHX MHOTOYTOJIBHUKOB CYII[EeCTByeT Oec-

KOHEUYHO MHOTO (eCJu CYIIEeCcTBYyeT XOTs

ObI oxui). OKasbIBaeTCsd, OHU O0JIaaloT

PAIOM MHTEPECHBIX CBOMCTB.

B § 1.4 MBI mokasanu Tako# (axT.

IIycTh HUTHL HAKWUHYJIU HA djaunc «. To-

rna KapaHJalll, IPUBA3AHHBIN K HUTU,

IIpU BpallleHuu OyAeT BhIPUCOBBIBATH AJIJIUIIC, COPOKYCHBIHN C «.
BakHbIM ciieficTBHEM 9TOTO (hpaKTa SABJSETCSA CIeAYIOI[as TeopeMa.
Teopema 4.16. Cpedu 8cex 6binyKAbLX N-Y2OLbHUKOE, NUCAHHLLX 8

O0QHHBLU INAUNC K, HAUOOALWIUL nepumemp umeem n-yzolbHUK, ONUCAH-

HbL BOKPY2 HEeKOMmOopP0oz0 COPOKYCHOZ0 C & IALUNCA Oy.
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Hoxazamenvcmeo. Ilycts M1Ms... M, — MHOTOYTOJIBHUK C MaKCHU-
MaJbHBIM mepuMeTpoMm. [lokaskem, uto ajd Kamkmoro i=1, 2, ..., n 6uc-
cexTpuca BHemiHero yriaa M; 1 M;M; 1 JoJ'KHA ABJIATHCA KacaTeJIbHOH K
a B Touke M,;.

IIycts aT0 He Tak. OOo3HauMM uepes
o' samunc ¢ dpoxycamu B M; 1 u My,
npoxonAmniuii uepes Touky M; (puc. 4.19).

Torga KacareabHad K o', OHA ke GHUCCEK-

Tpuca BHeltHero yria M;_1M;M; 1, nepe-

ceKkaeT « ele B Kakoii-to Touke M,. Ho

cymma M; 1M, + M; 1M, Oyner Gonblie, Puc. 4.19

uem M;_1M;+ M; 1 M;, nockoabky M, je-

skuT BHe synnca o' . TakuM o6pasoM, MBI IIOJYUYUM BBIIIYKJBIA 71-YIOJIb-
HuK MiMy...M; 1M, M;,;...M,, nepuMeTp KOTOPOro GOJbIlle IIePUMET-
pa muHoroyroabHuUKa MMy ... M,. Ho 3T0 IpoTHUBOPEUUT BBHIOOPY HAIIIETO
MHOTOYTOJIbHIKA.

Iloxas:xem Temepsn, UTO B n-yroabHUK MM, ... M, MOXHO BOHCATDH 3JI-
JIUTIC.

Ilycrs F1 u Fo — porychl asumumica «. Pacemorpum annunc K, ¢ pory-
caMM B 3THX TOUKaX, Kacawmuiica npamon M7 Ms. Bropasa kacaTenbHas
K o, IpoBedeHHasa u3 TOUKU Mo, moJ:KHa o0pasoBbIBaTHL ¢ MyF; yrou,
paBHBIN LF1MoM;. Ho Takoit npamoi aBisgeTca npamas MsMs, ITOCKOJIb-
Ky y yraoB MsMyoMy u F1MoFs coBOagaioT BHENIHUE OMCCEKTPUCHI (Kaca-
TeJbHAsI K o B TOUuKe My). AHaJIOTMUYHO, paccMaTpuBasd BepInuHy Mg, MbI
moJiyyaeM, UTO o, Kacaercad M3gMy, u T. 1.

IIo Teopeme Iloncemne muOTOYrOAbHUK MiMs... M, MOXHO BpamiaThb
MEXIy o U o,. IIoKaskeM, UTO IIPU STOM IEePHMETP MHOTOYTOJbHUKA He
MEeHSeTCH.

HelicTBUTEIBHO, 9TOT IEPUMETP JEerko moAcuuTaTh. IIycTh @; — aTO
TOUKU KacaHud o, co cropoHamu M;M; ;. Ilo Teopeme 1.6 amsa mpous-
BoJIbHOII Toukum M Ha o BeamumHa MX + MY +uXY, rme MX u MY —
9TO KacaTeJbHbIe K &, He 3aBucutr or M. ITostomy C=@Q;_1M; + M;Q; +
+ uUQ;®;_1 He 3aBucut ot M;. ITocunraB cyMMapHyIO JJIUHY TAKUX IIETEJb
Iad Kaxkgou Touku M;, mbl moayuuM Cn. Tak MBI mocumTaeM KayKIYIO
CTOPOHY MHOTOYTOJbHHKA IO OJHOMY pasdy, a AyrW dJjauica n — 1 pas
(MeHbIIAA M3 AT @;Q;11 TPUHALIEKUT BCEM IIETJISAM, KPOMEe IETJIU CO-
orBercTByOIeil Touku M;,1). Takum oOpasom, mmepuMerp 7n-yrojibHUKA
M{Ms...M, paBeu pasHocTu Me:xkay Cn U mepuMeTPOM 3JLINIICA (,, B3s-
TeIM 1 — 1 pas3. A 3HAUUT, OH He MeHAETCsS IPU BPAIleHNN. O

Brinykabeiii n-yronbHuK IloHcesie, BIMCAHHBIN B OAUH SJIJINIC W OIIM-
CaHHBIN OKOJIO IPYToro, cOpOKyCHOTO0, 00JaaeT ellne OJHUM dKCTpeMasb-
HBIM CBOIICTBOM, B HEKOTOPOM CMBEICJIE «IBOHCTBEHHBIM» JOKAa3aHHOMY B
Teopeme 4.16.
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Teopema 4.17. Bouinyk.ablll n-y20lbHUK, ONUCAHHBLI 0K0J10 OGHHO020 3J1-
aunca o, umeem HAUMEHbW UL nepumemp cpedu 8cex MAKUX N-Y20AbHU-
K08 mozda u moJabkKo mozoa, Koz0a 8ce ezo 8ePUIUHDL JeXam Ha dJaunce,
CO(OKYCHOM C Q.

Hoxaszamensvcmeo. 3adpurcupyem Touxkm kKacaHumsa M; i, M;,; cTo-
POH MHOTOYTOJIbHUKA C ajuncoM. llyers T — TouKa mepeceueHUA Kaca-
TeJBHBIX B 3TUX ToukKax (puc. 4.20). IlycThs ajya ompeneseHHOCTH ayra
M;_1M; 1 MeHbIIIe IIOJOBUHEI djaulnca. Bygem uckars Touky M; Ha Hel,
JUIsg KoTopou aymHa jsomaHo M; 1 XYM, ., rae X, Y — TOUKU Iiepece-
YeHUA KacaTeJbHOH, ITPOBEeAeHHON B TOU-
ke M;, ¢ TM; 1 n TM;;1, MUHUMAJIb-

Ha. Ilyers X', Y' — Toukm KacaHus
OKDY’KHOCTH, BIIMCAHHOM B TPEYTOJbHUK
TXY, ¢ ero cropomamu TY, TX. To-
rma M; 1 XYM =M; 1Y’ +X’Mi+1, T. €.
MUHUMYM JOCTUTAETCs, KOTJa BIIMCaHHAas
OKDPY:KHOCTh HMeeT MaKCHMaJIbHO BO3-
MOMKHBIA pagmyc. ITO 3HAYUUT, UTO BIIU-
CaHHAsA OKPYKHOCTb U JJIJIUIC KaCaloTCs
npamoit XY ¢ pasHBIX CTOPOH B OJTHOU
u Toi ke Touke. CiiemoBaTeJbHO, IIO Te-
opeme 3.16 1meHTp saaumnca O JeKUT Ha
npamoit IT', rae I — eHTP OKPY>KHOCTH,
BIMCAHHOM B TpeyroasHuk TXY, T' — ce- Puc. 4.20
penuHa orpe3ka XY.

Ilycrs Fy, Fs — (pOKyChI JAHHOTO 9JIMIUIICAa. TaK KaK JJIJIUIIC BIIMCAH B
TpeyroabHUK T XY, npambeie F1 X u F; X 00pa3yioT paBHBIE YIJIBI C IIPIMOM
IX, a nipameie F1Y u FoY —c IY. Kpome Toro, mpaMas, cOeTUHSIONIA
cepenuHbI 0TPe3KoB F1Fo m XY, mpoxonut uepesd Touky I. Bocmonb3yemces
pesyabraToMm 3azaun 26. ITockoabky yroam XIY Tymo#, OJINHBI JIOMaHBIX
F1XFy u F1YF, paBHBI, T. e. Touku X u Y JexKaT Ha dJIIUNce, COPOKYCHOM
¢ K. Orcioma, oueBUIHO, CJIeAyeT YTBEPKICHUE TEOPEMHBI.

Cayuait, korga ayra M;_1M; 1 cocTaBigeT OOJbIlle ITOJOBUHBI BJIJIUII-
ca, pasOupaeTrcs aHAJOTHUYHO, C 3aMEHOM BIIMCAHHOM OKPYKHOCTH Tpe-
yronbHuka TXY Ha BHeBnucaHHylo. Hakonern, ecau Touxku M; 1, M;1q
IraMeTPaJIbHO ITPOTUBOIIOJOMKHEI, TO MICKOMOE YTBEDP:KIeHNE MOKeT OBbITh
MMOJIYUYeHO IIpeaebHBIM IIepexXoloM HJIMW BBIBeIeHO M3 TOoro (akTa, UTO
cyMMa JIMH CTOPOH OMMCAHHOT0 OKOJIO 9JIJIUIICA TTapaJjejiorpaMMa He MO-
JKeT OBITh MEHbIIle CYMMBI IJINH ero oceii. 9ToT (aKT, B CBOIO OUepelb,
MOXKHO JOKa3aTh IIPOCTHIM BLIUUCJIEHUEM. O

3amaua 42. JIMIC U OKPYKHOCTb KacaloTcA IPYr APyra BHEIIHUM
obpasoM, a ux 00IMe KacaTeJbHbIe HMapaJieabHbl. [[oKasKuTe, 4TO pac-
CTOSHME MeXKIY UX IIeHTPaMU PaBHO CyMMe II0JIyoceil sjuica.




Pemrenug 3amau

1. 910 ypaBHeHUEe 3aJaeT KPUBYIO BTOPOTO
MOPAKA, IIOCKOJbKY OHO SKBMUBAJIEHTHO ypaB-
HeHuio xy = 1. Tak Kax

xy=((x+y)? (x—y)?),

B KoopauHaTtax ¢ =x +y, { =x —y ora rumep-
0osta OyzeT MMeTh ypaBHEHUE

2y

4 4

IToupob6yem HatiTu ee porycel. IlycTh TOuKa
X CKOJB3UT 1O Tumepboje, MOCTEHEeHHO YXO-
I B OecxkomeunocThb. Torma mpambie F1X u
FoX crpemsaTcs K mnapajuieabHbIM (rme F; m
Fy — okychl rumepboJibl), a 3HAUUT, BeJIUIUHA
|F1X — F»X | paBHa AJMHE NPOEKIUU OTPE3Ka
F1Fy; Ha ock Ox. C mapyroii cTOpoHBI, OHa pPaB-
Ha AefiCTBUTEJIbHOU ocu ruiepOoJbl, T. €. 2V/2.
ITockoabKky yroa mexxkay mnpamoii FiFs um Ox
paseH 45°, BequuuHa F1 Fy paBHa 2vV2-v/2=4.
CrnemosaTtenbHo, OF; = OF; = 2, a 3HAUUT, TOU-
Ka F; mMeeT KOOPAMHATEHI (\/§, \/5), a Fy —
KOOPAMHATHI (—\/ﬁ, —/2).

2. CoeIMHUM TOUYKW KaCaHWSA U BEePIIUHBI
MHOroyrojbHuUKa ¢ Toukou F. Iloxkpacum 1mo-
JIYUYUBIIIHECS YIJIbI, COMEPIKAIIE OTPE3KH Uep-
HBIX CTOPOH, B KPACHBIUN IIBET, a CoAep:Kallfuie
orpe3ku Oenbix — B cunuii. Ilo Teopeme 1.4
YTJbI, OTHOCAIIMECA K OIHOW BEPINMHE MHO-
TOYTrOJIbHUKA, PaBHBI, a OHM WHMEIOT pa3HbIe
mBera. 3HAUNUT, CyMMa KPACHBIX YTJIOB paBHA
cyMMe CMHUX YTJIOB, T.e. 180°.

3. W3 ycnoBusA cienyeT, YTO IPSMbIe, CUM-
MeTpuuHble guaronaan AC OTHOCHUTEIBHO Omc-
cektpuc yriaoB A u C, mepeceKamoTcsa B TOU-
Ke P pmaromanu BD. IlpumeHUB Teopemy Cu-
HycoB K Tpeyroabuukam ABP, ADP, ABL u
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. BLBP AB?
ADL, rne L — TouKa IiepeceueHUA AUaroHaJjeil, mojaydaeM — =

DLDP AD?’
BL BP CB? AB CB
Amnajoruuao DLDP — CDE A 3mauwur, iD= D’
OTKYy[a moJiyuaeM TpedyeMoe yTBepiKIeHNe.

4. OKCIEHTPUCUTET BCEX PABHOCTOPOHHUX
rumepbos, OYEBHAHO, paBeH /2 (IpoBepbTe
a10!). ITosToMy AUPEKTPUCH pacCMaTPUBAEMbIX
rumnepboJi HaxXoAATCA Ha paccrogHuu FP/ V2
or Touxku P. CiemoBaTelbHO, OHHU KAacaioT-
cAd OKPY/KHOCTH ) C IleHTpoM P u pammycom
FP/ V2. Jlerko HOHATH, UTO OHU OruOAIOT BCIO
OKPYJKHOCTBL (TaK KaK C KakIOoi KacaTeJbHOM
K 9TOM OKPYKHOCTU MOYKHO CBSI3aTh PABHOCTO-
POHHIOIO TuIepboJy ¢ PoKycoM B Touke F 1 Ka-
caTeJbHOUM Kak gupekTpucoii). C apyroii ctopo-
HBI, IUPEKTPUCHI IEPEXOAAT B ACUMIITOTHI IIPU
IIOBOPOTHOII TOMOTETUU C IIEHTPOM B TOuKe F
(moBopoT Ha +45°, a KO3pPUIIMEHT TOMOTETHUU
V2). TlosToMy BCe ACHMIITOTHI TAKUX PABHO-
CTOPOHHUX T'UIIEP00J OYAYT KacaThCs OJHON 13
IBYX OKPYsKHOCTeIl, IMOJYyYaIoINXCA U3 ) IIPU
BBIIIIEOIICAHHOI roMoTeTuu (puc. 5.1).

5. OGosHauuM IIpoeKIiuio Touku X Ha Au-
peKTpucy mapaboibl yepes X'. 3amMeTuM, 4TO
FY || XX', a XY | X'F (06e mpAMble IepIeHAN-
KYJIAPHBI KacaTeJbHOH K mapabojie B Touke X).
Takum obpasom, XYFX' — mapajiesorpamMmm, a
3HAUYUT, AJIUHA oTpes3ka YZ pasua X'F', roe F/ —
npoerua Touku F ma XX'. Ho gimHa oTpeska
X'F' nmocrosHHa U paBHA PACCTOAHUIO OT (POKY- Puc. 5.2
ca o TUPeKTPUCHI mapabossl (puc. 5.2).

6. O6ozHauyuM merrexonoB yepes X U Y, a TOUKY NepecedyeHus TOpPOT
yepe3d A. Touka mepeceueHUs CepeIMHHBIX MEePIEHIMKYJIAPOB K AX u
AY nBuiKeTcs IO HEKOTOPOIl MpAMO# (IIOCKOJBKY ee IPOeKIINU Ha J0po-
T IBUXKYTCSA C IIOCTOSHHOI CKOPOCTHI0). O603HAUUM 9Ty IPSIMYIO uepes
[. OnncaHHasaA OKPYKHOCTL TpeyroJbHuKa AXY Bce BpeMs IPOXOJUT Ue-
pes3 TOUKY, CUMMETPUUYHYIO Touke A oTHOcUTebHO [. O003HAUNM 3Ty TOY-
Ky uepes A’. Paccmorpum mapa6oJy, Kacarollylocsa CTOPOH TPeYyroJbHUKA
AXY, ¢ porycom B A'. Ee mtupexTpuca — 3T0 IpAMasd, IIPOXOAAIAd depes
TOUKHM, CUMMeTpuuHEIe Touke A’ orHocurenpuo AX u AY. Ho stu Touxkn
He MEeHSIOT CBOe IIOJIOKeHMe C TeueHreM BpeMeHU. IlosTomMy AUpeKTpH-
ca u (poryc mapaboJbl He MEHSIOTCS C TeUeHWeM BPeMeHU, a 3HAUUT, U
mapaboJia ocTaeTcss Ha MecTe U Bce BpeMsA Kacaercd X Y.
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7. Ilycts mpAMas, Kacarolascs mapaboJibl, mepecekaer AP u AQ B
Toukax X u Y, M — cepenuna orpeska XY. Torga mo Teopeme 1.10 omu-
caHHasd OKPYsKHOCTH TpeyroJbHUKAa AXY IpoXoauT uepes TOUKy F — ¢o-
Kyc Halneil mapabojbl. 3aMeTuM, YTO YIJIbI TpeyroJabHuKa XFY He 3aBuU-
CAT OT TOJIOXKEHUs KacareabHoi. CiaemoBarenbHO, BeqmunHa yraa XMF

FX
W OTHOIIEHUE - TOXe MOCTOSHHBI. Taxum obpasom, Touxa X IIepexo-

IUT B TOUKY M IIpU MOBOPOTHOM rOMOTETUU C IIeHTPOM B Touke F, yriaom

FX
noBopora XMF u ros3hPuiimeHTOM T 3HauyuT, Touka M IBUKETCA IO

OPSMOM, B KOTOPYIO IepexoauT AP mpu s3Toil TOMOTeTHH.

8. Cuesraem mpoeKTHMBHOEe IpeoOpasoBaHMe, IepeBOAAIIee TOUKY P B
IeHTp TakecTu Tpeyroabuuka ABC. Torga Touku A’, B’ u C' nepeiigyT B
0eCKOHEUHO yaaJIeHHbIe, T. €. JeKalllne Ha OTHOI MPAMOI.

AHaJOrMYHO MOYKHO MOKAas3aTh, UTO AJIA JIO00H mpsaMoii (He IPOXOms-
el yepes BEPINUHBI TPEYTOJbHUKA) CYIIECTBYET €IMHCTBEHHBIN TPUJIU-
HeHHBII MOJII0C, T. €. TOUKA, AJII KOTOPOU 9Ta HpAMasd O0yaeT TPUINHeHHOMi
TOJIAPOI.

9. Coenaem adpduuHoe mpeodbpasoBaHMe, TAK UTOOLI 9Ta IpsaMAas CTa-
Jia mapaJiiesibHOIl ogHO# u3 oceil rumepboJbl. Torma 3To paBeHCTBO OyAeT
cJaemoBaTh U3 cuMMeTpuu. Ho MOCKOJIBKY paccMaTpuBaeMble OTPE3KH Jie-
JKaT HA ONHOM NPSAMOI, MX PABEHCTBO COXPAHUTCA M Iociie apPUHHOTrO
mpeobpa3oBaHUA.

10. Chenaem addunHOE IIpeodbpasoBaHUe, IIEPEBOIAIIEe ITHU IIPAMbBIE
B IpAMbIe, IIapajiejbHble JUpPeKTpuce mapabossl. Torga npsamas, coequ-
HAIOIAsa cepeauHbl oTpeskoB AB u CD, nepeiiner, oueBUAHO, B OCh IIapa-
6osb1. Ho mpu adduuEHOM mpeodpazoBaHUM MHOMKECTBO MPSIMBIX, IMapa-
JIeJIbHBIX OCH IapaboJibl, coxpaHseTrcsa (KaK MHOKECTBO). OTO IPAMbIe,
MIPOXOAAIINE Uepe3 TOUKY KacaHUA 9TOU mapabosbl ¢ 6eCKOHEUHO yIaJIeH-
HOU IIPSAMOM.

11. Ecau Touka C JeXKUT BHYTPU OKPYKHOCTHU, IPOEKTHUBHBIM ITPE0s-
pasoBaHMEM IIepeBeJieM ee B I[eHTpP. JIerKo IMOHATh, UTO TOrAa o6pas3hbl TO-
yeK D u E OyayT CUMMETPUYHBI OTHOCUTEJNBHO IIEHTpPAa, T. €. Touku C, a
3HAUNT, OHU JIe;KAT HA OTHOI IIPAMOI.

Ecnu C nexut BHe OKPYKHOCTH, TO 3aJaUy pellaeT MPOeKTUBHOe Ipe-
oOpaszoBaHue, MePEBOAAINEe ee B OECKOHEUHO YIAJEHHYIO TOUKY.

12. Cgenaem a(ppuHHOE IIPpeoOpa3oBaHMe, MePeBOAIINee HAIl 3JIINIIC B
OKpPY:KHOCTBL. Torza Bce OKPY:KHOCTH U3 YCJIOBUSA 3aaUM MEPEHIYT B 9JI-
JIUTICBI. OTH SJLIUIICHI OYAYT MOMOOHEI (T. €. OTHOIIIEHME MAJION 1 OOJIBITON
moJyocei OyAeT OfMHAKOBBIM) U OJMHAKOBO PACIIOJIOKEHBI (COOTBETCTBY-
IoIle OCU IapaJiienbHbl). Hamo mokasaTh, YTO OHU OYAYT OAUHAKOBOTO
«pasmepa». CompsKeHHbIe JUaMeTPhI SJINIICA MePeHAyT B IepHeHInKY-
JSpHBIe AUaMeTPhl Hallell oKkpy:kHOocTH. Hy a Temeph 0CTAIOCh BOCHOJb-
3oBaTheA pesyabraTaMu § 1.4. Eciu 61 9TH 9JIUIICH OBIJINM PA3HOTO «pas-
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Mepa», TO Paguychl OKPYXHOCTeH, M3 TOUEK KOTOPBIX OHU BUIHBI MOJ
OPAMBIM YIJIOM, TOKe ObLau ObI pasHbIMu. Ho Bce 3Tu paguychbl pPaBHBI
pagmycy Hallleil 60JbIIT0N OKpYys;KHOCTH (puc. 5.3).

Puc. 5.3 Puc. 5.4

13. ITycts O — 1ieHTP OIMCAaHHOM OKPY:KHOCTHU Tpeyroabuuka ABC. To-
IIa IO TeopeMe CHHYCOB pagmyc sToil okpyskHocTu OA m yroa BOC He
usMmeHsaoTcsa. CiemoBaTebHO, He MeHseTcsa u AjuHa orpeska OP. Kpome
TOTO, HalpaBJeHUe OucCceKTpuUchl BHerHero yria AOP Toke He MeHAET-
cd, TaK Kak OuccekTpuca yriaa AOB Bcerga mepueHankyasapaa AB, a yroa
BOP ue meuserca. IIyets P/ — 5To TouKa, CUMMeTpUAYHAs TOUKe P oTHO-
CHUTEJILHO 9TOM Omccekrpuchl. Torma Touka P’ jmexuT Ha npamoin OA u
IJInHA oTpe3ka AP’ mocrosHHA. SHAUUT, MPOEKIUN OTPEe3KOB AP u AP’
Ha OPAMYI0, IapajljIeJIbHYI0 BHemIHeil OucceKkTpuce yria AOP, paBHEI,
a mpoekIuA orpeska AP Ha mpAMYO, MapajjeJbHYI0 BHYTPEHHeH Ouc-

cextpuce yriaa AOP, paBHa IpoeKnuu orpesxa AP’ Ha 3Ty Ke IpAMYIO,
AO - OP

AO+OP’
Cy, MMOJYYAIONIEMYCA TIPU CIKATUU OKPYKHOCTH € IIEHTPOM A U Paguycom
Ap' g AO-OP

AO+OP
AOP.

14. Ilpeamono:KXMM cHayajia, YTO KOHHUKA, IIepeCEeKaroliad CTOPOHBI
TPEYroJbHUKA B 3TUX TOUKAaX, — OKPYsKHOCTL. Torma, Hampumep, BA; X
x BAgs = BCq - BCy. TloaTomy sTO coorHolieHue paBHO 1. OTcioma cpasy
CJEeNyeT, UTO eCJIM KOHUKA — 9JIJIUIIC, TO ATAa BeJIUUYNHA TOXKE COXPAHUTCAH,
MMOCKOJBKY npu ahGUHHOM ITPeodpasoBaHUM, MEePEeBOAAINEM 3TOT JIJIUIIC
B OKPYKHOCTb, JaHHOE COOTHOIIIEHME He M3MEeHHUTCA («MbI YMHOKAeM U
IeJUM Ha OBa KOJIMHEapHBLIX oTpesKa»). Ho aasa rumep0OoJbl 3TO pac-
Cy:KIeHUre He MPOXOIUT, MOCKOJIBKY He cyinecTByeT ahGUHHOTO IIpeosd-
pasoBaHUs, IEePEBOAAINEr0 OKPYKHOCTh B Iuiepb0Jy. 3aTO CYIeCTByeT
IIPOEKTUBHOE IIpeobpasoBaHMe.

ITokaskeM, YTO TmpU MPOEKTUBHOM IIpeo0pa30oBaHUM 9Ta BeJIUUYMHA He
U3MEHUTCH.

YMHOKEHHOU Ha CiemoBaTesibHO, TOUKA P IBUMKETCS IO 3JIJINII-

pas K IpaMOli, ImapaJijieJibHOI BHeIlHell OucceKTpuce yrJa
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Kaxmoe mpoeKTUBHOE IIpeo0pas3oBaHue ABIAETCA [eHTPATbHOMN IPOoeK-
mueit. O603HAYMM IIEHTP 9TOM mpoeKuu yepes P. Torga

BA:1-BAs _ Sappa, Snappa, _ (PB-PAj-sin ZBPA) - (PB-PAy-sin ZBPAy)
CA1-CAs  Snapca,-Sapca,  (PC-PAj-sin ZCPA;)- (PC-PAjy-sin ZCPAy)
__ PB? sin /BPA; -sin /BPA,

~ PC? " sin /CPA; -sin /CPA,

Brinncas aHasormuHbIe PAaBEHCTBA AJIA OPYTUX OBYX CTOPOH M IIepe-
MHOKHUB UX, MBI IOJYUUM CJIeAYIOIllee PABEHCTBO:

BA{-BAy; CB;-CBy AC{-ACy; _ (PB? sin /BPA;-sin ZBPA,

CA,-CA, AB,-ABs BC,-BCs (P—C2 " sin ZCPA, -sin ZCPA; )
PC? sin Z/CPB; -sin ZCPBy PA?  sin ZAPCq -sin ZAPCy

(W " sin ZAPB; -sin ZAPB; ) ' (@ " sin ZBPC; -sin ZBPCj )

__ (sin ZBPA; -sin /ZBPAy sin ZCPB; -sin ZCPBy sin ZAPC; -sin LZAPCy

- ( sin ZCPA, -sin ZCPA, ) ' (sin ZAPB; -sin ZAPBj ) ) ( sin ZBPC; -sin /BPCj ) :

Hy a sTa BestmumHa, KaK HeTPYAHO BUAETH, He 3aBUCUT OT ILJIOCKOCTH,
HA KOTOPYIO MBI JlejlaeM IIPOeKIuno. {1 rumep0obl paBeHCTBO TOXKE BbI-
MMOJIHSETCA.

Ocrajoch MMoKasaTh, UTO €CJAU TOUKU YAOBJIETBOPSIOT 3TOMY OTHOIIIE-
HUIO, TO OHU JIe:KAT Ha OJHOH KoHUKe. [IpoBeseM KOHUKY uepes MSATh TO-
YyeK M3 HAIIIUX IIIeCTH, CKaKeM, uepes Bce, Kpome Cy. ITa KOHUKA HOJMKHA
mepecexkaTbh AB eillle B KaKoii-To Touke Kpome Ci. O003HAUNM 3Ty TOUKY
yepesd C,. [l BBIOpaHHBIX HAMU IIATH TOYEK U TOUKYU C), BBIIOJIHEHO Tpe-
Oyemoe cootHomeHre. Ho, Kak Jlerko moHATH, Touka C), U3 HEro BoccTa-
HaBJMWBAETCS OJHO3HAYHO, CJIeJ0BATEIbHO, OHA JOJI:KHA coBHagaTh ¢ Ca.

15. IlepeBemeM TPOEKTUBHBIM ITPEeOOPa30BAHMEM TOUKU IIepecedueHms
9JLINTICOB B BepIIWHBI KBajapara. Torma meutp O kBaapara OyaeT oOIuM
IEeHTPOM JJIIUIICOB U, 3HAUUT, UX OOIIMe KacaTeJbHbIe TOKe OyIyT mO-
MMapHO IMEeHTPAJIbHO CUMMETPUUYHBLI OTHOCUTEIHHO O.

16. O6osnaunm Touku mepeceuenus guaronaneii AC u FB uepes A;.
AmajoruuHo ompeneauM Touku Bi, ..., F1 (puc. 5.5).
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ITo Teopeme Ilackans Touka mepeceueHusa MpAMbIXx AD u FC nexur
Ha npamoi FiCy. O0o3HAUNM 3Ty TOUKY uepe3 P, a TOUKY HepeceueHusd
npaMmbix AD; u B1F uepes3 Q. Torma mo Teopeme Ilanma Touku Ci, P u @
JekaT Ha OgHOM mpamoi. OmATh »Ke BOCIOJIB30BaBIINChH TeopeMmoir Ilam-
ma gasa touek A, Ay, By u F, Ei, D{, MBI mOoJIlyuaeM, YTO Ha 3TOU Ke
OPAMO# JIEXKUT TOUKAa IepeceueHusa npambix A;D; u B1E;. Takum 006-
pasom, mpameie A1D;, B1E; u C{F; mepecekaioTcsi B OSHON TOUKe, HO
mo obpaTHOU TeopeMe BpuaHIiona 13 3TOTO CIEAYET, UTO IIMeCTUYTOJbHUK
A1B1C1D1E F; onncaH BOKPYr KOHUKHU. CTOUT TaKKe 3aMETUThb, UYTO MBI
B JOKasaTeJIbCTBe HUTe He MCIOJb30Bai, UTO TOUYKU UAYT UMEHHO B Ta-
KOM IIOpAIKeE.

BriBemem us sToro teopemy lloHcene ansa TpeyroapuHuka. IlycTs Tpe-
yroabHUK ABC BOmncaH B KOHUKY ({1 1 OIIMCAH BOKPYT KOHUKHU 5. BO3b-
MeM IIPOUM3BOJILHYIO TOUKY D Ha o1, KOTOpasd JIE:KUT BHE (g, U IPOBEIEM
KacaTeJbHbIe K 2. IIycTh OHU MOBTOPHO IlepeceKarT «; B ToukKax FE u F.
Hawm mamo mokasaTh, uTo EF KacaeTrcs dg. Kax MbI TOKasaiu, CyIecTBY-
eT KOHUKa, Kacalomasaca npameix AB, BC, CA, DE, EF u FD. C gpyroi
CTOPOHBI, CYIIECTBYET €IMHCTBEHHAA KOHUKA, KAacaloniasacsa IATH MPAMBIX
AB, BC, CA, DE, DF, u sT0o KOHUKa 2. CiegoBatenbHo, u EF Kacaercs
Q9, UTO U TPeOOBaJOCh MOKAa3aTh.

17. Yka3anue. YeTbIpexXyroJbHUK, 00PA30BAHHBINA JaHHBIMU MIPIMBI-
MU ¥ aCUMIOTOTAMHU, ONIUCAH BOKPYT TUIIEPOOJIHI.

18. ITo oOpaTHOiT TeopeMe BpuaHIlloHa cyiecTByeT KOHUKA, Kacarola-
sACA CTOPOH 000MX TPEeyroJbHUKOB. IlycTh mpou3BoJbHAS HmpaMas, Kaca-
oIasaca 9To KoHuKu, nepecekaetr AC B Touke P u BC B Touke Q. ia
pellleHuns 3aJauyy JOCTATOYHO MOKas3aTh, uTo npamble PB’ u QA’ mapau-
JeJIbHBI. A 5TO cienyeT M3 TeopeMbl BpuaHIlioHa, IPUMEHEHHON K OIIH-
CaHHOMY BOKDYI' TOM e KOHMKM HiecTuyroiabHury A'B'XQPY, rme X,
Y — 6eckomeunblie Touku npambix BC u AC.

19. ITycte X, Y — ABe TOUKU GECKOHEUHO yaJIeHHOU IPSIMOi, HallpaB-
JeH’usd Ha KOTOpble IepIeHAuKyIApHBI. IIpoBemem ueped Touku A u B
mpsAMbIe, apajijaeJbHble HampasjaeHnuio Ha X, a uepe3d C u H — npaMbIe,
nmapaJiesabHble HampasiaeHuio Ha Y. Ilyers UV — puaronajin obpasoBaH-
HOT'O 3TUMH IPAMBIMU IPAMOYIOJIbHUKA, a B’ — oCHOBaHMe BLICOTEHI Tpe-
YTOJILHUKA, ONYIIeHHON u3 Touku B (puc. 5.6).

Tax kKak uerTsIipexyroabHuku BB'CV u AUB'H BOHCAaHBI B OKPYiK-
HocTu ¢ puamerpamu BC u AH, /AB'U=/AHU, /VB'C=/VBC. Ho
/AHU = /VBC Kak yrJbl ¢ TMEePHeHIUKYJIAPHBIMU CTOPOHAMU, 3HAUUT,
rouku U, B’, V jmexar Ha ofHOI IpAMoOii, 1 o o6paTHOI Teopeme ITacka-
aa mectuyroabHuK AXBHYC Bumcad B KOHUKY, T. €. PABHOCTOPOHHSS
runepbosia ABCXY mpoxoaut uepes Touky H.

O6paTHO, IYCTh KOHUKA IIPOXOAUT uepe3 Touku A, B, C, H. Tak kak
A, B, C, H He ABJISIOTCA BEePIINHAMU BBIIYKJIOTO YeTLIPEXYTOJIbHUKA, KO-
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Puc. 5.6

HUKA MOXKeT OBIThL TOJLKO ruiepbosioii. Ecau X — ogHa 13 TOUeK ee mepe-
ceueHUA ¢ OECKOHEUHO yIaJIeHHON HmpAMOii, a Y — 0eCKOHEeUHO yaajJeHHasd
TOYKAa, COOTBETCTBYIOIAA MEPIEHANKYIAPHOMY HAIIPABJICHUIO, TO Y TOXKe
MIPUHAAJEKUT KoHuKe. CaemloBaTelbHO, KOHUKA SBJSETCS PAaBHOCTOPOH-
Hell rurep0boJI0ii.

20. Vraszanue. Mo:xHO Bocmosib3oBaThea meopemoti Conda, yTBepsKaa-
IOITleH, YTO eCJaU IBA TPEeyroJbHUKA MePCIeKTUBHEI (T. €. MpAMbIe, COequ-
HSAIOI[Me UX COOTBETCTBYIOIIME BEPIIUHEI, IePeCeKaloTCsA B OJHON TOUKE)
U OPTOJIOTUYHBI (T. €. IePIEeHIUKYJIAPHI, OMYIIeHHbIE 13 BEPIITNH KaKI0-
T'0 TPEYTOoJbHUKA Ha CTOPOHBI APYTOT0, IIepeceKalTesa B OOHOM TOUYKE), TO
IEeHTPHI IMePCHEeKTUBLI 1 OPTOJIOTUUYHOCTH JIeKaT Ha OgHOUN mpamoi. Kak
CJeICTBUE STOM TEOPEMBI HETPYAHO IMOJYYUTh, YTO OPTOJOTHUUHBIE TpPe-
YTOJBHUKY C COBIIAAAIONTINMY IEHTPAMU OPTOJOTUYHOCTH ITEePCIEeKTUBHEI.
VYTBepiKIeHNe 3a8aUl ABJIAETCA YACTHBIM CAydaeM IocaemHero. OTMeTum
TaKKe, UTO eCJU KOHIUKA ABJISETCA OKPYIKHOCTBIO 1 €€ BHYTPEeHHNE TOUKK
paccMaTpuBalOTCa KaK TOUKH moaenu Kieilina reomerpuu Jlo6aueBcKoro,
TO YTBEp:KIeHNEe 3aJa4Yy CTAHOBUTCA AHAJOTOM TEOPEMBI O IepeceueHuu
BBICOT TPEYTOJbHUKA B OJHOUN TOUKeE.

YTBep:KIeHUE 5TOM 3amauyl MOMKHO C(pOpMyJIHUpPOBaATh IIO-APYTIOMY: OBa
TPEYTroJbHUKA ITEPCIeKTUBHEI TOT/Ia 1 TOJBKO TOT/[a, KOT/Ia OHU HOJIAPHBI
(T. e. cyIllecTByeT KOHUKA, IIPU HOJAPHOM COOTBETCTBUM OTHOCUTEIHLHO
KOTOPOUM BEPIIMHBI OJHOTO TPEYTrOJbHUKA IEePEeXOAAT B CTOPOHBI IPYyro-
ro U HaoOOPOT; 9Ta KOHUKA MOKeT OLITh MHuMMOIT). [IJd moKasaTealbCcTBa
ATOTO KPUTEPUS AJOCTATOUHO IIePEBECTH OCh MEPCIEeKTUBLI TPEYTOJbHUKOB
B GECKOHEUHYIO NPAMYIO, TAK UTO OHM CTAHYT 'OMOTETHUYHBLIMU, a4 3aTE€M
ad@PuHHEBIM TpeodpasoBaHreM (BO3MOYKHO, MHUMBIM) IePEBECTH IEHTP I'o-
MOTETHUU B OOIIUI OPTOIIEHTP.
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21. IleHTp KOHUKHU ABJISAETCS IOJAPON OTHOCUTEJNHLHO 3TON KOHUKU
0ECKOHEUHO yHaJIeHHOM NPAMOM. 3HAUUT, UX ITPO0Opasbl OTHOCUTEIHLHO
& SABJIAIOTCS IOJISPOI M IMOJIOCOM OTHOCUTEJIbHO . Ho mpoobGpas Gecko-
HEYHO yJaJIEHHOI MPSIMOM — 9TO IIEHTDP KOHUKH ).

22. 1. PaccMOTpUM NIpPAMYIO, IIepeceKalyo Iumepodoly B TOUKax A,
B, a ee acumnToTsl B Toukax X, Y. Tak kak AX =BY, cepefuHbBI OTPE3KOB
AB u XY coBmajaioT, M IpAMas, COeAUHAIONIAA cepeauHy oTpesdxka AB ¢
IeHTPoM runep6osbl O, ABIAETCA MeIUAHON MPAMOYTOJbHOTO TPEYTOJIb-
Huka OXY. 3HauuT, oHA 00pPas3yeT ¢ aCUMITOTAMU TUIEPOOJBI TaKUe Ke
YTJIBI, 4TO 1 npsamasa AB.

2. Ilycrs P — TOuKa mepeceueHUs ABYX PAaBHOCTOPOHHUX THUIIEPOOJ C
meutpoMm O. Tak Kax KacaTejlbHbIe K ruiepbojaM, IPOBeJeHHbIe B 3TOM
TOUKEe, CUMMeTPUYHEI OP OTHOCUTENHHO MPSAMBIX, HAPAJJIEIbHBIX ACKHM-
IITOTaM, YTroJ MeXAYy HUMHU BABOe GOJIbINlEe YIja MeKIY aCHMIITOTAMM.

23. CoenmaeM IOJIAPHOE IpeoOdpasoBaHlie OTHOCUTEJIbHO OKPYKHOCTH C
meHTpoM B Touke O, rae O — meuTp sjaunca. Torga cTopoHbl pombOa Iie-
peiayT B TOUKM, U3 KOTOPBIX 00pas ajauiica (a 3To OOATh OyAeT 3JIJIUIIC)
BUIEH TOJA OpAMBIM yrioMm. Ilo Teopeme 1.5 3T0 OyAeT OKPYKHOCTD, IIPU-
yeM c IeHTpoM Toxke B Touke O. Hy a smauwur, ee obpasom, T. e. orubaro-
e Bcex aTUX pomM0O0B, OYIEeT OKPYsKHOCTE ¢ IeHTpoM O.

24. OKpyKHOCTh U TUIlep00ja 00pas3yioT ABaKIbI KacaloIUuicAa IYUYOK.
IIpu mMoNSAPHOM COOTBETCTBUU OTHOCUTEJIBHO OKPYMKHOCTH THIIep0oJIa IIe-
PEXOAUT B KOHUKY M3 9TOr0 IyYKa. BeCKOHEUHO yIaJIeHHBIMU TOUYKAMU
ATOM KOHUKHU OyAYyT 00pashbl aCUMIITOT THIIEPOOJIBI, KOTOPhIE, OUEBUIHO,
COBIIQIAIOT ¢ OECKOHEUHO yAaJeHHBIMU TOUYKaMu caMmoii rumepbosnbi. Cie-
IoBaTeJbHO, ruiep0oJia mepeliger B ceds.

ITokaskeM, UTO M OKPY:KHOCTHL ABTOIOJSAPHA OTHOCUTENHLHO THUIIEp0Oo-
Jbl. BodbMeM B MpOCTPaHCTBE B IePIEeHANKYJIAPHbIe MMPsSMble W pac-
CMOTPUM [Ba KOHYyCa, 00pasyloluecsa IPU BPAIIEHUMN STUX IIPAMBIX BO-
Kpyr OHMCCEeKTpHC YIJIOB MeKAy HuUMHU. [[aHHBIE IpsMble OYAyT OOLIMMU
obpasyionuMu 0601MX KOHYCOB, IO KOTOPHIM KOHYCHI KacaloTCsa APYT APY-
ra. Ecim mpoBecTH IJIOCKOCTH, MEPHEHIMKYIAPHYIO OCH OJHOTO M3 KO-
HYCOB, TO CeueHHeM 5TOro KOoHyca OyIeT OKPYKHOCTb, a JPYroro — pas-
HOCTOPOHHSAA TUIepbosia, KacarwIlasicad OKPYKHOCTH B CBOMX BepIIMHAX
(puc. 5.7). CiemoBaTesbHO, CYII[eCTBYeT HPOEKTHBHOE IpeobpasoBaHUeE,
MeHSAIoIee TaKuWe OKPYKHOCTH M rumepbosy mMecrtamu. IIpm sTom aBTO-
MMOJIAPHOCTb COXPaHSeTCs.

OrMeTM TaK’Ke, UTO €CJIM IIPOBECTU CEKYINYIO IJIOCKOCTh MePIeHIU-
KYJIAPHO 00Ifeii 00pas3yroileii KOHYCOB, TO CeUeHUAMU OYAYyT ABe paBHBIE
mapaboJibl, KacamIuecsa APYr Ipyra B BepIlinHaX. 3HAUUT, TaKue Iapa-
00JIBI TaKiKe aBTOIOJAPHBI OTHOCUTENLHO APYT APyTa.

25. Taxk xkak Touka T Jjexut Ha mpamoii I'aycca, oHa ABJISETCA IIeH-
TPOM BIIMCAHHOM B YETHIPEXYTOJbHUK KOHHKHU. IIyCTh 4eThIpeXyroJbHUK
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He ONMMCaHHBIN, TOTa 3Ta KOHNKA He OKPY:KHOCTD, T. €. PACCTOSHIE OT ee
IeHTpa [0 KacaTeJbHOM IpMHUMAaeT Jiio0oe 3HaueHUe He 0ojee dYeThIpex
pas. IIpoTHUBOIOIOKHBIE CTOPOHBI UeTHIPEXYIOJbHIKA IO YCJIOBUIO HAXO-
IATCSA HAa PABHOM PACCTOSAHUU OT IeHTpPa. 3HAUUT, JIMOO XOTsA ObI B OJHOM
13 Tap IPOTUBOIOJOMKHBIE CTOPOHBI MAPAJJIENbHBI M UETHLIPEXYTONbHUK
SABJISIETCS Tpaleluei, 1160 B KaKJ0H mape CTOPOHBLI CUMMETPUYHBI OTHO-
CUTEJIbHO OJHOU M3 OCell KOHUKM. TU OCU He COBIIAJAIOT, TAaK KaK MHaUe B
YeTHIPEXYTOJbHUK MOYKHO BIIMCATh OKPYKHOCTD, CJIeOBATeIbHO, OMCCEK-
TPHCHI YIJIOB MEKAY IIPOTUBOIIOJOXKHLIMYA CTOPOHAMHY YeThIPEXYTOJbHUKA
MEPIEeHANKYIAPHBI, YTO PABHOCUJIBHO €ro BnucanHocTu. O0paTHOEe yTBEp-
JKIOeHMe IS BIIMCAHHOTO YeThIPeXyroJbHIKA JOKAa3hIBAETCS aHAJOTUYHO,
a I ONMCAHHOTO YeTHLIPEeXYTOoJbHUKA U TPalleluy OHO OYeBUIHO.

26. ®arkTruecKu 3TO IepedOpPMyJMPOBKA IpPeabIAyIeil 3axaun. [leii-
CTBUTEJILHO, TOUuKa O paBHOyIAJIEHA OT IPOTUBOIOJJOKHBIX CTOPOH UETHI-
pexyroiabHUKAa, obpasdoBanHoro npambiMu AX, AY, BX, BY (uMeHHO B
TaKoM HopsAnKe). YciaoBue, urto Touku C, Z u O jekaT Ha OJHOU IIPAMOIM,
PaBHOCHJIBHO TOMY, uTO Touka O JieKuT Ha ero mpamoit 'aycca. Idror ye-
THIPEXYTOJLHUK He Tpamelns, caIefoBaTeJbH0, OH J1u00 BIMCAHHBIN, 1 TO-
raa yroa O mpsaMoii, 100 ONMMCAHHBIN, W TOTAA AJUHBI JOMAHBIX PABHEI.
IIpoBepKa o0OpaTHBIX YTBEP:KAEHUN He MPEACTABIAET CIOKHOCTEH.

27. ITocKOJMBKY AJIA JIIOOBIX ABYX OKPYKHOCTEIl ABe 13 UeThIPeX TOUEK
nmepeceueHuss OECKOHEUHO yaaJieHHbIe (M MHUMEIE), YTBeP:KIeHNe 3aTaUn
cpasy ciieyeT M3 TeOpeMbl O TPeX KOHMKAaX.

28. Yrka3anue. J[lanHble TOUKY IPUHAIIEKAT MHOMKECTBY IIEHTPOB KO-
HUK IYyYKa, MOPOKIEHHOTO BePIIUHAME YeThIPeXyToJbHUKA.
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29. Yrka3anue. Ocu onmMCcaHHBIX OKOJIO UETHIPEXYTOJHLHUKA ITapaboJt
MEPIEHANKYIAPHBI TOT/a U TOJBKO TOT/A, KOT[la YeThIPEXYTOJbHUK BIU-
CAHHBIM.

30. Vrasanue. BocrosbayiiTech ABOMCTBEHHOU TEOPEMOIl O UETBHIPEX
KOHUKAaX.

31. B cuny Teopemsbl 3.21 oauH 13 9KCIEHTPUCUTETOB OyaeT 6oJibiie 1,
Y COOTBETCTBYIOIIad KOHUKA OyIeT 3JIIUIICOM, a IPYyroi MeHbIlle, 1, 3Ha-
YuT, KOHUKA Oyaer rumnepbosioii. [lasee Mbl OyieM X Ha3BIBATH 3JIJIUIICOM
u rumep6osoii. Ilyers F' — sr10 mpoekius Touxku F Ha I, a S — cepequua
orpeska FF’'. Touxku mepeceueHusa npsamoi FF' ¢ sjaaumncom 00603HAYMM
yepes E1 u Ey, a TOUKHU IIepeceueHus ¢ runepoosioir — uepes Hy u Hy. Ilo-
CKOJIbKY 9KCIIEHTPUCUTETHI Y 3JLIUIICA U TUIEPOOJIBI B3BAUMHO OOpPaTHHI,
Touku E; u E9 OyayT cuMMeTpuuHbl ToukKaMm Hq, u Hs OTHOCUTEJIBHO S.
CiemoBaTelbHO, OTHOCUTEJIBHO TOUYKU S CHMMETPUYHLI II€HTPHI DJLINIICA
¥ TuIepboJIbl, KOTOPEIE ABIAIOTCA cepequHaMu oTpe3koB E1Ey u H1Hs co-
OTBETCTBEHHO. A 3HAYUUT, eCJU TOUKY F OoTpasuTh OTHOCUTEJIHLHO cepennH
orpeskoB E1Es u HiHy (T. e. TOUEK, CHMMETPUYHBIX OTHOCUTEJIBHO S), TO
[IOJIy4YaTcA TOUKM, CHUMMETPUUYHBIe oTHOcUTeabHO F/. Ho »Tn ABe TOUuKwH,
OUYeBUIHO, OyAYT BTOPBIMU (POKYyCaMU HAIUX KOHUK.

32. JlomycTuM, MCKOMOe MHOKecTBO Hemycto. Torma /BAP = /BCP,
/DAP = /DCP n, guauur, /A —=/C. Auanoruuao /B=/D, t.e. ABCD —
napaJiegorpamMm. C apyroii cTopousl, eciau ABCD — mapaJjiejorpaMM 1
paguychl OIMMUCAHHBIX OKPYsKHOCTel TpeyroabHUKOB ABP m BCP paBHBHI,
TO U3 paBeHctBa /BAP = /BCP cienyet, uTo Touka P Jie;KUT Ha paBHO-
CTOpPOHHEH rumepboJie ¢ IeHTPOM B cepenuHe oTpe3ka AC, MpoXomAIiein
uyepe3 Touku A, B, C. Tak Kak Touka D JIeXKUT Ha TOH Ke rumepoboJie,
TouKa P yIooBJIeTBOPSAET YCJIOBUIO.

33. IIocKOMBKY TOUKA @ JEKUT HA OMUCAHHON OKPYsKHOCTH TPEYTOJIb-
Huka ABC, TouKa, CUMMeTpHUUYHAs eii OTHOCUTEJbHO IeHTpa PaBHOCTO-
poHHeH ruep0boJbl, OINCAHHON 0KO0JI0 UeThipexyroiabHuka QABC, momna-
IaeT B OPTOIIEHTP 9TOro TpeyrojabHuka. CiaemoBaTesbHO, TOUKA P ABJIseT-
cA oprolueHTpoM Tpeyroabuuka ABC. Ho mo mocTpoeHHUIo OHA Ke SIBJIA-
eTcs IeHTPOM OIIMCAHHOM OKPYKHOCTH, a OPTOIEHTP U IeHTP OIMMCAHHOMN
OKPYKHOCTH MOT'YT COBIIaJaTh TOJbKO B IIPABUJILHOM TPEYroJbHUKE.

34. Ilyete K, L, M u N — cepenuabl otrpe3xoB AB, BC, CD u AD
cooTBeTcTBeHHO. Yepes O 0003HAUMM IIEHTDP OMUCAHHON OKPY:KHOCTH, a
yepes H,; — opromenTp Tpeyroabauka ABC. W3 mokasaTeabCTBa Teope-
mbl 4.1 ciexgyer, utro P — 910 cepenuua orpeska DHy;. JIerKo mOHATH, UTO
npamada OK mapajienbHa npsamoil AH;, KoTopas B CBOIO OUepe b ImapaJ-
JgenbHa PM. Ananoruuno npaMmasa OL nmapaaaensaa PN. A sTo o3Hauaer,
uyTo TOUKH P 1 O CMUMMeTPUYHBI OTHOCUTEJIBHO I[eHTpa IapaJiieiorpaMmma
KLMN. Ho 1eHTp 9TOr0 mapaJLjieJorpaMMa U €CTh IeHTP TIMKEeCTU YeThI-
pexyroabHuUKa ABCD.
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35. IlycTh ToukM JekaT Ha KoHuUKe. ClesiaeM MPoeKTUBHOE Tpeodpaso-
BaHUe, IepeBojsiee Npamyo A'B’ B 0eCKOHEUHO yIaJeHHYIO IPAMYIO, a
3aTeM apPUHHLIM IpeobpazoBanneM No0LeMcs, YToObl Touka C’' Gnlia op-
ToreHTpoM Tpeyroabuuka ABC. Torga KOHMKA, MPOXoaANiad yepes JaH-
HbIe TOYKHU, OyJeT PaBHOCTOPOHHEeI rumepboJioii, T. €. HaNmpaBJIeHUS Ha
A’ u B’ 6yayT nepueHAUKYIapHBL. Tak Kak C' — OPTOIEHTD TPEYTOJIbLHI-
Ka ABC, cymiecTByeT OKPY:KHOCTH (BO3MOKHO, MHUMAA), OTHOCUTEJIBHO
KoTopoi#l TpeyroabHuK ABC aBTOmoOAsApeH. B cuny mepneHIUKYIAPHOCTHA
npameix A'C' u B'C’ tpeyronsauk A'B'C’ Takske GymeT aBTOIOJSPEH OT-
HOCUTEJIHHO 9TOM OKPYsKHOCTH.

O6paTHO, nycTh Tpeyroabuuku ABC u A’B'C’ aBTONOJAPHBLI OTHOCH-
TEJILHO HEKOTOPOU KOHUKU. IlepeBesieM 9Ty KOHUKY B OKPYKHOCTB, a C' —
B ee 11eHTp. Torma Touka C’ GymeT opTomeHTpoM TpeyroabHuka ABC, a A,
B’ — GecKoHEUYHO yJaJleHHLIMM TOUYKAMM, HAIIPABICHUA HA KOTOPEIE IIep-
neHauKyaapubl. CieqoBaTeIbHO, PABHOCTOPOHHAA TUIepboJia, IPoxXond-
masa depes A, B, C, C’, ¢ acumMnroraMu, IapajjieJbHBIMU 3TAM HaIIpPaB-
JEeHUAM, OyAeT NCKOMOM KOHUKOIM.

36. IlycTh HeKoTOpas KOHMKA, IIPoXofdAlnasa uepe3 Touku A, B, C, O,
mepecexkaeT 0ECKOHEUHO YAAJEeHHYIO IPAMYIO B Toukax P, . AHAaJIOrnYHO
MIpeabIAYIlel 3agaue JOKasbIBAeTCA, UTO TPEYTroJabHUK PO aBTOIONSIPEH
OTHOCHUTEJBbHO TOH K€ KOHUKH &, UTO U TpeyroJabHUK ABC. 3HauuT, HEIo-
IBUKHBIMHM TOUKAMM WHBOJIIOINY, TOPOMKAAEeMOI Ha OECKOHEUHO yAajeH-
HoOIt mpamoit myukom ABCO, OyAayT TOUKHU IiepeceueHus ¢ «. Ho sTo u
03HAYaeT, UTO IIPOXOIAINAS Uepe3 3T TOUKHU CepelrHHAs KOHHNKA I'OMO-
TEeTUYHA .

37. Yraszanue. I3 Teopembl BpuaHIioHa ciaeqyer, UTO AUATOHAJJIN OIIM-
CAHHOTO OKOJI0O KOHUMKH UYeThIPEeXYTOJbHUKA U TPAMBIE, COeTUHSAIOIINe
TOYKM KaCaHUs KOHUKHU C €T0 IPOTUBOIOJJOKHBIMU CTOPOHAMHU, IIepece-
KamTcsa B O4HOU TouKe. IIpyMeHUB 9TO CileficTBUE K UETHIPEXYTOJNLHUKY,
o0pasoBaHHOMY cTOpoHaAMU Tpeyroabanka ABC u 0eCKOHEUHO yAaJIeHHOKN
MIPAMOI, MOJYYUM yTBep:KAeHNe 3aJaumn.

38. Omeem. I|eHTPOM TOMOTETUU ABJIAETCA IEHTP TAMKECTH TPEYTOJb-
HUKAa, a ee KoOa()(PUIneHT pase 2.

39. U3 mpexpbiayiieil 3agauu caelyeT, UTO CepeIUuHbI OTPE3KOB, COequ-
HAIOIIUX IEHTP TAXKECTU ¢ BepIInHaMu, JexkaT Ha aynuice lllreiinepa.
CiemoBaTeIbHO, 3TOT AJIJIUIC MMEEeT ¢ KOHUKOM IeHTPOB (TO, UTO 9TO KO-
HUKa, cjaelyeT u3 TeopeMbl 3.17) m1ecThb O0IIUX TOUEK — CePeIUHBLI CTOPOH
U YKasaHHBIX OTPE3KOB.

40. Ilycts 1,, I, I, — 1TeHTPHI BHEBOUCAHHBIX OKPYKHOCTEH TPEYyIroJib-
Huka ABC. Tak kxax ABC — opToTpeyrojbHuUK Tpeyroabuuka I,I,1., mo-
JISPBI TOUKU P OTHOCHUTEJIBbHO PABHOCTOPOHHUX T'UIIEPOOJI, IPOXOMAIINX
uepes Touku I, I, I., npoxomar depes P’. I1lo Teopeme 3.9 mpsameie AA’,
BB’, CC’' nnepecekaroTcd B TOUKe, ABJIAIOIIENCS IIOJIOCOM IpaMoii PI, rie
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I — 1eHTp OKPYsKHOCTU, BIIMCAHHOM B TpeyroabHuUK ABC, oTHOCHUTEILHO
kKoHUuKU [, 1,1 . IP. Ho sTa KOHUKA SBJIAETCSI PABHOCTOPOHHEH ruiep0o0Joii,
TaK UTO IIOJyYeHHAs TOUKa Je:KuT Ha PP’.

41. Jliobada TOUKa IJOCKOCTH MOKET OBLITh IIePCIeKTOPOM BIIMCAH-
HOU B JaHHBIA TPEYyroJibHUK KOHUKU, TPUUYEM COOTBETCTBYIOIIaA KOHUKA
enuHCTBeHHA. SIcHO, UTO HpM IepeMeIleHUU IepCIeKTopa KOHUKaA Me-
HseTcsa HempepbiBHO. CiemoBaTelbHO, IEPCIEKTOPHLI SJIIKIICOB JIEXKaT
BHYTpu omnmcaHHoro sjyaumca IllteiiHepa, a mepcrmeKTOpPbI TUIepPO0J —
BHe. I[Ipumenum Temnepb Teopemy 4.7. IIpu M30TOMHUUYECKOM COIPSIKEHUU
BHYTPEHHOCTDL TPEYroJIbHUKA IepeiiierT B ce0sd, a TOUKU CerMeHTa, orpa-
HUYEHHOr0, HallpUMep, CTOPOHOII AB TpeyrojbHMKa U CTATUBAEeMOM el
IyToii 9JIIUIICA, He coAepsKaleil Tperbeil BepmuHbl C, — B TOUKHU yIJa,
BepTuKanbHOro K yriy C. CooTBeTCTBEHHO MHOKECTBOM IT€HTPOB BIHCAaH-
HBIX DJIIUICOB OyJeT BHYTPEHHOCTH CEPEAUHHOTO TPEeyroJbHUKA W TPU
yrJjia, BEpTUKAJBHBIX K €ro yrJjam.

42, Ilycts X, Y — TOUKM KacaHUs JJLINIICA C HapajjieJbHBIMU Ka-
caTelbHBIMU, T — TOUKA KacaHUdA dJIUICA U OKpy:KHocTu, U, V — Tou-
KU IlepeceueHMsA KacaTeJbHON K 3JLIUIICY B TOuKe T ¢ ImapajjieIbHbIMU
KacaTeJbHBIMU, U’', V' — TouKu mepeceueHus MapajeIbHBEIX KacCaTeNb-
HBIX C KaKOW-TO APYroil KacaTeJbHOM K sJuuicy. Torma, paccy:kaas
Tak JKe, KaK IIPpU JoKasaTeJbCTBe IIOCJedHEel TeopeMbl, IMOJydYaeM, UTO

XU+UVHVY<XU +UV'+V'Y, r.e. touknu U, V gesxar Ha sJInICe, CO-
doxycuoMm ¢ gamusiM. IIpu sTrom OU u OV, rae O — 1ieHTP OKPYKHOCTH,—
KacaTeJbHBIE K 9TOMY aJutuicy, a ZUOV =90°. CiemoBaresbHO, Touka O
JIXKUT HA OKPYKHOCTH C IIEHTPOM B II€HTPE 3JLINIICA, Pagnuyc KOTOPOIi,
OUEeBHUHO, PAaBEH CyMMe ero II0JIYyOCeii.




IIpenmeTHBIN YKa3aTeJb

ACHUMIITOTEI TUIIEPOOTILI 8

rumepbosa 8
Anonmonua 117
Kunepa 107
paBHocTOpOoHHAZ 8, 101
deiiepbaxa 105

IBOIiHOe OoTHoOIlleHHue 35, 36
gupexTpuca 23

M30TOHAJIbHOE compsakeHue 16, 44, 90
M30TOMHUUYECKOe compskenne 58, 91
uHBepcua 31

nHBoJKOIUA 96

KOHUKa 8, 22
KOHUUYecKoe ceuenue 22
KpuBas BTOporo mopaaka 8, 10

aemMma Cumcouna 27
HOpMaJb 116

OKPYKHOCTb AmoJsutonus 43
IeBATHU TOUeK 31
Noaxumcrana 118
nemaibHaa 41
Pepma—Anmonmionna 18
yepnanHaa 42
diimepa 31
rumnep0oJibl AelficTBUTEeIbHAA 8

MHUMasA 8
napaboser 9
pagukaabHad 59
aJmumca Oosabiiada 7

manaa 7

mapabosa 8, 24




134 IIpedmemmuuiii yrazamenv

nepcuexktop 108
TMOJTHBINA YeThIPEXCTOPOHHUK 111
moJrroc 38
TpunauHelusiii 40
mossapa 38
TpunuHeiinaa 40
MMOJIAPHOE COOTBeTCTBUE 38
MOJIAPHBINA obpas 72
MIPUHIIAII ABOMCTBEHHOCTH 39
npamada I'aycca 91, 112
OGepa 112
Cumcona 27
my4YoK 79
OKpyskHOCTE 60
runepboaunyeckuii 60
nmapaboauueckuii 60
aJaIunTUYecKun 61

paguKagbHBIN MeHTp 60

cumenuana 49

coocHBIe OKpy:KHOCTH 60
cTemeHb TOUKU 58
chepsr Haugenena 22

TeopeMa O Imyuyke KOHUK 80
0 TpexX KOHMKax 89
nBorictrBeHHas 90
0 yeThbIpeX KoHmMKax 89
nBoiictBenHas 90
Hpos3-Papau 115

Teopema EmenbsaHoBeix 105
Monsxa 93
Hrrooroma 39
IToncene 63, 69, 118, 126
Coupma 127
deiiepbaxa 31
®pe:xbe 78, 100
TouKa AmojIoHuA 55
Bpoxkapa 50
Keprouna 57
M30TOHAJBHO compsisKeHHasa 44
Jlemyana 49
Mugkena 111
Harena 58
mpezenbHasd OyYKa OKPYIKHOC-
Teir 61
Toppuuennu 56
®deitepbaxa 33
TPEeYTOJbHUK aBTOMOJAPHBLIN 75
OKPY’KHOCTHO-UeBUAHHBINT 42
nemaJbHBIA 41
moxepHbIn 41
yeBHAHHBIA 42

yroa Bpokapa 51

aKcIleHTpucutrer 23
sununc 7
Bpoxkapa 50
IIreiinepa BiucaHHBIA 54
onucaHHbI 55, 110




Caucok JurepaTypsl

[1] Anekcauzpos II. C.
JleKyuu no aHaiumMuLecKoi zeomempuu.
M.: Hayka, 1968.

[2] Arnom U. M.
T'eomempuueckue npeobpasosanus, T. 1, 2.
M.: T'ocrexusgar, 1955-1956.

[3] Sacmasckmit A. A.
T'eomempuueckue npeobpa3o8aHus.
M.: MITHMO, 2003.

[4] Kokcerep I'. C. M., I'pefitiep C. JI.
Hoegvie scmpeuu ¢ zeomempueti.
M.: Hayka, 1978.

[5] Bep:xe M.
T'eomempusa, T. 1, 2.
M.: Mup, 1984.

[6] Koxcrep X. C. M.
Heiicmeumenvnas npoeKmueHas naoCKOCMb.
M.: dusmarrus, 1959.

[7] Tuns6ept ., Kou-Poccen C.
Haznaduas zeomempus.
M.: Hayka, 1981.

[8] Emensanos JI. A., Emennpsamosa T. JI.
Cemeiicmeo Detiepbaxa.
// MaTtemaTuuecKkoe IIpOCBeIleHle.
Tperba cepusa. Beim. 6. 2002. C. 78-92.

[9] Lemaire J.
L’hyperbole équilatere.
Paris: Vuibert, 1927.

[10] Ehrmann J.-P., van Lamoen, F.
A projective generalization
of the Droz-Farny line theorem.
// Forum Geom. 2004. Ne 4. P. 225-227.




B kHure wumcnosip3oBaHbl IIPUGTHI TaPHUTYPHI
ITxkonvraa ¢upmer ParaType.

9CcKU3bl WIIIOCTpanuii BeimosHeHBl A. B. Ako-
IAHOM B CBOOOJHO PacCIpPOCTPAHAEMOI IIpOrpaMme
Kig (KDE Interactive Geometry). IIpu moaroros-
Ke M3JaHuA OHU ObLIN IEePEepPUCOBAHBI B IIPOTpPaMMe
MetaPost.

A. B.Axonasan
A. A. Bacaasckuii

TEOMETPUYECKUE CBONCTBA
KPUBBIX BTOPOTO IIOPAOKA

Texunueckuii pegaxktop B. FO. Paduornos
PenmaxTop E. IO. Bynvkosa
KoppexTop O. A. Bacuavesa

WNspaTenscTBO MOCKOBCKOrO IIeHTPA
HEeIPephIBHOT0 MaTeMaTHUYeCKOTo 00pasoBaHuA
119002, MockBa, Boasioit BiracseBckuii mep., 11
Texn. (495) 241-74-83

OrmeuaTaHo ¢ TOTOBBIX JUATIO3UTHBOB
B IITIIT «Tunorpadusa ,,Hayka“»
121099, Mocksa, Illy6uuckuii mep., 6




