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MaTeMaTn4eCKUU MUP

Yumep s Huxona Hypoakn?

(ﬂ;OMBICJIbI, JereH Ibl, TOCTOBePpHLbIe 1 He O9eHb JOCTOBEpPpHLIe CBeleHUs

06 OHOW HeCYIIeCTBYIOIIEN JHIHOCTH)

A. B. Cocuncknui

B aBrycre 1997 roja uzBecTHEI (PpaHIy3CKHI MaTeMaTHK Jbep KapThe
onyOJMKOBaJ, B BI e IPEIPUHTA IHESl)7 MaTepuaJ o HazBaHneM «7Kus3ub n
CMepTh DUKOJa DypOaKkiy, OCHOBHAS YaCTh KOTOPOT'O — HHTEPBbIO MO/ 3ar0-
JOBKOM «DPOMOKAOIINNT Moddane JDypbakiy, tanHoe Kaprbe 18.6.1997 1.
xKypraaauctke M. CekcTmni. DTOT TeKCT (KOTOPHIN B paCIliiPeHHOM BI e OIy-
oauxoBan B )KypraJge « The Mathematical Intelligencer», V. 20, Ne1, 1998, ¢. 22—
28) HaBepHAKA CTAHET MPeIMeTOM KUBHIX 0OCYK IeHUN CPeJN MaTeMaTHKOB:
yK GOJIbHO sipKa U HPOTHBOpeYnBa caMa (PUIypa MaTeMaTuka . JypOaki.
Xors 66r MoTOMY, 9TO (KaK 3HAIOT Teleph MHOITE) TAKOTO yIEHOTO BOOOIIe
He cyiiecTByeT. Maremaruk Dypbaku — (PUKIUA, 4TO, BIPOYEM, He MOMeIlIa-
Jo eMy o6pacTu 6ONBITHM YUCJIOM JereH [ i CIIeTeH, YeM, cKayKeM, Apxumeny
win [ayccy. Do gaBaiiTe 060 BCEM O TOPS IKY.

1. B3JET: OT CTYJAEHUYECKHAX MIYTOK JJO MUPOBOMN CJIABBI

B 1935 rogy rpynmna MoaoIHX (pPaHIY3CKUX MATEMATHKOB U3 MPECTHK-
HOW MapHXKCKOU JKodb DJopMmadb Clonepbép, JujgepaMi KOTOPEX cTaqn AH-
ape Benanb, 2Kau [leanbcapr, 2Kan [Inénonne, Aupn Kapran nu Kaon llesadre,
HeJOBOJBHbBIE TeM, Kak TOr[a MpenojfaBaiachk MaTeMaTnKa Bo DOpaHinn, B3s-
JHCh 3a TepecMOTp BCell DTOW HayKH, OT caMbIX eé ocHoBanuii. Jloogu onu

1 o

JTHES — a66pesnarypa MucturyTra Beicimx Day«unbix VccireqoBaHui, pacioiokeHHOT 0
moji DapuKeM; >T0 HeGOMbUION, HO DAUTHBIN MATEMATUYECKUN TEHTP, B KoTopoM KapThbe
ABJAETCA OJHUM U3 IIECTHU MOCTOSHHBIX MPOPECCOPOB.

MaTemaTu4eckoe npocseljerune, cep. 3, Bbin. 2, 1998(4—12)



Yumep aun Huxora Hypbaku? 5

OBLIN HE TOJBKO MOJOJBIE, CO CBOUCTBEHHBIM MOJOJTOCTHI0 MAKCHMAJTH3MOM,
HO U (PPOHIEPCKE HACTPOEHHBIE, ¢ Ge3KAJOCTHLIM IYBCTBOM OMOpa W Ipe-

3penneM K NPHU3HaHHLBIM aBTOopuTeTaM, ocobeHHO aKaleMHIIeCKOI'O TOJIKaz).

OHu OpraHu3oBaJl, CHavYaJa HOJYHIYTIAUBBEIM 06pazoM, TaliHoe COobIile-
CTBO — KOJJJIEKTHBHOTO aBTOpa Oy IYIIAX TPAKTATOB, BEITYCKAEMBIX TTO/T €1~
HBIM MCEBIOHNMOM (4/J€HCTBO B HEM BIOCJEICTBHH YacTO OBIBAIO CEKPETOM
DOJUIINHENs, HO TeM He MeHee BTOT CeKPeT PbAHO OXPaHSICS — HO 06 BTOM
HuKe). BeIGOp mceBgoHEMA, OTYACTH CAYYalHBIN, OTpaxkal nxX (Torga Iny-
TANBBIN) AyX. DO OTHON W3 BEPCHH, Ha BHIOOP HX MOITOJKHYJIa KOHHAS MOM-
mes3Hasi CTaTysd reHepada J. Jypbaku, MagduBIIag Ha IJIOIIATH NOPOTa DaH-
cn mepe[ Kade, TAe TOrga TPYNNa TMOA0ITY 06CyK Tata 6y Ayiine KHUTH; Te-
HepaJ TPOCTABIICA BOBCe He BOEHHLIMH yCUeXaMd, a VIWBATEILHON cTpa-
TErMYecKOll W TaKTHYIeCKON 6e3MapHOCTHIO W TIYNOCTHIO (MpOABUBIIENCS, B
9acTHOCTH, B KpBIMCKON KaMIaHuu B DOCCHN), ero paMuins (Ha caMoM [eqe
(paHKO-TpedecKas) ¢ NTAIbIHCKIM OKOHYaHUeM ,i“ (min snoHcKuM: ,aki“?)
MaCKUpoBaJa ero pealbHoe TMPOUCXOXKJIeHNe; BIOCASICTBAN >TOT WHTEPHA-
HHOHAAN3M OBLI yCyrybaeH MpHCYXKIeHueM J. Dypbaku 3BaHus npodeccopa
(mecymecTBytomero!) YanBepcurera Dankaro”). Bipodem, B I0CTOBEPHOCTH
5TOW BEpCHN eCTh COMHEHNs (KaK I BO MHOTUX [IPYTHX JereH1ax 0 DypOaki):
IpH HeJaBHEM TOCElIeH I DaHCH aBTOP DTHX CTPOK HUKAKOW KOHHOU CTATyn
reHepafga TaM He 0GHAPY K.

3a «0O6HOBIEHNE BCEH MaTeMaTHKNy 6YPOAKUCTHI B3AANCEH € PHIHBIM DHTY-
snasMoM Moo gocT®) . ToBONBHO GBLICTPO GBLIH OLpeLeeHbl

1) IIaBHad OeJb TpaKTaTa: «IaTh IIPOYHLIe OCHOBaHUA Bcel COBpeMeHHOfI
MaTeMaTHUKHN B OeJOM»;

2) ofiine TPUHINIBE eIHHCTBO U HOAHAS (POPMAIN3ANNS MAaTeMAaTHKH Ha
OCHOBE TEeOPUN MHOMKECTB; CHCTEMaTUYHOCTh; MTOIMaTU3M U CaMOJT0CTa-
TOYHOCTh; U3JOXKEeHNEe BCera uayllee oT ob1Iero K 4aCTHOMY; KIl0YeBas
POJb MOHATHA «CTPYKTYPHIY;

2 .
)3, KapTtbe oTMedaeT, 910 GOMBINIAA TaCTh SIEHOB TPYIIIBE TOT A U BIOCIENCTBUN OBLIA

IIPOTECTAHTCKOIO WK Uy AENCKOI0 BEPOUCIOBEJaHus (B TO BPeMS KaK [OYTH BCe (PpPaHILy 35l
— KaTOJUKM); C 3THM OH CBS3HIBAET KaK UX (PPOHJEPCKUE HACTPOEHNUs, TaK U HETO60Bb K
rpaduecKuM U306paXeHuaM (a, 3HAUUT, U MeOMETDUN), He JOIYCKaeMBIM B XpaMEl IIPOTE-
CTAHTAMU U WY IEAMU.

3)Nancago = Nancy + Chicago; 8 Hukaro paGoTan meH JypOaku CAeqyIOIIEro MPU3HBa
Com Dunenbepr, Tyga XKe yexal B IlepBhle BoeHHEIE Tolbl A. Benrs.

) Dyp6axn, OKa OH KUB, BCETTa MOJIOL (o ompegeneHuro!l): ycTap IpeAIICEHBAET aBTO-
MaTHYeCKOe UCKIYeHre J060ro “wieHa M0 A0CTUXeHUIo 50-IeTHET0 BO3pAcTa; BIIPOYEM,

HNCKJJIIOYCHIIEC MOXKeT HpOI/IBOI/UITI/I 1 paHbIII€ — HO 06 5ToOM HUXKE.
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5)

3) obee HazBaHme Bcero TpakTtara (Hauwata mamemamuru®, kax y Es-

KT Ta);
4) orslaBlIeHNe I CIICOK KIIOUYeBHIX HOHATHI;

5) cTpyKTypa TpakTaTa, Ha3BaHNEe TOMOB I BHIYCKOB.

Yxke B 1939 rony B m3iaTelbcTBe «IPMaHH» CTAIN IMOSIBIATLCSI HEPBLIE
BBIMYCKH. Dab0Ta He MpeKpallasach (XOTS I HECKOIbKO 3aMe/[INIach) B NOIbI
Bropou Muposou Boiitbl. DepBbie e MOCIeBOEHHBIE I'O/IE 03HAMEHOBAJINCH
HeOBIBAIBIM (a 11 6ypOaKNCTOB COBCEM HEOKM TAHHBIM) H3TaTeIbCKIM yCIe-
xoMm Hauwaa. Dolan nepeBobl Ha OCHOBHBIE I3BIKU MEpPa, a MOJYHUIIEe U 1o-
AYITYTANBOE «CeKpeTHoe 061IecTBOY BAPYT 0Ka3aJ0ch BCEMUPHO 3HAMEHUTHIM
i (B Mepy) GoraThIM.

2. JJOCMATU3M U ®OPMAJU3AIINLA

Dpex e deM NPOIOJKUTE HAlll PAacCKas O QKU3HMY JuKojga Jypbakm —
HECKOJBKO CJIOB O ero TBopdecTBe. KitodeBbie CI0Ba, €ro XapakTepusyolue,
BTO — abCTPAKTHOCTh, (POPMAdU3Alls, CHCTEMATHYHOCTb, JOIMATH3M.

DepBhle BHIIYCKH COMEpKaJi BKAAMBII, O3ardaBieHHbll «HCTPpYKIHS K
YHOTPeOIeHI0 JaHHOI'O TpaKTaTay, HaAYMHAIINICS €O CA0B: «DaCTOSIINN
TpaKTaT U3JaraeT MaTeMaTHKY € CAMbIX €€ HadaJd i 1aéT MOJHBIE TOKA3ATe b
cTBa (---) cTaBs cebe [eNbi0 Pa3BUBATH Ga30BBE MOHATHS, MOABISIONINECS B
GOJBIINHCTBE 33,12 COBPEMEHHON MaTeMaTHKH (---) 3TH HOHATHS TMpencTa-
BJEHBI B MAKCHMAJABHOW OBIIHOCTH, & 3HAYUT U OYeHb abCTPaKTHO . .. ». [aiee
TaM MOYXKHO HPOYeCTh: «IPUHATHIN CHOCOD UBIOKEHHS ABJISETCH AKCHOMATH-
9eCKIM 1 aGCTPAKTHBIM (- --) IS TOIO COBEPIIEHHO HEOOXOINMO CPa3y xKe
BOOPYKUTHCS BECbMa, OOMBITHM YHUCIOM OOLINX TOHSTHH U NPUHIHUIOB ... ».

DT oOIIMe IPUHIUIB U TOHATHS TOCTABASIOTCA MaTeMaTHd9eCKOU JOTH-
KOU, Teopuel MHOYXKeCTB U MpuIyMaHHEIM OypOaKaMu TOHATHEM CIMpYKmMypbl;
Ha HX OCHOBE CTPOUTCH OOIIas TOMOJOTUS, TEOPHS BEIIeCTBEHHBIX H KOM-
JIEKCHBIX YHCENT, a JUIlb 3aTeM — gudpeperiiuajbHoe 0 UHTerpaibHOe HC-
qncierne (IPH DTOM HCHOAB3YIOTCA MAJON3BECTHBIE Tazke Celdac B DJOCCHH
NOHATHSA (PUIBTPA N YALTPAPUILTPA). Dolee MOAPOOHO ¢ «DadataMimy Dyp-
OaKi YHTATENh MOKET MO3HAKOMUTHCH HEMOCPEACTBEHHO 110 UX PYCCKOMY Ie-
peBoy; 0cobOro BHUMAHHS 3acAyKUBaeT NPEIuCIOBHe pelaKTopa HepeBoia
(B. A. Ycmenckoro), nmomernénnoe B Tome Teopus Muoxwcecms, a Takxe me-
peBOI cTaThi Jypbaknm «ApPXUTEKTypa MaTEeMaTHKA» I KOMMEHTApPHU K Hell

%) Jo-ppanmyscku — «Eléments de Mathématique»; umenno Tak, a He «de Mathématiques»:

€IMHCTBECHHOE YHCJI0 HO,Z[‘-IépKI/IBaeT €IMHCTBO BCell MaTeMaTHKHA.
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A. A, JlsnynoBa, onybiuKOBaHHbBIE BO BTOPOU cepun kypHaaa «MaremaTuye-

CKoOe HpOCBeIHeHI/Ie>)6). Mer ke BepHeMCd K HallleMy KH3HeOIINCaHUuIO 3yp6aKﬂ

3. DIIOXA PACIBETA

Komumepueckuii ycrmex mepBbIX KHHUD TpakTaTa Jypbakin He NpPUBET K
YMEHBITEHNI0 PaboTOCTOCOOGHOCTH TPYTTH: HATIPOTHB, B MepBHE MOCIEBOEH-
HbIe T'0/Tbl pab0OTa MOLLIA € Y IBOSHHBIM DHTY3Ua3MOM. DTOMY CIIOCOOCTBOBAJIO
BJAHBaHIE HOBOU KpPOBU: K I'pymne JypOakKu MPUCOSTUHUINCH, B YaCTHOCTH,
K. Mukembe, I. Dogeman, 2IK.-JI. Kommyab, 9. Camiosas, 2KK.-D. Cepp, yuo-
msauyThIH panee C. Ditienbepr u JI. [lBapi.

Yaydiienue (pUHAHCOBOU CUTYALUN B I'PyIIe NPUBEIO K HEKOTOPBIM W3-
MEHEHMAM B e€ cTuIe paboThl. ['0BOpAT (HUKAKON TOCTOBepHOIN nH(OpMAIN,
NOBTOPSAIO, HeT), GypOAKNCTH COGUPAINCh Ha €KerOJHBIe CeCCHU B YIOTHON
BUJLIE Ha CPEIN3eMHOMOPCKOM To6epekbe IS OOCYIKIEHUS COMep:KaHns o
KOHKPETHBIX TEKCTOB O4epelHbIX TOMOB u uxX nepeusganuii. Cobpanus mpo-
TOTKAIN OBITH BECETHIMI, OYPHBIME T TJIOTOTBOPHBIMI; MO Mepe pocTa (pu-
HAHCOBBIX YCIEXOB YIYHIIAIOCh Ka9eCTBO €bl U BHHA H, 10 TOPHI 10 BpeMe-
H1, 5pPeKTHBHOCTEL paboThl. B cepefniie MATHACCATHIX K TPYITe MPUCOETN-
HIJIACh «TpeThd BoaHay: A. Dopeis, O. Ipwa, A. I'porenguk, J. Kaprbe,
C. Jleur u /I:x. Tenrt.

W pen Dypbaku HaunHatoT MOGEKTaTh B YHHBEPCHTETCKOM 0Opa30OBaHUH,
BO BCSKOM caydae Bo Ppannnn. YaeHB TpYNOLI TOCTENEHHO 3aBOEBLIBAIOT
KI04eBble NOCTH BO (ppaHIyscKix yHuBepcuTerax u B CNRST. U3 Monogbix
dhpoHaEpoB 6ypOAKUCTH TOCTENEHHO CTAHOBATCSA BEIYITIME (PUTYpaMut Gppat-
MY3CKOTO MaTEMaTHIECKOTO HCTEOIUIIMEHTa. XOTSA BeIYIIHe TIeHBI TPYTITHI
Dypbaku, KaK WHIUBHIyaJbHEE YIEHbIE, TTOIYYAT e THHOAYITHOS TPU3HAHIEe
BO BCEX BelyIIUX MaTeMaTHd4eCKHX CTpaHax, peaklud TaM Ha KHUTU Jypoaku
BeChMa, HEOAHO3HATHA — OT 6e3pasindnus B AHTANN M0 TOBOJLHO Bpakje6-
HOT'O OTHOIIIEHHA B HEKOTOPHIX MaTemMaTudeckux nenTpax B CIHIA u B Coser-
ckom Cotoze B 11eJ0M.

DoclielHee He TOMeEINAI0 MyOIUKAUH TPAKTATOB JypOaku Ha PYCCKOM
A3BIKE B cepeinie MeCTHIeCATHX TOJ0B W JIOGOTBITCTBY K OTAETHHBIM tJIe-
HaM TPYMILI CO CTOPOHBI MOJOJLIX COBETCKUX MaTeMaTHKOB, OCOGEHHO BO
BpeMms Becemuproro Matematndeckoro Konrpecca, npoxognsiero B MockBe

o H. Hyp6axu (@panyus — CIIA). ApxurexkTypa MaTeMaTuku (JepeBo ¢ GPaHIy3CKOI0

. 9. Jlenckoro) // Maremaruueckoe npoceewerue, Ne5, 1960 r. C. 99-112.
A. A, Jlanynos. O dyHIaMeHTe M CTHUIE COBPEMEHHON MaTeMaTHKH. (0 MOBOLY CTATbU
9. Dypbaku.) Tam xe. C. 112-116.

T CNRS — Dannonansubiit HenTp Dayunmix lccregoBanmii, 9To-To Bpofe Halllell CICTE-
MBI aKaJeMUYIECKIX UHCTHTYTOB.
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B 1966 roxy. Torga 3amoMHEINCH KaK DKCTpaBalaHTHBIE 00pa3 «IeHCTBYIO-
meroy 6ypoakncTa A rprena /lyann (BHICTYIaBIIEro ¢ CEKIMOHHBIM JOKJIA TOM
60OCHKOM U B PBaHBIX [KHWHCAX), TaK U YK€ BBIOBIBIINN W3 I'PYIIBL O BO3-
pacTy (HO OQUIIATBLHO NPEeJCTABIAIIINT €€ KoMMepdecKne nHTepechl) zKan
[ béoHHe, YyBepEHHO MpONATraHIUPYIOUIUNl KpaliHe GypOAKUCTCKUE B3TJIS b
Ha MaTeMaTndeckoe o6pasoBanne (HO 06 sToM — Himke). OTHAKO Y TOTJAlll-
Hell PYCCKOA3BIYHON MaTeMaTu4eCcKOU MOJOIEXKHN JeJd0 Jajblie JI060nbITCTBA
He [LIO: «eCTeCTBEHHO-HAYYHbIeY TPATUINN PYCCKOW MaTeMaTHKH OKa3aJaucCh
CANITKOM KPemKUMHU, ITOOL (popMaducTHIeCKne B3TJIAILI aBTOpa HOBLIX Ha-
YA MOTJIH VBAEYDL €8.

OnHako fmaxke camble CTONKHe NPOTHBHUKN OGypOaku3zMa MOACIYIHO HC-
OLITANN ero BiuAnWe. Bo BCAKOM caydae CTHIL MTPAKTHIECKN BCeX HAYIHLIX
paboT Mo MaTeMaTnKe B MePHON OT MATHIECATHX 10 CeMUTecATHEe TOIbI TOo-
CTENeHHO UBMEHHJCS B CTOPOHY (POPMAMU3AINE, CTal B TOH WIM UHOU CcTere-
HI TOXOJUTL Ha (POPMAIbHO-OYpOHAKUCTCKYI0 MaHepy, TPUTOM, KaK ITPaBuJIo,
DTOT TPOIecc MPONCXOANT HEOCO3HAHHO.

4. ZKECTOKUHA IOMOP: JEIEH/ABI

O nepuoje paciiBera Dypbaku GuITyeT MHODO Jeren. Sl pacckaxy zmech
JUIIb TPH HCTOPHH, 3apaHee ONOBOPUBIINCH, YTO (XOTS OHHU MOYEPIHYTHl 13
BIIOJIHE COMNHBIX M3JaHU) 34 UX JOCTOBEPHOCTh PYYaThCs HEMB3A.

Yron ZKaHA [bEJOHHE. OJuH M3 caMbIM TPYJAHLIX TOMOB TpPaKTaTa
Dypbakn — TOM, MOCBSUIEHHBI HHTerpupoBannio (Mepe Xaapa). zKany /Ipé-
TOHHE, CAMOMY PbSHOMY KPUTHKY O4Y€penHOU PYKONUCH 3TOr0 TOMa, B KOHIle
COPOKOBHIX I'O/10B GBLIO NOPYYEHO HalllicaHue odepenHoll Bepcuu. [IbénoHHe,
B TO BpeMs HAXOMUBIIMICH B paciiBeTe CBOUX TBOPYECKUX CHJ, 3a0POCHB Ha
HeJBI DO BCIO CBOK COOCTBEHHYIO MaTeMaTHYeCKyI0 paboTy, HOJHOCTEIO OT-
TAJCSl DTOMY HEeJerkKoMy TPyIy.

Yepes 1o, K Ha3HAYEHHOMY CPOKY, OH IpHBE3 Ha OYPOAKOBCKYI BUJLIY
na CpennsemuoM Mope 12 (IO 4mC/Iy 491eHOB I'PYINBI) DK3eMILISPOB CBOE-
ro Tpyja. JepBoe 06CYKIeHNe TPOU30ILIo Ha cienytonui Bedep. Cujgenn B
YIOGHBIX Kpecax B OOJBIION NOCTHHOI, TOTATHBASA (B TO BPeMS eIl[é He caMoe
Jydiree) KpacHOe BHHO T VIS Ha YIOTHO Pa3TOPeBIINICA KaMiH. BeicTymann
MOOYepeHO, TPUYeM TOH BLICTYILIEHUH, HEOXK U TAHHO JIJIs TOPIUBIIET OCs CBO-
um getuiiem /sémoHHe, ObLT PE3KO KPUTHYECKUM. JepBoe YKe BHICTYILIeHHe
3aBepIINIOChH TakoH oleHKon: «MecTo »ToMy ypoay — 3aeckly, mocie wero
HOMSIThIE MAlIMHOMKUCHBIE JUCTKH PYKOIUCH, ¢ TIIATEIbHO BCTABIEHHBIMU OT
PyKu (popmyiaMu, ObLIH OTIpPABIeHB B KaMuH. M Tak 3aBepuiniuch Bce OTHH-
HaaTh BeicTymaenui. O6uKennbid JIb€MoHHE yraiuicsi B CBOW KOMHATY,
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rie Ha MHCHBMEHHOM CTOJ€ K CYaCTbI0 OCTaBaJCi MOCIETHHN, ero cOOCTBeH-
HBIN, DKBEMILIAP PYKOIUCH.

Moxkuo npeicTaBuTh cebe ero ykac, KOrjia BMECTO PYKOINCH OH o6HapY-
JKIJI TaM JHIIb MaJIeHbKYIO KYUKY HeIlla U 3a0NCKy: «31eCh HOKOUTCI IIpax
nocjegHero ypoja /Jbegonne.»

DACCTABAHUE ¢ AHJPE BEAAEM. B 1956 A. Beilnio, ofHOMY U3 OCHOBa-
Tesenl u 6eCCIOPHBIX JHIEePOB IPYINEL DypOaKku, TOMKHO GBLIO UCTOIHUTHCS
50 JeT; 9TO O3HavaJ0, 9TO OIn3nICA CPOK erro aBTOMaTHUYIeCKOI'O NCKJ/JIIO9eHns
n3 I'pyNOILL. O,[[HaKO MO Her'o CTaJn 1O0XOIUThb CIyXH O TOM, 9TO «MOJIOJbIe BOJI-
Ki», HeJaBHO IIOIIOJHUBIINE I'DYIIILY, HACTPOEHLI €I'0 N3I'HaTh U paHbIlle: 3TO
MOXKHO OBLIO clejJaTh B IMIOJTHOM COOTBeTCTBUMN C YCTaBOM, IpeldyCMaTpUuBalo-
IInM UCKJAIOYEeHNEe 3a (<Hp0(l)eCCI/IOHaJIbHyIO HEeKOMII€eTEHTHOCTDb». pr,[[HO OBLIO
Beinio gepkaThes B Kypce Bcex pabOT MOJOTEKHT, CPeN KOTOPBIX yKe MapILI
A. I'porenguk; Ho BelJab 09eHb cTapalcs: YK O9eHb XOTeI0Ch eMy n30ekKaTh
110[06HOT0 MTO30pa. DOITOMY 33 BHICTYIIEHNEeM (O9eHb HHTEPECHBIM, HO My Ta-
HbIM) OOHOI'O U3 MOJOALBIX Ha CeMHuHape 3yp6aKH OH cjJelnJg ¢ HeOTCTYIIHBIM
BHUMaHHUEeM, 9aCTO IpepblBasd HJOKJAal9MKa YMHBIMHI BOIIpOCaMH, padyiaChb, YTO
OH, IATHIECATIICTHIN cTapuk Belib, He TepseT HATH TOKJAala, B TO BPEeMs
Kak 6oJee MOJIOIbIe yzKe COBCeM 3allyTaJJlCh U Jaxke IIepeCTaJqJn CAylIaThb.

Denuwrit Beitin! Korga tokaax 3aKoHIMAC, OH y3HA , 9TO OKa3aJIcs KepT-
BOH TIIaTeJIbHO OTPEXKNUCCUPOBAHHOI'O PO3LITPLIIIa: IIOCJAeIHne 15 MMUHYT I0O-
KJIa, 190K (C BeJoMa BCex caylnaTeneil, Kpome Befiis) Hec 6eCCMBICIEHHYIO aXi-
HeIO! Takum 06pa30M, 3a [JBa Mecsilla O CBOero nATHaecATnJeTnss oJuH Hu3
OTIHOB—OCHOBaTeNell Tpynnbl JypOaku ObLl U3THAH U3 €€ PAMOB 3a NpodHe-
IpUTrOogJHOCTb. CJIe,[[yeT OTMETHUTDL, 9TO 31eCh BOBCe He IIPOU3O0III0 CBeIeHUsA
CYETOB, CBA3AHHOTO ¢ BHYTPEHHIMH pacupsiMn (pacmpn CTadl MOSBISTHCSH
JUIIb HECKOMbKO mo3ke) — Amnmpe Befins aobmin (B ToMm dncie m MOJO-
TeXKb) — TMPOCTO TAKOEe YK 4YBCTBO IOMOPa OBLIO y DUKOJIa JypOaKi.

X. D0AC U «KOJJEKTUBHBIA ICEBAOHUM». B madale n4THIecATLIX TO-
noB B CIIA 6bita onybiukoBaHa MaTeMaTu4deckas >HIUKJIONe . B eé u3-
TaHAW TPUHAJS aKTHBHOE yYaCTHEe TOT[a €Ié MOJOJTON aMepuKaHCKUI Ma-
TeMaTHK Xapoibj D0ac, KOTOPOMY, B YaCTHOCTH, Oblla HOpydYeHa CTaThs
Huxoaa Hypbaxu. O Hamucana: «J. JypOaku — KOJJJIEKTHBHBIU [CEBIOHUM
TPYIIE MOAOABIX (PPAHTY3CKAX MaTEMATHKOB, BAHNMAIONIAXCSA U3 TaTeThCKOH
TeITeNbHOCTRIO 1 ... ». Yepes HecKOJABKO AHEH MOCIe BHIXOMa KHUTH B CBET
OH TOJYHINI JaKOHTTIHOEe THCHhMO: «Bac K AéT cTpaltias Kapa. J. JypHakmy.

W geiicTBUTENBHO, JEIKO MPEJICTABHTE, B KaKOM IIOKe OBLI OeTHBIN Jo-
ac, Korja depes mapy MecsleB MpOdHTad B pedepaTHBHOM KypHATe CIery-
IOIIYI0 peleH3ni0 Ha CBOW odepenHyio pabory: «X. Doac — KOMIEKTUBHBIM
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NCEeBJIOHNM TPYIIBI MOJOJIBIX aMepHKaHCKAX MaTeMaTHKOB, 3aHHMAIOMINXCS
131aTeIbCKONl TefTelbHOCThI0. B pabore nccaenyeres (---), ogHako cdop-
MYJAHPOBaHHBIE PE3YIbTAaThl MAJO3HAUNTENBHEI, K TOMY ¥Ke HMeeTcs rpyodas
ollnbKa B KaodeBon Jlemme 3.2 ... ».

B koune penensnn crosiia mogmuch: «J. Dypbakn (YHuBepcuTeT DaHKa-
ro)». [o6aBio or cebs, 4YTO Yepe3 HECKOABKO JeT OINH MOJIOION (PpaHIy3-
CKHH KOJJIera UCKPeHHe YKaJoBaJci MHe, KaK pasHble HeKOMIIeTeHTHBIe IO TN,
B 9aCTHOCTH B AMepunke, IBITAIOTCI HOIparkaTh JypOaKm.

5. DYPBAKN3ALNUSA OBPA3BOBAHNA

MpeI yKe oTMedaqn BAUsSHUE TpaKTaTa JypOaku HA CTHIb UBJIOKEHHs Ma-
TeMaTHIecKnX paboT BO BCEM MUpe U NCHOAB30BaHNE HEKOTOPHIX €T'0 TOMOB
KaK y4eOHHKOB BO (ppaHIy3ckux yHuBepcuTerax. OQgHAKO — BONpEKH pa-
3YMHOMY CONPOTHUBAEHWIO MHOI'UX MAaTeMaTUKOB U MeJarorosB — Oypbakuamy
OBLIO CYZKEHO 0Ka3aTh CYlIeCTBEHHOE BIAUAHUE U HA IIKOJbHOE MaTeMaThYe-
cKoe obpazoBaHiie BO BCEM Mupe. B iecTugecaTbie TO/IbI, K YKACY yauTegel
0 pojuTenell MKOJbHUKOB, CTHIb JypOaku BOpBAJCH BO BCe YH4eOHUKH, T0-
1 BOJIHA YBJIEYEeHUS «(HOBOU MATEMATHKOWY. D€ CTONBKO TeOpHus MHOKECTB,
CKOJIbKO TIOJTHAs (POpMaJu3alis Ha OCHOBE MOHATHS a42e0pauveckoti cmpyk-
mypul cTaBujach 6ypbakucTaMu BO TVaBy yIJa HIKOJbHOI'O Kypca, U3 KOTO-
poro ¢gakTuyecku Oblia U3rHAHA BCA HACTOALIAA MeOMeTpHs.

OmBIT TAKOTO MpernoaBanis, 0CO6eHHO B KpAHIX CBONX GopMax (Hampn-
Mep, B Deabrunl n Bo PpaHnun), caM U TPOLeMOHCTPIPOBAJ CBOI HECOCTOS-
TeJbHOCTE. B ceM 1ecATHIX-BOCEMU IeCATHIX T01aX BO BCEM Mupe cTal Habao-
TaThCS MOCTENeHHBI 0TKAT 0T OypbakucTcKux KoHuenuui. OQmqHako 1MegioMy
NOKOJEHWIO MIKOJIbHUKOB NPUBUBAJOCH COBEPILIEHHO OMHOCTOPOHHEE NpeIcTa-
BJeHWe 0 MaTeMaTHKe KaK O HayKe, 3aHUMAaOIIencs (GpopMaibHO-I0T HYeCKIM
mpeobpa3oBaHueM OIHOW HYIHOW TaBTOMOTUU B APYyryio. MeHbiie Bcero ot
IKOJBHOTO 6y pbaku3Ma nocTpagara Beankoopntanns (B OCHOBHOM MPONTHO-
pupoBaBIas ero) n Doccus, rjie pedopma, Bosraasigemas A. D. Koavmoropo-
BBIM, He OKa3aJach NO[ CUIbHBIM BAHSHHEM JypOaku U T'le 3aMedaTelbHble
TPaIUIuN KPYKKOB U OJUMIINA[T TO3BOJUAN COXPAHUTDL YBICTEHHOCTH MaTe-

MaTHKOU cpein Jyqdlnx IHKOJIBHI/IKOBS).

8
)36 BCTYyIIasgd B IIOJEMUKY IIO TTOBOAY ITOJOXKHUTEIBbHBIX W OTpHUIIATCIBHBIX CTOPOH KOJ-

MOI'OPOBCKOU pedOpPMEL, CUNTAK0 HEOGXOIUMBIM OTMETHTE CAeAyollee. Jeakas (U, K CoXKa-
JEHUIO, B UTOr€ yCIellHasd) KPUTUKA €0 IPOrpaMMbl M OGIINX KOHIENIUN, B YacTHOCTH
B BeIcTyILIeHnsx JI. C. DoHTpsruHa, 6bl1a BO MHOIOM OCHOBaHA Ha WCKaXXKeHUN (HpakToB U
nopou Ha KBacHOM naTpuoTusme. A. D. KoamMoropos B nepByio ovuepenb o6BUHAICT B «Byp-
6aKM3aINUN ITKOJBLHOIO 06pa30BaHMsA HA OCHOBE YK OO0 PYCCKOU MATEMATHUKE TEOPETUKO-
MHOXK€eCTBEHHOT'O MOAX0nay. O THAKO UCTOYHNKOM pPedOpPMBI Ha CAMOM [efie OBIIO BOBCE HE
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6. YIIAOK

Torma, Korma npeycreBatolias rpynna Jypbaku Oblia Ha caMoM rpebHe
yemexa, Korja eé claBa pachpoCTpaHmIach MO BCeMY MUDY, KOT/a pa3BHBa-
JOCh €€ BIANAHWE Ha BCe YHUBEPCHTETHI W IIKOJIBI W KOTJa JyUIIHe MaTeMa-
tukn Ppannnn (a WHOrZa W APYIUX CTpaH) MOMNOMHSIN €€ PAIBl, B HEl ca-
MOU yyKe 3peju NPUYHHBEL HajJBUratollerocs ynagka. QnHa 3 rIaBHBIX —
0/THOGOKOCTE. XOTs Jduepbl Dypbaku Bceriga OBLIH MaTeMaTHKAMU-YHUBED-
caJaMn, OHW TpakKTHIecKn Bce ObLIN GAMKe K aarebpe, ¥eM K JIPYTUM pas-
TeqaM MaTeMaTHKH. e ObLIO Cpejiii HUX HU I'eOMeTpPOB, Hl HACTOSIINX aHa-
9): unTerpaibuoe 1 Ju(depeHnnaTIbHOe HCIHCICHIe ORI BOCIPUHII-
MaJn KaK pasfen PyHKIHOHAJALHOTO aHaln3a, Kak pa3 B TO BpeMs, Korjga
MPOUCXOTUIa MOCTENeHHas TeOMeTPU3AINA aHaAN3a Ha OCHOBE COBPEMEHHON
muddpepeHnnanbHoil reomeTpun u Tomnogornu. OHU He yBHIean (WA He 3a-
XOTeNN YBHAeTh W OTPa3NTh B CBOEM TpaKTaTe) HadaBIIeecs B CeMITeCIThie
rofsl (Ha TOW JKe OCHOBE) CIMSHWE TeOPeTHYIecKOn (PU3NKNH W MaTeMaTHKH,
B YaCTHOCTH BOKPYT KBAHTOBOW MexaHuWku. M ecam, B M3BeCTHOW CTeleHHN,
Dukoja JypbaKu yIaJoCh 3aBepIIUTh CBOW 3aMbice] 0OOCHOBAHUS BCEH Ma-
TeMaTHKN Ha eINHON OCHOBe (B mATH ToMax «PDyH1aMeHTAIbHBIX CTPYKTY Y ),
ero JafdbHeHIne TyeAnKalnn o9eHb 0fHOGOKO OTpayKail COBpEeMEeHHYIO Ma-
TeMaTHKY, He CYMeHn YJIOBUTH HU AYX, HI HaNpaBAeHHS €& MaruCTpalbHOTO
pasBUTHA.

JUTUKOB

BuyTpu rpynnel Hadaguchk ckiaoku. Benukuii ['poreniguk paspyraics c
JIPYTUME 9IeHaMH cOOOMIeCTBa (B TOM YHCJIE I CO CBONMH YIeHHKAMI) I HO-
KuHyJa Jypbaku. Ero apropureT, B Mepuoji ero €ieHcTBa B JypOaku U M03-
JKe, JUIb YCUINA TyX adredpandeckoid pOpMATH3alii, HO TaK U He BBLIHJICH
B TOSIBIE€HNe HOBBIX TOMOB TpakTara. /pyrue kpymnubie maTemaTnkn (zKak
Ture, Cepx Jlenr) yuuin emié 6uicTpee, ToXKe M0 COGCTBEHHON MHUIHATHBE,
a 3yOGphl MePBHIX MPU3LIBOB MOCTENEeHHO BHIOBIBAJIN MO BO3PACTY. DOIOJIHEHHe

BausAHuE DypHaKu, a MPOCTO 0OBEKTUBHAA OIEHKA HEJOITyCTUMOI'0 OTCTABAHUSA IIKOTHHOMN
MaTEeMATHKU OT MAaTeMATUKK HAIIEr0 BPEMEHN, HEOOXOAUMOCTh BBEJAECHUSA B CPEIHIONI IIIKO-
Iy BaXHEHMIINX (B YaCTHOCTU [ [PUIOKEHUN) MATEMATHIECKUX IIOHATUH: I'eOMETpHHe-
ckue mpeobpa3oBaHms, MPOU3BONHAS U UHTErPAJ, AITOPUTMUKA, KOMOUHATOPHBIE TIOHA TS
TEOpHUM MHOXKECTB. D0 UPOHUHU CYAbOBI MPOTUBHUK TMEAANOIMYeCKUX KOHIEMIUN Jypbaku
A. 2. Koamoropos o6BUHSAICS UMEHHO B 6ypOakuzarum 06pa3oBaHus, B 3AII0JOHEHUN TIKOIb-
HOU MaTeMaTUKH (hOPMAINCTUKON TEOPUH MHOKECTB (B TO BPEMS KaK Ha CAMOM Jeile 3TOI
TeopHur B MPOrPAMME BOBCE HE OBLIO, a MPUCYTCTBOBAIM B YMEPEHHBIX [03aX JUIIb HEKO-
TOpHIE €€ MOHATHS). B [eJ0M MOXHO CKazaTh, 9TO pedopMa IIKOIBHON MaTeMaTHKU Ie-
CTUECATHIX NONOB B JOCCUM OKA3alach 3aMETHO yMEDEHHee U pasyMHee, YeM B 3arafHOou
Esporte mm CIHIA.

®) X apaKTepHO, 9T0 HU I'eOMETPHHICCKII TOMoAor JeHe ToM, HE TOOIOr-aHAIMTHK YKaH
Jlepe He BxoAmmM (HACKOIBKO MHE H3BECTHO) B IPYIIy Jypbaku.
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TPYITIHL TPOUCXOTUAO 32 CIET MATEeMAaTHKOB COBCEM NPYToro, 6olee MEIKOTO,
Kaaubpa.

Mewx iy Dypbaku U ero u3gaTelbCTBOM «IJPMaHH» HAYaJIUCh U (PUHAHCO-
Bble paclpu, KOTOpble CTaIl OTHUMATh OoJbllle CUJI 1 BpeMeHH, YeM Haluca-
Hne TpakTaToB. Korga Dypbaku (4bn (PUHAHCOBBIE MHTEPECH! TPeICTaBIIAI
y’Ke MOKHHYBIINH DPYIIy MO BO3pacTy KapThe) HaKOHeI BBINTPAT 3aTAHYB-
mnica cyreOHBIN mpolecc vy «IpManaay B 1980 roxy m mepeménr B apyroe
n31aTeTbCTBO, HOBLIE TOMA yiKe MepecTatn co3naBaThed. B 1983 rony nosapu-
Jach MOCHAeTHssA HOBas (BepHee OGHOBIEHHAN) MyOJIMKANNA DUKOIa JypOaK.
Ewmy 6bi1o 48 geT, T. e. 0CTaBaJOChH BCETO MBa T'OfMa M0 POKOBOT'O TATHIECH-
TUJIeTHEr'0 BO3pacTa, UM YKe YIpeXKTEHHOro. B OMHOM W3 YIEHHX XKYpPHAJIOB
HOSIBIJCS €I'0 HEKPOJOT, BhIIEPKAHHBIN B TeX TPajHIUsiX YKeCTOKOTO HMO-
pa, 0 KOTOPHIX TOBOPMIOCH BhIlIe. Sl MOMHIO, KaK BCe CMeSsInch (9TO — HAJ
nekpoaorom!), korga FOpnii UBanoBuna Mauunu 3adnTan ero Ha odepenHoMm
sacemanun MockoBckoro Maremarudeckoro O6iiecTBa.

7. KoHunna?

Do yMmep Jgu Jdukonsa Idypbaxu? WU ga, u ner. Kak wopumudeckoe auio
oH emié cymiectByer. CyuiecTByeT u 3amedarenbubiii Cemunap Hypbaxu, u
nyGJIUKyeMbIl UM YKYPHAJ; Ha CeMUHape BBICTYNAKT BeAyline MaTeMaTHKu
Mupa (He TOJBKO YJIEeHBI I'PYIINbLI) ¢ OO30PHBIMI MOKJIATaMI O KPYITHEHIINX
TOCTHKEHNAX COBPEMEeHHON MaTeMaTHKH ([P 5TOM, 9TO O9eHb Pa3yMHO, [10-
KJIa/bl, KaK MPABIIO, He MOPYYalOTCA CAMHM aBTOpaM DTHX JOCTHKEHNH).
D0 KaK TBOpDYECKHU MaTeMaTuk, U fgaxke KaK BeIHKHH MeTOIuCT, JDypbaxu
ymep. BoszpomuTes au oH, 4TOOH clieTh HaM CBoto debenunyto necuio? [lymaio
— BpSA JH.

Dodemy? Dypbaxkuzanus PpaHIy3CKOTO CPelHero U Bhicliero oGpa3oBa-
HUS IpUBeIa K TOMY, YTO BHIIYCKHUKN By30B DpaHIU, B 4aCTHOCTH, DKOJIb
Dopmaab Cionepbép (U3 KOTOPHIX, B OCHOBHOM, I MOMOJHAIACH TPYIA), HO-
CTeNeHHO MpeBpallalich B KapUKaTyphl cxojacTa JypbHaki, NOrpsa3HyB B ab-
CTPAKTHBIX alrebpamveckKuX cxeMax, OTOPBAHHBIX OT KUBOIO Pa3BHTHS Ma-
TeMaTHKH. JIOXe BEIHKOr 0 ToKoJdeH s MaTeMaTukoB Ppannun, snoxe A. Bei-
asi, A. Kaprana, K. lllesaane, 2K.-3. Ceppa, JI. lllBapua, I. Kaprhe, A. Do-
peasi, . Menuns u A. ['poTenquka npuinén KoHer. DpUIIeglie UM Ha CMeHY
MaTeMaTHKH, 00y4YeHHbIe B IIKOJE H By3e [0 CXOJACTHYECKUM NPUHIIUITAM
OypOaku3Ma, OKa3aduch Ipyroro Kajaunbpa: Jukoja JypoOaku cam cebst U yHH-
YTOXKI.
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Mu1 xoTean 6B TOCTOAHHO O6CY K AATH TEMY «YHUUTeSb U YIEHUK) B HAIIEM KYD-
Hage. B oTedecTBeHHON HayKe, Kak, MOXKAJIYH, HAT € €llle, TPAKTHYECKHN IS KAk 0T 0
KPYOHOTO MaTeMaTHKa Ha HAaYaJbHOM DTalle ero Kapbephl OTPOMHYIO POJIb UTPAET
oblIieHMe ¢ YunTeaeM, KOTOPHIN MOCTABII MEPBYIO 3aa49y, ObLI MEPBBIM, KTO BBICTY-
1A e€ pellierne, OGOAPUI W MOACKA3AT, YeM 3aHIMATHCS TAJbIIE.

B utone mporwioro roga ucnogumiaock 60 geT ogHOMY U3 KPYHTHEHIIHX MaTeMa-
THKOB COBPEMEHHOCTH, TiaBe GJECTAIIEN HAYYHOUW MIKOJIB — aKaleMuKy Biammmum-
py Uropesuay Apuoabay. K ero 1o6mieo MOCKOBCKOe H3AaTeTbCTBO «dPaz3mcy BHIMY-
CTIIO 3aMedaTenbuyio Kaury «Baagumup Uropesmd Aproasa. Mz6pannoe—60». Pe-
MAaKIUOHHYIO MOATOTOBKY MAaTePHANOB OCYIIECTBIAN onmH m3 yueHukoB B. M. Ap-
woabaa — Muxamn PopucoBuya CeBprok. MBI npenmaraemM wnraTesM (pparMeHT M3
uHTepBhIO, ganHOro UM B. M. TuxomupoBy aasa mamrero xypuada. OHO BIOJHE CO-
OTBETCTBYET TeMe «YUNTENb U YieHUKy. MBI HageeMcs, 9TO 9uTaTento 6yeT HHTe-
pecHO y3HATH, Kak mocTenerro B. . ApHoab 1 BBOAUT CBOETO yUeHNKA B HAYKY, KaK
SK3aMeHyeT, KaK U KaKhue CTaBUT 3aMadn U OOJAbIINe MPOOIEMHI.

Mon mHayunbil pykoBoauTeab — B. 1. ApHoaba

M. B. Cespiok

Orpomubiit BKJaj, BHecéHHbIN Baamumupom MropeBudem B MaTeMaTHKY
BTOPOU MOJOBHHEI YXOSAIIEr0 BeKa, OTHOCUTCH KO BCeM CTOPOHAM HAy4YHOT O
TBOPYECTBA — U K PEILIeHHIO 3a1a4, IpUYeM 3ajad KIACCHYeCKuX, KOTOPHIe
CTOSJIN JTeCITHIeTHAMHI, U K MOCTAHOBKE HOBBIX NPOGJeM, I K COBMAHUIO HO-
BBIX TEOPUI, i K COBEPILIEHCTBOBAHIIO MaTeMaTUYeCKOr0 0OPa3OBAHNS.

T'oBops 0 kiaccudeckux 3ajadax, JOCTATOYHO YIOMSHYTH PEIIEHHYIO UM
TpuHaANaTyI0 Mpobiemy I'mapbepra. Baagumup UropeBnd emié B cTyIeHTe-
CKIe TOJbI Clefal (BCaen 3a MPOPHIBOM B DTOH OOJACTH, COBEPIIEHHBIM €ro
yanTeneM AHgpeeM DukosaeBndeM KoiMoropoBbiM) 3aBepIIaonni mar B 1o-
KazaTeqbcTBe TOIO, YTO JHOVI0 HENPEPLIBHYI0 (PDYHKIHUIO TPEX NepeMeHHBIX
MOXKHO MPEJICTaBUTE KaK CYINepIO3UINi0 HEeIPEPhIBHEIX (DYHKIHH ABYX Iepe-
MeHHBIX. /[Ipyroi mpumep — pellieHne KIacCHYecKOU MpodaeMbl JupKroda
00 yCTOUYUBOCTH BIAUNTUYECKOU HEMOABUKHOU TOYKH OTOOPaYKEHUs IJIOC-
KOCTH Ha cebs, COXpPaHSIOIIero mioliaib. TpeTuit npumMep — M0Ka3aTeabCcTBO
CYIIeCTBOBaHUA GOJBIIONO YUCIa KBA3HNEPUOTHIECKUX [IBUKEHUN B IJIaHeT-
HBIX crncTeMax (mpob/eMa, CTOsBIIAsA B HeGeCHON MeXaHNKe, 0 KpalHen Mepe,
CO BpeMeH JyaHKape).

B Towm, uT0 KacaeTcs mocTpoeHus Teopuil, He0OXOMUMO CKazaTh, 4TO Baa-
pumMup UropeBrnd oTKpbLI MHOIO HOBBEIX MyTell B MaTeMaTHKe U HAII&J] OYeHb

MaTemaTu4eckoe npocseljerune, cep. 3, Bbin. 2, 1998(13—18)
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MHOT'O HEOXKUJaHHBIX CBA3eH MKy PasiudHbIMEU e€ 00JacTAME. DOJbIIHH-
CTBO HOBHIX MaTeMaTHYeCKHX TeOPUil, CO3[aHHbIX UM, OCHOBEIBA€TCS UMEHHO
Ha Takux cBa3sax. OH caM mucad B OJHOU U3 cBOUX mociaennux pabor «OT cy-
neprosnnuii 1o Teopun KAM» (MeMmyapHOro xapakTepa), 9T0 0GHApYKeHIe
CBsIZell MKy, Ka3aJdoch OB, COBEPIIEHHO MajJeKUMHU IPyr OT JApyra BellaMu
— DTO OHO U3 CaMbIX OOJBIINX HACAAKJTEHHH, KOTOPOE MOXKET [aTh Ma-
TeMaTHKY Hallla HayKa, U eMy BBIIAJ0 CYaCcThe UCHBITATh 3TO HaCJTaXKIeHue
HECKOJIBKO pas.

Dampumep, B Teopnn ocobennocrenn (a Bragmvup WUropesnd siBasiercs
ONHUM W3 eé co3jaTenell) nM ObLIa OTKPHITA (PYHITAMEHTAIbHAS CBA3b MeXK-
Iy KPUTHYECKUMH TOYKaMU THafkuxX (PyHKIuE u rpynnamu Kokcrepa, 4To
IPHBEJIO K COBPEMEHHOU KJaaccHpukalun ocobenHocTeln. KMy npunamiexur
YCTAHOBJEHUE CBABH MK,y HiecTHAAAaTOn npobiemon ['nanbepra 06 oBatax
BEI[eCTBEHHBIX aJrebpandecKnX KPUBHIX U Y€ THIPEXMEPHOU TONOJOIHEH. DTO
BBI3BAJIO MPOPHIB B UCCIETOBAHUSK, CBA3aHHBIX C [IECTHAANATON TPOGIEMO
Tunbbepra. Baagumup UropeBud Halllén cOBEPIIEHHO 3aMedaTeNbHYIO CBA3h
MEXK,Y Teopuell Koc, ¢ OJTHOU CTOPOHBI, I Teopuell 0cobeHHOCTel U ajJrebpai-
YecKOU reomMeTpuel, ¢ xpyroi. M Bo Bcex 3Tux caydasx pedb UAET 0 MOCTPO-
€HUH HOBBLIX OOIIMPHBIX MaTeMaTH4YeCKHX TeOPHH, a WHODIa O COBEPIIeHHO
HOBOM B3T.Isifle Ha TEOpPHH, CYLIeCTBOBABIINE paHee.

Emy npunaaiexxuT Tak:ke cozfaHiie TEOPUH HECKOJIbKO HHOT'O POga — KO-
ria B3ajade, BKAYAIONIeHd B cebst 09eHbh MHOTO Pa3IHYHBIX CTPYKTYP, U ajre-
Opanyeckux, u Tonojorundeckux, Baagumup UropeBnd ycranaBianpag, Kakue
HMEHHO CTPYKTYPhl OTBETCTBEHHEL 32 TOT WJIH UHOU >PPEKT, U Ha OCHOBE T10-
TOGHOrO TIHATENBHOTO aHAAN3a 000611Ia H3BECTHBIH PE3YJIbTaT B CAMBIX Pa3-
HBIX HalpaBIeHUAX. SHAMEHUTHIM TPUMEPOM SIBAAETCS CO3TaHue CHMILIEKTH-
YeCKOU TOMOJOI I, KOTOpoe Hadaaoch ¢ ero crartbi 1965 r. B C. R. Acad. Sci.
Paris. B oToi paboTe n B page nocaenyiomnx Baagumup ropeBut BBLIBIHYI
psJ PUIOTE3, CBABAHHBIX € YUCJIOM HEMOJIBUXKHBIX TOYEK CHMILIEKTOMOP(U3-
MOB, U B JaJbHeWIlleM OH BO3BpAIAJics He pa3 K 3TOH TeMaTHke B TedeHUe
BCell CBOell MaTeMaTHYecKOU Kapbepbl. B mocienHue rofgbl UM O6GCYKIAK0T-
csl MCceBIONepuofndecKas TONONOI S, IPOEKTHBHAS TONOJOT U, IPafHeHTHAS
TOTMOJIOTUS . . .

Y7o ke KacaeTcs MOCTAHOBKH HOBBIX 3aja4, TO i XOTed Obl CKa3aTh Cle-
mytoriee. Kaxawiii cemecTp nepBoe 3aceflaiiie ceMuHapa Mo Teopuu 0cobeHHo-
creri (Ha Mexmare MI'Y), kotopbim Baagumup Uropesud pykoBoauT Ha mpo-
TSAXKEHUH yKe 049eHb MHOTUX JeT, OH MOCBAIIaeT HMEHHO MOCTAHOBKE HOBBIX
3ajla¥, KOTOPHIE MOAXBATHIBAIOTCS €0 YYeHUKaMi, YYaCTHHKAMI CeMUHapa,
0 U3 DTUX 3a/a4 YaCTO BIOCIEICTBUN BO3HUKAKOT [[e]ble HOBBIE HAIIPABAEHUS.
TBopuecTBo Baagumupa UropeBnya oderb OBGIHINPHO U OXBATHIBAET CaMble



Mo way4ansiii pykoogurens — B. U. Aproib 15

pa3Hble pa3felbl MaTeMaTHKH, MeXaHUKN U (U3NKH — OT Teopun Audde-
peHINAJIbHBIX YPaBHEHHI JO TEOpHN 4HCel, OT MaTeMaTH4eCcKOou JOTHKH [0
anre6pandeckoil T€OMeTpHUH, OT TONOJOI'HH [0 I'AJPOTUHAMIKN, OT TeOpHH
KaTacTpod 10 KOCMOJOTHH, I BO MHOI'MX O6JAacTAX HAayKH €ro pe3y/bTaThl
ABIAIOTCA OCHOBomoJMaratomumu. B xuure «Braguvup Mropesny ApHoabi.
N36pannoe—60» npuBefeHbl COCTABIEHHBIH CaMUM aBTOPOM TIOJHBII CIHCOK
€0 OCHOBHBHIX Pe3yJIbTaTOB Il OCHOBHaf TeMaTHKa ero NCcIeT0BaHuil.

DakoHell, ToBop4 0 BK1ale Biaanmupa lropesnya B maTemMaTnieckoe 06-
pa3oBaHle, MHe XOTeJI0Ch ObI IPOINTHPOBATH OTPLIBOK I3 PeleH3Nn Ha Tpe-
The H3JaHie ero 3HaMeHnToro yyebuuka «MaTeMaTnieckie MeTOIBL KIACCH-
deckonl Mexanuxmy B Math. Reviews, MR 93¢:70001 (penensent A. lacob):

«ycrh S; = {nanboxee BIHATeIbHEE KHUTT BTOPOH nonoBuibl XX Bekal},
Sy = {maunboxee wacTo nuTHpyeMble KHuru}, S3 = {KHHIH, HMeEIONINe Hal-
6OJIBbIIYI0 BEPOATHOCTh COXPAHHTH CBOIO akTyalbHocTh B XXI Beke}, Sy =
= {xuuru, ovens nojesHble B IperojgaBaiun}, Ss = {KHUI'W, HAIHCAHHLIE B
COBEpIICHHO HEOOLIMHOM, IPHCYIIEM TOJIBKO JaHOMY aBTOpY cTmie}, Sg =
= {KHUI'H, 9ATATH KOTOPHIE JOCTABIfET MOMINHHOE HaclaxleHne}, A = pe-
nen3upyeMas KHura. Dpernoxenne: A € N S

Mue KazxeTcs, 9TO DTO NpeIoKeHNe CpaBelINBO 11 Bcex KHUT Biamu-
mupa Uropesnda.

A cran sanuMaThes y Baagnmupa Nropesnta mo coBeTy MHOIHX JI0 1€,
CcTaJ XOJIUTh Ha €ro CeMUHaphl. Da IepBOM Kypce f ¢ HUM HeperoBOpPWMI I
OH fJaJ MHe COHCOK 3afgad. fl Hn oJHON M3 >THUX 3ajgad He PEIIna, I KOTZa s
BEpHYJICA K HEeMY COBEpPIIeHHO 00eCKYPaKeHHBIH, OH CKa3al, YTO B NPUHIAIe
DTOr0 W OXKHUJaJA. DO 3aTeM, KOTJa OH MHe JaJ pal 3ajatd Ha JeTO MexXIy
NEPBBIM M BTOPBIM KypcaMmi (caMo co6oil pasyMeeTcs, 9TO ObLIN H3BECTHHIE
3a/a4n), § TOTJA PeIni BCE, MpUYeM OJHY W3 DTHX 3a/1ad (i1 He TOMHIO, B
4eM OHA 3aK/JTI0Yalach) si PEIINJ COBEPIIEHHO He TeM CMocoGOM, KOTOPHIH OH
OXKHJaJd, XOTA caMa IIo cebe 3ajada HHKOHM 06pa3oM He OLLTa HH HOBOH, HU
CJIOKHOI.

Cravana Braguvup NropeBnd mpepioKiul MHE 3aHIMaThCA BOIPOCOM O
qpcIe HyJdell abeleBLIX HHTerpaJoB — OTHOH U3 COCTABHLIX YacTell IIecTHa-
anaton npobieMmbl ['minbGepra. ITa 3agada CBI3aHa C IHCIOM MpeTelbHbIX
[UKJOB, KOTOPLIE BO3ZHHKAIOT IPH MaJOM HEraMHJILTOHOBOM BO3MYVINCHHUE ['a-
MUJIBTOHOBOH CHCTEMBI € OJHOI CTeNeHbio CBOOOIH (111, Gosee 0OIIIM 06pa-
30M, OPH MaJOM BO3MYIIEGHHN BEeKTOPHOIO HOJIA Ha ILIOCKOCTH, HMEIOIIer0
nepBHIl HHTerpad). B 5To 3ajade y MeHs HIKAKUX CYIIECTBEHHBIX TPOJBI-
JKeHui He OnL1o. A Tak kak g1 ¢ Baagmumupom UropesmdeMm cTad 3aHHMAaTh-
cA 0YeHb paHo, TO K TOMY MOMEHTY, KOIJa HaJo OLLIO IHCAaThL KYPCOBYIO
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paboTy Ha TpeTheM Kypce, ellé OLLIO BpeMs CMeHHTL TeMaTuky. M Torga on
NpUBAEK MeHs (BHIs, 9TO B OOIIEM-TO y MeHs IPOJBIKEHHS HET) K 3ajade
0 IPEeICTABUMOCTH AIreOpalvIecKnX MYHKINE OGOJILIIOr0 YHCIa HepeMeHHLIX
B BHJe CYIePIO3UNNN (PYHKINH MEHLIIero YHCIa IepeMeHHEIX. B kadecTse
KJII09a K [HOJYyYCHHIO HOBLIX CEPLE3HLIX pPe3yAbTaToB B >Tol obaacTu Buaa-
pumup WUropeBud npeaioKmi MHe BLIYHCINTL Pas3JivHble TONOJONHICCKHe
XapaKTepUCTUKN (B YaCTHOCTH, [eJOYNCIeHHbe TOMOIOT M H KOTOMOJIOTH )
HeKOTOPLIX CHEIAJbLHEX alrefpaldecKux IOIMHOKECTB IPOCTPaHCTBa KOM-
[LICKCHEIX OMHAPHEIX (POPM OPOH3BOALHON (PpUKCHPOBaHHOH cTemenn. OcHOB-
HOe BHHMAaHHIe VIeIAIOCh TaKUM JOBOJILHO MOIIHLIM CPEeICTBaM, KaK TeOPHA
Xo/Ka, — OpeJIoJaraloch, YT0 BaXKHyI0 POJIb B JaJbHeNIINX HCCIeI0BaHU-
AX BOIPOCOB IPEACTABAMOCTH OYIYT HI'PaTh TaK HasLIBaeMLIe CMeIIaHHbIe
CTPYKTYPEL X0Ka Ha PallOHAJILHEIX KOTOMOJOTHAX HOIXOIAIINX alrebpali-
YeCKNX IMOIMHOXKECTB IPOCTPaHCTBa OHHAPHLIX (POPM.

Mue ygaloch HOIYIUTL PAJ HHTEPeCHLIX Pe3yIbTaToB O IOMOJOTHAX Ta-
KIX IOAMHOXKeCTB. §l Hammcad ovYeHL XOPOIIyI0 KypCcoByI0 paboTy Ha Tpe-
TheM Kypce, 6 Ha CIeIVIOIIHE o Mos KypcoBad ObLIa CHOBa MOCBAIICHA DTOH
TeMaTHKe. Je3yJbTaThl DTHX pabOT COCTABUIN COLep:KaHue IBYX 3aMETOK,
OJHOI — B «YcIexax MaTeMaTHIeCKnX Hayk», Ipyrol — B «Bectuuke Mo-
CKOBCKOT'O YHHBEPCATETa). D0 Ha €K bl Ha IPOABHKEHIE B IepBOHAYAILHON
3afade O CYNeplo3UNUAX He ONpaBIadHCh, HIOTOMY YTO BLITHCACHHEIE MHON
CMeIlaHHbe CTPYKTYPL XO0IKa 0Ka3aluch CIHIIKOM npocToiMu. Torga Bia-
puMup UropeBud npuBIEK MeHsA K COBepPIICHHO HOBOU TeMaTHKe — K [HHa-
MHIYeCKHM CHCTeMaM, KOTOPEIME f I 3aHIMaloCh ¢ TeX IOp BILIOTHL 10 HAaCTO-
AIIEero BpeMeHi.

Cravaja 1 IpOCTO CIad dK3aMeH [0 CHeNKYPCY, KOTOPLIH 4uTaJ Baamu-
Mup Uropesud — 5To GLLIO BO BTOPOM CeMecTpe YeTBEpToro Kypca. Crel-
KypC OLLI IO OOLIKHOBeHHLIM JTH(M(PepeHNualbHLIM ypPaBHeHHAM, A ClaBal
DK3aMeH II0 DTOMY Kypcy KakK OJUH I3 DK3aMeHOB, KOTOPLIe HYKHO OLLIO Cla-
BATh B COOTBETCTBHN ¢ YI€OHBIM ILIAHOM. DO MHE B KadecTBe dK3aMeHa (a ¢ra-
Ya DK3aMEHOB IO cuenkypcaMm Biammuupa Hropesmva Bcerga sakiiodalach
HCKIIOYNTENBHO B DelIeHun 3ajad — pasyMeeTcs, He 065i3aTeIbHO HOBHIX)
Obla JaHa WHTepecHas 3ajada o cBoicTBax map (A, ) muddeomopdpnamon
ILIOCKOCTH € O6IIell HeloIBIKHON TOYKOH, YIOBIeTBOPAIOIINX COOTHOIICHNIO
AGA = @ (mox mpousBenenneM 0TOOpaKeHNN 31eCh MOHNIMAETCS NX KOMIIO-
3MIA).

A crapan Baagumupy Wropesndy aBa cloenkypca — DO TEOPHH OCOOEH-
HOCTeH U IO JONOJHHTEJILHBEIM IMaBaM OOLIKHOBEHHLIX TH((epeHnnalbHbIX
ypaBHennil. B kagecTBe 3a1a9i 00 TEOPHH OCOOCHHOCTEH OH IPEeLIOKILI MHe
I0KazaTh OJHY KIacCH(pUKANMOHHYIO TeopeMy, OpuHamiexkamyio M. [Txy-
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CTH W TpHUBeIEHHYIO 6Ge3 mokazaTelbcTBa B MoHorpadunm B. U. Apnoabia,
A. 9. Bapuenko u C. M. I'ycenn-3ame «Ocobennoctn mudpepeHnupyeMbIx
otobpazkennit Iy (cum. crp. 131). f, koHewHO, BCE 5T0 cremad. 3a1aqy mpo qud-
(heoMOpPU3MBL TIOCKOCTH § TAKKe YCIEHIHO Pelna (Ha ypoBHe (POPMAIbHBIX
CTENeHHBIX PALOB). DJe NMOMHIO, [0 KaKOIl CTeleHH MOJydeHHBIe Pe3yJTbTaThl
OBLIT HOBBIMHI, HO TOCTE DTOW 3aadn f CTaJ 3aHIMATHCT 0OPAMUMBLMY ClU-
cmemam.

O6GpaTuMBle CHCTEMBI — 3TO 3aMeYaTeNbHbIN KJIACC THHAMHYECKUX CH-
CTeM, NHBAPUAHTHLIX OTHOCHTENLHO OTHOBPEMEHHOT O NPUMeHeHNs ABYX OTle-
paTopoB — obpallleHnd BpeMeHI U HeKoToporo auddeoMmopdpuaMa (pa3oBoro
npoctpancTBa (ecan jgBa muddeomopdusma A u G CBI3aHB COOTHOIIEHNEM
AGA = G, 1. e. GAG™! = A7!, 10 quRaMmYecKkas cucTeMa ¢ THCKPETHLIM
BpeMeHeM, NOpOXKjeHHas nuddeomoppuszmom A, obpaTumMa OTHOCHTEIBHO
npeobpazoBanus (7). I BoT HadmHas ¢ 3aja41, KOTOpas Ha 9€TBEPTOM Kypce
6bla npenoxkena Mue Baaguvupom UropesntdeM mpocTo B KadecTBe 3a1a491
Opu crade ClelKypca, MO 3aHATHA o6PATHMBIMA CHCTeMaMi TMPUBeIN K Io-
AYIeHNI0 TOCTATOTHO GOJBIIOTO YHCTa Pe3yIbTaTOB, CIETABIINX MeHS OTHIM
I3 JHIePOB 3TOIO HAlPaBAeHUS, 1 COCTABUIN CYIIECTBEHHYIO YaCTh KakK MOel
MaTeMaTHYeCKOW MesiTeJbHOCTH, TaK U MOel Ku3Hu B neaom. Biaguvup Uro-
PeBUY TMPEITOXKHUA MHe 3aHUMATHCA OOPATUMBEIMHA CHCTEMaMH Mpexk e Bcero
OPUMEHHTENBHO K TOU TeoPHl, B KOTOPOU OH ABJSETCS OJTHUM U3 OCHOBaTedel
— teopun KAM (Kommoroposa—Apuoasra-Mosepa).

OcHoBaTresneM Teopun oOGPATHMBIX CHCTEM [0 MpaBy HYXKHO CYHTATH
[k, JI. Dupkroda, KOTOPBIH HCCAETOBAI TakKie CHCTeMbI elllé B Havale Be-
ka. K Tomy MoMeHTy, KoTga s CTal 3aHUMATBHCA OGPATUMBEIMHU CHCTEMaMH
u Teopueit KAM, paboT no o6paTuMbiM cucTeMaM GbLIO €I1é OTHOCUTENBHO
wemuoro. C Apyroi cTOpPOHEBI, B psje ciydaeB, korjga Baagumup WUropebud
CTaBUT Mepel YIeHHKOM HOBYIO 327129y, OH O6PUCOBLIBAET €€ HCKAIOUNTENBHO
Ha ypoBHe ugei. OH He JaéT CBOEMY YYeHHKY HU CIHUCKa OCHOBHBIX MyOJIHKa-
U, KOTOPHIE YK€ CYIIECTBYIOT B JaHHOU 0BJacTu, HH CIUCKA Pe3yJabTaTOB
WM TeX JIoaell, KOTOPhle 3aHUMAJHCh JaHHBIMU BONPOCAMHU, He IpeliaraeT
YYEHUKY 03HAKOMHUTBCS € KaKOU-1100 BBOTHOW JUTEPATY POl MO JaHHOUW TeMa-
Tuke. OH IPOCTO pACCKa3biBaeT HA YUCTO UJIEHHOM YPOBHE, KaKie IPOSIeMbl
CYIIECTBYIOT B JaHHOU OGJacTH, NOYTH Ge3 yKasaHUs KaKHX-Jubo KOHKpeT-
HBIX UMeH H NyOJHKalllil, U npeanogaraeT, 4To yYeHUK caM M0JKeH BCE 3TO
HaX0UTh. Takoll MOAXOM YaCTO OKa3BIBA€TCA YPE3BBEIYANHO 100 TBOPHBIM
— He TOJBKO € TOU TOYKHM 3PEHUs, 9TO OH Pa3BUBAaeT B YYEHUKE CaMOCTO-
ATENBbHOCTDh, HO TAaKyKe W MOTOMY, YTO NO3BOJAAeT HHOI'JA YeJOBEKY, TOJbKO
HAYUHAIONIEMY 3aHUMAThCA JaHHOW TeMaTHUKOU, HOJyYaTh TaKHe Pe3yibTa-
ThI, KOTOPbIE BPA[ JU MODIU ObITh UM HAHTEHBI, eCJAi Obl 3TOT YeJOBEK 10
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Havajga caMOCTOSTeJIbHOU paBOTH OCHOBATEIbHEIM 00Pa3oOM MPOLITY [HPOBaAJ
paboThI CBOUX TpeIllecTBeHHUKOB. Tak npousoluio u co MHOM.

£l cpasy crana meITaThes (IpaKTHYECKH elIé HHYero He 3Has 06 oGpaTh-
MBIX CHCTeMaxX I He HMes HHKAaKoro omneiTa B Teopnn KAM) mokaserBaTh
Teopemy KAM nast obparuMbix cucrem 6e3 CTaHIAPTHOI'O IPEINON0KEeHUs
0 TOM, ¥TO obpamaonni guddeoMopdusM (PaszoBOro MPOCTPAHCTBA ABJII-
eTcsi MHBOJAONNEN (0TOGpaKeHNeM, KBaIpaT KOTOPOTO eCTh TOXK[eCTBEeHHOe
npeoOpaszoBaHme), I MHE yIaJ0Ch MOAYIHTH 06parnmMyio Teopemy KAM 6es
Takoro npegnogokenus! H w mo HacTosIee BpeMs HpPE3BLITANHO TOPKYCh
BTHM JOCTUMXKEHUEM. De3yabTaT, KOTOPHIY 1 110 cell [eHb KayKeTcsi MHe COBep-
[IEHHO VIUBHTEJIbHBIM U 3aMedaTelbHbIM, 3aKII09aeTCs B CJAeNYIOeM. D pe-
MOMOXKHM, IYTO ¥ HaC eCcTh WHTerpupyeMas obpaTuMas cucTeMa. Fe (azoBoe
IPOCTPAHCTBO PACCH0€HO HA WHBAPUAHTHBIE TOPHI, TBUKeHNE IO KOTOPHIM B
HOAXOJSIINX YIVIOBBIX KOOPIHHATAX MPOUCXOIUT C HOCTOSHHOU CKOPOCTHIO.
O6pamaromui gudpdgeoMopdusM 3aKI09aeTCs B H3MEHEHHH 3HaKa yIVIOBBIX
KOOPIHHAT Ha BTHX TOpax W ABIseTcs nHBOA0NUen. Teneps mpenonoxKnM,
ITO MBI DTY CHCTeMY YYTh TMOIIeBeINM, He BEIBOIA eé U3 Kaacca o6paTHMBIX,
HO TIpHM 3TOM OyleM BO3MYIIaTh HE TOJBKO CaMy CHCTEMY, HO U obOpaljaro-
muil gudpdeoMopdusM, He nNpednoda2at, 4mo 603MYWERNbLIT 06pauaouutl
duppeomopdusm no-npexcnemy Asasemes unsomoyuet. Torma, ecinm mexo-
Had cucTeMa ObL1a HEBBRIPOKIEHHON B TOM CMBICJE, YTO YaCTOThHI MBUZKEHUS
Ha HEeBO3MYIIEHHLIX WHBAPHAHTHLIX TOpaX HEBLIPOKAEHHBIM 0Opa3oM 3aBH-
celll OT MapaMeTpa, HyMepyIIIero TOphkl, TO B aHAJUTHYECKOH KaTeropuu
BO3MYIIIEHHAS cHCTeMa OyjeT NMeTh MHOI'O MHBAPHAHTHHIX TOPOB (OAM3KHX
K HEBO3MYVIIEHHEIM TOpaM W WHBAPHAHTHHIX TakyKe OTHOCHTENBHO obpalla-
otero auddgeoMopdusmMa), IBUKEHHE [0 STHM TOpaM Oy JeT KBa3uIepHo -
YeCKUM ... — T. e. 6yjeT UMeTh MecTO CTaHTapTHas CHTyalus OObIYHOU
(rammabToHOBOM) Teopun KAM, HO mpm »TOM, KpoMe TOro, BO3MYIIEHHBIN
obpalaomnil TupGeoMopPu3M 0642aMEAbHO OYdem ABAAMbCA UNE0.L0YUET.
Hrak, BoaMylias HeBEPOXK IeHHYIO WHTET PIPYyeMYIo 0OpaTUMYIO CHCTEMY, MbI
He BBIXOIUM 332 PaMKN OOPATHMBIX CUCTEM C WHBOJIOTUBHBEIM 0OpallalolinM
muddeomopduaMoM, HO DTOTO, OKA3LIBaeTCsd, He HYXKHO Tpe6GoBaThL a priori
— DTO MOJYYaeTCs CaMO COBOH (HCECMKOCTD UNEOMIOMUEHOCTIU ).

DTa TeopeMa, aHAJIOTHYHOE JOKAJIbHOEe YTBepXKIeHHe U MPyriue pe3yib-
TAThl COCTABUIN COMEpKaHUe MOeH MUILIOMHOU paBOThI, a 3aTeM BOILIH B
KHUTY, KOTOPYIO A TIOM HemOCpeAcTBeHHLIM HabaiogenneM Bragmmupa Uro-
peBuYa HamucaJ Bo BpeMs obydeHus B acnupanType. OHa ObLia onybinKoBaHa
B cepnn Lecture Notes in Mathematics. I mocie okonvanns acnupaHTyphl 1
3AIINTHl JNCCEPTANNN MHe MHOTO Pa3 BBHINATaJa CYAaCTANBag BO3MOKHOCTH
OPUHUMATE MeIPYIo TOMOIIL U MOAIepXKKY Bragnmupa Uropesnda.
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O GuIICcoBCKIX MeIaTIx

M. U. MonacToipckni

[Moxkanyii, caMbIMi H3BECTHBIMU CPEIH MEXKTYHAPOIHBIX MpeMull, KOTO-
pPHIX YAOCTANBAIOTCA MaTeMaTUKH, SBAAOTCA npemut Duadea. OcHoBaTenn
ston npemun — Jlxon Yapaps Puagc (1863 — 1932). Ou poamiacs B Kanage,
okoHYHI yHHBepcuTeT TopoHTO, Tie U padoTaa (MOCKe LINTEILHOTO TPedhl-
Bauus B EBpomne) ¢ 1902 r. 1o konna xusun. [laydnsre padorsr Puamgca 6burn
CBSI3aHBI ¢ Teopuen ajdrebpamdeckux pyHkiun u aaredpoi. [lo vaubosabiiryio
m3BecTHOCTE UM Duigca MONYYUIO B CBA3U C €10 OOIIEeCTBEHHOU JTesTelb
HocThio. [la Mexnynapognom maremarndeckom konrpecce B Kanage (To-
porTO, 1924) BuepBble 06Cy XK Tagach ero njies OpraHu3anni MeX IyHApOTHON
npeMun. PUIIC COCTABUI MEMOPAHIYM, B KOTOPOM OXapaKTepHu30BaJd CTATyT
HoBol mpemun. O nucat: «1 oco6o nogYépKuBat0, 9TO MeTaJdb TOJKHA OLIThH
HHTepHANNOHATbHA N OOBEKTHBHA, HACKOJIBKO DTO BO3MOXKHO. (---) OHa HH
MO KaKuM BUIOM He MOJYKHA BKJAYATH YIOMHHaHHUE O KaKoH-aubo cTpane,
AHCTUTYTe WA JuIHOCTHY. U mes duamca ocyIecTBUIAChL HAa MeXTYHAPOI-
Hom kourpecce B Ocio (1936). U ¢ Tex mop Meaun BbLIAIOMIIMCA MaTeMaTH-
KaM BpyYaJuCh Ha BCEX MEXKAVHAPOTHHIX MaTeMaTHYeCcKHX KoHTpeccax. [la
5TUX MeAatax (B OTimdne 0T HOGEIeBCKNX) TPABUPYETCS JUIIb (DAMIIHS Ja-
ypeaTa U T'OX MpUCYXKTeHnsa npemun. U xoTd TaM HeT HUKAKOT'O YIOMUHAHNS
o Duice, u 3a NpeMuell, 0 3a MeIAJbIO 3aCAYKEHHO 3aKPENNIOCh ero M.

B memopannyve Duamca roBOPUIOChH, ITO TPEeMUs JOJKHA He TOJBKO OT-
MeYaTh YK€ MOCTUIHYThIE Pe3yJabTaThl, HO U CTUMYJIUPOBATH JTaJbHEUIIYO
TBOpUeCKYI0 aKTHBHOCTEL JaypeaTa. llepBoiM cocTaBoM PUITCOBCKOTO KO-
MHTeTa »Ta (ppasa ObLIa WCTOJKOBAHA, KaK yKaszaHne, YTO NPEMUN TOJKHEI
BPYIATHCA OTHOCHTEIBHO MOJOTLIM VIEHEIM. yTh M03:Ke YCTAHOBUIACH BO3-
pacTHad TPAHUIA: BO3pACT JaypeaTa He JoJKeH MpeBocXomluTh 40 geT.

Mepansvn dungca 6b1IM HArpaK TeHBl CIEIYIONe MaTeMaTHKH (YKa3aHo
MecTO paGOTHL JJaypeaTa K MOMEHTY MPUCYIKISHIS MeTali):

1936 rog. M. Jyraac (1897-1965) (MaccadyceTCKHIl TeXHOTOIHYECKHI HHCTHTYT,
CHIA); J. Ansdope (1907-1996) (Xenbcurckuit yHuBepcuTeT, PUHIAHUA).

1950 rog. JI. MIeapn (1915) (Yausepcurer Dancn, Ppannus); A. Ceanbepr (1917)
(MacTuTyT BhIcHmx uccaeqoBannii, Dpurcron, CIIA).

1954 rog. ZK.-9. Cepp (1926) (Dapmxkckuit yausepcurer, Ppanuns); K. Koganpa
(1915) (Dpuncronckuit yausepcuTer, CIITA).

MaTemaTu4eckoe npocseljerune, cep. 3, Bbin. 2, 1998(19—20)
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1958 rog. K. ®. ot (1925) (Jlorgouckui yausepcnreT, Beankobpuranus); O. Tom
(1923) (Yuusepcurer Crpacbypra, PpaHums).

1962 rog. JI. Xépmanaep (1931) (Crokroapmcknii yaupepcuteT, HIBerus);
k. Muasop (1931) (Dpuncroncknit yausepcuter, CIIA).

1966 rog. C. Cwmeiin (1930) (Kanudopruiickuii yaupepcuter, CIIA); D. Kosu
(1934) (Croudopacknit yausepcurer, CIIIA); A. Tporenauk (1928) (Dapmx-
ckmit yausepcuTeT, Ppannusa); M. Atesa (1929) (Oxcdopackuil yHHBEPCHTET,
BeankoGpuranus).

1970 rog. A. Denikep (1939) (KomGpumkcknii yHuBepcnTeT, BeankoOpuTanusi);
C. 9. Dosukos (1938) (Maremarndeckuii mactuTyT uM. B. A. Crekiopa,
Mocksa, CCC3); /. Tommcon (1932) (KoMmOGpuaKcKuil yHUBepcHTeT, Bean-
kobpuranus); X. Xupornaka (1931) (Tapsapackuii yausepcurer, CIITA).

1974 rog. 1. Mamdops (1937) (Tapsapackuii yansepcurer, CIITA); 3. Dombuepn
(1940) (Duzanckuil yansepcutet, MTamus).

1978 rog. 9. Jemmub (1944) (MaCTHTYT BBICIINX HCCAefoBaHWN Diopciop-NperT,
Ppannua); . Kemaren (1940) (MaccadyceTcKnl TeXHOJOTMYIECKUN HHCTH-
TyT, CITA); T'. A. Mapryaunc (1946) (MacTuTyT npobiaeM mnepefatn nadopMa-
i, Mocksa, CCCO); 9. Pedpdepman (1949) (DpuHCTOHCKNE yHUBEPCHTET,
CIIA).

1983 rog. A. Koun (1947) (Dapmxkckuit yausepcurer, Ppanus); B. D. Tépcron
(1946) (Dpuncronckuin yausepcurer, CHIA); 1. T. flo (1949) (Croudopackui
yuusepcutet, CIIA).

1986 rog. C. K. Jlonanpgcon (1957) (Okcdopackuii yansepcnter, BemukoGpura-
munA); I'. Paarunrce (1954) (Dpuacronckuit yansepenrer, CIITA); M. Ppuaman
(1951) (Yuusepcurer Can-/luero, Kampopuusa, CIITA).

1990 rog. B.T. Mpunadensn (1954) (Puznko-TeXHNIECKUN HHCTHTYT HU3KHX TEM-
nepatyp, Xapbkos, CCCO); 3. Burren (1951) (MHCTHTYT BBICIINX MCCAETO-
Bauni, DpuHcron, CIIA); B. &. O. /Txouc (KammndopHUilcKuil yHHBEPCHTET,
Sepkin, CITA); TI. Mopu (Yaueepcurer Knoro, Anonus).

1994 rog. K. Dypron (1954) (MHCTHTYT BEICIINX HCcAefoBaHui, Dapux, Ppan-
wns); D. JI. Jduonc (1956) (Yausepenrer Dapu-Todpu, Ppanmns); 2K. X. Hoxk-
Koc (1957) (Yuusepcurer Dapu-3ion, Opceit, Ppannnd); E. 3eapmanos (1955)
(Yuusepcurer Buckoncun, Memucon, CIIIA).

[Tonee nogpo6uo 060 Bcex DTUX JaypeaTaX MOXKHO MPOYNTATh B KHUTAX:
Monacmuiperui M. lpemuss Pungca. 3uannme. Maremarnka/Kubeprernka,
2, 1991; Monastyrsky M. Modern Mathematicsin the Light of Fields Medals.
A. K. Peters, 1996.

A BaTOoM HOMepe B craThe B. B. ¥Ycnenckoro u B. M. Tuxomuposa paccka-
3bIBaeTCs O 3aMedaTenbHbix pesyiabrarax A. I1. Koamoroposa u JI. C. Ilos-
TPATHHA, 33 KOTOPHEIE OHU BIOJHE MOTJIH OB MOJYIATH (PUIICOBCKIE TTPEMUT,
HO DTOIO He IPOU3OLILIO H3-3a JKeJIe3HOro 3amaBeca (cM. cTp. 21-40).
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[lepBBIe GIIICOBCKIE TaypeaThl I COBETCKAs
MaTeMaTnKa 30-X rogos. I

B. M. Tuxomuposn B. B. Ycneuckun

DepBhle JaypeaThl (PUAACOBCKOU Meajn ObLIM HaszBaHbI Ha KOHI'Decce B
Ociio B 1936 roay. B cocraB ¢uagcoBcKoro KoMuTeTa, KOTOPbIH TPHHIMAJ
peltiernie 06 3TOM NPUCYKIEHUE, BOILIH KPYIHEUIIHe MATEMATHKI TOI'O Bpe-
venn: nranbsgaen P. Cepepn (npegcernarens), amepukanen JIx. Dupkrod,
¢pannys . Kapran, snonen T. Taxarn, K. Kapareogopu (Hemenknii ma-
TeMaTHK I'PeYeCcKOTO MPONCXOK IEHIS).

3o0The Megaan 1 geHe:kHb npu3 (1500 fomrapoB) 6bIIH BpYyYeHb [BYM
matemaTukam: /Ixx. yraacy ua MaccadyceTcKoTo TeXHOMOTHIECKOTO HHCTH-
tyta (MIT) n JI. Anbdopey n3 XeabCHHCKOTO YHEBEPCHTETA.

Mxece [yraac (1897 — 1965) — aMepuKaHCKHI MaTeMaTHK, pabOTaBIINN
B Dbio-Mopke 1 MIT. De3yibTaToB, COMOCTABHMEIX ¢ TeM, 33 KOTOPBIH OH
HOJMYYINUJ CBOIO MeJadb, B ero 6uorpadgun 6oablie He 66110, /lyraac He npuexan
Ha KOHT'pecc, COCTABIINCH HA TPYAHOCTH IIUTENBLHOTO NyTeliecTBud. Menann
ObLia BpydeHa Jopbepty Bunepy, padorasinemy B MIT.

Jlapc Aasgope (1907 - 1996) — ¢uuckuin MaTeMaTnk. OH TPOXKII 60b-
Yo XKu3Hb, padorant B llBennapuu, a ¢ 1946 roga — B CIITA. B 1986 roxy,
B I'OJI IATH fecATHAeTHs TpeMun, Anbpopc ObLT H36paH TOYETHRIM TIP3 TeH-
TOM KOHIpecca B Jepkau. OH BRICTYIUI Ha KOHI'pecce ¢ BOCHOMUHAHUAMHI O
MepBOM TIPUCYXK TeHNN.

O6a saypeara ObLiM TpejcTaBUTENsMEH aHaduza. /yriac mogaydua mpe-
MU0 3a pelleHne 3aMadll DJaaTo. 3ajgada JJaTo COCTOUT B MOKa3aTelbCTBe
CYIIeCTBOBaHUA MOBEPXHOCTH MHHHMAJBHOW ILIOMIAIH C 3aTaHHON I'DaHUIIEH.
Buepsrie ona 6via nocrasiena Jlarpanxkem B 1760 rony. Ddeabruickuii (u-
31K D1aTo nokasaa (B 1849 r.), 970 MIHIMAJIbHBIE TOBEPXHOCTH MOTYT OBITH
HOJyYeHbBl B BU e MBLIBHBEIX [IEHOK, HATAHYTHIX Ha IPOBOJOYHBIN Kapkac. Bo-
IpPOC O CYHIeCTBOBAHUH ik JIOOOU KOPTaHOBOU KpuBol I', pacmogoKeHHOU B
n-MepHOM (B YaCTHOCTH, B TPEXMEPHOM) MPOCTPAHCTBE, MOBEPXHOCTH MIHM-
MaJbHOH ILIOIIAJN ¢ TpaHuned I', cTaanm Ha3BIBaTh 3ajadeldl DJaaTo. 3agatda
DJaTo 6bLIA TOYTH OHOBPEMEHHO pellleHa IByMs mMareMmaTukamu: /. [lyraa-
com u T. Damo. Jemenne /lyriaca 6b110 COYTEHO TOCTONHBIM TpeMmun Duijica.

MaTemaTu4eckoe npocseljerune, cep. 3, Bbin. 2, 1998(21—40)



22 B. M. Tuxomupos, B. B. Ycnenckui

O Teopeme Jlyriaca — Dajo U 0 MHOTOMEPHBIX 0OOOIIEHNAX 3aMadd DAATO
MOKHO TipodecThb B [10, § 47, 48].

Anbdopc 6BLT yI0CTOCH MeJaql 3a pa3BUTHEe TeOPUH PUMAHOBLIX IIOBEepPX-
HOCTEeN 1 pa3zpaboTKy TeOpHN KBa3sMKOH(POPMHBIX oTobpaxkenui. C Tex mop B
Tedenne noayBeka Aab(popc 6bLI OMHIM U3 JHAePOB B KOMILICKCHOM aHAJN3e.

DY a 4TO YKe COBeTCKIe MaTeMaTuKu?

Tpynno ociopuTh, 9T0 B 1936 . coBeTCKaf MaTeMaTHIecKasd MKOaa OLIIA
CaMOU BBILIAOIIEHCS BO BCEM MHPe. DalUCThl PA3TPOMUIN HEMENKYIO KO-
Jay, ppaHIy3cKas MepexuBaja MEePHOJ CMeHBI MOKOJEHUH, MaTeMaTHdecKasd
mikoia CIHITA Toabko Habupasa oGopoThl. B Halliell cTpane B TpuanaThie ro-
JBI TOCTUTJIO paciBeTa TBOPYECTBO TaKnX y4éHBIX (He cTapime 40 jget!), kak
2. C. Auekcangpon, A. O. leabdonmg, A. D. Koamoropos, M. I'. Kpeiin,
M. A. JlaBpentses, JI. A. Jliocrepuuk, /. E. Mensiios, 9. C. DoBuKos,
JI. C. Dourpsirun, C. JI. Coboaer, A. f. Xunuun, JI. I'. Hlaupeabman —
CHHCOK MOXKHO TPOJONKUTH., DU B OJHOU JAPYroW MaTeMaTUu4ecKOu IITKOJe
TOTO BpeMeHH He GLLIO TaKOTo COMBETHUS BHITAIOINIHXCA MaTeMaTHKOB!

D0 KeJe3HbIl 3aHaBec yiKe onycTmics. KOHTAKTh MeK 1y HAlled CTpaHOou
H OCTaJbHEIM MUPOM ObLIH IPepBaHbl. Da KoHrpece B Ociao 6vLIN Mpuriaiie-
ubl enbgonn u XuHYNH, HO OHU He cMOTJIN NoexaTh. Boobile, sarpanudnble
KOMaHTHPOBKH 3aKOHYHIAUCEH B 1931 rogy. DTHM B 3HAYUTEABHOU Mepe i 00h-
SICHSiIeTCSA TO, 4TO cpein JaypeaToB 1936 roga He GLLIO COBETCKUX MaTeMaTH-
KOB.

A. 9. KoamoropoB pacckazbiBag, 4TO KODJja OfHaXKAbl B cepeiute 30-x
POJOB U3BECTHOI'O aMepukaHckoro MmaTematuka C. Jlediena cnpocuin, KOro
13 COBPEMEHHDBIX MOJOJBIX MaTeMaTHKOB BO BCEM MUpe OH CIHTaeT Hambogee
BBIAONIUMECSH, OH HazBaJ deTkipe uMenu: A. O. leabdonmg, A. 9. Koamoro-
pos, JI. C. Dourpsirun u JI. I'. Hlaupeabman.

DepBoe MpUcyKaeHne (U JICOBCKON Mefaan OBLIO TPOBEJIEHO MO IBYM pas-
HBIM IpU3HaKaM: 3a peinenne npo6iaems (/lyraac) u cozganne Teopun (Axab-
dopc). B TBopuecTBe 4eTHIPEX HA3BAHHBIX COBETCKNX MAaTeMaTHKOB (I 60Ib-
MITHCTBA JIPYIUX, MepedncIeHHBIX BhIle) ObLIN H pelleHne 3aMevdaTelbHBIX
mpobeM, W co3jJaHne Teophui, n paszpaboTKa HOBHIX MeTOMOB. B KpaTkom
odepKe HeBO3MOKHO JaTh CKOALKO-HAGYIh TOJHOE TpeAcTaBIeHne 06 uX J10-
CTHXKeHusIX. MBI IpuBeeM Mo ogHOMY n3 Hanbogee B OEKTHHIX Pe3yAbTaTOB
A. 9. Koamoroposa u JI. C. Dourpsaruna. O pesyabrarax A. O. leabgonia
u JI. I'. [Haupesbmata Mbl coGupaeMcs pacckasaTh B JIPYTIOll cTaThe.

Mp&r He cieyeM OpUTHHAIBHEIM JOKa3aTeThCTBAM, & NCTOAB3YEM MeTO 1~
YecKHne yCOBEpIIeHCTBOBAHUSA, HAKOIIEHHbIE 38 MUHYBIINE T'O/IbI. DO OCHOBHBIE
nJen MO0Ka3aTedIbCTB BOCXOJAT K aBTOPCKUM paboTaM.
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IMruMEP KOJIMOIOPOBA BCIOAY PACXOISAMEIOCS Psiia PYPBLE

Angpenr Dukoraesud Kommoropos (1903 — 1987) — oxgun u3 Bexnvai-
MAX VIEHHIX JIBAANATOrO BeKa, MAd KOTOpPOro Oblla XapaKTepHa HeoOHI-
YallHas IHPOTa TBOPYECKUX HHTepecoB. BOT HemoJAHBIH CHUCOK Tex obJja-
cTell MaTeMaTHKH, D'jJe OH OCTABWJ HEeIpexXoJsliiil cjAeil: Teopus OpTOoro-
HaJbHLIX PAMOB, MeCKPUNTUBHAA TeOPHsA MHOXKECTB, MaTeMaTHJyeckas JOTT-
Ka, Kilaccudeckas TeopHS BepOATHOCTeH, reoMeTpus, CJAydalHble HPOIec-
ChI, MaTeMaTHdyeckKas CTATHCTHKA, (PYHKIHOHAJBHBIN aHAJW3, TeOpHs MpH-
ONUKEHWH, TONOJOIus, mudpepeHnalbHbe ypaBHEHUS, TEOPUT CTPEIbObI,
TypOyIeHTHOCTH, TEOPUsA AJITOPUTMOB, MUHAMHUYECKNE CHCTEeMBI, KIacchude-
cKafg MexaHuka, MeTpuyeckas Teopus (PYyHKIHUI, Teopus uH(GOPMalHH, aJ-
ropuTMuydeckas Teopus BepositHocTel. CylIeCTBEHHYI0 KOMIOHEHTY B ero
ACCAeMOBAHUAX COCTABAAIOT paboTH B O6JACTH CMEXKHLIX HayK: B (puan-
Ke, OGHOJOTHN, TeOJOTHH, OKeAHOJOTHH, MeTEeOPOJOTHH, KPHCTAJMIOTpadul,
cruxoBegennn u T. 0. O guwynoctu KoamoropoBa m o ero TBopuUecTBe
em. [9, 4, 11].

Docrynus B 1920 r. 8 MockoBckuit yauBepcuter, A. 9. Koamoropos cra-
HOBUTCS yYeHUKOM . J. Jlyzuna. B 1okl aciupasnTyphl OH HOJYYaeT BB 110~
[Iecs pe3yJabTaThl B Teopun (PYHKIUE, TEOPHH MHOXKECTB I MaTeMaTu4ecKou
Joruke (B TOM YhC/Ie I TOT 3HAMEHNUTHII Pe3ybTaT, O KOTOPOM MBI PacCKa-
JKeM HEKe — IpuMep pacxomsiuierocs psjia dPypbe), HATHHAST CBOU HCCIET0-
BaHUs B Teopuu BeposTHOCcTel. B Havase 30-X 10I0B OH CO3 AT TEOPUIO Map-
KOBCKUX IIPOIECCOB, 3aBepliias yCuaus JUHIITeHHa, Ddaika, CMOIYXOBCKOT O
u Bunepa, a 3areMm co31aéT aKCHOMATHKY TEOPHEH BEPOSTHOCTEW, CTaBIIYO
4aCcThio 00pa3oBaHusd JIOO0N0 MaTeMaTukKa. JTH BBEIIAOIINECS TOCTHXKEHUS
Oobin noaydenbl A. . Koamoroposbim o 1935 roga, xorja paccMaTpuBa-
JHCh MepBble MPUCYKIeHUs (DUJITCOBCKUX MeTaei.

B 1921 roxy BoceMHa JIATHJIETHHE CTYI€HT BTOPOI'O KypCa (PUBHKO-MaTe-
MaTH4eckoro gaxkyibrera MockoBckoro yuuBepcuTeTa Anapei Koamoropon
TOCTPOUT TpuMep unmezpupyemot dynrxyun, pad dypve xomopoi pacrodum-
cA noumu 6cody. ITO OJTHO U3 CAMBIX 3aMeYaTelbHBIX JOCTIKEHNH B TEOPHH
TPUIOHOMETPHYECKUX PSAAOB, KOTOPOU MOCBATHIH CBOU HCCJAETOBAHUS MHO-
rue KpyrnHelilne MaTeMaTHKH, HaduHas ¢ Diepa u Pypbe. Docie npumepa
KoamoropoBa copok ¢ JUIIHEM JeT OCTABaJOCh HEM3BECTHHEIM, CYIIECTBYET
JH Henpepuieras PYHKIUA ¢ TeM ke cBoiicTBoM. Jlutik B 1966 rogy Kapaecon
mokazad, 4To npumep KoaMoropoBa Hefb3si YCUAUTh: [ BCAKOU (PYHKIIUK
¢ WHTerpupyeMbiM KBagapaToMm psg Dypbe cXoguTcs MOYTH BCIOAY K CaAMOU
GyHKUNY (B BHe THIOTE3B 5TO copMyanpopar J. J. Jysun B 1915 roxy).
«JOUTH BCIOAY» O3HATACT 6C100Y, 34 UCKAMOUCHUEM MHONCECTNEA MEPBL HiYib.
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MHOKecTBO Ha OTpe3Ke UMeeT Mepy HY.Ib, eCln I J060T0 &€ > 0 ero MoxKHO
MOKPHITEH TOCAE0BATETHLHOCTHIO NHTEPBAJOB ¢ CYMMON JIIHH < &.
Brnociegcrun KoaMoropos mnocTpont npuMep psjia, pacXogaierocs BCio-
1y (06a pesyabraTra cogepkarcs B KHure [4, crarbu 1 u 11]). Mbr nocTponm
JlajJee NMEeHHO TaKOW MmpuMep.
dyukus 6y1eT CTPOUTHCA Ha oTpeske [—m; 7], Kaxk10i wHTErpupyeMoi
dyuknun f #Ha [—7; 7] conocraBasiercs eé pad Dypwe
o]
% + Z(an cos nx + b, sin nz),
n=1

rie

LT 1/
a, = —/f(t) cosntdt, b, = —/f(t) sin nt dt.
T s

Cymma ag/24 >} _(ay cos ka + by sin ka) HaswBaeTcs n-mot cymmoti Pypve
u o6o3nataercs Sy, (x, f). Eean f(2) = ao/2 4+ Y p, (ax cos kx + by, sin ka) —
TPUTOHOMETPHYECKHH MHOTOYICH, TO af U bp — 5T0 KoddpduuuenTs Pyphe
dyuxunn f, Tak 410 Sy, (2, f) = ag/2+Y 1 (ak cos kx+by sin ka) npu m < N
i Sp(z, f) = fupu m > N. Dag Pypee auddepernnpyeMon GyHKITH CXO-
JUTCA K Hell caMoli, pan Pypbe HeNPepLIBHON (PYHKINH MOKET PACXOTHTHCS
Ha 6eCKOHEeYHOM MHOJKECTBe TOYeK (KOTOpOe, OMHAKO, HMeeT Mepy HyJIb).

DousATHe unmezpupyemot no Jlebery (GyHKUUKM HaM He MOHAJOOUTCA B
OJHOM 0ObeMe, HaM Oy /IeT TOCTATOYHO CIeIYIONero CBONCTBA: €CAN TTOCKe[0-
BaTEIbHOCTD {p;, }°7 | HENPEPBIBHBIX HEOTPUIATEILHBIX (DYHKIHI HA OTPE3Ke
TaxoBa, 410 »_ - [ p, < 00, TO pax Y ooy pn(t) CXOAUTCH MOYTH BCIOAY K
nHTerpupyemMon (GpyHKuun f, mpu dToM KodpdunnediTel Pypbe pTOU (PyHK-
UMK ABJSAIOTCA TpejeiaMu Kodp@puuueHToB Pypbe HacTHUHBIX CYMM psja
Y oo’ Pn. DTO crenyetT m3 TeopeMbl JleBn u Teopemor Jlebera o mazkopupye-
MOT cxomumMocTn [5].

ChopmyanpyeM elié pas pesyabTaT KoamoropoBa, KOTOPBIH MbI OyeM
JIOKa3bIBATh:

Cywecmeyem unmepupyeman Pynxyus, pad Pypve xomopoi pacrodum-
ca 6 Kaxacdol mouke.

Dalile IoCTpoeHne CKJaldblBaeTCsa U3 HECKOJbKHNX IIal'OB.

[IPENNOXKEHUE 1. Jas 4106020 nosodxcumeabno2o wucaa o watidémes
MPUSOHOMEMPUUECKUT, MHOLOUAEH Dy, makol, umo |p,(z)] < 1 dan ecex x
u npu IMom

max Sr(0, pa) > a.
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DTOo IpelnoKenne OBLIO N3BECTHO 3aJ04r0 1o 1921 roga.

JOKA3BATENLCTBO. [as S, (0, f) cymecTByeT siBHOe BHIpasKeHIHe

Sn(OJ)Z/Dn(ﬂc)f(w)dx, Dy () = %L}é%

(byuxunio D,, HazwBalOT Adpom /Jupurse B 9eCTh 3HAMEHHTOIO HEMEIKO-
ro MaTeMaTHkKa (PPaHIy3CKOTO MPOHCXOXK IEHHs, BHECIIEro OOMBIION BKJIAI
B Teopuio pagoB Pypbe; Tupuxie, B 1acTHOCTH, MTOKA3ad CXOMUMOCTEL PAIA
dypoe npn ocrabieHHBIX TpeGOBAHUAX NI IKOCTH.) Mbl nmeem

/|Dn(x)|dac—>oo (1)

dopmyaa (1) crexyeT n3 BHIKIAIKM:

j j sinz/2<z/2
[1Du@ldr =2 [ 1D, @)jaz ™"

(n+1/2)m

/|sm n+1/2)x | =(nt1/2)z 2 / | sin ¢ it

s t

0
Docaenunil nHTErpad onennBaetcs cymmon C'(14+1/24+1/34+---4+1/n),
s
oTkyga u cieayer (1). Pukcupyem n, gis koroporo [ [Dy(z)|dz > a. Dac-
CMOTPHM pa3peBHYIO pyHKIuio s(z) = sgn D, (z), rge sgna = a/|z|. Eé

MOXKHO HpUOIH3UTL HeNPEPhIBHOW KyCOYHO-ANHEHHOU (PpyHKIHEeH [ Tak, 9TO-
6u1 | f(2)] < 1 mpm Bcex & u 9TOBGHEI HHTET PAJTHI

/”Dn@) dM/D dx_/m s

OBLIN CKOJIb YT'OJHO OAN3KH. DOITOMY MEepBHII HHTErpaJd ToXKe 6yaeT > d. Do
TeopeMe BeilepiTpacca BCAKYIO HeMPephIBHYIO (GYHKINIO Ha OTpe3ke [—7; 7],
IPHHUMAOILYI0 paBHbBIC 3HavYeHHUs Ha KOHIAX, MOKHO PaBHOMEPHO IpHOJIH-
3UTH TPUT'OHOMETPHUYECKUMH MHOTOWICHAMHI. DPUMEHss DTO K f, HaXOo[nM
TpMFOHOMeTqueCKHﬁ MHOTOUIeH p, misi KoToporo |p(z)| < 1 mpu Bcex z u

fD z)dz > a.
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CJIe,Z[yIOHlI/Iﬁ olarl’ dBJasgeTCs1 OCHOBHBIM.

[IPENNOXKEHUE 2. Jas 1106020 NOAOAICUMEADHO20 YUCAL @ HATIEMCA He-
OMPUYAMEABHBIT MPULOHOMEMPUNECKUT MHOL0UAEH (, CO CE0BOINBIM Ude-
nom 1, maxot, umo

max [, (. 4.)| > o

daa ww0bozo x.

Dpekje 4eM MoKasbiBaTh DTO MPEIoKeHne, OOBACHIM, KaK BHIBECTH W3
Hero OCHOBHOW pe3yJbTarT.

DonoxuM k;(z) = ¢;2(x), j € N. DTo HeoTpHIATEeILHEIH TPHTOHOMETPH-
YecKHil MHOTOWIEH €O CBOGOIHBIM WIEHOM 1, TaKoil, 9T0 maxy, | S, (z, k;)| > 7°
1711 106010 . DYCTH CTelelb YTOI0 MEOTO4IeHa paBHa N;. Da30BeM HOCUume-
AEM TPUTOHOMETPHIECKOI'O MHOTOUICHA P JI0O0e MHOKECTBO S HATypadbHbIX
qncen, Takoe, 9To Kodpdunuents Pypwe a, u b, MHOrOYIeHa p paBHLI Hy-
J10 TpH BesikoM n ¢ S, n > 0 (cBOGOTHBIN 4/ieH He yYnThIBaeTcs). Bribepem
koHcTaHTy my > Ni. Torga muOrOUnensr ky(z) u ko(mex) nMeoT Hemepece-
katorecst Hocurenn [1, Ni| u [mg, maNg]. Donbepem ms > myNo u pacemo-
TpuM MHOTOWIeH ks(msz). Torma Tpu maOrOutena kq(2), ko(mez) u ks(msz)
IMeIOT HelepeceKalomuecs HocuTean. [lasee 6yjgeM MOCTynaTh aHaJOTHIHO
H IOCTPOHM CeMeHcTBO MHOTOUIeHOB k;(m;z), j € N ¢ Henepecekalonmmucs
HOCHTEISAME. DOJOKUM M1 = 1 I, HaKoHell, IyCTh

K(z) = Z’%‘(mﬁ)/f

DTO U ecTh UCKOMasi (PYHKITUS.
Dallo TOJBKO NPOBEPUTH, 4TO OHA WHTErpupyeMma, MOHAThH, KAKOB y Heé
psanx Dypbe, U T0Ka3aTh, HAKOHEI, 9TO OH PACXOMUTCH B KaXKJIOU TOUYKE.
CBOGOIHEIN 4jeH TPUI'OHOMETPUYECKOr0 MHOIOUYJIEHA paBeH [TeJéHHOMY
K

Ha 27 WHTerpaty mo orpesky [—n;7]. Takum obpazom, % [ kj(mjz)de =1,
-7

o0 K o]
Tak 4ro pag y [ kj(mjx)/j* de cxogures (ero cymma pasaa 27 Y 1/j% =
7=1 —7 7=1
= 73/3). CaenoBarerbno, dpynxkuns K wunrerpupyema. Ee psag Pypbe Bh-
DIAIHT CIeIyIomuM o6pa3oM: cliepBa HAST cBOGOIHBIN 4ien 72/6, 3aTeM He-
HyJ€BbIe 4JIeHbI TPHTOHOMETPHIECKNK MHOTOUIeHOB ki (m12), ko(mez)/4, . . ..
DaCXOMIMOCThL DTOTO pAfa B KayKTOH TOUKe BHITEKaeT W3 Hojee CUILHOTO
yTBepK geHus: sup, |9,(z, K)| = oo mpu moboMm z. Bapukcupyem z u To-
KayKeM, 9TO HekoTopas cymma Sy, (z, K) paga dypee Gyukunn K mo momy-
JK0 GoJibllle, HAIPUMEp, YeTHIPEX. JaugéTcs Takol HoMep [, IpHu KOTOPOM
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|S1(moz, ko/9%)| > 9 (npemioxkenue 2). Cymma wienoB paga Pypbe PyHKIHEH
K ¢ nomepamu oT mg 10 mgl B Touke x coBnagaet ¢ Sy(mox, ko/9%) —1/9% u,
cleoBaTelbHO, IO MOIY.I0 60JblIe BochbME. TakuM o6pa3oM, pa3HOCTh ABYX
qucen Bujga S, (¢, K) no Mo 1yt 60abliie BOCBMI, TaK 9TO OTHO W3 DTHX YHCE
10 MOJIV.IIO JOJKHO GLITH GOJAbIIe 9eTHIPEX.

Dpumep MOCTPOEH, U OCTAeTCHS TOJbKO MoKazaTh npemioxenue 2. Wgeto
nokazareibcTBa Mbl y3Haaun or C. B. Kousirura, KOTOpBIM yKa3ajd HaM Ha
pa6oty IlI. B. Xenanse [12]; MbI BeIpakaeMm eMmy 6.1aroqapHOCTD 3a DTO U 3a
IeHHble 00CYKTeHNn .

B cuny npemnoxennus 1 cylmecTByeT TpUIOHOMETPUISCKHIT MHOTOMICH P =
= Psq, KOTOPHI B KayKJ0H TOYKe 110 MOAYJII0 He NPeBOCXOIUT eIMHUILI, a
B HyJe KaKaf-To U3 ero cymMm Pypbe Gogblie 8a. B cuiy HenmpepbIBHOCTH
HamgéTes dncao § > 0 Takoe, 9TO m§X|Sn(x,p)| > 8a npn Becex x € (—4;9).

Dycts | — crenens Muorowrena p u N > 2. Doxoxum ty(z, N) = p(z) cos Nz
n ty(z, N) = p(z) cos2Nz. flcuo, 4T0 t; 1 3 ABAAIOTCS TPUTOHOMETPHIECKH-
MU MHOTO4Y/IeHaM# 6e3 CBOGOIHOIO WileHa I 9TO OHH BCIOIY He IPEBOCXOIAT
eINHALY IO MOIYI0. JOCHTeNb ¢y cofepxkurcs B untepBaite [N — [, N + ],
a HOcuTenb ty — B mHTepBade [2N — [[2N + []. Dro caexyer us Gopmy.
cosz cosy = (cos(z4y)+cos(z—y))/2usina cosy = (sin(z+y)+sin(z—y))/2.

DoKazKeM, 4TO [ BCAKOro & € (—0,0) BLIIONHAETCA 110 MEHBIIEH Mepe
OHO U3 HEPaBEHCTB: r{lnagdsm(x,tl) — Sp(z,ty)| > 4a nan r{lnagdsm(x,tg)—

—Sn(z,t2)| > 4a. Dycrh 3amano x € (—0;6). Dangéres n < [, 418 KOTOPOTO
|Sy(z, p)| > 8a. 3ameTum, 9TO MASA AIOOOTO Y OMHO W3 HUCEN COSY U COS2Y
no Moxyaio > 1/2 (aro caeayer us dopmyanl cos2y = 2cos?y — 1). Taxuwm
06pa3oM, BHITIOMHAETCS OMHO 13 HepaBeHCTB: | cos Nz| > 1/2 nan |cos2Nz| >
> 1/2. Dpeanono:kKum, HanpuMep, 9To uMeeT MecTo nepsoe u3 Hux. Cymma
SN4n(x,t1) — SN—pn—1(x,t1) 9reHOB MHOTOUWIeHA {1 ¢ HOMepaMn oT N — n j1o
N +n B Touke x coBnajgaer ¢ S, (x,p) cos Nz n noToMy mo Moayiaio > 8a/2 =
= 4a. AnajorudHo pazbupaercs caydan |cos2Nz| > 1/2.

Bribepem TOUKH ¢q, . .., Cs Ha OTpe3Ke [—7; 7| Tak, 9TOOH §-OKPeCTHOCTH
DTHX TOYEK IMOKPBLIBAIN BeCh 0Tpe3ok. DodoxuM r;(z, N) = ty(z — ¢;, N) n
ri(z, N) = ta(x — ¢;, N), 1 < i < s. Torga r; u ri — TpuroHoMeTpnieckue

mHOTOIeHE ¢ HocuTedasMu [N — [, N +[] u [2N — [, 2N + ] coorBeTcTBEHHO.
Mast kaxgoro @ € [—w; 7| nangéres Takoe ¢, 1 < 7 < 8, 9TO OMHO U3 THUCET
max | Sy, (2, r;) — S,(z, ;)| 1 max|S,, (z,r)) — S, (z, r!)| npeBocxogut 4a. Do
m,n m,n

BEITEKAeT U3 MperslIyiiero absama n Toro, 9to S, (z,r;) = S,(z — ¢, t1),

Su(z, 1) = S, (x — ¢, t2).
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DYCTh

S
o) = T[0+ (rite, N + (e, M) /2),
=1

rjge o HaTypaJibHBIX dncaax Ni,..., Ny HaM elé npeicTouT Mo3ab0THTh-
cia. Torga ¢ — HeoTpHUIATEIHLHBIN TPUTOHOMETPHYECKHH MHOTOWIeH. Hucia
Ny, ..., N, BeibepeM miar 3a marom Tak, 9To0 Bce MHOTOUIeHH (2, N;)/2
u ri(x, N;)/2 «oepKainch ObI B ¢» B TOM CMBICIe, 9T0 Koa(pduunenTsr Py-
pbe ¢ HoMmepamn or N; — [ 1o N; + 1 y MHOro4/IeHa ¢ OBLIN OBl TaKUMU 7Ke,
KaK y MHOTOWIeHa r;/2, a KodddunnenTs ¢ Homepamu ot 2N; — [ no 2N; + 1
— TaKUMHU XKe, KakK y r./2. Dycrs qneaa Ny, ..., Ny yxKe BLIOpaHBI Tak, 1TO
ri/2m /2,1 =1,..., k, comep:kaTcad B YKa3aHHOM CMBICIE B IPOU3BEICHNN
Gy = Hle (14-(r;+7)/2), npudem cBOGOIHBII 4ieH MHOTOUICHA ¢ PABeH e[i-
HUIe, a er0 HOCATENb He IepeceKkaeTcs ¢ nHTepBatoM [1, 2[] (Ha mepBoM mare
KOHCTPYKIIHA DTO ycaoBHe 6yneT obecrnedeHo, ecin Mbl Beibepem Ny > 3[).
JycTh My — cTenenb MHOTOWIeHA ;. Buidupaem Npiq > 2My + 21, Torma
YCJIOBHs, KOTOPBIe MBI HaK/1a,IbIBAJIH HA ¢k, OCTAIOTCS B CUIe W M5 (g1 . [lefi-
CTBATENBHO, qry1 = qe(1 + (Feg1 + 7500)/2) = @ + Tr41/2 + 151 /2 + R,
rie R = (qx — 1)(res1 + r;H_l)/Q. DOJUHOMBL g — 1 u rpyq + r}g_l_l He HMe-
10T CBOGOIHBIX WIEHOB, HOCHTEAb MePBOr'0 U3 HUX COJEPKUTCAS B HWHTEPBa-
ae Iy = [2l + 1, M), nocuTenb BTOporo — B 00benuHeHnn [ WHTEPBAJIOB
[Npt1 =, Niyy + ] w [2Ngyy — 1, 2Ngy 1 + [], nodpTOMY HOCHTETH MHOTO4IEHA
R conepxuTcs B MHOXKecTBe [o & [1 Bcex dmcen, IpeacTaBUMBIX B BHIe M+ 1
win m—n, rae m € Iy, n € Iy. B cuny namrero Bei6opa qucia Niyq MHOXKECTBO
I, + I ne nepecexaercs uu ¢ [1, M), v ¢ I5. Taknm 06pa3zom, MHOTOHIEHbI
Qs Tk+1/2, T4y /2 1 R nmeioT nonapHo HellepeceKalollnecs HOCUTeNN H TO0-
TOMY «COTEP:KATCSA» B CBOEH cymMMe rt1. CBOOGOTHBIN YIeH MHOTOUICHA ()41
paBen egnuuie. TeM caMbIM KOHCTPYKIHS 3aBeplileHa.

Tor gakT, 970 MHOTOWIEHBI 1;/2 COMEPIKATCA B ¢, O3HAYAET, YTO KaiK Tas
cymma Sy, (@, 7;/2) — S, (2, r;/2) nIymux TOApsT 9IeHOB MHOTOYIEHA /2 co-
BIajgaeT ¢ cymmon Sy, (x,q) — S,(x,¢) nIymmx moaps wIeHOB MHOTOYU/IEHA
¢, I QHAJOTHYHO st r.. MBI BHTeXn, 9T0 JIsf KaXkKIOH TOYKH & HEKOTOpas
CyMMa TaKoTo BHUAa TpeBocxouT 2¢. CleloBaTelbHO, max |Sn(z,q)| > a, Tax

4YTO ¢ yAOBJIeTBOPsieT TpebOBaHUAM TIpeNIoKeHus 2.
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JI. C. IIOHTPATMH W TOIMOJOTNYECKAS TEOPEMA JBOHCTBEHHOCTH

Jle Ceménosua Donrpsarun (1908 — 1988) BHec BBLIAONIMICA BKJIAJ BO
MHOTHE pa3ebl MATeMaTHKI: TeOPHIo nuddepeHnunalbHbIX ypaBHeHUI, Te-
OpHUIO ONTUMAJIBLHOTO Y PABIEHHA, TOMOJOTHIECKYIO alredpy, reoMeTPHIo, Te-
oputo rpynn Jlu, HO, Ipex e Bcero, — B TONOJOIHIO, ¢ KOTOPOU OH HAYHHAJI.
On, 6e3yCJOBHO, NMPUHAMIEKUT K YHCAY BEAUKUX PYCCKUX MATeMaTHKOB U
BEJMYAUIINX TOMOJONOB HAIIErO BEKa.

B Bozpacre 14 jgeT oT B3opBaBHierocs npuMyca JOHTPAIUH MOTEPSI 3pe-
e, B 1925 rony ou nocrynaer B MocKOBCKUU YHUBEDCUTET W CTAHOBHTCSH
yaennkom . C. Aunekcanaposa. B cTyrendeckue rojgbl JOHTPATHH NONYYAET
BBIIAIOIIHICS Pe3yabTaT — 00006l1IeHe 3aKOHA TBONCTBEHHOCTH AJleKCaH 1e-
pa. B c6opruuxe Maremaruka 8 CCCD 3a 15 aers, uzgannom B 1932 romy,
DOHTPATNH, KOTOPOMY OBLIO TOrga 24 rofga, ynomuxaetcs 23 pasa (6oabime
wero Toabko M. A. JlaBpenTheB — 24 pasa), n 5TO NOKa3aTelb er0 BHLIAI0-
erocs BKJaja B HalIy HAyKy yKe Ha 3ape ero TBOPUYECKOU JIesiTelbHOCTH.

MeuI pacckaxKkeMm 3jiecCk O TONOJOTHYECKOU TeopeMe JTBOUCTBEHHOCTH DJOH-
Tpsaruna. OHa cBA3aHa ¢ APYT'Oll TeOpeMOll MBOUCTBEHHOCTH DOHTPIATMHA —
[JSE TOKAJTBHO KOMIAKTHREIX DPYIIIL, O Hell MBI TOXKe ynomsiaem. O630p TBOpUe-
crBa JI. C. DoHTpaAruHa MOKHO HaliTh B [1]. MBI OTCBITaeM 9UTaTENs TaKKe
K 0630py camoro JouTpsaruta «O mMonx paborax mo TOMOJOTHH U TONOJOTH-
deckoll anredpes (cu. [8]).

HzBecTHas Teopema zKopiaHa yTBepxKiaeT, YTO NPOCMAf 3GMKHYMAL
Kpusas pazbueaem naockocmb Ha dee obaacmu. IATMOMHAM, TTO TPOCTaS
BaMKHYTas KpHBasg — 3TO MHOXKeCTBO, NroMeoMopgHoe oKpyxKHOocTH. Teope-
ma z2lKopgana nonyckaeT o6o0IIeHe Ha CayYall TPOCTPAHCTB J1060H pa3Mep-
HOCTH: BCAKOE MOJMHOKECTBO eBK/IUI0Ba HpocTpancTBa R”, romeoMoppHoe
cdepe S, umeeT momoamennue, cocToslee U3 IBYX KOMIOHEHT. Jojee TOro,
ecau aamrnymole nodmmnoxcecmsa Fy u Iy npocmpancmea R™ 20meomopdnnl,
Mo ur JONOAHEHUA UMEIOM 0JUHAKOB0E UUCAO Komnowenm. Boigeqennoe Kyp-
CHBOM yTBep:KeHHe — 3TO BeChbMa YacTHBHIN CAy4Yall TeopeMbl [BOUCTBEH-
HOCTH JOHTPATHHA, KOTOPas YCTAHABIHBAET CBS3b MEXKTY TOMOJOIHYECKH-
MU CBOHCTBaMU ITPOU3BOJLHOI'O 3aMKHYTOT'O TMOAMHOXKECTBa eBKJIHI0BA TPO-
CTpaHCTBA (MJIM MHOTOMEpPHOH C(Pephl) M ero JOMOMHEHNS.

DopMyanpoBKa TeopeMbl DOHTPANHHA HCIONB3YeT MOHATHE 2PYNnbl 20-
MO402UT TOTOJOTHYECKOTO TpocTpaHcTBa. Mubl He GyigeM gaBaTh 0OIIero
onpejeJeHns, a OPPAHHYHMCH CIY4aeM OTKPBITHIX MOIMHOKECTB €BKIN TOBBIX
IPOCTPAHCTB.

Dycth X — OTKPHITOE MOAMHOXKECTBO MIOCKOCTH. JyJibMepHas Ielb B
X (mmm mpocto 0-menb) — 5TO KOHETHOE MHOXKECTBO TOYeK B X, KawK IOl
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I3 KOTOPHIX NPHINCAHO Iejoe ducao. Takyio enb O6yjeM 3aluchiBaTh Kak
(hopMaIbHYIO cyMMY TodeK n3 X ¢ HeJbiMi Kod(ppuIneHTaMu. AHAJOTTIHO,
1-enb wam 2-uenb B X — TO COBOKYNHOCTH OPHEHTHPOBAHHBIX OTPE3KOB
(COOTBETCTBEHHO TPEYyTOMBHUKOB), HEINKOM JeXKalnx B X, KakKIOMy U3 KO-
TOPHIX TPUIHCAHO [eJ0e THCA0. Dojee POPMATbHO, COBOKYINHOCTE 1-lened —
5TO cBOGOIHAA adeleBa I'PyNNa, NOPOXKJIEHHAA MHOKECTBOM BCEX OPHEHTH-
POBAHHBIX OTPE3KOB, JekKalluX B X, a COBOKYIIHOCTH 2-lelleil — DTO CBO-
60/1Has abejleBa Tpyla, MOPOXK IEHHAS MHOKECTBOM BCeX OPHEHTHPOBAHHbBIX
TPeyTrOJbHUKOB, JeKalnx B X . (DamoMHEM, 9TO CBOOOTHas abejeBa MpyIna,
MOPOKAEHHAS MHOKECTBOM Y, — DTO MHOXKECTBO (POPMAJbHBIX CYMM BH A
nyr+ noye + o sy, 1 € Ly y; €Y

I'panuya 1-uemum — sro 0-menb, onpegejsseMas Tak: IpaHUIla OPHEHTHPO-
BaHHOTO oTpe3ka [a;b] (rge @ m b — ToYKN mIoCKOCTH) — 5TO PopMaTbHAT
pasHocTh b — a («KOHel MUHYC HA4ajo»), U TPaHUla CYMMBI paBHA CyMMe
rpatni. AHAJOMHYHO, IpaHiIla OPUEHTHPOBAHHOTO TPEYTOIbHUKa abc — 5T0
1-uens [a;b] 4 [b; ¢] + [¢; a], a rpaHUTa TPOU3BOIBLHON 2-TeNN OTMpeIeNsieTCs Mo
JHHEHHOCTH.

l-1enb ¢ HyJeBoll TpaHullell Ha3bIBaeTCA [-yukiom. DpuMepoM l-TuKIa
CHYXKUT Jf06as 3aMKHYTas JJoMaHas, TO eCTh l-lenb BuAa [ay; as] + [ag; as] +
+ - Fan—1; ap]+[an; ar]. DeTPyIHO TOHITH, YTO 1-IMUKABI — DTO B TOTHOCTH
CYMMBI 3aMKHYThHIX JOMAHBIX C HeJBIMI KOX(DPUIHEHTAMU.

1-1enb HasBIBaeTCAs [-2panuyeti, ecan oHa ABAAETCS IPaHUIel HEKOTOPOH
2-nenu. Tak Kak rpaHuia J060r0 OpHeHTHPOBAHHOIO TPeyroAbHIKa ABAseT-
cA 3aMKHYTOH JOMAHOI I, CIefOBATEIbHO, [-IIUKIOM, TO U 6cAKAA [-2panuya
ABALEMCA [-YuK.AOM. DKBUBAJICHTHO, 2PARUYA 2PAHUYBL Pasha Hy.wo. B dToM
3aKA09aeTCs BazkKHelllee CBOMCTBO BBEICHHOIO BHIIIE ollepaTopa I'PaHuIlb.

Besikuit am 1-tiuka sBasiercs l-rpanunen? OTBeT 3aBUCHT OT paccMaTpH-
BaeMOro OTKPBITOr0 MHOKecTBa X . Danpumep, ecan X — 5TO B MIOCKOCTh
AN BHYTPEHHOCTH KPyra, TO OTBET MOJOKATENeH. DPOCTEHIIHNT TpUMep CH-
Tyallnn, KOrja HHKI He SBISeTCA TpaHulell, T0CTaBifieT NPOKOJIOTas MI0C-
KOCTb. DYCTh p — TOYKa Ha MJIOCKOCTH, X — NONOJHEHHE 10 p. DACCMOTPUM
3aMKHYTYIO JOMaHyIo ¢ B X, 00X0OIAIIYIO BOKPYT p. DalpuMep, Hallel JoMa-
HOW ¢ MOzKeT OBITh I'paHiIla TPEYrolbHIKa, COAePIKAIIero p B CBOCH BHY TPeH-
noctu. Torma ¢ we siBasercs 1-rpannuen B X . ['eoMeTpuyeckn 5To 0YeBH,IHO.
as GopMalbHOro HoKazaTelbCTBa 3aMeTHM, 9TO Kakaomy l-uukay z B X
MOZKHO COOTHECTH IeJoe YHCIO — YUCA0 060POTOB IHUK/IA BOKPYTD TOYKH p.
Nmes B BUIY HajdbHeilne 06006IIeHNsA, MBI Oy 1eM Ha3bIBATh DTO YHCIO TakiKe
undexconm zayendenus 1-unkiaa z u 0-nUKIA p. DTO YUCAO MOKHO ONPENeNiTh,
HATpUMep, TaK. DYCTh 2 = [ay; as]+ -+ -+ [a,; a1] — 3aMxHyTas domanas B X.
DpoBejieM Jyd U3 p, He MPOXOAAIINIA depe3 BeplIuHbl a1, . . ., ¢, JOMAHON Z,
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as

Puc. 1.

I KaxK/JoU TOYKe Tepecedenus Jyda ¢ JOMAaHOI NpHIHIIeM 4ucio +1 no cie-
IyIONeMy TMPaBUIAY: eCli 3BEHO [a;; ;41| MepecekaeT JAyd clpaBa HaJeBO, TO
TOYKe epecederus IPUINCHIBACTCA MIIOC 1, B IPOTUBHOM CJIydYae — MUHYC 1.
Yueso 060poTOB JJOMAHON 2z BOKPYT P ONpefefseTcs Kak cyMMa ILI0C-MIHYC
eMUHNUI 10 BCeM TOYKaM mepecedenns (cM. puc. 1). Jlerko BugeTs, 9T0 5TO
9HCI0 KOPPEKTHO ONpefefeHo (OHO He MeHSeTCs IPH BPAIIeHNN Jyda) W 9TO
Hallle onpejpefeHne MPUBOIUT K TOMY, YTO Mbl HOHHMaeM IOJ «IHCIOM 060~
POTOBY. DTO Ke onpejgeleHne TOANTCA Ias J060r0 1-nuKIa, He 06A3aTelIbHO
SIBASIONIErOCS 3aMKHYTOH JOMaHOM.

OdeBugHO, rpaHNIa J0G0T0 Tpeyroabhuka B X (TO eCTh TPEyroJbHIKA,
He COflepIKalllero TOYKy p) menaer 0 060pOTOB BOKPYT p. DTO CleIyeT U3 JaH-
HOT'O BBIIIIe ONpefeleHns, HCIOIb3YIOMero nepecedenus ¢ JydaMu: Jyd, HCX0o-
JSIINT 13 TOYKH BHE TPpeyrodbHUKa U He MPOXOAANINE Yepe3 BepUInHbBI, JUOO
BOOOIIE He MepeceKaeTcs ¢ TPeyroJbHIKOM, JH60 TepecekaeTcsi POBHO ¢ IBY-
MsA CTOpOHAMU, IpHYeM JIBYM TOYKaM HepeceveHns MPUIHUCHIBAOTCS TPOTH-
BOTIOJOKHBIE 3HAKH. B CHIy I IuTHBHOCTH Yncaa 060pOTOB Tobas 1-rpanuia
B X genraer 0 o6oporoB Bokpyr p. CiaegoBaTeabHo, JoMaHas ¢, IIf KOTOPOH
YUCA0 060POTOB BOKPYT P OTIAHYHO OT HYJs, He SBISETCA 1-rpaHuied.

Takum 06pa3zoM, MOTHBHPOBaHO ciaeiyiollee onpejgeienue. [IBa 1-mukia
HA3BIBAIOTCA 20MOA02UUHBLMU, €CIH UX PA3HOCTD ABASeTCA Ipannten. ['pynna
1-20moa02uii Hi(X) npocrpancTBa X — 9TO IpyINa KIACCOB NOMOJOITIHBIX
1-nuka0B. MHBIME cloBaMit, ecii Zp — 5To I'pynna l-uukios, a By — rpyn-
na l-rpannn, To Hy = Hi(X) — oT10 Qaxroprpynna Z;/By. Damie onpe-
nenenne rpynnbl Hq(X) He 6BLIO TOTOIOTMYECKN NHBAPHAHTHBIM: HE CPA3y
BU/THO, TOYEMY FOMEOMOP(MHBIE OTKPHITHE MHOKECTBA Ha MIOCKOCTH HMeIoT
H30MOPQHBIe TPYIILI FOMOJOTHIL. Da caMoM Jjiefe MOKHO TaK BUJOU3MEHNTH
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onpejejeHne, YTO TOMOJIONMYeCKas WHBAPUAHTHOCTE T'PYII T'OMOJOIUH CTa-
HeT O4YeBU[HOW: MPH ONpeJeJeH il [[efell Ha 0 PacCMATPUBATEH He BJIOKEHHEIe
B X OTpe3KHu U TPeyrojJbHUKIH, & MPOU3BOJbHEIE HEPEPLIBHEIE OTOODAKEHUS
(pUKCUPOBAHHOT'O OTpe3Kka wian Tpeyroibiuka B X . I'pynner memnei npu 3ToM
YBEJINYUBATCSA, HO MOXKHO [T0Ka3aTh, YTO I'PYINBI NOMOJIOT U OCTATCS Te-
MU XKe.

AHajgoruyHbie oOmpefeNeHnss MOXKHO [aTh s JIOOBIX pPa3MepHOCTEN.
dycrth X — oTkpeiToe MHOKecTBo B R”. [list iroboro 1eqoro k onpejeanm
rpynny C} Bcex k-tieneil npocTparcTBa X Kak CBOGOJHYI0 abeneBy Ipyli-
My, MOPOXKAEHHYI0 BCEMH OPHEHTUPOBAHHBIMEU K-MEPHBIMH CUMILIEKCAMIE, Je-
wamnva B X (mpn k < 0 mw k > n rpynna C} cBogutcs K Hywm o). Kak
U paHbIlle, OMpEeNeNAoTCA TpaHu+dHbi omepatop 0 : Cp — Ch_y, Tpynms
k-uukaoB Zy, rpynnel k-rpawun By w rpynnel romogorun Hp = Zi/Bjg.
DTO onpeleleHne JTONYCKaeT pa3jiudHbie MOIU(MUKANNN. DalpuMep, BMe-
CTO BIOKEHHBIX CUMILIEKCOB MOXKHO PACCMAaTPHBATH CUHZYAAPHDIE CUMNAEK-
Cbl, TO €CTh HelpephiBHbIE 0TOOpaxKeHns (PUKCUPOBAHHOI'O CHMILIEKCA B 3a-
TaHHOE MPOCTPAHCTBO (ITOT MOAXO[ NPUBOJNT K TONONOTHYECKH HHBAPH-
AHTHOHW TeOpHu), HeNpepLIBHBIE OTOOPayKeHNs MOKHO 3aMeHHTh Ha DIJaj-
Kie, CHMILIEKCHI — Ha I[pPOU3BOJbHBIE BBIMYKJIBe MHOTOrpaHHuku. 'pyrm-
bl Tlefeil MpH 3TOM MEHSIOTCH, HO TI'PYHNbl DOMOJOTHH OCTATCA TeMiu
Ke.

Termepb MBI MOXKeM CPOPMYJIUPOBATH TONOJOIHYECKYID TEOPEMY [TBOH-
CTBEHHOCTH JOHTPAMHA.

TONMOJOIMYECKAA TEOPEMA ,HBOI/UICTBEHHOCTI/I ITOHTPATUHA (HepBaJi[
dopmyanposka). Pycms Iy u Iy — comeomopPuvie 3amuxnymoie mnoxrcecmea,
aexcaujue 6 R™. Toeda ux donoanenus umeiom uzomopPnvie 2pynnwvi 20M040-
eut; unvimy caosamu, epynnvt Hp(R™\ F1) u H(R™\ Fy) uzomopdnvr npu
aw0bom k.

DTOT pesyibTar o006006laeT TeopeMy aMepUKaHCKOO MaTeMaTHKa
[x. Anekcanmepa (1888-1971), mokasanuyio nMm B 1922 romy. Auxexcamiep
BMeCTO TTPON3BOILHBIX 3aMKHYTHX MHOXKecTB B R” paccMaTpuBas MHOXKeCT-
Ba, ToMeoMOpPQHEIe MTONUDIpaM, a BMECTO N30MOp(pU3Ma I'PYIN ¥ HeTo (Pury-
pUpPOBAIO PaBEHCTBO YhCeN DeTTH (ITO HEKOTOpPHIe YHCIeHHBIE XapaKTepi-
CTUKHI TPYII TOMOJOTHI).

Takum o6pa3zoM, ¢ KaKILIM KOMMOAKTOM, pacHolokeHHEIM B R”™, mMoxHO
CBSI3aTh HOBHIE TONOJOIHYECKHe WHBAPUAHTHI: TPYIIILI TOMOJOIHH JTOMOJHE-
HUsl. DTH T'PYIIIL UBOMOP(HBI TaK HA3bIBAEMbBIM 2PYnnam Ko20M0402Ul pac-
CMaTPHBAaeMOro KoMmakTa. ['pynnkl KOroMoJoruii ObLIH BBEIEHE B PAaccMO-
Tpenue B 30-e roanl HezaBucumo A. D. Konmoropossim u [lx. Asekcan iepom.
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DTH DPYIIBEL MOYKHO ONPEJeIUTh Pa3UdHbIMU CHOCOOAMHU, OMUH U3 HUX MBI
obCcyIuM HUXKe.

Besikas O-uens sBasercs O-muxiaom. DycTb X — OTKPLITOE MHOXKECTBO
eBK.IH0Ba NpocTpancTBa. 0-menb )y 1@ aBigeTcs 0-Tpanniell Torja u
TOJBKO TOT &, KOT & [Js BCAKOW CBA3HOU KOMIOHEHTHl V' MHOXKecTBa X CyM-
Ma KOD(PPUIHEHTOB » .y Ny O BceM TodkaMm u3 V paBHa HY.TIO. DazoBeM
0-memdb .y 1 npueedénnoti, ecam Yy ngy = 0. DyeTh Zg — I pYIIIa IpH-
BenéHubIX O-memen. Ppusedénnan nyavmepuas epynna 2omoqozuti Ho(X) —
5T0 (akroprpynmna Zoy/By rpynnsl npuBeféHHbIX (-NUKJIOB MO MOATPYyIIe

O-rpannn. Ecau X umeer n xommnonent, To Ho(X) — cBoGognas abesena
rpynna ¢ n obpasytomumu, a Ho(X) — cBoboguas abenesa rpynma ¢ n — 1
0Opa3yIOUINMU.

Opu k # 0 nonaraem Hy = Hy.
JaguM BTOpy!0 (POPMYIHPOBKY TeOpeMLl CHadaJa JAf ¢3HATOKOBY; pash-
SCHeHWS 118 OCTAJBLHBIX MBI Ta UM MO3ZXKe.

TONMOJOI'MYECKAA TEOPEMA JBOWCTBEHHOCTH IIOHTPATUHA (BTO—
pas popmyanpoBka). Pycms F' — cobcmeennoe 3aMKEHYMOE NOOMHONCECTNEO
6 R", G = R"\ F — ezo donoanenue. /s wo6ozo yeaozo k npusedénnas
epynna 2omoqozuii Hy,(G) uzomopdna epynne k02010402t ¢ KOMNAKMHBLIU
nocumeasmu HIF=1(F),

DpuMenss >Ty TeopeMmy npu k = 0, moaydaeMm Takoe ciejIcTBue: ecan F—
KOMMIakT, Jexkamnii B R”, To 9ncio komnoneHT MEOkecTBa R™\ F' Ha e TuHUIIY
Goable panra cBoboanoll aberesoil rpynnsr H"~1(F). B wacrnocru, ecin F
romeomopdno (n — 1)-mepHoii cepe, To rpynna koromodaornii H*~1(F) uzo-
MopgHa Tpynie Z meablX 4ducet, Tak 4To F paszémBaeT R™ Ha 1Be obaacTu.
OTmeTnM TakKe, 9T0 KoMnakT [’ He paséuBaer R™ (TO ecTh nMeeT cBsizHOE
JONOMHEeHHe) TOTIa I TOALKO Torja, Korjda rpynma H"~1(F) nyresas. Mox-
HO TMOKa3aTh, 4TO MOCIeIHee YCIOBHE PABHOCHALHO TaKOMY: MPOCTPAHCTBO
(S™ ¥ peex menpepwiBHBIX oTo6pamennit w3 I B (n — 1)-Mepuyio cdepy
S7~! HajgenéHHOe ecTecTBeHHON MeTpHKOI, cBA3HO. TakmM o6pazoM, KOM-
nakT F pas6uaer R™ Torjga n TOILKO TOITa, KOT1a HEKOTOPOe 0TOOpayKeHne
f:F — S™! Henbss coeumuuNTh ¢ MOCTOSHHLIM OoToGpaskenneM ¢ : £/ — S7~1
HeTpepsBHEIM TyTeM B mpocTpancTse (S*~ ) (D. C. Anexcanipos). Ecin
F pasouBaer R™, To B kadecTBe [ MOKHO B3ATh HeHTPaIbHYIO MPOEKIHIO Ha
pacnonoxennyio B R™ cgepy ¢ ueHTpom p, Tje p — OPOU3BOJBHAS TOUYKA,
pUHA IIekKallas KaKou-1160 orpaHideHHON KOMIOHeHTe MHOKecTBa R™\ F.

KopoTknit IyTh K J0Ka3aTeJbCTBY TOMOJOINIECKON TeopeMbl [BONCTBEeH-
HOCTH JIeKAT Yepe3 aarebpandeckne MOHATHS KOMILIEKCa U TOYHON TOCKe0-
BaTeIbHOCTH. [[ennot Komn.iexe — >TO NOCIeI0BATEILHOCTH abeJeBhIX MDY
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(' u romomopdusmoB di : Cr — Cp_q, Takux, 9to di_idr = 0 upu Bcex k.
Idyers L = {x € Cy @ drx = 0} — epynna yuxaos n By = dpy1(Cryr) —
epynna epanuy. Paxroprpynna Hy = 7/ By — »T0 2pynna 2omoqao2ui cme-
neny k paccMaTpHBaeMOT'o KOMILIEKCA. DallpUMep, T'OMOJOTHH TOMOJOI e~
CKOI'O MPOCTPAHCTBA — BTO TOMOJOTHE HEKOTOPOIO KOMILIEKCA, CBA3aAHHOIO €
TAHHBIM MPOCTPAHCTBOM. AHAJOTHYHO ONPENEIAIOTCS KONENHbie KOMILIEKCHI.
DTO 1O CYyHIECTBY TO K€ caMOe, YTO U IelHble KOMILIEKCH, TOJIbKO HyMepa-
[UsA TPYIN MeHSeTCA Ha OOPaTHY0: TOMOMOP(HU3MEL ) meicTBy0T n3 C} B
Ck41 ¥ YIOBIETBOPAIOT COOTHOIIEHNIO Ok410; = 0. B TOM caydae roBopsT o
KOILUKJIAX, KODPAHUIAX U KOT'OMOJOTUSX.

EctecTBertubIM 006paszoM ONperesitioTcs MOHATHS MOAKOMILIEKCa U (Pak-
TOPKOMILIEKCa. DycTh K — nennoit kommieke, K’ — ero nojgkommiekc, K" —
cooTBeTcTBYIomull akTopKoMiLiekc. Torna romotornu Kommiekcos K, K/ u
K" cBsizaHbl OCACTOBATENBHOCTBIO TOMOMOP(U3MOB

o= Hy (K" = Hy(K') = Hy(K) — Hy(K") = Hpo (K — .o

NpHYeM 3Ta NOCTeTOBATENBHOCTDH MOUKG, TO €CTh A1P0 KayKIOr0 MOMOMOP-
¢dusma coBmajgaeT ¢ obpaszoM npegsiayiiero. (B oxnom yuebHUKe MO TOBOIY
BTOTO YTBepkKIeHNUs cKazaHo: «duTaTelb TOMKeH OJUH H TOJbKO OJHH pa3 B
CBOEN KU3HN NPOCAeTNTH BCe JeTall 10 KOHOa».) B ciydae KOUemHBIX KOM-
ILIEKCOB COOTBETCTBYIOMIAA JAUHHAA TMOUNAS NOCAEJOBAMEADHOCTD KO20MO-
A02Ul MMeeT BUT

v HYK")y - HY(K') - H"(K) — H"(K") — H"TY(K') — ...

DycTh Temepb X — JOKAJIbHO KOMIIAKTHOE POCTPAHCTBO (HAIpPUMeEp, OT-
KPBITOE MM 3aMKHYTO€ TOAMHOKECTBO €BKJIM0Ba MpocTpancTBa). Onpee-
M, caepys [6], epynnot kozomonoeui ¢ womnaxmuvimu nocumeasau HF(X)
npocrpatcTBa X. @ukcupyem £ > 0. dycrb @k(X) — I'pymna Bcex oToOpa-
wxennii w3 X ! B Z (6e3 kaxux-1m6o ycroBnii HempepuBHOCTH). Pocumen
oTobpakenna ¢ € ®F(X) — 5To saMKHyTOe MHOWeCTBO Bcex ¥ € X, Ta-
KUX, 9TO IJIf BCAKON okpecTHocTH U TOYKH & HalgyTca Xo,...,2r € U ¢
©(x0, ..., xx) # 0. Dyctn ®*¥(X) — rpymma Beex p € ®¥(X) ¢ koMmakTHEIM
HocuteneM, ®L(X) — rpynna Beex ¢ € ®F(X) ¢ nycrhim HocuTesem. Dax-
Toprpynna C¥(X) = ®%(X)/®k(X) nasuBaercs epynnoti k-mepuviz xoyenei
C KOMNAKMHBIMU HOCUMEASMU.

Korpanmansiii romomopduam &, : ®F(X) — &1 (X) onpenensercs dpop-

MYJION
k+1

(662) (20, - - v k1) = D (= 1)p(20, oy iy oy Tp1),
1=0
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rje Kpbillika ~ Haj CHMBOJOM O3HA4aeT, 9TO ero ClejyeT MPOINyCTHTh. Da-
npumep, ecau ¢ € ®(X), To §;¢ onpegenserca dpopmyaoit (5¢)(a,b,c) =
(b, ¢) —pla,c)+¢(a,b). l'omomopduam 6 He yBeImdInBaeT HOCHTENN U TOTO-
My oto6paxaer ®F(X) B ®FHH(X) w ®E(X) B @ (X). Dpu nepexone k pak-
TOPrpyNTaM BO3HUKaeT ToMoMopdusm Tpynn komeneii CF(X) — CF1(X),
KOTOPBIH MBI 0603HaYaeM Mo-TpekHeMy depes Og.

Fomomopdusm dy410) paBeH HYIIO: B POPMYIY s Of41 0k KayK T0e caara-
emoe BiIa ©(Zg, ..., &, ..., &, ..., Tkt2) BXOIAT IBa paza ¢ IPOTHBOIOIOK-
apivMn 3rakaMu. CiiegoBaTeabo, rpymmsl koneneii CF(X) BMecTe ¢ Korpanmd-
HBIMH ToMoMOpduaMaMn 0, 06pasyoT konenson xommiexe C(X). I'pynmer
KOT'OMOJOTHI DTOr0 KOMILIEKCa I Ha3biBAOTCA TPYHIIaMi KOPOMOJIOTHIT ¢ KOM-
MaKTHBIME HOCHTEAAMHI TpOCTpaHcTBa X .

Jycrb F'— 3aMkuyTOe oaMHOKecTBO B X, G = X \ F. Orpanudenne Ko-
nenefi onpegensiet snumopduam kommirekcos C(X) — C*(F'), sapo koToporo
B HEKOTOPOM CMBIC/Ie SKBHBaJIeHTHO Kommtekey C¥ () u, B 9aCTHOCTH, NMeeT
Te JKe KoromoJorun [6]. Bosunkaroras qinHHAS TOYHAS MOCIETOBATEILHOCTH
KOT'OMOJOIHI NMeeT BH [

coo = HPYWF) - HMG) = HMN(X) — HX(F) = H'YG) — ...

C noMollbio 3TOU MOCJIENOBATENBHOCTH MOYXKHO BBIYUCAUTH KOT'OMOJOIHUH €
KOMTIAKTHBIMI HOCHTEISIMI eBKJ1I0Ba npocTpaicTBa R™. OkassiBaeTCs, 4TO
rpynma H¥(R™) nyaesas npu k # n n nsomopdna Z npu k = n. DTo mpocTo,
ecin n = 0, a O6ImIUN caAydYall BEIBOAUTCA OTCIOJa TakK. DycThb X — 3aMKHY-
Toe moaynpocTpancTBo B R” F — rpanntHas TumepniockocTh. U3 Toro,
ITO OJHOTOYETHAS KOMTAKTHPUKANHI TpocTpancTBa X ToMeoMopdHa Ila-
py, BeBognTCA, uTo H¥(X) = 0 npn Bcex k. Todmas mocie1oBaTe bHOCTD
koromoJornit mapsr (X, I) comepKnT KycKn B Ta

0— HNF) = HFFY(X \ F) = 0.

Tak xax F romeomopduo R”™! a X \ F romeomoppuo R”, MBI BHAEM, 9TO
HE(R™ 1) msomoppro HET!(R™), Tak 4T0 BCE CBOAMTCS K CIyTaio TOUKI.

JycThb Tenepb I — 3amkuyTOe mogMuOKecTBO B R™, G = R"\ ' — ero
nonoanenne. TodHas KOroMoIOTHYecKas MOcCaenoBaTelbHOCTL maphl (R”) F)
COJIEPAKUT KYCKH BHJa

HER") = HE(F) = HEYHG) — HEFH(RT).

~

Dpu k # n, n—1 10 KpasgM cTOAT Hy.IH, OTKYJa cleayeT msomopduam H¥(F) =
HF1(G). Do mis 11060T0 OpHEHTHPYEMOT0 TOMOIOTHYeCKOTO N-MepPHOTO MHO-
roo6pasus M (B 9acTHOCTH, I OTKPHITOINO MHOKeCTBa B R™) rpynma Ko-
romogornii HE(M) msomopdua rpynme romosornii H,_ (M) (uzomopduzm
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dsoticmeennocmu Pyanxape [6, Teopema 11.2]). 3 1ech nMeTCS B BULY «TO-
MOJIOTHH € KOMIAKTHBIMI HOCHTEIAMI, KOTOPBIe A18 MHOr0OOOpa3nuil COBIa-
natoT ¢ cuTyaspasMa. Taxum o6pasom, rpynmst HA Y (G) w H,,_j_ 1 (G) nzo-
MOP(HBL, I MBI TPHXOAIM K TpebyeMomy mzomopdmamy HE(F) = H, ;1 (G).
Opu k =n — 1 oTo paccykKaenne HyKIaeTcs B HEKOTOPOH MOANPUKALMN: U3
TOYHON MOCIeI0BATEIBHOCTH

0— HMYE) = HNG) — HYR™) 2 Z — HN(F) =0

1 usoMopdusMa JBoHcTBeHHOCTH Dyankape H(G) =2 Hy(G) caenyer mnso-
mopdmaym H?~H(F) &2 Hy(G).

Takum 06pa3oM, MbI BLIBEIN JBONCTBEHHOCTH DOHTPATHHA U3 [BONCTBEH-
HocTH DyaHnkape. dro KacaeTcs nzoMopdusMa JyaHKape, TO Haubogee ecTe-
CTBEHHOE JOKa3aTelbCTBO HCIOAb3YeT MYYKH abeJeBbIX IPYIT I HX KOMOMOJIO-
PUH. DTH TOHATHS, BBeIEHHBIE (PPAHIYICKOU MaTeMaTHYecKOl MIKOoJIou B H0-e
TOJIBI, TPEOOPA3NAN AJITeOPANIECKY IO TeOMeTPHIO I MHOIOMEPHBIH KOMILIEKC-
HBII aAHAJAN3 U UIPAIOT HeHTPAILHYIO POJIb B COBPEMEHHOM MOCTPOEHUH DTHX
pasienoB MaTeMaTHKN. VIMeHHO Teopus My4YKOB, BKAIOYEHHAA B KOHTEKCT 00~
ero MOHATHSA abele60ll Kame2opuu, TaéT ecTecTBeHHOe OObACHeHNe MOHA-
THA KOTOMOJOI'HI TONOAOMHHYeCKOro npocTpaicTBa. O Teopun my4KoB MOKHO
yauaTh 3 [3, 2]. Teopemy o6 mzomopduave HF(M) = H,_ (M), xoTopas
Tenephb Ha3bIBAETCA TeopeMoll DyaHKape, caM DyaHKape (popMyInpoBaI HHa-
qe: BeJb KOTOMOJOIMH ObLIN N300peTeHbl CYCTs [Ba JeCATHACTHS MOCIe ero
cMepTi. B popMyinpoBke DyanKkape (pUIy pupOBaJIo paBEHCTBO YHCeN DeTTH.
JloKazaTeabCTBO TeOPEMbl [BOMCTBEHHOCTH DyaHKape, OCHOBaHHOe Ha Iyd4-
KaX, n3J0XKeHo B [2] u B gobaienusnx E. I'. CkIspeHKo K pYyCCKIM TepeBo1aM
kuur [6] n [2].

Dalll «arebpan3upOBaHHbIIY MOIX0N K JIBONCTBEHHOCTH DOHTPATNHA 3a-
TYHIEBBIBAET ['€OMETPUIECKYIO CYIIHOCTE DTON JABONCTBeHHOCTH. MeK 1y Tem
wzomopduay Mexay Hp(R™\ F) u H?*~1(F) nmeer reomerpuieckoe mc-
TOJNKOBaHHE W MOKeT OBITh BHIpaKeH B TepMUHAX «3alemienus nqukiaony. C
IpuMepaMy WHIEKCOB 3allelIeHns Mbl yKe BCTpedalich, KOrga 0OCYKIaqu
NOHATHE YHCIa 060POTOB 1-IMKJAa BOKPYTD TOYKH Ha IJIOCKOCTH. B obuiem
ciaydae ([eTOYHCIeHHBIN) NHEKC 3allelIeHns MeX Iy HelepeceKaimmMucs k-
n (n —k — 1)-uukaamun B R™ onpegensieTcs Kak WHIEKC TepecedeHNs OTHOTO
U3 NUKJIOB C [eNblo, MPpaHUIell KOTOPOU ABJASEeTCH APYTOU UK. DPH DTOM
HHIEKC Tepecederus MeKy «HaXOAAIUMUCA B OOIIeM TOMOKeHUNy Tepece-
KafomunMucs k- n (n — k)-MepHBIME CHMIUIEKCAME TOJaraeTcs paBHBIM 1 B
3aBHCHUMOCTH OT OpHEHTAlNI, a B CAydae NPOU3BOILHBIX Henell Hajo MIoc-
MHUHYC eJINHUIBI TPOCYMMUPOBATH.
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Ecan F'— koMnakTHBIH moamsap ( = oGbequHeHIe KOHETHOTO TICIa CHM-
niekcoB) B R™, To mpnm HEKOTOPHIX JONOMHUTENBHBIX HPEINONOKEHUAX O
rpymmy kKoromogoruit H”F~1(F) M0o#HO 0TOX IeCTBATH ¢ IPYTTON FOMOMOD-
dusyos w3 H,_j_y (F) B Z. Nzomopdusm mexgy Hy(R™\ F) u HF1(F)
TOTYCKaeT TOT[a clAefyiolllee ONUCaHUE: KayKJIOMy HUKIYy ¢ € f{k(R” \ F)
comocTaBasercs romomopdpuam H,_p_1(F) — Z, koTOpeill KaxjgoMy (n—
—k — 1)-unkny zHa I' cooTHOCHT ero mHIeKe 3aleenns ¢ ¢. B obuiem ciydae
reoMeTprdeckas HHTepIpeTalus TONOJOIHYeCKON TeopeMbl JBOUCTBEHHOCT I
DOHTPATHHA CBA3AHA C COBEPIIEHHO IPYTOU «TEOPEMON TBOHCTBEHHOCTH DOH-
TPATHHAY — TEOPEMOU TBOUCTBEHHOCTH [ JOKAJbHO KOMITAKTHHIX abeqeBbIx
DPYIIIL.

O6osznavum depes T MyJbTHIINKATHBHYIO T'PYIINY KOMILIEKCHBIX YHCE,
paBHBIX O MOMY.II0 eIuHuIe, nin mzoMoppuyto rpynny R/Z. 9to — KoM-
HakTHas Tomogoruyeckas rpymma. /s nponzBoabHON JOKAIBEHO KOMIAKTHON
abeieBoll TOMOJOrnYecKol Ipynnbl G o6ozHavnM 4depes G rpynny Bcex He-
IpepLIBHBEIX roMoMopgusmoB u3 G B T, Haleq8HHYI0 TONOJOM el paBHOMED-
HOW CXOAMMOCTHU Ha KOMIAKTHBIX MHOXKecTBaxX. Torga G* — JoKalbHO KOM-
nakTHas abejleBa Ipyinna, HazbiBaemas jgBoicTBennon mias . Umeercs ecre-
cTBeHHEBIH ToMoMopduaM uz G B G**. Teopema 1BOUCTBEHHOCTU DOHTPATUHA
IS TOKAJTHHO KOMIIAKTHBIX TPYII yTBepK1aeT, 9To: (1) 5ToT romoMopdnam
ABJSETCA M30MOP(U3IMOM TONONOTHYeCKHX rpymnm; (2) mepexon ot G k G
YCTaHABIMBaeT B3aUMHOOTHOBHAYHOE COOTBETCTBUE MEXK Y KOMIAKTHRIMU U
QHCKPETHBIMU abeleBeIMU IpynaMi: rpynmna G* KoMIaKTHA TOr[a i TOJbKO
Torja, korga (G mucKpeTHa (M HA0GOPOT). DampuMep, JBONCTBEHHBIME SBJIS-
I0TCS TPyIIa Hedblx 4duced Z u oKpyxKHOCTh T, a rpynna R geidcTBuTENb-
HBIX 4Yuce] TBOUCTBeHHA cama cebe. JOHATHE MBOUCTBEHHOU MO DOHTPATHHY
DPYIIBL MO3BOASET ¢ eIHHON TOYKU 3PEHUs paccMaTpuBaTh psajibl Dypbe u
npeo6paszoBanne Dypbe Ha mpsiMou: B 0bIeM ciydae «peobpaszoBanue Py-
pbe» OoTOOpayKaeT Mephl Wil (PYHKIMH Ha JOKAJIbHO KOMIAKTHOUW rpynme G
B (pyuKuuEN Ha G*. DiaeMeHTapHOEe U3J0KeHWe TeOpeMbl JBONCTBEHHOCTH st
JOKAJThHO KOMIAKTHBIX TPYTN MOKHO HAUTH B [7].

DJycTh Tenepb I — koMmmnakTHoe mogmHoxKecTBO B R"™. Torga rpynmy,
MBOMCTBEHHYIO K AUCKPeTHOH rpymme koromotoruii H*(F), moxuo mHTEp-
OPeTUPOBATh KaK «IPYINY T'OMOJOINHH ¢ Kox(pduimerTamu B T» MHOXKeCTBA
F. O6oznaynm »Ty KoMnakTHyio rpynmy depes Hy(F,T). Daements rpym-
nbl Hy (F,T) npeacTaBiasioTcs (IHKIAMI ¢ KOMTAKTHBEIME KO3(DMUITEHTAM,
PACIONOKEHHBIME B CKOJIb YIOMHO MaJoll OKPeCcTHOCTH KoMmakTa F. De Bia-
Basich B JeTafl, YKazKeM JUIllb, YTO MOXKHO €CTeCTBEeHHBIM 06pa3oM Ompee-
JUTH «IHIEKC 3alleliennsy Mex a1y k-nmnkiamu B R™\ F' u sieMeHTaMu TPy IITbI
H,_j—1(F,T). DToT nHIeKC 3alemIeHns NPHHIMaeT 3HadeHns B T.
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Jpu ompeleNeHNN TOMOJOTHH OTKPBITHBIX MHOMKECTB €BKJANIOBBIX IIPO-
CTPAHCTB MEL HOJL30BAIICE BEIIIE HEeNIMHI C HeJ0YNCICHHEIME KOd(PQUIHeHTa-
M. AHAJIOTHYHO MOYKHO ONPENeINTh el I FOMOJIOIHH ¢ KOd(PUIHeHTaMy B
IPOH3BOALHON abeleBOl PpyIie A, a TaKyKe KOCOMOJIOIHH ¢ KOX(PPUIHEHTaMI
B A — [Jd 5>TOr0 OpH ONpeJeleHnl Kolelled Halo paccMaTPHBATL (PYHKINN
CO 3HadYeHuAME B A.

TONMOJOIMYECKAA TEOPEMA NBONCTBEHHOCTHU ITOHTPATUHA (TpeTbH
dopmyanposka). Pycms F — womnaxm, aewcawui ¢ R, G = R*"\ F —
e2o donoanenue. Jas 10601 abeaesoi epynnvt A u yeaozo yucaa k undexc

3AYENAEHUS YCANA6AUEAEM d60Tlicmeennocmb mexcdy duckpemuoti epynnot
Hy(G, A) u xomnaxmuoii epynnoti H,_j_1(F, A*) = (H"*1(F, A))*.

Mgzt me 6ygeMm 6ogee m0IpOOHO OOBACHATL CMBICA DTOU TEOPEeMbl WA IO-
Ka3eBaTh €€, a OTPAHIINMCA HEKOTOPHIMI TpAMepaMu.

[TpumMEP 1. DycThb 2 — OTKPHITOE MHOXKECTBO Ha MIOCKOCTU, ¢ — 1-THKJI
B Q. MBI Bugenn, 9To caegyiolee yCIOBHe HEOGXOIUMO M1 TOTO, 9TOOH ¢ ObI-
J0 l-rpanutenn B 2: ecin p — TodUKa MIOCKOCTH, He Jexkalnasd B X, To ¢ He
06X0nT BOKPYT p (TO ecTh fgenaeT 0 060pOTOB BOKPYT p). DTO YCIOBHE TaK-
JKe U [OCTATOYHO. ITOT PakKT HONYCKAET DIeMEHTAPHOe MT0Ka3aTelbCTBO, HO
MOYKET PacCMaTPUBAThCA M KaK aCTHBIH CIyYal TE€opeMbl TBOWCTBEHHOCTH.
On BakeH B Teopuu (PYyHKIHN KOMILIEKCHOTO MepeMeHHoro. JycTh  C C u
f — ¢yuknus, roromopduas B 2. Ecin 1-uukr ¢ B £ TakoB, 9T0 111 100601
roukn p € C\ Q uuka ¢ He 06XOAUT BOKPYT P, TO ¢ SBASETCS l-rpaHuiei
B Q u noromy unrerpan [ f(z)dz paBen Hymo (Tak Kak OH paBeH CcyMMe

C

HHTEerpaJoB 10 I'PpaHuOaM TPeYyI'OJbHUKOB, DEINKOM PaClOJOKEeHHbIX B Q)

[TpumMEP 2. Dycre F — xoMmmakT B R”, comepKalliiii KOHEYHOE HUCIO S
CBA3HBIX KoMnoueHT Fy, ..., Fs nwnyers G = R™\ F — ero gomoauenue. Torma
rpynna romoxorun H,_1(G) — cBobogHas abeseBa Ipylina ¢ s 00pa3yOUIMI.
Dasnc B H,,_1(G) obpasyoT (n — 1)-MUKILL ¢1, . .., C5, TAKAE, 9TO ¢; OOXOIUT
1 paz Bokpyr Jiobou Toukn uz F; u o6xouT 0 pas BOKPYT JOOOU TOYKH U3
F; npu j # .

HpuMEP 3. Dycrs F — y3ex B R®, To ecTh mpocTas 3aMKHyTas KpHBasd.
Torga 1-muka B R?\ F roMosoruden HyJo Torja u TOIbKO TOTJa, KOPAa OH
nMeeT HyJAeBOH WHAEKC s3amnengenns ¢ . Orverum, 910 npn sToM @yndamen-
maabnas epynna npoctpancTia R3\ I MoxKeT 6HITH yCTpoeHa AOCTATOYHO
CJOZKHO. DaeMeHTaMu (PyHTaMeHTalbHOW T'PYNIbl ABJAsSIOTCS, IPpy6o ToBOpS,
KJACChl HEMPEPhIBHEIX 3aMKHYTHIX KPUBBLIX, MPHYEM [[Be KPHBBIe MpHHALIe-
JKAT OJHOMY KJAACCY, €CaH OJHY U3 HUX MOYKHO HelMpPepPHIBHO NPOaedopMupo-
BaTh B APYI'VIO.
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Da pucynke 2 (3a koTopbiil Mer 6marogapnM A. J. CocnHcKoOro) m3o6pa-
aen yaen F, l-nmuka 8 B G = R?\ F, nmeroumii ny1eBoli nHgekc 3alenIeHns ¢
F.n l-unka o, nMeronnit e TMHAYHEA WHIeKe 3anemtennsa ¢ . Huxn § weabss
«pactennThy ¢ F, To ecTh cTAHYTH B TOYKY, ocTaBaich B (. B To ke Bpems
MO TeopeMme [BOUCTBEHHOCTHU IUKJI [3 roMojorudeH Hyaw B (. Da pucyHke
nokazaHa pacnofokennas B (G TOBEPXHOCTH S. Da3buB e€ Ha TPeyroabHN-
Ki, MBI moxyunm 2-menb B (G ¢ rpamuunein (. Ipynna Hy(G) = HYF) = Z
TopoKTaeTcs 1-THKIOM .

HpuMEP 4. Dycts I — nogmuoxectso B R3, romeomopduoe 1ByMepHoil
cpepe. Toraa rpynna romonoruit Hy(R?\ F) pasra nymrio. Dpu 5ToM GyH,1a-
MeHTalbHaf rpylna npocTpancTBa R\ F MokeT 6bITH OTIMYHA OT HYIA: B
KadecTBe 7 MOXKHO B34Th TaK Ha3biBaeMyl «poraryio cdepy» Ajekcahmgepa
(13 cepbl BEITATHBAETCA INHHBII POT M HA HEM 3aBA3BIBAETCS OECKOHETHOe
MHOZKECTBO Y3€JIKOB). Ja MIOCKOCTH MOJI00HOe HEBO3MOKHO: ecan I — mpo-
cTas 3aMKHyTas KpuBad Ha R%, To cylecTByeT roMeoMopghusM MLIOCKOCTH Ha
ceGst, mepeBoaAIINT F' B 0GBIYHYI0 OKPYKHOCTE (Teopema lllenduanca).

Puc. 2.



40

B. M. Tuxomupos, B. B. Ycnenckui

[11]

[12]

CnucokK JUTEPATYPBI

Anocoes 4. B., lamxpeaudze P. B., Muwenxo E. @., Pocmnurxos M. M.
O maremarndeckux Tpyaax JI. C. Dourpsruna // JI. C. Donrpsarun. Us-
Opannbie HaydHble Tpyabl. Tom 1. Tonosorus. Tonosoruyeckas ajarebpa.

M: Dayka, 1988. C. 10-26.
Ppedon I'. Teopus nyakos. M.: Mup, 1988.

T'odeman P. Anrebpandeckas Tomogorus u Teopus nyduxos. M.: Uzi-Bo
UHOCTP. JUT-pbl, 1961.

Koamozopos A. P. Usbpanubie Tpygol. MaTeMaTnka n MexauHumka. M.:
Dayxka, 1985.

Koamozopos A. P., @omun C. B. DieMeHThH Teopun (GPYyHKIUE 1 (PYHK-
HHoOHAJABHOT'O aHadu3a. M.: Dayka, 1989.

Maccu Y. Teopusi romosorui u koromoaoruii. M.: Mup, 1981.

Moppuc C. JIBOUCTBEHHOCTb JOHTPATUHA U CTPOEHHE JOKAJbHO KOM-
HakTHLIX abegeBHX Tpynn. M.: Mup, 1980.

Powmpsieun JI. C. Uzbpannbie Hayunbie Tpyabl. Tom 1. Tonoaorus. To-
nojgorunveckas aareopa. M.: Dayka, 1988.

YMD. 1988. T. 43, Bhim. 6.

Domenro A. T., Oyxc /JA. P. Kypc romoTonndeckon tomosoruu. M.:
Dayxka, 1989.

Koamoropos B BocnomuHanusx / non pei. A. D. lllupsesa. M.: Day-
Ka, 1993.

Xeaadze lll. B. O pacxoanMocTn Bciogy panoB Pypbe PyHKINT 13 KIac-
ca Lo(L). Tpyner Tour. Mar. Un-ta AD I'CCD. 1989. T. 89. C. 51-59.



41

PasmMpriitenns o I[HEPBBIX MOCKOBCKIIX
MaTeMaTIICCKNX OJNMIIIA JaX

B. M. Tuxomupon

KAK BCE 2TO HAYMHAJOCEL?

Kak w3BecTHO, mepBas mMaremaTHdeckas OJUMINaTa ObLIA ITPOBEJIEHA B
Jlenunrpage B 1934 roay. E€ opranuzoBaaum u npoBein JOpuc IDUKOIALBUY
Nlenone n I'puropunn MuxaimroBrnd PuxTeHroabl. Ml HageeMcs, 9TO HaIn
CaHKT-eTepOypreKne KOJJIerd HANUIIYT UCTOPHIO CBOMX HAYAJAbHBIX OJUM-
mHaj A5l OMHOT'O U3 HANINX CJAEeMYIONINX HoMepoB. A 31eck 6yjeT paccKaszaHo
0 TepPBBIX MaTeMaTHIecKNX oamMnnataxt), cocroapmmxes B Mockse.

DOMUMO JUYHBIX BOCIOMHUHAHHN YY9aCTHUKOB MEPBBIX OJUMOHUAN, 5 OVIY
MOJB30BAThCS OJJHUM «PEIUKTOBBIMY JUTEPATYPHBIM HCTOYHHKOM — HEGO/b-
IO OPOMIIOPOR . . JOHIKOBCKOT0 «MoOCKOoBCKHe MaTeMaTHIeCKue OJNM-
nuaasr 1935 mw 1936 rr.»

Defakius BTopoi cepun «MaTeMaTH4ecKOro NPOCBEIIeHNs» COUIa CBOUM
TOJTCOM MOMECTHTH MOpTpeT J. ). DOHYKOBCKOI'O U JaTh KPATKYIO ClpaB-
Ky O HeM Ha TepBHIX CTpaHHIaxX MepBOro HoMepa XKypHada (cum. «Marema-
THYeCKOe NpocBeienuney. MaTemaTnka, ee mpernojgaBaHne u ucropus. M.:
UTTJL, 1957).

W mer, BocnpunuMmasi ¢BOE u3jaHue, Kak IPOJOJKEHHe U MepBOW, U BTO-
poit cepuii «MaremMaTH4eCcKOT0 NPOCBEIIEHHS», XOTHM BOCIOJAB30BATHCA BO3-
MOXKHOCTBIO HATOMHUTE YHTATEJNsM Halllero cOOpHUKA O cybbe perakTopa u
H3IaTelsi TepBOll Cepuu.

DocTucaaB DukoraeBnd JonuxkoBekuil (1905 — 1942) — cnocobubiii Ma-
TeMaTHK W TaJaHTJAUBBEI HONYJApU3ATOP — OBLI HHHIHATOPOM CO3JTaHUs
mepBOll cepul TOBOEHHBIX cOOpHUKOB «MaTeMaTndeckoro npocBeleHs». JTu
cOOpHIKN Hadaanm m3gaBaThesi B 1934 roxy (Bcero Beimnio 13 ¢60pHUKOB), U
DocTHCAAB DUKOAaeBIY ObLI X GeccMeHHbIM pefakTopoM. C HavagaoM BOMHEBI
m3jaHue cOOPHUKOB NPEKPATHAOCH. JOCTUCAAB JUKOMAEBUY TOTHO BO BpeMs
CrajsuHrpagckoil GuTBHI.

1 o o
) [lamee nsa KpaTKOCTH MBI 6y IEM BCIOAY TOBOPUTH «OJIMMITHATAY, «OMUMITMACKUNY T T. TI.,
uMedA B BUAY UCKIOYINTEIHFHO MAMeMamuyecKue ONUMIIIa B

MaTemaTu4eckoe npocseljerune, cep. 3, Bbin. 2, 1998(41—51)
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DpuBeieM HECKOJbKO HUTAT U3 OpOHIOph JOoHYKOBCKOTO. OHU MHTEpec-
Hbl He TOJBKO KaK CBHAETEIBCTBO O 3apPOXKAEHUU OJUMINNUCKODNO MBUZKEHUS
B MockBe, HO U KaK HCTOPUYECKHH MOKYMEHT. D0 X0y fdeia OyiIeM Koe-4To
KOMMEHTHPOBATh.

«JepBasi MOCKOBCKasi MaTeMaTudeckas oaumnuajga 1935 r., — numier
2. H. DonukoBckuil, — 6vlIa opraiusoBata no unuiuatTuse MockoBckoro ma-
TeMaTH4YecKOro obilecTBa DapkoMnpocoMm, MocKOBCKUM TOCYIapCTBEHHbBIM
VHUBEPCUTETOM U IKOIbHEM orgeroM ['ODOD0?) .y

«B opranusaluoHHBI KOMHTET BOILIH MHOIHe BHIHBIE MOCKOBCKHE MPO-
deccopa n megarorm: mpod. . C. AnexcaHIpoB (mpejicerarenb KOMUTe-
Ta), mupektop Maremarudyeckoro muHcTHTyTa 1pod. A. D. Koimoropos,
nupekTop MockoBckoro yuuBepcutera npod. A. C. Dyrarun, npodeccopa
JI. T'. IHaupeabman, C. JI. CoGoaes, JI. A. Jliocrepuuk, I. A. Inaroges,
C. A. Aduosekas, JI. A. Tymapkun, A. I'. Kypour, A. 9. Diirec, 9. d. He-
TBepyxuH, E. C. Depesanckas ... »

N zaeck He oboliTuck Ge3 HanomuHanuil. Bosraasiser cnucox Dapea Cep-
reepnd Asekcanapos (1896 — 1982) — KpymHEHUINH TOMOJOT, IIaBa MOCKOB-
CKOU TOMOJOIHYeCKON IIKOJIbI, npe3ngeHT MoCKOBCKOTO MaTeMaTHqecKoro
obuiectBa. AHpenn Dukonaesnd Komvoropos (1903 — 1987) — oxun u3 Kpym-
HeHIuX y4Y€HBIX Halllero Beka; B Te rogbl npu MOCKOBCKOM yHUBepcHTETe
cymecTBoBad MaTemaruyeckuit HHCTUTYT, U KoJaMOropoB OBLI ero JUpPeK-
TopoMm ¢ 1932 roga. Jles l'enpuxoBuy llluupeasman, Ceprei JlbBoBuu Co-
ooueB, Jlazaps Aponosuy Jloctepruux, Dua Aaexcaunjgposud [naroaes, Co-
¢bs AnekcanipoBra flHoBckas, JleB A6pamosnda Tymapkun (B Ty mopy je-
KaH MexMmara), Auxexcanap l'emnajgmeBnd Kypoir — Bbrgatomuinecs mpodec-
copa MeXaHHKO-MaTeMaTu4eckoro (pakyiabreTa MOCKOBCKOIO YHUBEPCUTETA.
Dukoait PegopoBuy YeTBepyXuH — W3BECTHBHIH I'eOMeTp, podeccop Dera-
POPUYECKOr'0 HHCTUTYTa. AJekcanap DJOMAHOBHY JUrec — INKOJAbHBIM Y4u-
Teqb (ruMHasndecknn yanrens . C. Anexkcaniposa), Eansasera CaBenbeBHa
DepesaHcKasi — H3BECTHBIN Mejaror, aBTop yiebHukoB mis mikou. Celtdac Hul-
KOP'O U3 HUX yzKe He OCTaJOoCh.

DPOJIOIKIM TUTATY. «B KOHIle (heBpajs OpraHU3alHOHHBIN KOMUTET Pac-
OpOCTpaHu medaTHoe obpalleHlie K IMKOIbHUKAM W CIHCKH 3ajad, NperHa-
3HAYEHHBIX IS MOATOTOBKH K COCTA3AHUAM. (---) Da COCTA3AHMA MEepBOIO
Typa (nponcxogusimme 30 Mmapra) npuuuio 314 denoBek.

D0 MbICAU OpPraHU3alMOHHOT'O KOMHTETa Ha MepPBOM Type MoJKeH ObLl
OPOU30UTH OTCEB JUIl, UMEIOIINX IBHO HEJOCTATOYHYI0 MOJATOTOBKY, MO3TO-

2)CnpaBKa: mocie 1917 roga TMPaABUTENLCTBO COCTOSMNO HE W3 MHUHHUCTEPCTB, a Papom-

HBIX KOMHUCCApUATOB; P apoHBll KOMUCCAPUAT TMPOCBEIIEHUs COKPAIIEHHO — P apKoMITpoc.
I'OPOP O — ropojckon oTgen HapoJHOIO 06pa3oBaHUA.
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MYy 3aJa4Yd TMepBOTO Typa IO CBOEMY XapaKTepy OLLTH OAN3KH K IIKOJLHLIM
sagadam. N3 314 degomek anib 131 ycmernrno BuImoanuan paboTy u OBLIN T0-
OyIIeHbl K YIaCTHIO BO BTOPOM TYpe.

Mex ny mepBHIM H BTOPHIM TYPOM TPOUCXOINIA YCHAeHHAS TTOATOTOBKA K
PEIAIONIIM COCTA3AHNAM; HeOOXOTUMYIO TIOMOIL YIACTHUKN OJUMIHAATE TO-
AYININ Ha KOHCYTBTANNAX, TPONCXOMUBIINX B VHUBEPCUTETE B ONpeneJéHHbe
THE # 9ackl. KpoMe ToOro, 1ad yIacTHHKOB OTUMIIHA B OLLIN MTPOINTAHE JeK-
Ud, Ha KOTOPLIX OHN UMeNH BO3MOXKHOCTH MIO3HAKOMUTLCSA C OCHOBHBIMH 1 e-
MU COBPEMEHHOU MaTeMaTHKu. Takux Jexkiuil 6610 TPOYUTAHO HATh: TPOP.

AJlekcaH IPOBBIM — «JEeCKOHEYHOCTh B MaTeMaTHKe», mpod. KoamoropoBbim
— «CummeTpus u rpynnbiy, npod. Kypoiiem — «O6 aarebpaundeckux omnepa-
nuax», npod. ['naroseBeiM — «/loruka n popMbl reoMeTpuny u mpod. AdHoB-

ckoil «MeTo TOJHOU UHIYKIH . JaKOHel, KOMUTeT PEKOMEeH TOBaJ y4acTHH-
KaM OJUMIHAIL TocemaTh cobpanns [lIkoasHoro MaTeMaTHIecKoT o KPYKKa
npn AkajgeMun HayK.(- - -) Daarogaps BCell 5TOH COBOKYTMHOCTH MepOIpHATHI
ONUMINA A TOTEepANa IepThl YUCTO CHNOPTHBHOTO COCTA3aHUA W Tpuobperna
6oabIioe 06pa3oBaTENlbHOE I BOCTIUTATENBHOE 3HATEHTE.

Da BTOPOU TYp OJNUMIHAIBI, TPOUCXOMUBIINNE 6 HioHs siBuaock 120 gejo-
Bek. 3 HUX 52 ycHelrHo BLITOMHUAN 33 TaHUA.»

DpepBeM Ha KOPOTKOE BpeMs 3TO MoBecTBOBaHue. MBI BuauMm, Kak B Of-
HOYache OLLIN C(POPMUPOBAHEI MPHUHIUNE, KOTOPHE TOTOM COXPAaHAINCH HA
OPOTSKEHHH MHOIHUX AeCATHJIETHH, a BaKHeHlne, yIPOYHBIINCE, TOILIA 10
HAIUX [HEH. DOoJbllloe BledaTdeHle MPOH3BOIUT TeMaTHKa AoKaanoB. OHa
OXBATBHIBAET HINPOKNI CIEKTP BONPOCOB MATEMATHKN (TEOPHs MHOKECTB, aJ-
re6pa, reOMeTpHS 1 JOTHKA), KOTOpHIE, C OTHON CTOPOHBI, OJU3KN W MOHAT-
HBI [IKOJABHUKAM, & C JPYI'Oll CTOPOHBI, MO3BOJISIOT OCBETHTH MPOGIEMBI CO-
BpeMeHHOU MaTeMaTHKi. OCTaBaloCh ClelaTh MOCIeTHIN Al — HU3MEeHUTh
XapakTep MKOTBHOTO KPYXKKa, DTO U TPOU3OIIO IYTh TO3¥Ke, HUKe MBI pac-
cKazKeM 00 3TOM.

A BOT KakoB OBbLI COCTaB YYaCTHUKOB MepBOU oJuMmua bl. «B onruMnua-
me puHajgo yyactue 314 4ejgoBek, B ToM 4ucie 227 WIKOJAbHUKOB, 65 pabda-
KOBIIEB; OCTaJdbHEIe — yYalliecs KypCcOB MOATOTOBKN B BY3, MIKOJA B3POCALIX
u T.0. Cpeguuit Bozpact — 18,2 det. /[IBa HauGojee IOHBIX YYaCTHUKA HMe-
au no 14 ger; naubosee noxuiaon — 29 ger. OcHoBHas macca umena 16 — 20
JeT. MadbIuKHE COCTABIANN TOMABAAIONIE GOMBITIHCTBO; MeBOUeK OLLIO JNIIH
69 4JeaoBex.»

Beem wMm mpegcTosan GoabIne UCHLITAHNA B YKU3HU, MPeXkTe BCETO —
1937 rox u Bonna. Yo cTago ¢ >TEMH MaJbiukaMu n geBodkamu’! Kak mo-
BJHAJIO Ha X JaJbHEUIIYIO KU3Hb ydacTue B KpyxKKax u oaumnuanax? Mer
pacckaxkeM m 06 >TOM, HO cHadaJa IyTh MOPHIOCOPCTBYEM.
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SAYEM HYYKHBI OJUMIIUA ABL7

OTBiedeMcsi HEMHOTO W 33,2 TUMCSI BOMPOCAMU: a 3a4eM BCE 3T0T KOMY BCE
5TO HyKHO? De OyjieM fMeaaTh BUJ, YTO Mbl 3HA€M OTBET, OPA3MBILILIAEM . . .

DocaylliaeM CHadaga, 4TO MHcAl Ha DTY TeMmy IpefcejlaTelb KOMHTETa
nepBolt ogumnuagbl . C. AlekcaHIpOB B IPeIUCIOBHE K OpOIIope DOHIKOB-
CKOT'O:

«B o6aactu maremaruku CCCOD cTouT Ha OJHOM U3 MEPBBHIX MECT
(-++) DTO MePBOK/IACCHOE MIPOBOE MOJIOKEHHe COBETCKON MaTeMaTHIecKOl
HAyKH SBIsSeTCS OTHUM u3 3aBoeBaHUll OKTAGPbCKON COMUANUCTUYECKOU Pe-
BOJIIONNH, (- ) PyCCKas MaTeMaTHKa B YCIOBHAX HapCKOI'O PeKNMa He MOT-
Ja HOJHATHCS M0 BBICOTHL OJHOIO U3 PYKOBOIAIINX (PAKTOPOB MHPOBOW Hay-
KI.»

3aTpOHYTHIH 3/leCh BONPOC JOCTATOYHO HHTEpPECEeH, TaK 4TO CTOUT Vie-
JUTH eMy HEKOTOpoe BHHMaHme. Brickazanuas AJeKcaHIpPOBBIM MBICAB (O
TOM, 9TO «He MOIVIa») HMeeT IMPaBO Ha CYMIECTBOBAHNE HAPSIY CO CBOMM OT-
pHIAHHEM.

DeCOMHEHHBIM (PAKTOM siBAsSeTcs (PEHOMEH COBETCKOW MaTeMaTu4ecKou
[IKOJBL, KOTOpasd 3a MATHAIIATH JeT BCTAJA HA CAMOM [efe Ha MepBoe MecTo
(a He Ha oxHO m3 mepBHIX MecT). U mpudanH TOMY 6bLIO Heckoabko. Cpenn
HUX e€CTh MOJUTHYeCKHe. Jajg0 HATOMHUTE O TOM, 4YTO B Te I'OJbl (Palliu3M
pasrpoMua U PaKTHYeCKH YHUYTOXKHI HEMENKYI0 MaTeMaTU4ecKyi MIKOJIY.
Bepuo u To, 4TO peBofONNS OTKPBLIA AOCTYN K OOpa30BaHMUIO s HINPO-
KHX CJI0€B 06IecTBa W HACTYIHJIa HOpa BCceoOIllel I'PaMOTHOCTH H TAI'H K
KyJbType. JbLIH HPUYUHBI KaK Obl ClydallHble, HAIpUMEp, CMeHa MOKOJe-
HOA BO (PpPaHIy3CKOH MaTeMaTHIeCKON MIKo.Ie. AMepHKaHCKas MaTeMaTHKa
TOTJa TONBKO Habmpana 060pOTH (B MOCIEBOEHHBIE I'OJbI AMEPHKAHIBI MO-
CTeNeHHO TPEeB3ONLIH HAc, a (PPaHIy3kl ObLIN Kak Obl Ha PABHBIX; a CENOIHS
MOXKHO NOBOPHUTH O TOM, YTO MaTeMaTHKa BOOOIIE BhIILIA U3 HANHOHAIBHBIX
paMoK). D0 OJHON W3 CaMbIX CYIIECTBEHHBIX NMPHYNH BHE3AMHOTO B3IETA CO-
BETCKON MaTeMaTHKN (B NPOTHBONOJOKHOCTH TOMY, 9TO MHIIET AJeKcaH-
IpoB) ObLIH NIyGOKHEe KOPHHE PYCCKOH KYJIBTYPhI, C(POPMIPOBABIIENCS B yCIO-
BHAX MPECAOBYTOTO «IIApCKOTO pPERNMas. DOITH BCe YIEHBIE, COCTABUBIIHE
cl1aBy COBeTCKOW MaTeMaTuku K 1935 rojy, moiydmin npekpacHoe BOCIH-
TaHHWe B HHTENIUTEHTHOW cpejle U 0OpasoOBaHHe B MEePBOKJIACCHBIX MOPEBO-
JIOIUOHHBIX MHUMHA3UAX. 3aTeM OHHM yYWIHCh B yHuBepcuTerax — MockoB-
ckoM, Jderporpajckom, Knesckom, Kasanckom, DoBopoccuiickoM (e Bean
npenojgaBanue Jlsnyuos, Mapkos, Crekiaos, ['toutep, Eropos, Jlyzuu, ['pase,
laTyroBckuit m apyrue), HAXOAACh B OKPYKEHHH CAMOTO TEPeIOBOTO CJIOS
pycckoln unTemnureniuu. M HanbGoaee KpacHOpeYHBBIE CBUAETEIBCTBA CKa-
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BaHHOMY — BOCHOMHHaHUA camoro JdaBia CepreeBuya, HallMCAHHbBIE CBHIIIE
COpOKa JIeT CIYCTs; W3 HUX BUJIHO, KaK MOBE3JNO eMy POIUTHCA «B YCJAOBUAX
HapCKOTO pekuMay. J0 He OyaeM OOJblIe 00CYKIAThH ITY HHTEPECHYI Te-
MYy.

AjekcaH IpoB naJjee MHILET:

«OcHoBHask 3a60Ta 0 Oy IVIIIeM COBETCKOW HayKH, TpebyeT, 1TOOLI HII OTHO
MaTeMaTH9eckoe mapoBaHue (---) He 3aTepsioch 3ps. KamkmoMmy n3 Halmx
noapacTalolInX TalaHTOB obecnedeHO TMOJHOE BHUMAaHNe, MOJHAA U BCECTO-
POHHSAS MOMOIIb U TOJAePKKa CO CTOPOHBI COBETCKOT'O I'OCYAapCTBa U BCETO
CONMAJTUCTHYECKOT 0 0bl1IecTBa Halllell cTpatbl.y U tatee: «OgHoi u3 Hauboaee
TeHCTBEHHBIX (DOPM Halllell TOMOIIHM CaMbIM MOJOABIM [APOBAHUAM SIBJASETCH
OpraHu3alus OJAUMIHAIbI, T. €. INPOKOIO COCTA3aHUA, INPOKOro CONMadn-
CTHIECKOT'O COPEBHOBAHUSA BCEX HAIINX HMIKOALHUKOB, OMAPEHHLHIX MaTeMaTH-
YeCcKH U HHTEPEeCYINXCs MaTeMaTuKol. JTO COCTA3aHne TOJKHO 3aCTaBUTh
AYYIIMX U3 HUX TMOYYBCTBOBATH cebs yiKe HACTOAIMMH MaTeMaTHKaMmu, Oy-
aymuMu yaéabiMn. OHO JTOMKHO YKPENnuTh WX Bepy B cebs, 3ayKedb HX Hayd-
HBII DHTY3Ua3M U B TO YKe BpeMs 3aCTaBUTh HX MOYYBCTBOBATH, YTO JHUIIh
IJAUHHBIN OyTh YIOPHOU paBOThI NPUBENET WX K MU, K Y4acTHI0 B KadyecTBe
KBaJM(PUUNPOBAHHBIX MaTeMaTUKOB, a HHOT'Ja M OOJbIINX CAMOCTOSATENbHBIX
YYEHBIX B TOU MPOMAJHON CTPONKe collai3Ma, KOTopas pa3BepHyJach B Ha-
el cTpaHe.y

N cuoBa mepejn HaMu HEeCKOJAbKO WHTepecHEIX TeM. Tomy, B Kakoll mepe
TeHNCTBUTENBHO «Oblia obecliedeHa BCECTOPOHHSS MOMOIb U MO TIepkKKa Ka-
KAOMY M3 HAIMX TOJIPACcTAIONINX TaJaHTOBY, Mbl yAeJUM BHHUMaHNe, KOIIa
KOCHEMCS CYAbOBI yYaCTHUKOB U TOOEIUTENEH OMUMIHA T, & celYac HeCKOJIbKO
CJIOB O B3aWMOJEUCTBUE JUYHOCTH U rocyjgapctBa. O mojab3e COpeBHOBaHUS.
1 06 oaumnuagax.

... Okosio copoka JieT TOMY Ha3al, BO BpeMs MOUX «OJIY:KIaHUH Cpejn
UBETYIEH YepeMyXi M0 3a0HeXkKbioy ¢ MOUM yuuTedeM AHIpeeM JUKOJaeBH-
demM KoamoropoBbiM (muTaTa NpuHAIEKAT €My) Kak-TO 3alllia pedb O TOM,
Ha KaKUX MPUHIUIAX TOJKHO 6aznpoBaThes pazyMHoe rocygapcTBo. M An-
Ipell DUKOTaeBUY IPOU3HEC CAOBA, K KOTOPHIM s He OBLI TOT & MOANOTOBJIEH:
«Joancen cobmodamves npunyun Ceobodvny. (11 Ham obonm GBLIO SCHO, ITO
TaKoe BpeMms TMpH Halllell KU3HN He HACTYNNUT).

Celivac s CKJIOHEH TOAKOBaTh ciaoBa KonMoropoBa Tak: 06a 101:KHbBI GBITH
CBOOOMHBI — U JAUYHOCTh, W T'OCYJapCTBO — HO U TOT, U JAPyroe MTOJKHbI
AMeTh olpelenéHuble 06A3aTeIbCTBA APYT Mepen ApyroM. JIMIHOCTL TOTXK-
HA YBayKaTh 3aKOHBI (OTAENBHBIN BOMPOC, KAK CO3TaTh PA3yMHYIO 3aKOHOTa-
TEIBHYIO CHCTEMY), TOCYAapCTBO MOMKHO 06ecednBaTh JNIHOCTH BO3MOMK-
HOCTH CYIIeCTBOBATL. ['0CyIapcTBO He JOMKHO TPENATCTBOBATH, CKayKeM,
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0GOraIIeHnio JNTHOCTH, €CIM TPH DTOM 3aKOHK He HAPYIIAOTCA; OHO MOXKET,
pasymeeTcs, 0060 TMOOMIPATH MATEPHATBHO TeX, KTO eMy CIY:KHT (YMHOBHMI-
9eCTBO, MOJNINIO, APMUIO U T. I.). DO MPH ITOM JNYHOCTH JOJUKHA HMETHh
npaBo «Jdukomy/OTruéra He maBarh (---)/ Mg BIacTH, M JUBpen/De THYThH
HI COBECTH, HU TTOMBICJIOB, HHU III€U» U T. A., 1 DTH MPaBa JOJKHB OLITH TapaH-
THPOBAHBI PA3yMHO YCTPOEHHBIM TOCYAapCTBOM. (DO I JHIHOCT, (He THYIIAsd
Ieny, He MOJKHA 0COGEHHO CeTOBATH Ha TO, YTO TOCY,IaPCTBO €€ He CANIITKOM
BO3HAIpaK TaeT.)

Tax 9T0 cayscenue 2ocydapemey TOTKHO OBITH T0OPOBOIBHBIM, T OHO He
MOYKET OBITH MEJbI0 TPOCBEIEHNs, B TaCTHOCTH, MeJbio TPOBETEHUs OJNM-
mnag. OJHON W3 3ajad MepBOTO N HEMPEMEHHON Medbio BTOPOTO ABISETCS
602xcu2anue o2Ha (B MyHIax) BO NMS TMPONBETAHNS KYyJAbTYPHl U BCETO dejo-
BEYECTBA B IEJOM.

YTo Ke KacaeTcs CMOPTHBHON KOMIOHEHTH OJUMOAAL (TOro, 9TO OBLIO
HA3BAHO (CONNAMNCTHIECKNM COPEBHOBAHIEM)), TO 3/JeCh HEOOXOINMBI OTO-
BOPKH.

[OBOIBHO CHOPHON ABISETCS MIes «PeHTHHIOBAHMSY (OYeHb PACTPOCTpa-
HEHHAs HBIHE), TPH KOTOPOH YeJOBeK MOMydaeT TAJOH ¢ KaKHM-TO HOMEpPOM,
1 OTOBApWBAETCHA COTVIACHO DTOMY TadoHy. M BooO6Ie deloBek B pasyMHOM
TOCyAapcTBe He TOMKeH OBIThH MOCTaBAeH B MOJOKEHHE, KOTfa eMy MOCTOAH-
HO TTPUXOJATCS YTBEPKIATEH cebs B KOHKYpeHTHON 60phHe. OCHOBHBIE TTpaBa
7 ¢CBOGOJBI, B YaCTHOCTH, Ha 06pa3oBanye, TOAyYeHe NHMOPMAINN, Ha CBO-
6OMOMBICTHE U T. M. JOMKHB TapaHTHPOBaThes 6e3 KOHKypcoB. U moTomy
«CBOMM yclexaM Ha OJUMIHA e eCTeCTBEHHO pajoBAThCS U JarKe TOPIUTHCS
UMHI. DeyJatdn JKe Ha OTUMIHafax He TOMKHBI Ipe3aMepHO OropdaThy,— Tak
nucad Aujgpein DukonaeBud Koamoropos.

Nanee on muret: «/[1s yemexa Ha oMuMInafe HeoOX0IMMbI HEKOTOPHIE CTie-
nnafbHble THTH 0JapEHHOCTH, KOTOPHIE BOBCE He 0643 TeNbHB I YCIeNTHON
nceaeoBaTENhCKON PABOTHI. YiKe caMo HaJu+dne Ha3zHadIeHHOTO OYeHb Orpa-
HIUYIEHHOTO CPOKA, s PEIIeHns 3a,0a9 MHOTHX [eJaeT COBEPIIEHHO GeCTOMOIIT-
HBIME. D0 CYIIECTBYIOT U TaKne MaTeMaTndecKne MpoGaeMBl, KOTOpBIe MOTYT
OBITH PEIIeH bl I B PE3YIbTATe O9eHb JINTEALHOTO I CTTOKONHOTO Pa3MBITI-
JeHnsA W POPMUPOBAHUA HOBLIX MOHATHH. MHOTO Takoro pofa mpobieM OBIIO
pelieHo 3aMedaTelbHBIM coBeTCKIM Tomogorom . C. ArekcanapoBwsiM.y U
matee — caymaiTe! «Jde caydanno Dapen CepreeBud AlekcaHIpOB TOBOPHT,
9TO eci OBl BO BpeMeHa ero I0HOCTH OLLIH MaTeMaTHIeCKne OMNMIHaIh, OH,
BOBMOKHO, He CjeJaics OBl MaTeMaTHKOM: ero TJaBHBIEe TOCTHKEHHS B Ma-
TeMaTHKe ABUINCH He MIOTOM GLICTPO paGoTaollell u306pemameibocmu, a
ITOTOM JARTEALHOTO N YTAYBIEHHOTO CO3EPUanuiy. DPeKpacio cKazaHo!

Do BoT Te Ha! Bapyr BeiscHSeTCS, 9TO THMH OJNMIHNALE BOCTEN TeJ0-
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BeK, KOTOPOMY [0Be3JI0 pOJHTLCA IpH IPecloByTOM NapCKOM pexkuMe, KOrJa
TaKHX OJUMIHa] He OLLIO.

D0 CYIIECTBYET Macca JIOIell, KOTOPLIM IIOBEe3JI0 HMEHHO B TOM, YTO OJIHM-
nua bl onian!

DOCMOTPHM Ke, KaK OJHMINICKHI OTOHL OCBEIIa] JKU3HL IepPBLIM mobe-
OUTeIAM MOCKOBCKHX OJNHMIIHAT.

[IOBEAUTEJN U UX CYILBLI

KTo ke 6b111 oHN — nobeauTenn U HHbIe YIaCTHUKN MePBBIX OMUMINATL!
Kak croxnince nx cyaponr?

CHoBa npeJocTaBUM CI0BO JOHYKOBCKOMY .

«D00eINTeNAMA OBLIN TPA3HAHLL:

1) 3BepeB Urops Dukoraesnd (24 mxora [3epkunckoro paiona).

2) Kopo6os Dukonait Muxaiiiosud (24 mkona DayMaHCKOro paiona).

3) Merkne Anna Benmamunosna (10 mxora Kpacnonpecnenckoro paio-
HA).

Bce onn 6bL11 mpeMipoBaHbl HeGOMBIINME MaTeMaTHIeCKIMHI 616110 Ted-
KaMI».

... Bce onn mocTynunian na Mexmart. 3BepeB 1 Kopo6oB moTOM BCIO KN3HD
paboTajy I HblHe PaboTaloT Ha pojgHOM (dakyirbTeTe. AHA MBIIKIC 3aK0H-
4nia GpakyipTeT, IoToM — (GPOHT, I'Je oHa Obl1a cBA3ucTKOM. C ¢ppoHTa OHA
He BepHY.JIaCh.

113 maTu genoBek, JaypeaToB BTopoil npemun, auiib «/lxemc-Jlesn HOpui
Esrenbesnu (35 mxora Kpacnompecnenckoro pailona)» medaTal B Jafbleil-
meM paboTh o MaTeMaTnke. OH Toke ObLI Y9aCTHUKOM BOWHBI, OBLT TAKEI0
patier, paboTtal B Boruncaurensnom nentpe Akajgemun nayk. U emé (ne ma-
3BaHHBII B OOIIeM CINCKe, HO YKa3aHHBIN Ha CTP. 59 Kak aBTOp pellleHus O,I-
HOII 13 3a a4 i JaypeaT Bropoil npemun) . M. Kupko nocrynur na gusdax,
cTaJ (PU3NKOM, IpodeccopoM, TOKTOPOM (PU3NKO-MaTeMaTHIeCKnX HayK.

BenmomunM: «JakoHel, KOMHTET PeKOMEHIOBaJ yYaCTHUKAM OJNMIINAIbI
nocemaTs cobpannd lllkonbHOT0 MaTeMaTHIeCKOTO KPYKKa ... »

IPOJONAKNM Ty (ppa3y OTPLIBKOM I3 BocnoMuHaHni SIkoBa Dadanionia
JepMaHa — Tpodeccopa, TOKTOpa TeXHHYeCKHX HayK, TBOIOPOJHOIO GpaTa
Dopuca Bragumuposuia lllabaTa (KoTOpbIl GBLI CTAPOCTOR DTOIO KPYKKA;
Dops Hlabar npuBIEK cBoEro IBOIOPOIHOIO OpaTa K yHIACTHIO B KPYAKKe).

«JotoM npu MaTtemaTndeckoMm nHCTUTYTe nM. CTek/10Ba OBLT CO3TaH Ma-
TEeMAaTHYeCKIH KDPYKOK [JIs MOCKOBCKHX IIKOIbHHKOB 9-10 kiraccos (Toria
DTOT MHCTHTYT Haxogumics (---) Ha Doabinoll Karyxckonl yauue, Hegate-
KO OT TelepellHell yIHIB akajleMuka JeTposckoro). (---) Mol esgmin B
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CTekI0BKy B Tak HasblBaeMble obmIeBhIXOmHbIe nHU (6-e, 12-e, 18-e, 24-e u
30-e KaxK 1010 MeCﬂua)3). Tam mbr caymaan u J. J. Hegoune, u JI. A. Jliocrep-
wuka, u JI. I'. llaupeabmana. A nyinoit, pykoBoguTeneM KpyzKKa ObLI [BaI1la-
THABYXJETHHH TpenogaBaTenb Kadeapbl MAaTeMATHIECKOI'0 aHAJN3a MeXMar-
ra MI'Y U. M. leabgang. Cpenu kpyxkoBiieB npoMensbkuyiu FO). epmeiiep,
A. Dpyano, J. Moucees, O. Copokus, 9. KopoboB, cTaBliine BIOCAECTBHH,
KaK U DOPUC, CTYIeHTAMH MeXMaTa.)

... Becmomunaer Anaroani /murpueBnd Mbirknc (OH ToKe GBLT y4acT-
HIKOM Kpy:kKa): «[erbdang cnpocut, kTo dem 3anumaercs. Muorne oreTn-
au, 4To peitatoT npobiemy Pepma. Lenbdans GbLI TOJNOH UPOHHH O 3TOMY
HOBOJIY. A OTOM OH CTaJ PaccKazbiBaTh PO MHOIOE, JayKe MPO JOIUKY, pa3-
TaBaJd YHTATh PasHble KHUXKKH ... » A zarem nouurn Jexiuu JliocrepHuka,
Koamoroposa, He Bcerja MOHsATHEE, HO OCTAaBIAAIONINE BIeYaTIeHUE Y€r0-TO
BEJHKOIO.

N Bozxkercsi oroub. Da BCIO KU3Hb.

Y7o ke CIyYuaoch ¢ HUMHU B fajdbHeniiem?

Augnexcangp JIbBoBUY DPyIHO — MOKTOP (PUBHKO-MaTeMaTHYeCKUX HayK,
mpodeccop, paboran B UHCTUTYTE 2JEKTPOHHBIX BHIYHCJIUTENLHBIX MAIIHH,
mpenojaBal B TnegarorudeckoM uHcTuTyTe; FOpuit DopucoBuy [epmeiiep
(1918 — 1975) — mokTOp (PU3MKO-MATEMATHIECKNX HAyK, Mpodeccop, pa-
oorapimui B Beraucaureasiom nentpe AD CCCO, 3aBeroBada xKadeapoi Ha
(hakyabTeTe BHIYHCAHTENbHON MaTeMaTuku u kKubGepherukun MIY; Duxura
DuxojaeBnd MouceeB — akajgemuk DAD, oH ObLI 3aMIupekTopa Bhramciu-
renabroro lenrpa AD CCCO, nepBbiM jekaHOM (PaKyJdbTeTa YIpaBJIeHUS U
npukaagnon maremaruku MPTU; Oaer CopokiH, KOTOPOTO CYHTAJIH OY€Hb
TaJaHTJIUBEIM, TOrHG Ha (poHTe; 0 KopoboBe GBLIO yiKe CKazaHO; ellé yuo-
vuHagxcs Dopuc Baagnvuposud ladar (1917-1987) — roxkTop ¢usnko-ma-
TeMaTHYeCKHX HayK, OH cTak npodeccopom mexmara MI'Y.

Kakou cpez nalllel HCTOPHE MPOCMATPUBALTCH CKBO3b CYABOBI 3TUX JIH0-
neir!

Bot Bugurcs mue Asexkcanip JIbBoBUY DPyIHO, OMHHOKO CHISAIINN HA Oe-
pery Cpemuzemuoro mops. MHe nepegaju ero miyTky: «3jiech DOBOPAT Ha
TPEX A3BIKAX: UBPUTE, aHNIHUCKOM U pycckoMm. Kak oHu He MODYT MOHATH,
YTO JAyHIIe BCETO TOBOPHTH MO-PYCCK!y

Dadaqo Kusnu J. . MouceeBa O6bL10 Tparudeckum. Kak IBOpsiHUH, OH
obl1 usroem. OHa U3 IVaB ero BOCHOMHHAHUN Tak W HazBaHa «M3roiy. On
cllad DK3aMeHBl, HO er'0 He NMPUHAIAH Ha Mexmar. Bo BpeMs mogroToBKH K

3
)B KOHITE IBalllaThIX I'OT0B OBLI OTMEHEHBI JHI HeACa; UX BBEJIN O6paTHO Ha IIaMATHI

aBTOpa CTATbW, U AeAylIKa ¢ 6a6yNIKON, BOCIUTHIBABIINE MEHS, 3aTPYAHUIUCH OOBACHUTE
MHe, 9TO 3Ha<HUT CJOBO (BOCKPECEHBE».
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pK3aMeHaM, 1py3bsi — MouceeB u ['epMeliep — noMoraan MaabYnky u3 6eino-
pycckoi raybunku Cemeny Hlanupo. On nogydua MHONO Tpoek, B TOM duCje
MO MaTeMaTuKe, HO OBLI 3aYHCAeH. DTO MOKAZAJIOCH IHOIIE HeclpaBe[JIHBhIM,
u of norainua MouceeBa Ha npueM K 3aMeCTUTENIO [eKaHa U Hadald IPOMKO U
TeMIepaMeHTHO BOBMYIIAThCS OYEBHIHOU HeClpaBelIHBOCTbIO. 3aM. JeKaHa
ero npepsai: «dero Bui xoruTe, Moucees? Docmorpure Ha cebs U Ha He-
ro (o manbieM mokasas Ha CeMeHa) I MOIyMalTe, KONO JOJJKHO MPHHATH B
VHHBEPCHTET pabotde-KPeCcThIHCKOe NOCYAapcTBO?Y DTO GBLT OTKA3.

Momncees kone6aJcs, He CTATh JI €My TPEHEPOM TI0 JBIZKaM (OH GBLT MepBoO-
KJIACCHBIM JBLKHIKOM ). Beio 3umy TpenupoBajcs. BecHoll mpuiiés HaBeCTHTH
CBOMX TOBapuined mo kpyxky. Berperun leabdanga. Tor cupocna: «dTo-To
s Bac me Bmiky, MonceeB. Kak Bor craan ceccuio?» «f He ObLT IpUHAT Ha
MexXMaT», 1 OH PaccKasaJg CBOKW HCTOpHIO. Lenbdat OTBEN IOHOIIY K [eKaHY
— JI. A. TymapkuHny, u ckazaj: «JpuMuTe ero, o 6yjieT He XyKe CpelHero
cTymerTay. 1 MonceeB GbLI TPUHSAT.

... Hepes muoro aet Leaban i u MouceeB 0JJHOBpeMEHHO CTAJIN aKa je-
MUKaMi, 0 Ha GaHKeTe, MOCBAIIEHHOM 3TOMY COOBITHIO, BCIOMUHAJN [aBHUI
BIOH30] — HOCTYILIEHHe Ha MexmaT.

Dotoum 6b1a Boiina. (Duxnra Duxoraesnd nuiet: «CBoOIO 06IIECTBEHHYIO
TOJHOIEHHOCTh 51 BIIEPBBIE HAYAN OIIYIIATH TOJHKO BO BpeMs BOMHED.) 3aTeMm
— fgoJrasi U IJIOJOTBOPHAA YKU3HB. DAdUHAS C ONPEIeJEHHOIO MOMEHTA, €My
OblIa OKazaHa «IOJHAs U BCECTOPOHHSS MOJIepiKKa CO CTOPOHBI COBETCKOT O
rocyJapcTBay.

(A 3aTeM HacTynmIa MepecTpoliKa, W IO IepKKay TPeKpaTHIach.)

Dopuc Baagumuposuu [llabar moméa B ononvenue 6e3 HOT'H, Ha NPOTE-
se! UymoM ocTafcs KUB. DOTOM B €0 JKU3HN OBLIO MHOTO W TPEKPACHBIX,
HeTerKnX MOMeHTOB. W He Bcerga ouIyIagach «IomIepKKa CO CTOPOHHL T'O-
cyJapcTBay, GBIBAIO U HA0G0POT. D0 HOGPHIe M0 OOBIYHO OKA3bIBAJUCH Psi-
JTOM, I TPYJHOCTH IPEONOAeBAINCH. (A 11 MHOIIX I MHOTHX APYTHX, IMEHHO
Dopuc BrammmupoBnd 66T 5THM «T06PBIM T€J0BEKOMY. )

D0 y BCeX 3TUX MaJb4YMKOB, Tex KTo He norud B BoiiHy, 6bL10 TO, 4TO
HEBO3MOYKHO OBbLIO Y HUX OTHATH: CYACThe YYHThCH Ha JydYIleM B MUpe Ma-
TeMaTHYecKOM (haKyabTere U dwobumas npodeccus. U 5ToMy Bo MHONOM OHE
00sIBaHBl KPYKKY U OJUMIIHAIE.

D POTOJIIKIM.

Bcekope 6v11 opranuzoban kpyxkox B MI'Y. Opencenarenem 610po Kpyxka
1935/36 roma 6611 Mapk ['resepman. Torga on 6611 cTyIeHTOM 2 Kypca. Do-
TOM cTaqa yieHnkom JIbBa CeménoBuYa JOHTPATHHA. DAMUCAT COBMECTHO CO
CBOUM HAy4YHBIM PYKOBOAUTEIEM MOCBANIEHHYIO H3J0KEHUIO TBOUCTBEHHOCTH
DOHTPATHHA CTATBIO B «YCIHEXH MaTeMaTHYIeCKNX HayK» (OMyOJINKOBAHHYIO
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nocsie BoWHBI). Mapk momrén B omosdenne. Domana B mIeH. EcTh cBugeTeqb
CTBO, 4TO NpU HONBITKE K GErCTBY OH ObLI CXBaueH U TOBEIIeH.

Kak nuuryt B cBoell 3amedarenbhoi craTbe «lIIKoabHBINT MaTeMaTHYeCKI T
kpyskoK mpi MI'Y I MOCKOBCKHe MaTeMaTHdecKne oqnMIna,ibn?)
I'puropsesnd Doarsucknn n Mcaax MonceeBnd friom (kctatn ckasaTh, mo-
GenTeNN, COOTBETCTBEHHO, IECTON W 9eTBEPTON OMUMITHAT), «PelInTeNbHas
mepecTpolika paboThl KPY:KKa cBf3aHa ¢ uMeHnem ctryjgenta MIY lonnka
IHkaspckoro, TagraHTInBONO MaTeMaTuKa U BJeCTAINero NpernogaBaTels, py-
KOBOHBIIEro paboToll KpyKkoB B 1938-1941 romax.»

BaragnMup

Ikaspckuit MOAYYHI TEPBYIO TPEMUI0 Ha BTOPOU OJUMIHALE. DOCTY NI
Ha MexMaT. B cTygenvyeckne TOMB BLIMOTHUA TBe paboOThHl, TOCBANIEHHEE aHa-
JU3y U Tomogaoruu, onybiankoBanHbie B 1944-45 rogax. 3akoHYWA MexXMaT B
1941 romy. Yuién na ¢ppont. Tparndecku morué (nogpobuocTn cM. B «O6uIen
raserey, Ne18(197) ot 8-14 mas 1997 roga).

Jdpyaes Bcnomunator, dto lllkaspekuit 6bLT paHATHYHO NpeTaH MaTeMa-
Tuke. OH MOr 6e3 KOHIIa IOBOpUThH 0 Hell. QdYeHb JMI0GHI BO3UTHCS CO IIKOJb-
HukaMu. OH U3MEHWIT CcTHAb PaBOThl KPYKKOB. aMeHWJI JTOKJIA kI IKOJbHM-
KoB Ha peierte 3ajgad. C Tex mop Tak u moBejoch. Tenepb Takas Qopma
KPYKKOBOU pabOTHl U faKe paGOThl MHOIMX MaTeMaTHYeCKUX IIKOJA CTaja
TOMUHHPYIOIIEH.

«/locTONHCTBA HOBOM CHCTEMbI,— MHIITYT DOJITAHCKIHN U Sriom, — GbLin
IpOBepeHBl MPAMbIM dKciepuMerToM. B 1937/38 yae6uom roay llkaspekuii
OPOBOJIIJ B CBOEWl CEKIHU 3aHATHA MO OMMCAHHOW BHIIIe CXeMe, B TO BpeMs
KaK OCTaJbHBIe CeKINN paboTadn Mo-CTapuHKe, TIABHEIM 06pa3oM OTpaHN-
YHBAsSCh MOKJIAJAMU MIKOJILHUKOB. De3yJabTaT NPEB30IIE] BCe OXKUJIAHUA: Ha
IV ommvmnnane (1938 rox) yaactunkn cexknun lllkaspckoro yrecan nomoBuny
Bcex npemnii (12 u3 24), B Tom 4ncie Bce 4 nepseie npemun! (- --) B wucie mno-
caegoBatenein [llkaspckoro orMeTuM Taknx 3aMedaTeNbHBIX PYKOBOIUTENEH
ceknuit, kak A. C. Kpoupoj, E. 9. [biHKUH, 1 BOCOUTAHHBIX HA TPaJTHIUIX
kpyxkka B. M. Apuoabga n A. A. KupniioBa.»

C umenem EBrenus DopucoBmya JIpiHKUHA TOXKe cBf3aHa MHeaas 3M0Xa
B NCTOPUH IMKOJBHLIX KPY:KKOB M MOCKOBCKUX MaTeMaTHIeCKIX OJUMIIHAT.
JIBHKWHCKTe KOTbHEIe KPYKKHN TIABHO TepexXOanin B YHUBEPCUTETCKHE Ce-
MUHAPHI 11 TepBOKYPCHIKOB. (Cpean y4acTHHKOB TaKOro ceMuHapa 1952 ro-
Ta 6BLT M aBTOP 9THX CTPOK.) MHOIME yIaCTHUKN DTHX CEMHHAPOB CTAHOBI-
Jquchk yienukamu EBreunust JopucoBuda, 3aTeM — KPYNHBIME HCCIETOBATENS-
M.

4)Ony6JII/IK0BaHH0ﬁ B kaure «C6opaMK 3agav MockoBckux ommmmmany /| Coct. A. A. Jle-

man. M.:Ppocsemenne, 1965.
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Cam [erakun nocrynui Ha Mexmar B 1940 romxy. Oer ero Gbl1 pernpec-
cupoBat u noru6 B I'YJIAT'e, u EBrenuit JopucoBud MHOT'O pa3 NOBOPHI, YTO
CBOe MOCTYILIeHNe Ha MeXMAaT OH BOCIPHHUMAJ, KaK IyI0 (geTell ¢ TaKuMu
aHKeTHBIMH JAaHHBIMI O6BIIHO He 6pasn). OH 6BICTPO MPOABII CBOK TBOpYe-
CKYI0 He3aypATHOCTh, U HAJ0 CKa3aTh, YTO IOAPACTAOIIEMY TalaHTy OBLIO
obecredeHo MoJHOe BHUMaHUe, MOJHAS U BCECTOPOHHSS MOMOIIb U MO TepiK-
Kay, HO He «CO CTOPOHEI COBETCKOIO IOCYJapCTBA U BCET'O COMMATHCTHYeCKO-
ro obiecTBa Halllell CTPaHkl, a CO CTOPOHBI 0Y€Hb JT0OPOro U OT3HIBYHBOTO
yenoBeka — Codbu AjsekcanapoBubl flHoBckoi. A morom — Angpes Ju-
kKojgaepuda Koamoroposa. B pesyabrare E. D, Jriakun craa mpodeccopom
vmexmaTa MI'Y, saMedaTelbHBIM MATEMATHKOM (B IBYX BeChMa Pas3HOPOIHBIX
06IacTAX MATEeMATHKNH — adrebpe N TeOPHH BepOSATHOCTEN), OCHOBaTEIeM
OOJIBIION U MIOAOTBOPHO paboTaloliel HaydHou 1Koabl. Oguaxko B 1968 romy
OH BBHIHY2KIeH OvLI yiTu 13 MockoBekoro yauepcuTera. B 1976 rogy Esre-
i DJopucoBuy >murpupyer B CIHA. C 1977 roga on — upodeccop Kop-
HEeJBbCKOI'O YHHBEPCHTETA, YieH AMepUKaHCKON aKaleMiun HayK 0 HCKYCCTB U
DanuonaabHou akamemun Hayk CIITA.

... DeCKOJIbKO JeT ToMy Haszaj oH npuexas B MockBy. O mpuraacuia
HECKOJBKUX CBOUX OBIBIINX YYaCTHHKOB KPYKKOB K cebe B NOCTHHHILY — T10-
o61marbes. OH TPUOBLT B TOCTUHUIY € JEKIHH LIS MIKOJIbHUKOB, KOTOPYIO €My
YCTPOWIHN ero OBIBIINE KOJIerd 1 yieHuku. B ToT Bedep OH 6bLI OKPBLIEHHBIM
I IpeucrnoJHeHHbIM pajgocT. OH YBIEK MIKOJbHUKOB PACCKa30M O CTapPHHHOU
3ajgade («o pa3GopumBOll HeBecTey, s CJABIIIAT O Hell OT HEro B HadaJde Iie-
cTuaecaThX 1ogoB). Cyas M0 BceMy, IIKOABHUKH CAYIIATH €70 ¢ YIOeHHeM, ¢
POPAIMIUME DJIa3aMi, TaK e, Kak To OBLIO paHbliie, B JaJeKue I'Ofbl.

... B Auvepuxke E. D. /IbIHKUH TOCTHT 0YeHb MHOT'OT'O: JOJZKHOCTH TPO-
(heccopa OTHOTO U3 BeAyIIUX YHUBEPCHTETOB, aKaJeMUYeCKUX 3BAHUI, OJY-
qi Kadeapy, paHee 3aHUMAeMYyO OMHHM U3 KPYTHEHIIHX BePOSITHOCTHUKOB
nairero Beka (MTo). O marepuanbro o6ecmeder, Tprnobpen GOMBIION TOM.
D0 pacckazaTh IMKOJbHUKAM O pazbopuyuBoll HeBecTe B AMepuKe 3aTpyTHU-
TeNhHO: TAKHX HIKOJABHBIX KPYXKKOB U OJUMINA[, KaK B Joccull, B AMepuke
wer. U kakas-To 9acTh ayurn EBrenus DopucoBuya okasaiach TaM HEBOCTPe-
OOBAHHOM.

DyIeM Ke TOPJIUThCA TeM, 4TO PoAmIoch 63 roja Hazal W MeCTOBAJOCH
MHOTUMH TOKOJEHUSIMH MaTeMaTUKOB — HANIMME ITKOJAbHBIMI KPYXKKaMul 1
ONUMIIHA [AMH.

A xoTen 6B BEIpasuTh TIyOOKYIO 0.1ar01apHOCTD OMUMINAIIAM T PHITATHIX
rogos: f. D. Depmany, JI. U. Dosounoi, . M. Kopo6osy, A. /. Meiikucy
1D, D. Danyuly, TOAEIUBIINMICA CO MHON CBOUMY BOCHOMHHAHUIMII.
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B. B. fdmenko

BBEAEHUE

Kax nepedams wyacnyio ungopmaywio wyscnomy adpecamy 6 maiine om
dpyeur? Kax bt n3 9uTaTesel B pasHoe BpeMs U ¢ PA3HBIMI MeJIMI HaBep-
HAKA MBITAICA PEIINTh I ceOs DTy MPaKTHIecKylo 3agady (11s yaro6cTBa
TAJTbHEHIINX CCBLIOK Ha30BeM ee 3agada Ty, 1. e. 3agada Tainollucu). Bor-
OpaB MoIX0dlllee pellieriie, OH, CKOpee BCero, NoBTOpMI H306peTeHte OMHOT O
I3 COCOBOB CKPBITON NMeperadn HHPOPMAll, KOTOPHIM yKe He OjTHa Thicsi4a
Jer.

Da3MbIILIsAS Hag 3agadei T, HETPYIHO NPUUTH K BEIBOIY, 9TO €CTh TpU
BO3MOYKHOCTH.

1. CozaTh abCOTIOTHO Ha TeKHBIH, HETOCTYITHBIH /I IPYIUX KaHAJ CBA3M
MEXK,Ty aDOHEHTaMH.

2. Ucnoab3oBaTh 06IIETOCTYIHEIN KaHal CBS3H, HO CKPBITh caM (PaKT Ie-
pefiadu HHMOPMAIHH.

3. UcnoapzoBaTh 06IIeMOCTYIHBIN KaHaJd CBA3M, HO IepefaBaTh M0 HeMY
HYKHYI0 HHQOPMAaIi0 B Tak Npeobpa3oOBaHHOM BH e, YTOOB BOCCTaAHOBUTH
ee MOT' TOJBKO ajipecart.

DPOKOMMEHTHDPYEM DTU TPH BO3ZMOKHOCTH.

1. Dpu coBpeMeHHOM ypOBHE Da3BUTHS HAyKW W TEXHUKU CAeAaTh TaKOU
KaHaJ CBA3M MKy yIajJeHHBIMI abOHeHTaMU /s HeOTHOKPATHOW mepenadn
B0JBLINX 06BEMOB HHMOPMAIUT MPAKTHYECKH HepeatbHo.

2. DazpaboTKOU CPEACTB i METOM0B CKPHITHS (PaKTa lepefadl CooOIIeHuns
BAHUMAETCS CE2AHO2PAPUSL.

DepBBIE CJIEIBI CTEMaHOT PAPUIECKTX METOMOB TEPSIOTCA B TIyGOKOH TPEBHOCTH.
DampuMep, W3BeCTeH TAKOW COCO6 CKPBITHA MUCHMEHHOTO COOOIIEH NS : TOMOBY paba
Opuan, Ha KOXe I'OJIOBBI IHCAIN cOOOIIeHNe U TTocle oTpacTaHuda Bojaoc paba oTnpa-
BJIAAN K afpecaTy.

W3 meTeKTHBHBIX MPOM3BEJEHMN XOPOIIO M3BECTHRI PA3IMTHBIE CHIOCOOH TAWHO-
NHUCH MeXKYy CTPOK OOBIMHOI'O, HE3AUIUIIIAEMOr'0 TEeKCTa: OT MOJOKA [0 CAOKHBIX XH-
MHUYeCKHX PEAKTHBOB C MOCAenyomnen 06paboTKOM.

*DacTosmag CTAThA ABIAECTCA COKPAIIEHHBIM IepepaboTAHHBIM BAPUAHTOM KHHATH
C. A. Jopuduenko u B. B. Amenko «25 sTiogos o mmdppax», M.: Teuc, 1994.

MaTemaTu4eckoe npocseljerune, cep. 3, Bbin. 2, 1998(53—70)
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Takke U3 1eTEKTUBOB H3BECTEH METOI «MUKPOMOUKUY: COOOINEHNE 3AINCHIBACT-
cA C TIOMOIIBIO COBPEMEHHOH TEXHNKN Ha OYeHb MajJeHbKHH HOCHTENb (MHKPOTOY-
KY), KOTODBIH MepechlIaeTcss ¢ OCBIYHBIM MICHMOM, HATIPIUMED, MO MapKOH HIH Tje-
HUGY b B IPYTOM, 3apaHee 00yCIOBIEHHOM MECTE.

B macTosiiliee BpeMsi B CBA3W ¢ MHUPOKNM PACHPOCTPAHEHHEM KOMIBIOTEPOB M3-
BECTHO MHOTI'O TOHKHX METOOB (3aNPATHLIBAHUSY 3AIMUIIACMOT HHMOPMAIINH BHYTPH
604X 06BEMOB NH(POPMALINT, XPAHSAIIENCA B KOMITBIOTEPE. Jarys JHBIN IPUMeD 3a-
IPATHIBAHIA TEKCTOBOTO (pafiaa B TpadmtaecKmii MoxkHO HafiT B MiTeprerel); on xe
npuBefeH B KypHate «Komnbioreppas, Ned8 (225) ot 1 gexabpa 1997 r., Ha cTp. 62.
(CreyeT OTMETHTE, 9TO aBTOPHI CTATHH B XKYPHAIe OMHGOTHO OTHOCAT CTEraHO-
rpadmio x kKpuntorpadun. KoHedHO, ¢ TOMOIIBI CTeraHOTpahui MOXKHO NMPATATH
1 TIpeIBAPUTENBHO 3alnPPOBAHHBIE TEKCTHI, HO, BOOGIIEe MOBOPA, CTeraHorpadus 1
KpUITOrpadusa — MPUHIHTHAILHO Pa3indHbIE HATIPABICHNUSA B TEOPUH U ITPAKTHKE
3alNTH HHGOPMAIINH. )

3. Da3paboTKON MeTONOB peodpazoBanusd (wudposanus) HHPOPMATNH C
MeJbio ee 3alliTH OT HE3AKOHHBIX MOJb30BATeNeH 3aHUMAECTCS KPUnRmo2pa-
dusa. Taxme MeTOIE 1 cMOCOOH MTpeoGpa3oBanud HHPOPMAINT HABBIBAIOTCA
wudpam.

HTugposanue (2awudposanue) — mponecc TpHMeHeHNs MN(Pa K 3alln-
maeMonl HHPOPMANNH, T.e. TPpeodpa3oBaHie 3allNIaeMon nHpopManun (om-
KpuImMo20 mexcma) B ndpoBaHHOe cooblenne (wudpmercm, kpunmozpam-
MY) € TIOMOIIBIO ONPeJeeHHBIX TPABII, COMeP/KANINXCA B HI(pe.

Aewugposanue — mpotiece, o6paTHHIT MTHGPOBAHAIO, T. €. TpeobpasoBa-
HIe MIQPOBAHHOTO COOBIIEHHT B 3all[NIIAeMy0 NHMOPMAIHIO ¢ TOMOIILIO
OTIpeIeNeHHBIX TMPABII, COMEPKAIIIXCA B MH(pe.

Kpunrorpadus — npukiaa ras Hayka, oHa HCTOAB3YeT caMble ToCIeTHTe
TOCTHKeHUs PyHIAMEHTAJbHBIX HAYK U, B epBYI0 odepenb, Maremaruku. C
TPYTOH CTOPOHBI, BCe KOHKPETHRIE 3aadl KPUITOTpa(pul CYIeCTBEHHO 3a-
BUCAT OT yPOBHSA PA3BATHA TEXHAKN W TEXHOJOTHH, OT MPUMEHIEMBIX CPEICTB
CBA3H T CMOCO6GOB Mepegadn NH(OPMAIn.

[IPEAMET KPUITOI'PADUN

Ymo ace ssasemesa npedmemom kpunmoepaduu? Jns oTBeTa Ha HTOT
BOIPOC BepHeMmcd K 3agade 1T, 9T0OB yTOUYHUTH CUTYANNIO H HCIONAb3yeMble
NOHATHSA.

Dpex e BCero 3aMeTHM, YTO 3Ta 3aada BO3HUKAET TOIBKO Als uH(OP-
Mallii, KoTopas HyxKgaercs B 3amuTe. OOBIYHO B TaKHX CAydagX I'OBOPAT,
4TO HHPOPMAIUS COMEPKUT TAUHY WIH ABIACTCH 2aujuiaemot, npueamuot,
rkongudenyuatprot, cexpemnot. [is Hanbotee THIHIHRX, JaCTO BCTpETaio-

Uhttp://www.geocities.com/SiliconValley/Vista/6001/
P g y
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HIUXCA CUTYAIlUil TaKOro THIIa BBEIEHbI jJayKe ClellHadbHbe TOHATHS:
— rOCyIapCTBEeHHAs TallHa;

BOEHHAsA TalHa;

KOMMepUecKas TallHa;
— fopHundYecKas TalHa;
— BpadeGHas TaliHa U T. 1.
[lajnee Mbl Gy 1eM TOBOPUTH O 3alllUINAeMOU HH(OPMAIUU, UMest B BUIY CJe-
IYIOIIe TPU3HAKH TAKOU WH(MOPMAIHN:

— UMeeTCs KAKOU-TO ONpeefeH bl KPYT 30KOHKbIT 10.4b306amesel, KOTOPhe
HMEIT MPaBo BiAaleTh BTOU HH(OPMAIHel;

— UMEITCS HE3UKOHHDIE NOAb30EAMENU, KOTOPHIE CTPEMATCS OBAAMETh 3TOU
nHgopMalnuen ¢ TeM, ITOOb 00paTHTL ee cebGe BO 6Jaro, a 3aKOHHBIM ITOJIb-
30BaTeNAM BO Bpef.

[l MpOCTOTHEI MBI BHaYaJe OrpaHUINMCA PACCMOTPeHHeM TOABLKO OJHOM
yepo3bl — yrpo3bl pasraaiienns nagpopManun. CymecTByoT n Apyriue yrpo-
3BI A 3allHIIaeMoil HHPOPMAINN CO CTOPOHBLI He3aKOHHLIX IOAb30BaTelell:
nojMeHa, uMuTanuA u aAp. O HEX MBI TOMOBOPUM HUKE.

Tenepb MBI MOKeM H300Pa3nTh CHTYAINIO, B KOTOPOW BO3HUKaeT 3ajgada
T, cregytomen cxemon (cum. puc. 1).

A B

5]
Puc. 1.

3ieck A u B — yranennbie 3aKoHHBIE MOJAB30BATENH 3AIIUIITAEMON UHPOP-
MalIN; OHH XOTAT 0OMeHHBAThLCA HH(MOPMAIHel 10 06IIeI0CTYIHOMY KaHady
CBSI31. ) — HE3aKOHHBIN MOJMb30BATENb (NPOMU6HUK ), KOTOPBIH MOKeT Tepe-
XBaTHIBaTh NepelaBaeMble M0 KaHAJAY CBA3U COOOUIEHUS U NBITATHCA U3BA€Yb
03 HUX WHTEePecyolnyo ero uHopMaliui. DTy (POPMAIbHYI0 CXeMy MOKHO
CINTaTh MOAEIbI0 THNHIHOW CHTYAlNH, B KOTOPOH HPHMEHAIOTCH KPHITO-
rpaguyeckre MeTOAbl 3AUTH HHPOPMALUN.

OTMeTHM, 9TO UCTOPUYECKN B KPUNI'TOT padpiil 3aKPEIMUINCHL HEKOTOPbIe BOEHHbIE
cioBa (IpOTHBHUK, aTaka Ha mwmdp n Ap.) OHE Hanbolee TOYHO OTPAKAOT CMBICT
COOTBETCTBYIOIINX KPUTITOrpapuiecKnx MOHATHN. BMecTe ¢ TeM NIMpOKO n3BeCcTHAA
BOeHHAA TEPMUHOIOTHA, OCHOBAHHAA Ha MOHATHH Koa (BOCHHO-MOPCKHE KOJBI, KOIBI
TeHepaabHOTo mTaba, KOJOBBIE KHUTM, KONOGO3HAYEHNA W T.1.), YXKe HE NPHUMEHsA-
eTcsi B TeopeTudeckon Kpunrorpadgun. /[lejgo B TOM, 4TO 3a MOCAeJHIE TeCATUIETUA
chopMUpOBATIACE MEOPUA KOIUPoE6anus — SOMBINOe HayTHOE HATPpaBICHIE, KOTOPOE
paspabaThBaeT U W3y9IaeT MeTOIBI 3AIUTH NH(MOPMAINN OT CIYIalHBIX HCKaXKEHIH
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B KaHajgax cBasu. U eciw panee TepMUHBI kKodupoganue n wudposanue ynoTpedis-
JUCh KaK CHHOHUMBI, TO TeNeph TO HeAomycTuMo. Tak, HampumMmep, O9eHb Paclpo-
cTpaHeHHOE BbIPpaKEHNE «KOIMPOBaHNE — Pa3HOBUAHOCTD MIM(POBAHUAY CTAHOBUTCA
NIPOCTO HENPABUIBHBIM.

Kpuntorpadus sannmaeTcs MeTomaMu HpeobpaszoBanusd WHOOPMAINH,
KOTOpbie Obl He MO3BOAMAN NPOTUBHUKY U3BJeYb €€ U3 NepexBaThiBaeMblX CO-
OOIIIeH N, DPHU DTOM O KaHAIY CBA3HU MEpPeraeTcs y:Ke He caMa 3allulllaeMas
nHdpopMalus, a pe3yabTaT ee NpeodOpa3zoBaHUA ¢ MOMOLILIO WHMpa, U Iiad
OPOTHBHUKA BO3ZHUKAET CAOXKHAA 3aJa4a 6CKpulmus wudpa.

Bexpoimue (63aamvisanue) wudpa — TMpolece MONYIeHNs 3allnIaeMoi
nHdpopManuy 13 WKUdpoBaHHOTO cooblleHns 0e3 3HaHUA NPUMEHEHHOT'O IIH-
¢bpa.

OnHako TOMUMO TlepexBaTa U BCKPHITUA IIH(PaA NTPOTHUBHUK MOYKeT Mbl-
TaThCAd TOAYYUThH 3alIUIIAeMYI0 MHPOPMAIN0 MHOTUMHU IPYTUME CIOCOOAMMU.
Daunbojiee U3BECTHBIM U3 TaKUX CIOCOOOB SIBASETCH areHTYPHBIH, KOT & TPo-
TUBHUK KaKUM-T1UOO0 MyTeM CKJIOHAET K COTPYIHUYECTBY OJHOIO U3 3aKOHHBIX
MOJb30BaTeIed U C TOMOIIBIO 3TOIO aleHTa MOAyYaeT MTOCTYI K 3allulllaeMON
uupopMaluu. B Takon curyanuun xpunrtorpadus 6eccuiabha.

DPOTUBHUK MOXKET HbITAThCA He MOAYYNTh, & VHUYTOKUTH WIH MOIuu-
HEPOBATH 3allillaeMyi0 HH(OPMAIU B Ipollecce ee mepefadu. ITO — CO-
BCEM [JPYTOU THII YI'PO3 i WH(POPMALNT, OTIHYHEI OT MepexBaTa i BCKPhI-
Tud mudpa. [ad 3aMITH 0T TAaKUX YTpo3 pa3pabaTHBAIOTCA CBOU cHenundu-
YecKue MeTO/lhbl.

CaejioBaTelbHO, HA MYTU OT OMHOT'O 3aKOHHOT'O MOJAB30BaTelds K IPyro-
My MH(pOpMalud TOJKHA 3alllMIIaThCA PA3IUYHBIMEA CIOCOOaMM, IPOTHBOCTO-
AMIMA Pa3duIHBEIM YTpo3aM. BO3HUKaeT CUTyalusA Hend U3 PasHOTUIHBIX
3BeHbLEB, KOTOpad 3allullaeT nHPOpMalnio. KcTecTBeHHO, TPOTUBHUK 6V 16T
CTPEMUTHCS HAUTU caMoe cjiaboe 3BeHO, 4TOOb ¢ HaUMEHBIIUME 3aTpaTaMu
po6paTbes 10 uHGOPMaluu. A 3HAYUT, U 3aKOHHBIE MOJB30BATENN [TOJYKHBI
YYHTHIBATH 3TO 0OCTOATEIbCTBO B CBOEH CTPATErnu 3alluThl: 6€CCMBICIEHHO
nelaTh KakKoe-TO 3BeHO O4YeHb MPOYHBIM, €CAH eCTh 3aBeloMo Oojee caabble
3BeHbS ((IPUHIUT PABHONPOIHOCTH BAIIUTHD ).

De caefyer 3abbIBaTh U elllé 06 OJHOU BayKHOU MmpobieMme: mpobdieme co-
OTHOILLIEHNA lleHbl HH(pOPMalnl, 3aTpaT Ha ee 3alllUTy U 3aTpaT Ha ee MOObI-
BaHHe. JPU COBPEMEHHOM YPOBHE Da3BUTHA TEXHUKH CaMU CPEICTBA CBABH, a
TakzKe pa3paboTKa CpeacTB NepexBaTa HHPOPMAUK U3 HUX U CPENCTB 3alllu-
Thl UH(POPMAUH TPeOYIOT O0YeHb OOJBLUINX 3aTpPaT. JPeXKIe YeM BallullaTh
nHpOpMaluio, 3anaiTe cebe IBa BOMpPOCa:

1) sBAsieTCS TN OHA [/ TPOTHBHUKA GOJlee EHHOM, 9eM CTONMOCTh aTaKN;

2) ABAAETCA JIM OHA [Js Bac Gojiee MEHHOM, 9eM CTONMOCTH BalluTHI.
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HNmenno mepednciennble cOOOpaKeHNs N ABIAIOTCA PEIAIONINMY MPH BLI-
Oope TOAXOMALUINX CPEeNCTB 3alllUThl: (PU3NYECKUX, CcTeraHorpapuniecKnx,
KpUnTorpapuyecKnx u ap.

DeKOTOophle HOHATHS KPUITOTpadpuu yI06HO WIIIOCTPUPOBATH HCTOPHYe-
CKMMHU TIPUMepaMi, TO3TOMY ClejaeM HeboabllIoe HCTOpHYecKoe OTCTYIeH e,

llonroe Bpems 3aHsATHe KPUNTOrpadueld OLIIO yIelIOM Ty JaKoB-oquHO4YeK. Upe-
U HAX OBLIN OJapeHHbIE YUIEHBIE, TUIIOMATH, CBAMEHHOCTY KuTean. V3BecTHEL cay-
qam, KOrja KpUITorpadus CINTagach faxe YepHON Maruen. JTOT MEPUO PA3BUTHA
KPUITOTpadun KaK MCKYCCTBA JJIIICS C He3AMaMATHBIX BpEMEH 10 Havaga X X Beka,
KOTrJa TOABUJINCH MEPBBIE MN(POBAJIbHBIE MAIINHBEI. DOHUMAHNE MATEMATHIECKOTO
XapaKTepa pellaeMbIX KpurnTorpaduell 3amad MIPUIIO TOJBKO B cepeqnHe XX Beka
— mocie paGoT BhIgaoIerocs amepukanckoro yaenoro K. Hlerrona.

Uctopus xpunrorpadun cBsizaHa ¢ GOIBIMM KOJTIECTBOM JAUILIOMATHIECKUX 1
BOEHHBIX TallH W MOXTOMY OKyTaHa TYMAaHOM JereH. Janbojee MoAHAS KHUTA IO
ucTopun Kpunrorpadun cogepxkuT Gojgee Thics«un cTpanut. OHa onmybanmkoBaHa B
1967 roay m Ha pyccKuil A3LIK He mepeBeena’). Da PYCCKOM A3biKe HeJaBHO BLIIIET
B cBeT (DYHIAMEHTAIbHBL TPy 1 10 HCTOPHH KpUunTorpaduu B Joccun’) .

CBotl cites1 B mCTOpUN KPpUOTOT pauil OCTABUIN MHOTTE XOPOIIIO W3BECTHHIE NCTO-
pUtecKe IMYHOCTH. JPUBEIEM HECKOIBKO Hambogee APKUX MPUMEPOB. -JepPBBIE CBe-
nerns 06 NCHoAb30BaHUN MMH(MPOB B BOCHHOM [leJie CBA3aHbI C MMEHEM CIIAPTAHCKOT O
noakosoaua Jucaupa (mudp «Cruransy ). [lesaps ncnoabsosan B mepenucke mmdp,
KOTOPBIN BOIIEN B ucTopuio kKak «mudp Hezapsy. B apesuent I'pernn 6611 nz06peTen
BU mnppa, KOTOPHIN B JATbHENIIIEM CTAX HA3BIBATHCA (KBaaApaT Joantusay. O gy m3
[MePBBIX KHUT 10 Kpunrorpadgun Hamncas ab6at W. Tpureanit (1462-1516), kupumii
B I'epmanuu. B 1566 rony masectaem matematnk [I. Kapaamno ony6ankoBaa paboTy ¢
ommcaHneM M306peTEHHON UM CUCTeMbl mndgpoannd («pemérka Kapaanos). Ppan-
una XVI Beka ocTaBuaa B uctopuu kKpunrtorpadun mudpsl kKopoasa lempuxa IV u
Dutieabe. B ymomsuryTon xkaure T. A. Co6omeBolt mogpo6HO OMIMCAHO MHOT'O POCCHII-
ckux mmdpoB, B ToM wncie u «muduprad azbykasr 1700 roga, aBTOpoM KOTOPOR GBLI
Detp Benukmui.

DeKOTOpHIE CBEJIEHNA O CBOMCTBAaX MIM(MPOB N WX TPUMEHEHWH MOXHO HAWTH U
B XY/0XKECTBEHHOW JUTEPATYPe, OCOOEHHO B MPUKIOYEHIECKON, TeTEKTUBHOW W BO-
enHon. Xopoiiee moapobHoe 06BACHEHNE 0COOEHHOCTEN OMHOTO I3 MPOCTENIINX I~
dpoB — wudpa 3amervt I METOIOB €0 BCKPBITHA COMEPKUTCA B MBYX M3BECTHBIX
pacckazax: «30J0TOH KYK» O. Do U «DJsamymue dejqopedknms A. Konamn-/lomis.

DaccMoTpuM Godee mOAPOGHO MBa MPUMEDPA.

Mudp «Cumramby. ITOT MHdpP U3BECTEH CO BpeMeH BOWHBI CHapThl TPOTHB
Adun B V Beke 10 H.3. [ladg ero peaamsanny WCIOMB30OBAICA CIHTAIb — IJKE3J,
UMeIi (popMy HUANHApaA. Da COIUTAIb BUTOK K BUTKY HAaMaTHIBAJIaCh y3Kasd ITa-
nupycHas JeHTa (6e3 TpoGenoB W HAXJAECTOB), a 3aTeM Ha HTOH JAeHTe BAOMB OCH
CHUTAIA 3AMUCHBAICA OTKPHITEIN TeKeT. JleHTa pasMaThBalach N HOLYYAI0ChH (I

%) Kahn David. Codebreakers. The story of Secret Writing. New York: Macmillan, 1967.

3 Coboaesa T. A. Tafinomucs B uctopuu Joccun (Meropus kpunrorpadudeckon ciyKGbl

Doccun XVIII - magana XX B.). M., 1994.
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HETIOCBAIIEHHBIX ), 9TO TONEPEK JEHTH B GECIOPsAIKE HANCAHBl KaKHe-TO GYKBEL. 3a-
TeM JeHTa OTHpaBIAIach ajgpecary. Axpecar 6paJ TaKoW ¥Ke CIUTATb, TaKUM XK€
o6pa3oM HaMaTHIBaJ Ha HErO MOJAYYEeHHYIO JEHTY U 4uTaga cooObIieHWe BIOJIb OCH
CUMTAJA.

OTMeTnuM, 9T0 B >TOM I pe mpeobpazoBaHne OTKPHITOTO TEKCTA B MIN(PPOBaH-
HBIU 3aKJII0YAETCA B ONPENETEHHON TIepeCTAHOBKe OYKB OTKPBITOIO TEKCTA. DOITOMY
KJaacc mmppoB, K KOTOPHIM oTHocHTCA u mudp «CuuTaiby, HazbIBaeTCA wWudpamu
nepecmarosku.

Mudp Hezaps. IToT mmbp peaqunzyeT ciefyioliee Mpeobpa3zoBaHme OTKPHITOTO
TeKcTa: Kaxkas 6yKBa OTKPHITOTO TEKCTA 3aMeHSIeTCs TPEeThel mocie Hee GYKBOU B
ajaaBUTe, KOTOPHIN CINTAETCA HAMMCAHHBIM IO KPYTY, T. €. ocae 6YKBBI 1y CIeIyeT
6ykBa «ay. Ormernm, uTo llezaps 3amensa 6ykBy TpeThbell mocie Hee GYKBOW, HO
MOXHO 3aMeHATh U KaKOU-HUOCYAb Apyrou. l'maBHOe, YTOOBE TOT, KOMY TOCHLIAETCH
mmdpoBaHHOe cOOOIeHTe, 3HAA DTY BeAUYUNHY caBura. Kiacc mmdpoB, K KOTOPLIM
otHocuTcsa u mmdp llezaps, HazbiBaeTca wudpamu 3ameHsr.

W3 mpeaniayiero u3gokeHns NIOHATHO, 9TO TPUIYMBIBaHIE XOPOIIIETr o -
(bpa — Jeqo TpygoeMKoe. JOITOMY KeJaTeIbHO YBEAUYUTh (BpeMs YKUIHU»
Xopollero mugpa 1 NCHOIb30BaTh €0 11 NPPOBaHUA KaK MOXKHO O0JbIIEro
KOJHYecTBa COOOIIeH . D0 NP 3TOM BO3HUKAET OMACHOCTh, YTO TPOTUBHUK
yKe pasrafai (BCKpBLI) (P U 9ATaeT 3allniiaeMyo nHpopManmo. Ecin
JKe B mindpe ecTh CMEHHBIN K04, TO, 3aMEHUB K049, MOXKHO CIeJaTh Tak,
4YTO pa3paboTaHHble TPOTUBHUKOM MeTOMbI yKe He maloT 3¢ggeKTa.

DoJl KAN0UOM B KpUITOTpaduu MOHUMAIOT CMEHHBIN BJeMeHT udpa, Ko-
TOPBIM TPUMEHSeTCH Ui HTH(PPOBAHUA KOHKPETHOT'O COOBIIEHNs. DalpumMep,
B mmndpe «CuuTaiby KIOYOM SBASETCS AHAMETD CHUTAJA, a B HIN(pax THIA
mudpa llezaps kaodoM ABAfeTCA BeININHA CABATA OYKB MN(PPTEKCTa OTHO-
CHTEeNbHO OYKB OTKPBITOI'O TeKCTa.

Onucanubie coobpaKeHusd NPUBETH K TOMY, YTO 0G€30MacCHOCTDb Balllulia-
eMOll MH(POPMAIMK cTajla ONpefedsThcs B NepBYIO odepeib Kiawdom. Cam
mudp, WnudpMalliiia UIiM TPUHIUN UM POBAHUA CTAIN CIUTATh U3BECTHBIMU
OPOTUBHUKY ¥ MOCTYIHBIMHU JIJas NpelBapuTeJbHOrO U3y4eHUs, HO B HUX MO-
SIBIJICS HEH3BECTHBIN JIJsi IPOTHBHUKA KJAI0Y, OT KOTOPOT'O CYIIECTBEHHO 3aBH-
cAT TpuMenseMble nMpeobpasoBannsa nHpopMannn. Temeph 3aKOHHLIE TOABL30-
BaTeNl, Npexae 4eM oOMeHUBaThCs N(PPOBAHHBIMU COOOIIEHUAMU, MTOJKHbBI
TAlHO OT NPOTUBHHKA OOMEHSTHCH KJIYaAMH WIH YCTAHOBUTH OMMHAKOBHIM
K104 Ha 000MX KOHIAX KaHaJa CBA3U. A Jis MPOTHBHUKA HOSBHJIACh HOBasd
3ala4a — ONpeleduTh K04, TOocae Yer0 MOXKHO Jer'Kko NpoYuTaTh 3alllndpo-
BaHHbIE Ha DTOM KJafo4ye COOOIIeHN.

Bepuemcs ¥ ¢popMasbHOMY OMUCAHTIO OCHOBHOT'O 00LeKTa KPUITOT padpun
(puc. 1, ctp. 55). Temepb B HEro HEOGXOMUMO BHECTH CYIIECTBEHHOE H3MEHE-
Hile — J0OABHTH HEMOCTYIHBI s TPOTUBHUKA CEKPETHRIN KaHAJ CBA3U JLs
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Puc. 2.

obMena KiaodaMn (cM. puc. 2). Co3maTh Takoll KaHaJ CBA3M BIOJIHE PEATbHO,
NOCKOJbKY Harpy3Ka Ha Hero, BooOllle roBops, HeOoJblllad.

OTMeTuM Tenepb, 4TO HE CYLUIECTBYET €IUHOTO HIU(pa, MOIXOAIIEr0
st Bcex caydaeB. Boibop cnocoba minppoBaHus 3aBUCUT OT OCOOEHHOCTEH
HH(OpMAaIui, ee MEHHOCTH W BO3MOXKHOCTEN BJajelblleB 10 3allliTe CBO-
eil WHPOPMAINH. DpexkK e BCero NomuepkuémM G0MbIIoe pa3zHooOpasune BH OB
BalluiaeMoll WHPOPMANNN: JOKyMeHTaJdbHas, Tejed)OHHAS, TeJeBU3HOHHAS,
KoMIbioTepHas u T. 1. Kaxapld BuJ WHPOPMAINK HMeeT CBOU Chenuduye-
CcKlie 0COOEHHOCTH, U 9TH OCODEHHOCTHU CUJIbHO BAHAIOT Ha BHIOOD METOIOB
mnppoBaHus HHPOPMAUH. DJOJNBIIOE 3HAYEHHe HUMelT o00heMbl U Tpedye-
Mas CKOPOCTh Tepefadu nindpoBanton nudopMaluu. Beibop Bua mudgpa u
ero napaMeTpoB CYUIECTBEHHO 3aBUCHUT OT XapaKTepa 3alllnllaeMblX ceKpe-
TOB WIN TalHBEL. JeKOTOpHe TalHBl (HATPHMEp, TOCYIapCTBEHHBIE, BOCHHbIE
I Ip.) TOJKHBI COXPAHATHCS TeCATHIETHIMI, & HEKOTOPHe (HampuMep, Gup-
JKeBBIe) — yiKe depe3 HeCKOIbKO 9aCOB MOKHO Pa3riIacnTh. Jeo0X0InMO yai-
THIBaTh TaKzKe 1 BO3MOXKHOCTH TOI'O NPOTHBHUKA, OT KOTOPOT'O 3allulllaeTcs
mannas utngopmanus. QOIHO Meg0 — MPOTUBOCTOATE OJUHOYKE Wil nazxe GaH-
fle YPOJOBHUKOB, & IPYI'oe JeJ0 — MOIIHOU I'OCYIapCTBEHHOU CTPYKTYpe.

Crnoco6HocTb mudpa TPOTUBOCTOSATH BCEBO3MOXKHBEIM aTakaM Ha Hero Ha-
BBIBAIOT CMOtKOCMbIO wWuPpa.

Doj amaxol Ha wudp TOHUMAIOT MONLITKY BCKPBITHS DTOT'O HIK(PPAa.

DOHATUE CTOUKOCTH HIH(PA ABASETCS HEHTPAJbHBIM s KPUITOIPADUH.
XoTsd Ka4ecTBEHHO MOHATH €I'0 TOBOJLHO JeTKO, HO TOIyIeHNe CTPOTHX MTOKa-
ByeMbIX OIEHOK CTOHKOCTH IS KayKJI0I0 KOHKPEeTHOro IHindpa — npobiemMa
HepelieHHast. JTO 0ObACHAETCS TeM, YTO M0 CHX 1Op HET HEeOOXOJTUMBIX s
peleHnst TaKo#H MpobieMbl MaTeMAaTH9ecKnX pe3yabTaToB. (Mbr BepHeMcs K
06CYKIEHNI0 DTOIO BONMPOCA HIZKe.) DOITOMY CTONKOCTh KOHKPETHOT'O IIIH-
(¢pa oleHNBaeTCA TOJNbKO NyTeM BCEBO3MOMKHBIX MONBITOK €r0 BCKPBHITUA U
BaBUCHT OT KBaAU(PUKANIHA KPUNMOGHAAUMUKOE, aTaKyomux mudp. Taxyio
npolleypy MHOI A HA3bIBAIOT npoeeprol cmotixocmu.

BakHbiM TOATOTOBUTENABHBIM 3TANOM IS TPOBEPKH CTOUKOCTH MHindpa
SBJASETCH HPOJIYMbIBaHHE PABJUYHBIX MPENNoJaraeMbiX BO3ZMOXKHOCTEH, ¢
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HOMOIIILI0 KOTOPBIX MPOTHBHAK MOKET aTaKOBAaTh IIHQP. DOABIEHNE TAKIX
BOBMOXKHOCTEH y NPOTHBHNKA OOBIYHO HE 3aBHCHT OT KPUOTOrpaduu, 3TO
SIBASETCS HEKOTOPON BHEIIHEeN MOACKa3KOU I CYIIECTBEHHO BAHSET Ha CTOI-
KOCTD (P pPa. JOPTOMY OIeHKH CTOUKOCTH IH(pa BCET 1a COIepKaT Te Hpel-
MOJNOKEHNA O TeJdX U BO3MOXKHOCTAX MPOTHBHUKA, B YCJIOBHAX KOTOPBIX 3TH
OLlEHKHU TOJYYeHHI.

DJpex e BCcero, Kak 9TO y:Ke OTMedaJJoCh BHIIE, OOBITIHO CIUTAETCS, ITO
NPOTHBHUK 3HAET caM IIN(P N NMeeT BO3MOKHOCTH I €TI0 TpeBapuTelbHO-
ro u3ydeHns. JPOTUBHUK Tak:Ke 3HaeT HEKOTOPDLIE XapaKTePUCTHKH OTKPHI-
THIX TEKCTOB, HAIpUMED, OOIIYI0 TEMaTHKY COOOIIEHNN, HX CTUIb, HEKOTOPhIE
CTaHJIapTHI, (POPMATHL U T. 1.

N3 6oaee cnenuduiecknx HOpuBeleM e€IIEé TPH NPHMEPa BO3BMOXKHOCTEN
NPOTUBHUKA:

— MPOTUBHUK MOYKET TepeXBaThIBaTh BCe MN(pPOBaHHBIE COOOIIEHNS, HO HE
HMeeT COOTBETCTBYIOIINX UM OTKPBITHIX TEKCTOB;

— NPOTHUBHUK MOXKeT MepexBaThiBATh BCe MMM POBaAHHBIE COODIIEHNA U TOOKI-
BaTh COOTBETCTBYIOIINE UM OTKPHITHIE TEKCTHI;

~ NPOTHBHUK MMeeT MOCTYN K Mugpy (HO He K KiaodaMm!) I MO3TOMY MOKET
3an(ppOBLIBATH N TelIN(PPOBHIBATEH JIOOVI0 MHGOPMAINIO.

Da OPOTMKEHHN MHOTHX BEKOB CpPeld CHeNUAJNCTOB He YTHXAJH CIOPHI
0 CTOHKOCTH HIIMPOB H O BO3MOKHOCTH MOCTPOEHHS abCOJIOTHO CTOWKOIO
mndpa. DpuBeseM TPH XapakTePHLIX BHICKA3bIBAHUS Ha DTOT CIET.

Anramitckuit MaTemaTuk Japabs De66umx (XIX B.): «Beakuil deloBek, naxke
€ciii OH HEe 3HAKOM C TEXHUKOU BCKPBITHA MIN(POB, TBEPAO CINTAET, ITO CMONKET
m306pecTn abCOMIOTHO CTONKAN P, n 9eM Gojee yMeH U 06pa30BaH 3TOT YEMOBEK,
TeM Gosee TBepao 3To ybexmenme. S cam pasgensi 5Ty YBEPEHHOCTH B TevUeHHE
MHOTHX JE€T.»

«Orern xkubepHeTuKm DopbepT Bumiep: «/Irobon 1mmdp MoxkeT 6BHITH BCKPBIT, €C-
JU TOABKO B DTOM €CTh HACTOATEIbHasd HeOOXOAMMOCTH U WH(MOPMAIUS, KOTOPYIO
MPEeTIOJAr A€ TCA MOAYINTh, CTONT 3aTPAdeHHBIX CPEACTB, YCUANN N BPEMEHI. ..»

Aprop umdppa PGP P. 3ummepmanu («KommbioTeppas, Ned8 or 1.12.1997,
cTp. 45-46):

«Kax e, kTo mymMaeT, 9TO m300pei HENpOOMBaeMyl0 CXeMy IMH(pPOBAHUA, —
WM HEBEPOSTHO PENKHN T€HWH, WM MPOCTO HAWBEH W HEONBITEH. ..»

«Kax aerit nporpammucT BooOpaxkaeT cebd KpunTorpadoM, 9TO BEJET K PACIPO-
CTPAHEHNIO NCKAIOYNTENBHO IIOXOTO KPUITOOOECTIEIEHNS. ..»

B sakamodenne JaHHOT'O pa3fela CaelaeM emé OOHO 3aMeYaHue — O Tep-
Munogoruu. B Imocjaeqnee BpeMsi Hapsady CO CJI0BOM (<KpI/IHTOFpan)I/IH>) qacTo
BCTpedaeTCs U CJIOBO «kKPpUIITOJOI'MsI», HO COOTHOIIEHNe MeXK 1y HUMU He BCer' da
IIOHUMaeTCd MPpaBUJIABHO. Cenigac IIPONUCXOINT OKOHYaTeJbHOEe q)OpMHpOBaHHe
OTHUX HAaYYHBIX IUCHHUILINH, YTOUYHAIOTCA UX OpeIMeT I 3ada'l.
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Kpunmoaozus — Hayka, cocTosilllag U3 [IBYX BeTBell: KpUITOTpapuu u
KPUIITOAHAIN3A.

Kpunmoepadus — Hayka o cnocobax npeobpasoBanus (MndppoBaHNs) HH-
(popMalluu ¢ [eJbI0 ee BAllUThl OT HE3AKOHHBIX IMOJb30BATENEH.

Kpunmoanaiuz — Hayka (1 IpakTHKa ee IPHMEHEHNs) O MeTOLaX U CIO-
cobax BCKPbITHSA UM POB.

CooTHollenne Kpunrorpadpuu U KPUITOAHAJIN3A OYEBUIHO: KPUITOTDa-
pug — 3zalmTa, T.e. pazpaboTka MKUEMPOB, a KPUNTOAHAIN3 — HaNaleHNe,
T.e. aTaka Ha mndpbl. OTHAKO 3TH ABe MUCIHUIIUHEL CBA3aHbL APYT C IPYTOM,
1 He ObIBaeT XOPOUINX KpunTorpapos, He BJIAMEIOMINX MeTOMaAMI KpUOTOAHA-
JAN3a.

MATEMATHUYECKUE OCHOBEI

DOoJIblIIoe BIUsSHIE HA Pa3BUTHE KPUITOTPa(Ui OKa3aau MOSBUBIIHECH B
cepennHe Halllero Beka pabOTH aMepnkanHckoro maTteMaTnka Kaoga Ilenmo-
Ha. B oTux paboTax OBIIN 3aM0KeHH OCHOBHI TeOpHn HH(MOPMAINWH, a Tak-
JKe OBLT pazpaboTal MaTeMaTHYeCKUI almapaT M HCCIeTOBAHUT BO MHOTHX
06IacTAX HAyKH, CBABAHHBIX ¢ mHPopMannen. (OTMeTHM, KCTaTH, 9TO HBI-
wermHui 1998 rog — 0OUIEHHBIN IS Teopun UHMOPMALUl. DPUHATO CHU-
TaTh, 4TO TeOpHUs MH(pOpMaUUN KaK HayKa pojiuiack B 1948 romgy nocae ny-
onuxanuu padorer K. [llennona «Maremarudeckas Teopus CBHSI/I»4).)

B cBoen pabore «Teopus cBsa3u B cekpeTHHIX cucTemax» Kionx lllennon
00606111 HAKOILIEHHBIH [0 HEro onbIT paszpaborku mm@poB. OKazaloch, 4TO
Jaxke B CIOKHBEIX MH(pPax B KadecTBe TUIHIHHX KOMIOHEHTOB MOXKHO BHITe-
JUTh WUPpbl 3aMenbl, wWudpbl NEPECMAHOSKY WIN UX COYETAHUS.

ugp 3amenbr sBAsieTCSs NPOCTENNTNM, Hanbodee MONYASPHBIM HTH(PPOM.
Tunuunbivu npuMepamu siBastores mudp Hezaps, uudupras azbykas deTpa
Bennkoro n «masirymue senoBedkmy A. Koman-/lonas. Kak Bugno ns camoro
Ha3BaHusA, QP 3aMeHbl OCYIIeCTBIAeT NpeobpasoBaHne 3aMeHbl OYKB HAN
IPYTUX «dacTedy OTKPEITONO TEKCTA Ha AaHAJONHYHBEIE «4acTHy ITHPPOBaAHHO-
ro Texkcra. Jlerko garh MaTeMaTHYecKoe onucanue mudpa 3aMeHbl. JycTbh X
n Y — nBa andaBuTa (OTKPHITOrO I MIH(GPOBAHHOI'O TEKCTOB COOTBETCTBEH-
HO), COCTOAIINE U3 OTNHAKOBOIO IHCIa CHMBOJIOB. DyCTh Takke ¢: X — Y —
B3anMMHOO[HO3HaYHOe oToOpaxkenue X B Y. Torza mudgp 3aMeHbl JTeiCTBY-
€T TaK: OTKPBITHIH TEKCT 1% ...T, Ipeobpasyercs B UIH(MPOBAHHBIN TEKCT

g(z1)g9(z2) ...g(x,).

) Shannon C. E. A mathematical theory of communication // Bell System Techn. J. V. 27,
Ne3, 1948. P. 379-423; V. 27, Ne4, 1948. P. 623-656.
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Il p nepecTanoBKN, KaK BUIHO W3 HA3BAHUA, OCYIIECTBAIET Mpeobpaso-
BaHHe MepecTaHOBKN GYKB B OTKPHITOM TeKcTe. THMHIHLIM TpUMepoM Mudpa
nepecTaHoBKH sBjsieTcs mu@p «Cuuraiby. OOBIYHO OTKPHITHIH TEKCT pazou-
BaeTCs Ha OTPE3KH PABHOU IIMHBEI U KAXKJIBIH OTPE3OK MIN(MPYETCS HE3ABUCH-
MO. DYCTh, HAIPUMEp, [JJINHA OTPE3KOB PaBHA 1 U & — B3aUMHOOHO3HAYHOE

oTobpaxkenne MHOKecTBa {1,2,...,n} B cebsa. Torga mmdp nepecTaHOBKH
TefCTBYeT TaK: OTPE30K OTKPHITOIO TEKCTA &7 . . . T, IpeodpaszyeTcs B 0OTpe-
30K MIN(POBAHHOIO TEKCTA Ty(1) - - - Lo (n)-

Baxkuenmmm s pasBuTus Kpunrorpadgpuu 6o pesyabrar K. [llennona o
CYIIeCTBOBAHUY 1 € IMHCTBEHHOCTH abCOMOTHO CTONKOrO M pa. EanncTBen-
HBIM TaKUM TH(PPOM ABITETCA KaKas-HUOY Ib (pOpMa TaK Ha3BIBAEMON 4€HMbl
00HOKPAMHO20 UCTOAB306ANUSA, B KOTOPOHN OTKPLITHIN TEKCT «OObeHHICTCAY
C MOJHOCTHIO CAYYAHHBIM KAIOYOM TAKOW Ke IINHEI.

DToTr pesyabrar 661 gokazan K. IlleHHoHOM ¢ mOMOIIbIO pazpaboTaHHO-
r'o UM TeopeTHKO-HH(POPMAINOHHOIO MeTOfa HCCAefoBanus mndpoB. Mbl He
OyeM 3JeCh OCTaHABIMBATHLCA Ha DTOM TOJIPOOHO, 3AaHHTEPECOBAHHOMY Y-
TaTero peKoMenIyeM n3yinTh padory K. [llennona?).

O6¢cyanM 0COBEHHOCTH CTPOEHHUS aBCOTIOTHO CTONKOTO MH(ppPa W BO3ZMOK-
HOCTH €r'o NpaKTHIeCKOro HCHoNb30BaHud. THIHIHBIM 1 Hanbodee TPOCTHIM
IPUMEPOM peatusalii abCcoMOTHO CTONKOro mindgpa sBasercs uindgp Bep-
HaMa, KOTOPBIH OCYIIeCTBISET NOONTOBOE CJAOKEeHHe N-GUTOBOI'O OTKPHITOTO
TeKCTa U N-OUTOBOrO KJII0Ya:

yi=x; bk, 1=1,...,m.
3jiech Ty ..., — OTKPBITHIU TeKCT, ki, ..., k, — KI0O4, iy ...Y, — Mudpo-
BaHHBIN TEKCT.

DO9ePKHEM, 9TO I abCONIOTHON CTONKOCTH CYIIECTBEHHBIM SBISETCA
KazK[oe U3 CIeIYIoNnX TpeboBaHiil K JeHTe 0JHOKPATHOI'O HCIOJb30BAHU:

1) moiHast cIy9alHOCTH (PaBHOBEPOSATHOCTH) KIiOYa (3TO, B 9aCTHOCTH,
O3HAYaeT, YTO KUY HeIb3si BHIPpabaTHBAThL ¢ OMOIIbI0 KAaKOTO-1160 feTep-
MUHHPOBAHHOTO YCTPOUCTBA);

2) paBeHCTBO [IMHBL KJIOYa I [IHHE OTKPHITOI'O TEKCTA;

3) OHOKPATHOCTD HCIOIH30BAHMSA KIIOYA.

B ciydae HapyuieHns XoTs Obl OJHOTO U3 DTHX YCJAOBUH MIH(P HepecTaeT
OBITH AOCOJIOTHO CTOUKIM 1 MOABAAIOTCS TPUHIUTHATHHBIE BO3MOKHOCTH s
ero BCKPHITHA (XOTSA OHU MOTYT OBITH TPYIHO PeaJn3yeMbIMI).

%) Shannon C. E. Communication theory of secrecy systems // Bell System Techn. J. V. 28,

Ned4, 1949. P. 656-715.
dycek. nep. B: Hennon K. Daborw 1o Teopun ungpopmarun u kubepueruxe. M.: MJI, 1963.
C. 333-403.
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D0, OKa3BIBaeTCH, UMEHHO BTH YCJIOBUS U AeJa0T abCOMIOTHO CTOUKUN
mngp oYeHb JOPOrUM U HEPAKTUYHBIM. DpeXke 4eM MOJAb30BaThCs TaKUM
mndppoM, Mbl JTOJKHBI obecnednTh BceX aBOHEHTOB MOCTATOYHBIM 3aIAacCOM
CAYYANHBIX KAOYel U UCKJIYUTh BO3MOXKHOCTH UX OBTOPHOIO HPUMEHEHNS.
A 510 cienaTh HEOGBIYANHO TPYIHO H JOPOTO.

Kax ormewan /. Kan: «Jdpobaema cozgannsd, perucTpaliui, pacipoCcTPaHeHua I
OTMEHEI KJIIOYeN MOXKET IIOKa3aThCA HE CINIIKOM CJIOXKHOU TOMY, KTO HE IMeEE€T OIIbITa
nepenavm COO6IHCHI/Iﬁ 10 KaHaJ/laM BOEHHOU CBsA31, HO B BOCHHO¢€ BpeMs obbeM nepe-
MaBaeMBIX COOOIIEHNN CTABUT B TYMUK Jaxe TPO(peCCHOHATBLHBIX CBA3NCTOB. 3a CyT-
K1 MOT'yT OBITDH 3aHH/IdI’)pOBaHbI COTHI TBICAY CJIOB. CO3,Z[&HI/IC MHIJIJINOHOB KJIIOYE€BBIX
3HAKOB MOTpeboBaao 6Bl OTPOMHBIX (DMHAHCOBHIX U3JepkKeK U O6LII0 OBl COMPAKEHO C
GOMBINNMH 3aTpaTaMi BpeMeHH. Tak KaK KaXIBIH TEKCT JOMKeH WMETh CBOU CO6-
CTBeHHbeI, e,Z[HHCTBeHHbIﬁ n HeHOBTOpHMbIﬁ KJ/II0Y, TpUMEHEHNE I/I,Z[eaJIbHOI;,I CHICTEMBEL
moTpeboBaso 6B Mepegatdn Mo KpaWHeH Mepe TaKoro KOJUYIeCTBa 3HAKOB, KOTOPOE
SKBHBaJECHTHO BCEMY o6%eMy Hepe,anaeMoﬁ BOEHHOU I/IHdepM&HI/H/I.)}

B cuay ykazaHHBIX NPpUYHH abCOMIOTHO CTOWKHE INH(PHI MPUMEHSIOTCH
TOJBKO B CeTAX CBA3U ¢ HeGOIBbIINM O0OBEMOM IepeaBaeMoll HHMOPMAIH,
OOBIYHO DTO CeTH [UId Nepefadn 0cob0 BayKHOU IOCYTapCTBEHHOU HH(POpPMa-
UNH.

Termepb y:Ke NOHATHO, YTO Yallle BCEr'o [Js 3alllUThHl CBOeH WH(MOpMAINK
BaKOHHBIE MOJb30BaTeNN BEIHYKIEHBI MPUMEHATh HeabCOMITHO CTOUKIE THH-
¢poi. Takue mudpel, M0 KpaliHel Mepe TEOPETUYECKH, MOTYT ObITh BCKPhI-
Thl. Bonpoc ToABKO B TOM, XBATHUT JH V TPOTHBHUKA CHJ, CPEJICTB U BpeMeHN
IJst pazpaboOTKU U peanu3alii COOTBETCTBYIOMNX aaropuTMoB. OBBIYHO 5Ty
MBICAb BhIpazkaloT TakK: MPOTUBHUK ¢ HEOI'DAHUYEHHBIMU pecypcaMu MozKeT
BCKPBLITH JI000H HeabCOMIOTHO CTORKHH HIH(p.

Kak xe gonxeH meilcTBOBaTh B DTOU CHTYAllMH 3aKOHHBIN MOJb30BATENb,
BrIGUpast misi cebs mudp? Jlydine Bcero, koHedHo, GbLI0 ObI OKa3aTh, YTO HH-
KaKoll MPOTHBHUK He MOXKeT BCKPHITEH BHIOpaHHbIN Hindp, ckaxKem, 3a 10 jer
H TeM CaMBIM MOJYYUThH TEOpeTHYeCKylH OHeHKY cTolkocTu. K coxagenuio,
MaTeMaTHiecKasd TeOpHs elllé He MaéT HYKHLIX TeopeM — OHH OTHOCATCA K
HEPEIIEHHOT NPOGAEME HUNCHUT OUYEHOK CAOHCHOCTNU 3a0aN.

DO03TOMY V TIOJH30BaTeNs OCTAETCS e[UHCTBEHHBIH NyTh — MOJydeHue
OPaKTHYECKHX OIEHOK CTOUKOCTH. DTOT MYyTh COCTOUT U3 CJAEIYIOMINX DTa-
MOB:

— MOHATL U 96TKO cPOPMYJINPOBATH, OT KAKOTO MPOTUBHUKA MBI cOGMpaeMcs
3alIuIIaTh NH(POPMALNO; HeOOXOIUMO YACHUTH, YTO MMEeHHO MPOTUBHUK 3Ha-
eT WJIN CMOXKeT y3HaTh O CHCTeMe LINQpa, a Takke Kakie CUIbI I CPeICTBa
OH CMOYXKeT NPUMEeHUTh [JIf er0 BCKPbITHUS;

— MBICJEHHO CTaTh B MOJOYXKeHHe NPOTUBHUKA H MBITATHCS C €r0 MO3UIHN
aTakoBaTh WNQp, T.e. pazpabaTeiBaTh pa3juydHble aJTOPUTMbBI BCKPBITHA
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mudpa; Tpu 3TOM HeOOXOIUMO B MaKCHMAJILHOH Mepe 06ecnednTh MOJenn-
poBaHme CII, CPEACTB U BOZMOKHOCTEH MPOTHBHIKA;
— HAWAYYIINA U3 pa3paboTaHHBIX aATOPUTMOB NCTOIB30BATEH IS TPAKTHTe-
CKOH OIEeHKH CTOUKOCTH MIHPpa.

3jech MOJME3HO s HIAICTPAlll YIOMSHYThH O JIBYX MPOCTEUIINX METO-
TaxX BCKPHITHA HIHdpa: CIydaiiHoe yraTbiBaHue Kiaoda (0H cpabaThBaeT
MaJeHBKOH BEPOSTHOCTHIO, 3aTO MMeeT MaleHbKYIO CIOKHOCTH) U Hepebop
BCeX MO KIodYell BILIOTH M0 HAXOXKIEHHS HCTHHHOTO (OH cpabaThiBaeT
BCerIa, 3aTO NMeeT OYeHb OOJBIIYIO CJIOKHOCTH). OTMETHM TakkKe, 9TO He
BCera Hy:KHa aTaka Ha KJIIOT: MIS HEKOTOPHIX MI(YPOB MOKHO CPa3y, Tayke
He 3HafA KA0Ya, BOCCTAHABANBATH OTKPHITHIN TEKCT MO MHQPPOBAHHOMY.

I[IOBLIE HAIPABJEHUSA

B 1983 rony B xuure «Kogbt u maTemarukay M. 9. Apminnosa u JI. E. Ca-
TOBCKOTO (6mbanoTedka «KBaHT») OGBLIO HAMNCAHO: ¢J)PHEMOB TAHHONNCH —
BeJNKOe MHOXKECTBO, H, CKOpee BCero, 3To Ta 0bJacTh, I'le yiKe HEeT HY Kbl
OPHIYMBIBATH YTO-HUOY Ib CYIIeCTBEHHO HOBOE.» O MHAKO 3TO GLLIO OYepeTHoe
6oabItoe 3abayXK IeHNe OTHOCHTEIbHO KpunTorpaduu. Eme B 1976 roxy 6n1-
Ja onyGauKoBaHa paboTa MOJOMKIX aMepUKaHCKHX MaTeMaTukoB Y. luddu u
M. D. Xenrmana ¢JoBbe HAIpaBIeHd B KpAITOrpaduim®), KoTopad He TOIb-
KO CYIIECTBEHHO W3MeHHJa KPUITOrpaduio, HO U NpHBeda K TOABICHUI U
OYpPHOMY PazBHTHIO HOBHIX HallpaBieHud B mMaremarTuke. lleHTpasbHBIM TO-
HATHEM «HOBOU KPHINTOIpapuiy SIBASETCS HOHATUE ONHOCTOPOHHEH (PYHKIIHK
(mogpoGree 06 »TOM cM. cTaThbio J.J.BapHOBCKOrO B HacTOAIIEM HOMepe
KypHaJa, cTp. 71-86).

Odnocmoponnedi nasbiBaetcs gpyuknusas F: X — Y, obragamornias 1ByMs
CBOUCTBAMU:

a) CyMecTBYeT MOJNNHOMUAIBHBIN AITOPITM BBIYNCIeHNS 3HaYeHnn F(2);

6) He CyMIeCTBYET MOJMHOMHATBHOTO ANTOPUTMA UHEEPTNUPOEAHUL (PYHKIIH
F (1.e. petmenns ypaBaernnus I'(z) = y OTHOCHTENBHO & 15 HEIPEHEOPEIKIMO
MaJOH [01 06MACTH 3HAYEHNH (PYHKINHN).

OTMeTuM, YTO OMHOCTOPOHHSS (PYHKIUS CYHIECTBEHHO OTJANYAaeTCs OT
(PYHKIME, OPUBBIYHBIX CO MIKOAbHOU CKaMbH, U3-3a ONDAHUYEHHH HA CJIOMK-
HOCTh ee BHIYUCJEHHs W UHBepTHPOBaHus. Bomnpoc o cyilecTBoBaHuu OJTHO-
CTOPOHHUX (PYHKIUE TTOKa OTKPHIT.

[dpyruMm noustuem, Gojee BJIMIKUM K TPAJUIUOHHOW Kpunrorpaduu, B
KOTOPOU eCTh CeKPEeTHBIN KJI0Y, ABJISeTCH MOHATHE GYHKYUU ¢ CEKPEMOM.

U U . CeAAMAH . . AIMUITEHHOCTDb W I/IMI/ITOCTOI/UIKOCTB. BeICcHIEC B KPHWIITO-
2 V., X M.5.3 B

rpaduio // TUNDD. T. 67, Ne3, 1979.
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Wuorga eié ynorpebasercs TepMuH Pyukyus ¢ toeyukol. Pyuxyued ¢ ce-
xpemom K naswiBaeTcda ¢pyuknua Fri: X — Y, 3aBucaimas ot mapameTpa K
i obJagalolias TpeMs CBOUCTBAMU:

a) mpu a0b6oM K cymuecTByeT MONNHOMUAJBHBIN aJTOPHTM BBITHCJIEHNS 3Ha-
qennit i (z);

6) mpu Hem3BecTHOM K He CyIIeCTBYeT MOJMHOMHATBHOI'O AJTOPHTMA HHBEP-
THpoBaHuA F;

B) IpH M3BeCTHOM K CyHIeCTByeT MOIMHOMHUAJIBHBIN aJiTOPHTM HHBEPTHPOBa-
nus Fr.

DpOo cylllecTBOBaHNe (PYHKIUI ¢ CEKPETOM MOXKHO CKa3aTh TO YKe caMoe,
YTO CKa3zaHo Npo ofgHocToporHne GPyHKiuu. /is npakTudeckux meaeil Kpui-
Torpadun 6BLI0 TOCTPOEHO HECKONBKO (PYHKIINH, KOTOpPHIE MODIYT OKa3aThCs
GyakunsMu ¢ cekperoM. [l HIX CBOHCTBO 6) MOKa CTPOrO HE MOKA3aHO, HO
H3BECTHO, YTO 3a/ada HHBEPTUPOBAHUA DKBUBAJEHTHA HEKOTOPOU [TaBHO U3Y-
YaeMOU TPYIHOU MaTeMaTHYecKol 3ajade. Daubojee U3BECTHOU U TMOMYJISp-
HOW W3 HUX ABJSETCH TEOPETUKO-YHCAOBas (PYHKIUS, HA KOTOPOU MOCTPOEH
wndgp RSA (mogpobree 06 sTom cM. craThio FO. B. Decrepenko B HacToOsAIIEM
HOMepe KypHaJaa, cTp. 87-114).

Dpumenenne (PYHKINN ¢ CEKPEeTOM B KPUITOTpadpuil MO3BOJAET:

1) oprannsoBaTh 06MeH MNGPPOBAHHBIMI COOOIIEHUSIMN ¢ HCIOIH30BAHIEM
TOJBKO OTKPBITHIX KAaHAJIOB CBA3H, T.e. OTKa3aThCi OT CEKPETHHIX KaHAJOB
CBSI3U ISl IPEIBAPUTEILHOTO OOMEHA KIAI0YaMuU;

2) BKJIIOYNTH B 3a1a9y BCKPHITHS MN(pa TPYIHYIO MATEMATHIECKYIO 3a-
Iady W TeM CaMbIM TOBBICHTH OOOCHOBAHHOCTH CTOUKOCTH HIA(Pa;

3) pemaTh HOBble KpUNTOTpadpudeckne 3aTaql, OTINIHBE OT MH(PpPOBa-
Hust (yugposas nodnuce u Ip.).

Omnnuiem, HampuMep, Kak MOKHO pealn3oBaTh I. 1). Doab3oBaTenb A, Ko-
TOPHIE XO4YeT MoJAyYaTh HIH(PPOBaAHHBIE COOBIIEHUS, TOJKEH BHIOPATH KaKy0-
Huby b pyukuo Fy ¢ cekperom K. OH coobiaeT BceM 3auHTepecOBaHHbIM
(rampumep, mybanKyeT) onncanne GyHKINN [ B KadecTBe CBOETO allOPUT-
Ma M pPOBaHUs. DO NP BTOM 3HaYeHne cekpeTa [ OH HUKOMY He cO00IaeT
u gepKuUT B cekpere. Eciu Teneps mnonbzoBaTenb B XodeT MOCIATH MOJb30-
Barenio A sammniaemyio nagopMannio ¢ € X, To on Beruncaser y = Fi (z) n
MOCKLIAET Y 110 OTKPHITOMY KaHaJIy MOJb30BaTeN0 A. DOCKOIbKY A [1is cBoe-
ro cekpera K yMmeeT WHBEpTUpPOBATH F, TO OH BBIYUCASET & 1O TMOJYYEHHO-
MY Y. DUKTO Ipyroil He 3HaeT K 1 MOTOMY B CHIy CBOHCTBa 6) (PyHKIHUN C
CEKPETOM He CMOYKeT 3a MOJMHOMHAJbHOE BpeMs MO UBBECTHOMY HIM(POBAH-
HOMY cO0OIIeHno [y (#) BHYICINTD 3aliniaeMyo nHPOPMAIHO &.

OnucaHHy CUCTEMY HA3bIBAT KPUNMOCUCTEMOU € OMKPLUNDIM K0~
Y4OM, TTOCKOJbKY aJropuTm uindpoBanus Fp sBAseTcs OOIMIETOCTYMHBIM WAL
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OTKPHITHIM. B nocientee Bpems Takue KPUITOCHCTEMEI ellé Ha3bIBAOT GCUM-
MEMPUUHDLMY, TOCKOJBKY B HUX €CTh aCUMMETPHS B aJlOPUTMAX: ajlOpHT-
MbI HIH(PPOBAHUA U TelnPPOBAHUS pa3iudHbl. B oTandme OT TaKUX CUCTEM
TPpaUIHOHHBIE THH(PPE HAZBIBAIOT CUMMEMPUUHBLMUY: B HUX KJIFOY JJAS IIH-
(ppoBaHus U JTelN@POBAHUS OIUH U TOT Ke, I HMEHHO MO3TOMY €ro HyKHO
XpaHUTh B cekpeTe. [las acUMMeTPHYHBEIX CHCTEM aJrOpUTM IMU(POBAHUS
0011Ien3BeCTeH, HO BOCCTAHOBUTH M0 HEMY AJI'OpUTM HelliundpOBAHUS 3a IO-
JHHOMUAJTBHOE BpeMs HEeBO3MOZKHO.

Onucannyio Boitie uieo Juddu u Xeriman npemioRuin UCHOJb30BaTh
TakzKe g MHPpPOBONl MOIIUCH COOOIIeH, KOTOPY0 HEBO3MOXKHO MO eNaTh
3a MOJMHOMUAJbHOE BpeMs. DYCTh MOJIb30BATEN0 A HEOOXOTUMO MOIIHCATh
coobuienne z. OH, 3Has cekper K, HaxognT Takoe y, 4to Ik (y) = =, u
HOChLIAET Y MOJAb30BaTento B B KadecTBe CBOell IMU(MPPOBOU HOJNUCH. DOJb-
3oBaTelb B XpaHUT y B KadecTBe MOKa3aTedbCTBa TOrO, 4TO A mojmucad
cooOllenne x.

CooOblierne, TOANHCAHHOE THPPOBON TOJNHUCHI0, MOYKHO HPEICTABAATE Ce-
6e kak mapy (z,y), rjge @ — cooblenne, y — pellenne ypasuenns i (y) = z,
Fri: X =Y — QyHKIus ¢ ceKpeToM, u3BecTHAd BCeM B3aWMOIeUCTBYIOIINM
abonenTaMm. W3 onpenenenus QpyHkuun Fg O04eBUIHBI CAeIVIONIHE TOCTOWH-
cTBa MUPPOBON MOJTHUCH:

1) mogmnmcaTh cooblilenne x, T.e. pelinTh ypaBHeHne Fi(y) = &, MoxKeT
TOJBKO abOHEHT — obJajaTelb TaHHOrO cekpeTa K IpYyruMu CI0BaMu, mo,I-
IeaaTh HOJNNCE HEBO3MOKHO;

2) IpOBEPHTH MOMINHHOCTH MOJANUCH MOXKeT 060N aGOHEHT, 3HAMIINI
OTKPBITHIN KJIKOY, T.e. caMy PyHKIu Fi;

3) mpH BO3HHKHOBEHHH CIOPOB OTKAa3aThCA OT MOJINNCH HEBO3MOXKHO B
CHJIY ee Helo/I [eJhIBaeMOCTH;

4) mognncaHHble cOOOUIeHNs (&, y) MOXKHO, He Olacasch yiiepoa, mepechi-
JaTh 1O JOOBIM KaHaJaM CBS3H.

Kpowme npunnuna nocTpoeHus KpUITOCHCTEMBI ¢ OTKPBITHIM KJIHYOM,
Juppu n Xenaman B TOU Ke pabdoTe NPEMJIOKUAN eI1€ OTHY HOBYIO e
— omxpweimoe pacnpedetenue kmouet. OHN 3aJaJnch BOIPOCOM: MOKHO JH
OPraHU30BaTh TaKyl0 MpOIeIypy B3aumomeicTBus abonenToB A u B mo oT-
KPBITHIM KaHAJaM CBA3H, YTOOHI PELINTh CJAeIYIOININEe 33 Ta4n:

1) Bradare y A m B HeT HUKakol oOIell ceKpeTHON MH(OPMAINN, HO B
KOHIIe MpONeIyphl Takas o0inas cekpeTHas nudopmanus (obmui kiod) y A
u B nosiBasercs, T.e. BEpaGaThIBaeTCs;

2) MPOTHBHUK, KOTOPHLIH MepexBaTHIBaeT BCe Neperadn HWHPOPMAUNH §
BHAET, YTO XOTAT NOJAY4uTh A u B, TeM He MeHee He MOYKeT BOCCTAHOBUTH
BEIPaOOTAHHLIN 00mu Kiod A u B.
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JMudpdu n Xermman TpefIoKuIn PeniaTh 5>TH 3aa4n ¢ TOMOIIBIO (GYHKITTH
F(z) =a” (mod p),
rae p — GOJBINoe MPOCTOE THCIO, & — MTPOU3BOJBHOE HATYPAILHOE [THCIO,
« — HEKOTOPHIH npumumuenvii asemenm noas G F(p). ObienpusHanto, 910
nHBepTHpOBaHne GyHKunn o’ (mod p), T.e. mUCKpeTHOe JorapudMupoBa-
HIe, ABASEeTCS TPYIHON MaTeMaTHIeCKOH 3aJatdel.

Cama mpotenypa win, KakK TPUHATO TOBOPUTH, NPOMOKOA 6bIPAGOMKY 06-
Upe20 KA0UA OTUCHIBACTCS CIETYIONIM 06Pa3OM.

Ynucaa p 1 o cIUTAIOTCS OBIIETOCTYTHBIMI.

AbonenTsl A m B He3aBWCHMO JAPYT OT Apyra CAyTIaliHO BHIOWPAOT TO
OTHOMY HATYPaThHOMY IHCAY — CKaXKeM T4 U £ 5. DTH DIEMEHTHI OHI JepKaT
B cexpeTe. [lanee KayK BN W3 HUX BBIYUCASET HOBHIN DJIEMEHT:

ya=a"* (modp), yp=a"F (mod p).

DOTOM OHI OOMEHMBAIOTCS DTUMT DAEMEHTaMW To KaHaay ¢Basnu. Temepnb a6o-
HEHT A, MOJYYUB Yp U 3HaA CBOU CEKPETHLIN DAEMEHT I 4, BHIYHCAAET HOBLIN
DAEMEHT

yg' (mod p) = (a"?)"*  (mod p).
AHajorudHo nocTymnaet aGoHeHT B:

yi® (mod p) = (a")"®  (mod p).
Tem cambim y A u B nosiBuics OOIIUE DJAeMEHT M0Js, paBHbIN “A¥B. DToT
DAEMEHT U OOBABIsIeTCS o6unM Kitodom A n B.

W3 onmcanns mpoTOKOIa BIHIHO, 9TO TPOTUBHUK 3HAET P, v, &FA, B He
3HAET T4 W g W Xo4UeT y3HATh "ATB. B HacTosiee BpeMs HET airopuTMOB
TeACTBHN TPOTHBHNKA, OoJdee DPOEKTHBHBIX, TeM JTHCKpeTHOe JOoTapudMi-
poBaHme, a BTO — TPy AHAS MaTeMaTHIecKas 3a1aqa.

Yenexn, TOCTUTHYTHE B pazpaboTke cxeM M pOBOT TOANNCH T OTKPLITO-
T'0 pacnpejeeHns KJIoTed, TO3BOANIN TPUMEHATEL DTH NAeH Tak:kKe N K APy-
UM 3aJatdaM B3aNMOTeHCTBUSA yaTeHHBX aboHeHTOB. Tak BO3HNK.IO 60IBIITOE
HOBOE HalpaBleHNe TeopeTHHIeCKON KPUITOoTpadun — KPHUNTOTpadpuiecKne
TPOTOKOIBI. DO KPUNMOPAPUUECKUM NPOMOKOAOM TTOHEMAIOT TaKyio MpPO-
nefypy B3amMOIeNCcTBHS abOHEHTOB, B pe3yabTaTe KOTOPOH abOHEHTH (He
NPOTUBHUKNA!) TOCTUTAIOT CBOEN IeNN, a MPOTHBHUK — He JOCTHIAET.

O6BeKTOM U3YYeHUS TEOPHH KPUITOTpaduIecKuX MPOTOKOJOB SBIAIOT-
¢l yaadeHuble abOHEHTH, B3aNMOTeNCTBYIONINE MO OTKPHITHIM KaHaJaM CBs-
su. lennio B3anMogencTBIA aGOHEHTOB SBAAETCA pellleHne KaKOH-TO 3a Ta<din.
Nmeercss Takke TPOTHBHUK, KOTOPHIH TpecieqyeT cOGCTBEHHDBIE MeAn. D pu
HTOM TPOTHBHUK B PasHBIX 3afadaX MOXKET NMeTh pa3Hbie BO3MOXKHOCTH: Ha-
TpuMep, MOXKeT B3anMOIeHCTBOBATE ¢ aO0OHEHTAMI OT UMEHH JIPYTHX abOHeH-
TOB WIH BMEIIHBATHCA B OOMeHBI WHGpOpMAIed MeXa1y aGoHeHTaMu W T. 1.
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DPOTUBHUKOM MOXKET JayKe OKazaThCHd OMUH U3 abOHEHTOB WJIH HECKOJIbKO
ab0OHEeHTOB, BCTYIIUBIINX B CI'OBOP.

DpuBeieM ellé HeCKOJAbKO PUMePOB 3a1a4, pellaeMbIX VIaJeHHBIME abo-
HenTamu. (YnTaTenio peKoMeHIyeM 1O CBOEMY BKYCY CaMOCTOSTETHHO MpPH-
JIyMaTh €eIlIé KaKne-HuOy b MPUMEpHL. )

1. BzaumojgelicTByOT Ba He MOBepsAIOMIUX APyl npyry aborenTa. OHu
XOTSAT TMOANUCATH KOHTPAKT. DTO HAMO CAeMaTh TaK, 4TOOLI He MONYyCTUTh
CJAeIYIOUIYIO CUTYAlHIo: ONWH U3 aDOHEHTOB NONYYNI NOANUCH APYTOro, a caM
He MOANNCAICH.

DPOTOKOJ pelleHns DTON 3a1adn MPHHATO HA3HKIBATH NPOMOKOAOM NOO-
NUCAHUA KOHMPAKMNA.

2. BzaumopmeiicTBYIOT [gBa He JTOBepSIOINIHX JApYyr Apyry abonernTa. OHu
XOTSAT OPOCUTH Kpebuil ¢ HOMOIbI0 MOHETHI. JTO HALO ClelaTh TaK, 49TO-
Obl abOHEHT, MOAOPACHIBAIOIINNT MOHETY, HE MOT' H3MEHUTH Pe3yabTaT MOo/-
OpachlBaHusd NocCJe MOAyHYeHus MOrafaki oT abOHeHTa, yrablBalOIIero 3ToT
pe3yabTart.

DPOTOKOJ pelleHns DTON 3a1adn MPHHATO HA3HKIBATH NPOMOKOAOM NOO-
Opacvi6 aHUSL MOHEMDL.

OnutiieM oWH U3 TPOCTEUINX MPOTOKOJIOB TOAGPACHIBAHNUA MOHETHI IO Teedo-
Hy (Tak HaspiBaeMas cxeMa Oiaoma-Mukaan). /laa ero peaamsanun y aGoHEHTOB A
u B pomxua 66ITH onHOCcTOpOoHHAA QyHknua f: X — Y, yaoBieTBopsIONIas clenyto-
M YCJIOBUAM:

1) X — KOHeYHOe MHOXKECTBO IENbIX IHCeT, KOTOPOe CONEPKNT OINHAKOBOE KO-
JUYeCTBO UETHBIX W HEUYETHBIX YUCET;

2) mobeie ncaa ¥, £ € X, uMetotne oauH obpas f(x1) = f(z2), uMeroT ogHy
TE6THOCTD;

3) mo 3agaHHOMY 06pasy f(%) «TPYAHO» BEIYHCINTH YETHOCTH HEM3BECTHOT'O ap-
ryMeHTa &.

Doub MOAGPACHIBAHNA MOHETHI UTPAET CAYIaANHBIN U PABHOBEPOATHBIA BHIGOD HJe-
MeHTa ¥ € X, a PoJb Opia U PElKd — Y6THOCTH W HEUETHOCTH & COOTBETCTBEHHO.
Jycte A — aboHeHT, MOACPACHIBAIOIINT MOHETY, & B — abOHEHT, yraIbIBAIOMINI
pesyabpTaT. DPOTOKOM COCTOUT U3 CJAEAYIONINX IIaroB:

1) A BeiGupaeT & («moAOPaCEHIBAET MOHETYY ), 3alIN(POBLIBAET &, T. €. BHITHCAAET
y = f(x), mw mocel1aeT y aGoHeHTy B;

2) B moayd4aer y, MBITAcTCA yragaTh YETHOCTH & H IOCHITAET CBOIO JOTAJKY
abomenTy A;

3) A moaydaer goranky or B u coobiiaeT B, yramgal inm OH, TOCELIAA €My BBI-
6paHHOe TUCAO ]

4) B nposepseT, He oOMaHBIBaeT A A, BRIYHCIAA 3HadYeHne f(x) W cpaBHHBaA
€ro ¢ MOMyYeHHBIM Ha BTOPOM IIare 3HAMCHUEM Y.

DEeKOMEH,TYeM IUTATEN0 CAMOCTOATENHHO TPOBEPUTE, ITO HEOOX0 AUMbIe Tpe6o-
BaHUA K MPOTOKOJIY MOAGPACKIBAHUSA MOHETHI BBITOAHEHBI U3-3a CBOUCTB (DYHKIIH f.



OcHOBHBIE HOHATHA KPUITOIpahuu 69

3. BzanmvogenctBytor nBa abonenTta A m B (TunuvyHbE npumep: A —
KaneHT 6anka, B — 6ank). AGoHeHT A X04UeT JoKa3aTh abOHEHTY B, 4To OH
HMEHHO A, a He TPOTUBHHUK.

DPOTOKOJ pellieHns >TOH 3aa91 MPUHATO HA3HIBATH NPOMOKOA0M UIEH-
mupurayuu abornenma.

4. Bzaumo,ielicTBYIOT HECKOABKO Y IaJeHHBIX aO0OHEHTOB, MOJY YU BIITNX TPH-
Ka3bl U3 OMHOI'O IeHTpa. JacTk abOHEHTOB, BKJIIOYas HEHTP, MOIYT ObITh
OPOTHBHUKAMU. Je00X0IHMO BEIPAbOTATh eUHYIO CTPATEr N0 [eHCTBHM, BbI-
HDPHIHYIO0 i aBOHEeHTOB.

DTy 3afa4y NPUHATO HA3BIBATH 3afadell O BU3AHTHUCKHX I'eHepajgax, a
IPOTOKOJ €€ PelIeHUs — NPOMOKOAOM SUSAHMUTLCKO20 CO2AUULEHUS.

Omnuiiem puMep, KOTOPOMY 3Ta 3ajgada obg3aHa CBOUM HaszBaHWeM. BuzanTus.
Dodb mepen Beaukon OmTBOU. BmszaHTuiickas apMusi COCTOUT U3 1 JETMOHOB, Ka-
KLU U3 KOTOPHIX MOIYUHAETCA CBoeMy rerepadty. Kpome Toro, y apmun ecTh riaas-
HOKOMAHIVIOUINI, KOTOPBIH PyKOBOAUT TeHepataMu. OIHAKO MMIEPHs HAXOJAUTCH B
yroajgke U g0 OJHOU TPETH NeHepatoB, BKAOYAA TIABHOKOMAH IYIONIEro, MOTYT GBITE
npefaTeasaMu. B Tederre HOUM KaX LM U3 TeHEPAJOB MOJYYaeT OT MJIaBHOKOMAH-
IYIOIIEro MpHUKa3 O JeHCTBUAX Ha yTPO, MPUYeM BO3MOXKHBI ABa BapWaHTa MpUKa3a:
¢ATAKOBATLY WM (OTCTYIAThHy. KCAN Bee 9ecTHBIE TEeHepAIbl aTaKyIoT, TO OHU mobe-
K aaT. Fcian Bce OHE OTCTYNAIOT, TO UM YAAETCA COXPAHUTH apMUIO. DO €CJAU 9acTh
U3 HUX aTaKyeT, a 9acTh OTCTYIAeT, TO OHH TepHAT MopaxkeHue. Ecanm raaBHOKO-
MaHIYIOMNN OKaXKeTCA TpefaTeleM, TO OH MOXET JaTh PasHBIM TeHepajaM pasHble
MpPUKAa3hl, MOITOMY MPUKA3bl TIABHOKOMAHAYIONIETO HE CTOUT BBHIOJHATH Geclpe-
kocaoBHO. Ecam kaxabiii reHepana GygeT MelCTBOBATH HE3aBHCHMO OT OCTANBLHBIX,
pPe3yabTaTHl MOTYT OKa3aThCsA TadeBHBIMI. OYeBU IHO, ITO IeHEPATBl HY K TATCSI B
o6Mere HHPOPMAIIEH APYT € APYTOM (OTHOCHTENBHO MOMYYeHHBIX TPHKA30B) ¢ TEM,
9TOOBI MPUUTH K COTJIAIIEHUIO.

OcwMBIcTeHne Pa3iuyHbIX TPOTOKOJOB U METOMOB X MOCTPOEHUS TPUBEIO
B 1985-1986 r.r. Kk mosABJAEHWIO ABYX TJIOJOTBOPHLIX MaTeMaTHIECKUX MO[e-
Jel — uHMepaxmuenoti cucmemvl doxazameabcmea U JOKG3AMEABCTNEE €
Hyte6blM paseacuienuem. MaTeMaTudeckne MCCAETOBAHUS DTHX HOBBIX 00b-
eKTOB MO3BOJNMIN JOKa3aTh HECKOJbKO yTBEDKIEHWH, BeCbMa MOJE3HbIX TPH
pazpaboTKe KpUITOTPaPUIeCKNX TPOTOKOIOB (M0ApobHEe 06 BTOM CM. CTa-
Thio .. BapHOBCKOrO B HacTOsIIEM HOMepe JKypHaJa, cTp. 71-86).

Do/ MTHTepaKTHBHON cucTeMoll nokasarenbcTBa (P, V,S) nornmaioT mpo-
TOKOJ B3aNMOIeNCcTBUsS TByX abonenToB: P (r1okaswiBatouiuii) u V (mpoBeps-
fornit). AGonent P xodeT mokasaTh V', 9TO yTBepxkeHne S HCTHHHO. DpH
sToM aboHeHT V camMocTosiTelbHO, 6e3 nmoMolu P, He MOXKeT noKazaTh yT-
Bepxtenne S (mosromy V u HasbiBaeTcs mpoBepsiiommnm). AGorent P mo-
XKeT 6BITh U NPOTHBHUKOM, KOTOPBIH XO4YeT [OKa3aThk V, 4TO yTBepkKaeHuUe
S MCTHHHO, XOTA OHO JOKHO. DPOTOKOJS MOXKET COCTOATH N3 MHOTHX Payndoeé
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oOMeHa coobineHusMu Mexkay P u V u JofKeH yI0BIeTBOPAThH IBYM YCJIOBH-
AM:
1) noawoma — ecan S melCTBUTEIHHO HCTHHHO, TO aboHeHT P ybennt abo-
HeHTa V NPU3HATH HTO;
2) xoppexmuocmb — ecau S T0XKHO, TO aboHeHT P Bpsg jn ybeqnT aboHeH-
Ta V, 9410 S HCTUHHO.

371eCh CTOBAMU «BPST AWy MBIl IS TPOCTOTH 3aMEHWIN TOIHYIO MaTeMa-
THIeCKyIo (POPMYIUPOBKY.

DogdepKHéM, 4TO B onpegenenun cuctemsl (P, V,S) ne nomyckaniock, 4To
V' moxer 6bITh mpoTHBHUKOM. A ecan V' okazajcs IpOTHBHUKOM, KOTODPHIM
XO¥eT «BHIBeAaThy ¥ P Kakyo-HuOy b HOBYIO MOJAE3HYIO A cebs mHpOpMa-
o 06 yreepxKgenun ST B aTom caydae P, ecTecTBeHHO, MOXKET HE XOTETh,
9TOGHI HTO CAYIMIOCH B pe3yabTaTe paboThl npoTokoaa (P, V,S). Dporokon
(P,V,S), permaioninii Takyo 3agady, Ha3bIBAeTCA TOKA3aTEILCTBOM C HYJe-
BBIM pa3sIilallleHneM U [TOJZKeH YIOBJIeTBOPATh, KpoMe yCIoBuil 1) u 2), emié n
CAETYIOMEMY YCJIOBHIO:

3) Hyaeeoe pazeaquenue — B pesyabTaTe paboTh npoTokoaa (P, V,.9)
aboOHeHT V He yBeJIUYUT CBOW 3HaHUS 00 yTBepxKaeHuu S WiH, APYTHME CJIO-
BaMi, He CMOXKET U3BJIeYb HUKAKOU WHMOPMAILUN O TOM, Ho4eMy S HCTUHHO.

SAKJIIOYEHUE

3a mocjenHue rogbl Kpunrorpadus U KpunTorpaduieckue MeTOIbI BCE
HInpe BXOSAT B HAILY XKUBHb U jJayKe ObIT. BoT Heckoibko npumepoB. OTnpa-
Basisi Email, MbI B HEKOTOpPHIX ciydasx OTBeYaeM Ha BOINPOC MEHIO: «DyIKeH Ju
pexuM satmdpoBanusi?y Biajgesen MHTeNIEKTYaJbHOU BAHKOBCKOU KapTOU-
Ki, oOpalllasich Yepe3 TepMuHaa K OaHKY, BHa4daJe BBHINOJHAET KPUOTOT'pa-
(pudeckuil MPOTOKOJ ayTeHTH(PUKANUEN KapTOYKH. Jojab3oBaTenn ceru Wu-
TepHeT HaBepHAKa 3HAKOMBI ¢ IUCKYCCHSAMU BOKPYI' BO3MOYKHOI'O NPUHATHA
cTaHgapTa UMPOBON MOJINUCH s TeX CTPaHHI, KOTOPHIE COJeP:KAT «KPH-
THYeCKYI0 » nHpOpMalnio (OpHINYecKyo, mpaic-1ncTsl u 1p.). C HeTaBHIX
MOP MOJb30BATENN CeTell CTaJll YKa3hiBaTh MOC]He CBOel (PaMUJIHH HApPAITY €
yKe npuBbdHbIM «Email . .. » u MeHee npuBbidHOe — «OTIEYATOK OTKPBITOTO
KJI049a ... ».

C KaKIBIM [HEM TaKUX IPUMEPOB CTAHOBUTCH BCE Goabliie. MIMeHHO HOBBIE
npaKTUYecKue TPUIOKeHUs KPUITOrpaduu U ABASIOTCA OJHUM U3 UCTOYHU-
KOB ee pazBurusi. Kpunrorpaduu, kak u J0O0U Ipyroi Hayke, HeOOXO UMb
HOBBIe HETPHUBHAJbHBIE I HEOXKU JaHHbIE W j1ed. ABTOD HacTOAIIe!l cTaThbl Ha-
ZeeTcsi, 9TO0 KTO-TO U3 ee YHTaTeNell CTaHeT aBTOPOM HOBBIX uiel, a, ObITh
MOXKeT, i HOBEUIINX HallpaBjleHUl B KPUITOTPadui.
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II. II. BaprnoBckmui

B HeGoAbIION O 06beMy KyPHAJIBLHON CTaThe HEBO3ZMOYKHO JaTh CHCTEMa-
THYeCKOe U3JI0KeHIe OCHOB KaKOoH-Tu060 MaTeMaTH9YeCKOH TeopHi. DOdTOMY
OCHOBHOE BHUMAaHUe MbI yIedfeM pazbiCHEHNIO BaxKHENIINX W ell, CBABAHHBIX
¢ IpUMeHeHUeM TeOpeTHKO-CIOKHOCTHOrO Moaxofa B Kpunrorpaduu. Wano-
JKeHHe 0 HeOOXO[UMOCTH HeJIOCTATOYHO (PopMatbHOe — [ MaTeMaTHde-
CKOWl KPHUNTOrpadpuu TUIHYHLI MHOTOCTPAHUYHbIE ONpeIeIeHus. D pelnoa-
raeTcs 3HAKOMCTBO YUTaTeNs ¢ OCHOBAME TEOPHH CAOKHOCTH BBHITHCICHUI:
noHsTHAME MamnHbl Thiopuura, kraccoB P u NP (cm. [2]), a Takxke co cTa-
Theil B. B. fluienko B HacTosmieM HoMepe KypHada, cTp. 53-70.

1. BBEJAEHUE

B TeopeTuteckoit kpunTorpadgnu CyMeCcTBYIOT ABa OCHOBHBIX TOIXOa K
OTIpeeNeHHI0 CTONKOCTH KPUNTOCHCTEM U KPUITOTpapUIeCKuX TPOTOKOIOB
(B maibHelieM MBI OygeM TaKKe HCIOb30BATH OOLINI TEePMHUH — KPUITO-
rpaguyIeckne CXeMbl): TeOPeTHKO-HHPOPMATNOHHBIN H TEOPETHKO-CIOKHOCT-
won. TeopeTnko-mHMGOPMATHOHHBH TOAXOI TPeJmoaaraeT, ITo TPOTHBHAK,
ATaKYIOIIHNT KPATTOTpapuIecKyo cXeMy, He NMeeT JTayKe TeOPeTHIeCKOT BO3-
MOYKHOCTH TOAYIUTEH HHPOPMATHIO, TOCTATOIHYIO IS OCYIIECTBICHNS CBONX
neger. Kraccmdecknm mpuMepoM 3jJech MOXKeET CIVKHUTH mindp Beprama c
OTHOPA3OBBIME KJIIOYaMU, abCOMOTHO CTONKUT TPOTHB MAaCCHBHOTO MPOTHB-
HUKAa.

DoaBisioniee GOJbIINHCTBO HCIONB3YEMBIX Ha MpakKTHKe KPUITOrpadu-
YecKnX cxeM He 06JajaeT CTOJMb BHICOKOU CTOUKOCTBIO. Dojee TOro, 06bIYHO
OBIBaeT HECJIOKHO YKa3aTh adrOpUTM, KOTOPHIH BHITOJHAET CTOAIIYIO TMepeT
OPOTHBHUKOM 3ajavy, HO He NPaKTUYeCKH, a B HPUHIUIE. DACCMOTPUM CJe-
OVIOIMINN TpuMep.

[TpuMEP 1 (KPUOTOCHCTEMA C OTKPBITBIM KJIOYOM). Kpunmocuc-
MeME ¢ OMKEPLIMBIM KAOUOM TIOJHOCTHIO ONPeJesieTCs TPeMs allopUTMa-
Mu: PeHepalui KA4el, MudpoBaHud 0 nenmm@poBanus. AITropuTM resepa-
i Kiatodei G O6IIe0CTYIEH; BCAKUN JKeMAIIIHT MOYXKeT MOoJaTh eMy Ha BXO,I
CIyYalHyI0 CTPOKY I Ha IIezKalllell [INHBL Il TOXYYuTh mapy Kirodein (K, Ks).

MaTemaTu4eckoe npocseljerune, cep. 3, Bbin. 2, 1998(71—86)
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OrkpreiTHIT K09 K nybankyercs, a CeKpeTHBIN K104 Ko i caydaiiHas cTpo-
Ka r XpaHATcA B cekpeTe. AITrOpHTMHI mudpoBannd Fy, U AemundpoBaHUL
Dy, TaxoBsr, 4to ecian (Kq, K3) — napa Kiaioden, creHepupOBaHHAs aJaro-
putmoM G, 10 Dg, (Fg,(m)) = m mia 11060ro oTkpuiToro Texcra m. /s
MPOCTOTHI UBJIOKEHUS MPEANoJaraeM, YT0 OTKPhITHIH TEKCT U KPHIITOT' PaMMa
HMET OJIMHAKOBYIO /UIHHY 1. KpoMe Toro, cunTaeM, 9TO OTKPLITHIH TEKCT,
KpHITOTpaMMa 1 00a KA4Ya SBASIOTCH CTPOKAMU B JBOUYHOM ajdaBuTe.

DPEIIOJOKUM Telnephb, 4TO TPOTUBHUK aTaKyeT 3Ty Kpunrocucremy. Kmy
H3BeCTeH OTKPHITHIN Kat04 K1, HO Hen3BeCTeH COOTBETCTBYIOIINN CEKPETHEII
Ki04 Ko, DpOTUBHUK HepexBaTHA KPUITOIpaAMMy d W MBITaeTCs HAUTH CO-
obuienne m, rae d = Fy, (m). DOCKOIBbKY alropuTM MnppOBaHus 06IIen3Be-
CTeH, TPOTUBHUK MOXKET MPOCTO MOCTeTOBATEIbLHO MepedpaTh BCe BO3MOXKHEIE
COOOIeHNs IIWHLI 1, BLIYACIATL IJAd KaXXJTOTO TaKOTo COOOIIeHHuA Mm; KPH-
nrorpammy d; = Fi, (m;) u cpaBants d; ¢ d. To coobuienne, mis KoToporo
d; = d, u 6ymeT UCKOMBIM OTKPHITEIM TeKCTOM. Eciau moBeser, TO OTKPBITHII
TeKCT OyeT HalgeH TOCTaTOYHO ObicTpo. B xyiem ke caydae nepebop 6y-
TeT BBHITIONHEH 3a BpeMs nopsaaka 2”71 (n), rae T'(n) — Bpems, Tpebyemoe mis
BLIUHCIeHNA GYHKINE g, OT coobulennil IauHH . Ecan coobienns nmeoT
pauny nopsigka 1000 6utoB, TO Takou nepeGop HEOCYIECTBUM Ha MpPAKTHKe
HI Ha KaKWX CaMBIX MOIIHLIX KOMOLIOTepax.

M&bI paccMoTpenu JUMb OAUH U3 BO3MOXKHBIX CTOCOG0OB aTakKnm Ha KpH-
OTOCHCTEMY W MPOCTEHINH alTOPHTM MONCKa OTKPHITOTO TEKCTa, Ha3hIBae-
MBIl OGBIMHO aITOPHTMOM TOTHOTO mepebopa. Ucmonbayeres Tak:xke n apy-
roe HazBaHUe: «MeTO Ipybor cuably. [pyroi MpoCTERIINT aJIrOPUTM ITOUC-
Ka OTKPBITOT'O TeKCTa — yrajbiBaHle. DTOT OYeBUAHBIH aJIOPUTM TpedbyeT
HeGOMBINX BEIYHCICHNH, HO CpabaThIBaeT € MPEeHeOPEKIMO MaJoH BeposT-
HOCTBIO (Ipn OOJMBIINX [IHHAX TEKCTOB). Da CaMOM [efe TPOTHBHUK MOMKET
TBITATBCA ATAKOBATH KPHMTOCHCTEMY Pa3ANIHBIME CHOCOGAMN W HCTOIB30-
BaTh pa3iudHbIe, 6oJee HIOMPEHHBIE AITOPUTMEI TONCKA OTKPHITOTO TEKCTA.
EcTecTBenHo canTaTh KPUITOCHCTEMY CTORKOW, €CAN JI060T TaKOW aJT OPHTM
TpebyeT TpakKTHIECKH HEeOCYINeCTBUMOTO 06heMa BEUHCICHNH Wi ¢pabaThl-
BAeT C MPeHeOPeKNMO MAJOH BEepOATHOCTHIO. (DPH 5TOM TPOTHBHUK MOMKET
NCTOMB30BATH He TOABKO MeTepMUHHPOBAHHBIE, HO U BEPOSTHOCTHBIE adro-
pPUTMBEL.) DTO U €CTh TEOPEeTHKO-CJIOKHOCTHON MOAXO K ONpeeeHnio CTOM-
koctn. Jlis ero peaansanun B OTHOIIEHAN TOT'O WIH WHOT'O THIa KPUTTOTPa-
(uTecKuX cxeM HeoOXOIMMO BHITOIHATE CJIenyolee:

1. laTh popManbHOE onpegeeHne CXeMbl JaHHOTO THTA.

2. JlaTh ¢popMabHOe ONpefeNenie CTONKOCTH CXeMHI.

3. JlokazaTb CTOUKOCTb KOHKPETHOU KOHCTPYKIHH CXEMBI TaHHOIO THIIA.

3jech cpazy Ke BOBHUKAeT P mpodJaeM.
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Bo-nepBrIx, B kpunTorpaduiecknx cxeMax, pazyMeeTcs, BCerJa HCTONb-
BYIOTCS (PUKCHPOBaHHBEIE BHAYEHUS TapaMeTpOB. JanpuMep, KPUITOCHCTEMBI
pazpabaThiBalOTCS [Ms KAt04el JJANHBbI, cKaxkeM, B 256 wau 512 6auron. [las
OpUMeHeHNs YKe TeOPeTUKO-CIOKHOCTHOTO MoIX0na HeoOGX0aAnMO, ITOOL 3a-
Tada, BEIYHCAUTEIbHYIO CAOKHOCTE KOTOPOU MPeIoiaraeTcs UCHodb30BaTh,
OblLIa MAaCCOBOU. JODTOMY B TEOPETUYECKOU KPUITOTpadpuu paccMaTpUBAKOT-
cs MaTeMaTu4YecKne MOAeNH KPUITOrpadpuiecKuX cXeM. JTH MOIETH 3aBUCHT
OT HEKOTOPOT'o MapaMeTpa, Ha3kIBaeMOT O TapaMeTpoM 6e300acHOCTH, KOTO-
PBIH MOYKeT NPUHIMATH CKOJIb YT'OTHO GOJbIINE 3Ha9eHNsA (OOBIYHO ISl MTPO-
CTOTH TPeITIoaaraeTcs, ITO TapaMeTp 6e30TMacHOCTH MOXKeT TpoHeraTh Bech
HATYPAJbHBIN PSI).

Bo-BTOphix, onpenenenne CTOUKOCTH KPHITOTPAPUUECKOU CXEMBI 3aBH-
CHT OT TOU 3a7a4i, KOTOpas CTOUT Tepel] MPOTHBHUKOM, U OT TOIO, KaKasd
HHQOPMAIUi O CXeMe eMy JOCTYIHA. DOITOMY CTOUKOCTh CXeM MPUXOIHTCH
oOmpeneNsaTh W HCCJIETOBATEH OTIEABHO I8 KaXKJIOT'O TMPeIIoJokKeHns O TPo-
TUBHHUKE.

B-TpeThux, Heo6XOIUMO YTOUHUTH, KAKOU 06heM BBIYUCAEHHT MOKHO CUH-
TaTh «IPAKTHYeCKN HEOCYIIeCTBUMEBEIM». M3 cKazaHHOT O BEHIIIIE ClIelyeT, 9TO
BTa BeJUYUHA He MOXKEeT OBITh POCTO KOHCTAHTOU, OHA JTOJKHA ObIThH Mpei-
cTaBleHa (PYHKIHMEeH OT pacTyliero napameTpa Oesonacioctu. B coorset-
CTBUU € Te3MCOM DJJIMOHICA AJITOPHTM CYUTAaeTCH HPPEKTUBHBIM, eCau Bpe-
MSA er0 BHITIOJTHEHNA OT PAHNIEeHO HEKOTOPLIM TOJAHOMOM OT JJWHBLI BXOTHOT'O
cjoBa (B HallleM caydae — OT HapaMeTpa OesomacHocTn). B mporuBHOM ciy-
Jae TOBOPAT, YTO BLIYUCIECHUS MO TAHHOMY AJTOPUTMY NPAKTHIECKH HEOCY-
IECTBUMBL. 3aMeTHM TaK:Ke, YTO cCaMil KPUNTOrpapuIecKe CXeMbl [TOJZKHbI
OBITE dPPEKTUBHBIME, T. €. BCe BBIYHCJAEHUS, TpPeIIUCcCaHHble TOW WM HHOU
CXeMOMU, JOJKHBI BHINOJHATECS 3a HOJHHOMHAJIbLHOE BpeMs.

B-deTBEépTHIX, HEOOXOAUMO ONPEIeNNTh, KaKyi0 BePOATHOCTH MOXKHO CUH-
TaTh NpeHebpexKuMo Majoi. B kpunrorpadpuu NpuHATO CYUTATE TAKOBOU JI0-
6y10 BePOATHOCTD, KOTOpad s JA1060T0 MOTWHOMA p W IAd BCeX TOCTATOYHO
6OJIBIINX N He TpeBocxoauT 1/p(n), rie n — mapameTp 6€30MACHOCTH.

Wrak, npu Hasu4uuum Bcex YKazaHHBIX BhIIe olpeaeieHui, npobieMa 06o-
CHOBaHUS CTOUKOCTH KPUNTOMpa(pUIeCKONl CXeMBI CBeJach K [TOKA3aTelb-
CTBY OTCYTCTBUS MOJUHOMHUAJIBHOTO AJlOPHTMa, KOTOPLIN pellaeT 3amgady,
CTOSIIYIO Tlepell MPOTHBHUKOM. DO 3JeCh BO3HUKAeT ellé OJHO U BechMa
cephésHoe MPensATCTBHE: COBPEMeHHOe COCTOSHNE TEeOPHH CAOKHOCTH BHIUN-
CJEeHUU He TO3BOJSeT JOKa3biBaTh CBEPXMNOJNHOMHUAJbHEIE HUKHUE OIEHKH
CIOXKHOCTH s KOHKPeTHHX 3a1a¥ paccMaTpuBaeMoro kiacca. s storo cie-
IyeT, 9TO Ha JaHHBII MOMEHT CTOMKOCTh KPHITOTPAPUIECKHX CXEM MOYKET
OLITHL YCTAHOBIEHA JUIIH C TPUBAeTeHNeM KaKUX-In00 HeTOKa3aHHEIX TPeIIo-
JOYXKeHUH. DOPTOMY OCHOBHOE HalpaB/leHUue UCCISTOBAHUN COCTOUT B MOUCKE
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Hanbosee cIabbIX JOCTATOIHBIX YCJIOBHN (B nTeate — HeOOXOTNMBIX I TOCTa-
TOYHBIX) [/ CYIIECTBOBAHNUS CTONKAX CXeM KayKI0r'o m3 THNOB. B oCHOBHOM
PaccCMaTpUBAIOTCA MPEINONOKEeHIS TBYX THIOB — 00Ine (MIN TeopeTHKO-
CJIOKHOCTHBIE) U TEOPeTHKO-9NCIOBHIE, T. €. TMPEANOJOKEHNA O CIOKHOCTH
KOHKPETHBEIX TeOPeTHKO-UHNCAOBHX 3a1ad. Bce DTH mpenmoNoKenus B JUTe-
paType 0ObIMHO Ha3bIBAKOTCA KPUITOTIpAPUIeCKUMN.

Duye MBI KPAaTKO PACCMOTPHUM HECKOJbKO HHTEPECHBIX MaTeMaTHdeCKHX
00'bEKTOB, BO3HUKIINX Ha CTHIKE TEOPHH CJIOKHOCTU U KPUNITOrpahuu. Jodee
MO IPOGHEIN 0630p MO STHM BOMPOCAM MOXKHO HalTH B KHHUTe [1].

2. Kpuntorraeud u runoTe3Aa P£NP

Kak mpaBmio, 3HaKOMCTBO MaTeMaTHKOB-HECTIENNAJINCTOB C Teophei
CJIOKHOCTH BHIYNCIEHUT orpaHmdnBaeTcs kiraccamu P un NP n smamennTon
runoresoin P#NP.

[MamomunM BrkpaTie HEOOXONUMBIE CBEIEHNA M3 TEOPHUH CAOXKHOCTH BHITHCJICHUN.
[ycTe 3 — MHOXKeCcTBO BCeX KOHETHBIX CTPOK B ABomvIHOM ajadapuTe. [loamuoxkecTBA
L C ¥ B Teopuu CIOKHOCTH TPHUHATO HA3LIBATHL A3blKaMu. ['oBopsAT, ¥TO MammHa
Teiopuara M paGoTaeT 3a TOAMHOMHAIBLHOE BpeMsA (HIN TPOCTO, 9TO OHA TOJINHO-
MHAJBHA), €C/IH CYIIECTBYET MOMMHOM P TaKOI, 9TO Ha JIOGOM BXOJHOM CIOBE [INHBL N
ManmHa M ocTaHaBIWBaeTCA MOCIe BEIIOJHEHHA He Gofee, deM p(n) onepanmii. Ma-
wrHa Teiopuara M pacnosuaeT (Apyroll TepMHH — OPHHNMAET) A3BIK L, ecau Ha
BCAKOM BXOJHOM cioBe & € L marmmaa M ocTaHaBANBAETCA B IPUHUMAOIIEM COCTOS-
HUHU, & HAa BCAKOM ciioBe ¢ ¢ L — B oTBepratouiem. Kiace P — 310 Kiace Bcex A3BIKOB,
pacrmoszHaBaeMbIX MammmHaMn ThIOpHUHTa, PabOTAINMEA 34 MOINHOMIAILHOE BPEMS.
Dyukuus f : X — ¥ BEYACINMA 3a TOTMHOMUAIBLHOE BPEMS, €CJIH CYIIECTBYET TOJ-
HOMHUAJbHASA MalllnHa ThIOPUHTA TaKasd, ITO eCJAU Ha BXOJ €ll TTOJaHO CJIOBO & € X, TO
B MOMEHT OCTaHOBA Ha JeHTe OyJeT 3anncano sHadenne f(x). Azbik L OpuHAJIEKHT
kaaccy NP, ecin cymecrsytor npeaukar P(z,y) : ¥ x ¥ — {0, 1}, Beramcanmerit 3a
HOAMHOMHANBHOE BpeMd, H noanHoM p Takue, 9to L = {z|JyP(z,y)&|y| < p(|z])}.
Takum obpazom, a3bik L npunagaexut NP, ecan ans Bcskoro caoBa u3 L JJAWHBL n
MOXHO yTrafaTh HEKOTOPYIO CTPOKY MOMAMHOMHUAJBHON OT N [AWHBI U 3aTEM C ITOMO-
mIsio IpeankaTa P y6eInThcA B IpaBUIbHOCTH foranku. flcao, wTo PCNP. fIBasgerca
JIU 5TO BKJIOYEHNE CTPOTUM — OJHA U3 CAMBIX W3BECTHHIX HEPEIIEHHBIX 3aa9 MaTe-
MaTHKH. [TOTBIIHHCTBO CIENHAANCTOB CINTAIOT, YTO OHO CTpOroe (Tak HasBIBacMasd
runotesa P#ZNP). B kaacce NP BrITeneH TOAKIACC MAKCHUMAIBHO CIOKHBIX A3BIKOB,
HaspiBaeMbix NP-moaaeivu: mo6oit NP-moqHBIN A3BIK pacmo3HaBaeM 3a MOJMHOMI-
albHOE BpeMs TOT1a M TOJBKO ToTrga, Korjga P=NP.

Jlasi nadbHenIero HaMm MOTpeSyeTcs elle MOHATHE BEPOATHOCTHON MAIHBL Thio-
puHra. B o6braubx Mammaax TeioprHTa (X Ha3BIBAIOT JeTEPMUHIPOBAHHBIMI, YTO-
GBI OTIHYIHTE OT BEPOATHOCTHHIX) HOBOE COCTOSHIE, B KOTOPOE MAIIHHA MEPEXOTHT
Ha OYEePEeTHOM IIare, MOJHOCTBIO OMPEAENIeTCs TEKYIINM COCTOSHUEM U TEM CHM-
BOJIOM, KOTOPBII 0603peBaeT roJOBKa Ha JeHTe. B BEPOATHOCTHBIX MAIINHAX HOBOE
COCTOAHIE MOXKET 3aBUCETH €ll€ W OT CAYIAWHOU BEIWYWHBI, KOTOpas MPUHIMAET
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suadenus 0 u 1 ¢ BeposTHOCTBIO 1/2 Kaxkgoe. AIbTePHATUBHO, MOKHO CYUTATE, YTO
BepOATHOCTHAA MalmnHa ThIOpHHTa UMeeT AOMOMHUTENLHYIO CAYTalHyIo JeHTY, Ha
KOTOPOU 3anncana GecKOHedHas ABOWYHAS CaydaliHas cTpoka. CayvaiHas JeHTa MO-
KET YUTATBCA TOJBKO B OJHOM HaIlpAaBJCHHUN M MEPEXO] B HOBOEC COCTOAHME MOXKET
3aBHUCETH OT CIMBOJIA, O603peBaeMOFO Ha 5TOH JEeHTe.

DACCMOTPHM Telephb CAeJVIONINN eCTeCTBEHHBIH BOMNPOC: He SIBASETCS J1
runoresa P£ENP HeoOXOTUMBIM U TOCTATOYHBIM YCIOBHEM [Js CYIIeCTBOBa-
HUS CTOUKUX KPHITOMpa(PUYecKuX CXeMm?

De0bX0MUMOCTh, U B CaMOM [eje, BO MHOTUX CJIydYasiX IMOYTH OYeBHTHA.
Bepuemcs k npumepy 1. Oupeneinm caeIyouini s3bik

L = {(Ky,d, )| cymecTByer coobienne m Takoe, 4To Ey, (m) = d u ero
i-BIi GUT paBeH 1}.

Acno, uro L € NP: BMecTO OmicaHHOT'O BO BBeJeHUH MOJHOT'O Tepebopa
MOXKHO HPOCTO yrafaTh OTKPLITHIN TEKCT M U TPOBEPUTE 3a MOJNHOMUAIBHOE
Bpems, 910 F (m) = d n i-w1it 6ut m paBen 1. Ecan ga, T0 BXogHOE CIOBO
(K1,d, i) npuanMaeTcs, B MIPOTHBHOM CJIydae — OTBEpPraeTcs.

B npegnonoxennn P=NP cyiecTByeTr geTepMHHUPOBAHHLIL MTOJIHHOMI-
AJBHBIN AJTOPUTM, pacnosHalolnui 136k L. 3nas Ky u d, ¢ momouibio 3T0-
ro ajJropuTMa MOXKHO MOCIEN0BATENbHO, MO OUTY, BHIYUCAUTH OTKPBITHIN
TekeT m. TeMm caMbiM KpUITOCHCTEMa HEeCTOUKas.

Tor ke MOAXOMA: yrajaTh CEKpPeTHBIN KJIIOY U IPOBEPHTH (3a MOMMHO-
MUAJIbHOE BpeMsi) MPaBIIBHOCTH MOTAIKN, IPHMEHNM B IPUHIHUIE U K IPY-
ruM KpunTorpaduieckum cxemam. O THaAKO, B HEKOTOPHIX CAyYadX BOZHUKAIOT
TeXHUYeCKHe TPYIHOCTH, CBA3aHHbIE C TeM, YTO MO HHGPOPMallUH, KOTOpasd
nMeeTCs y TPOTHBHUKA, NCKOMAas BeJWYHHA (OTKPBITHI TEKCT, CeKPETHBIN
KJIIOY U T. I.) BOCCTAHABINBAETCSA HEOTHO3HATHO.

Yro ke KacaeTcs BOIMPOCA O JOCTATOYHOCTH Tpeanonoxenus PZNP) To
3/eCh HApalluBaeTCs CAeIYIONINN M01X01: BEIOpaTh KaKyo-1u60 NP-noanyio
3ajlavy U MOCTPOUTH Ha €€ OCHOBE KPUITOIPAPUUECKYIO CXeMY, 3a/ada B3J0-
Ma KOTOpof (T. e. 3ajava, CTOAIIAA Tepel TPOTHBHUKOM) Obira 661 NP-mo-
Holl. Takue MONBITKH MpPeAIpUHIMAINCH B Hadaje 80-X 10/10B, B 0COOEHHOCT I
B OTHOIIIEHNH KPUITOCHCTEM C OTKPBITHIM KJIKYOM, HO K YCIeXy He MpHuBe-
JH. De3yJbTaTOM BCeX DTUX MONBITOK CTAJ0 OCO3HAHHE CJaeIyiollero (akTa:
raxe ecin P£NP, To nobas NP-nognas 3agada MOKeT 0Ka3aThCs TPYIHON
JHUITE Ha HEKOTOPOU GECKOHEYHOU MOCIeN0BATEIbHOCTI BXOMHBIX CJI0B. VHBI-
Mu coBaMu, B onpefenerne kiacca NP 3aioxkeHna Mepa CAOKHOCTH «B XY IIIeM
cay4aey. [las cTOUKOCTH JKe KPUITOD papuIecKOl cXeMbl Heo6X0MuMO, 9TOObI
3afada NPOTHBHHKA OBLIA CIOKHON «IOYTH Bciogy». Takum obpasom, cTa-
JIO SICHO, YTO JIs KPUITOrpaPUUecKOl CTOUKOCTH HEOOXOIUMO CYIIeCTBEHHO
6ogee cuibHOE Mpennonoxenne, seM PENP. A nmenno, npemmnonoxenue o cy-
[IECTBOBAHUH OHOCTOPOHHUX (PYHKITHIL.
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3. OIHOCTOPOHHUE ®YHKIUNA

T'oBopst HEOpPMaIbHO, OJHOCTOPOHHAS PYHKINA — 3TO 3PPEKTHBHO BHI-
qucaAnMas (PYHKIUA, I8 3aJadi HHBEPTHPOBAHUA KOTOPOHW He CYIIeCTBYeT
>PPEKTUBHBIX aITOPUTMOB. D0 HHBEPTHPOBaHHEM MNOHHMAETCs MaccoBast
3a,1aYa HaXOXK TeHUs 10 3aJaHHOMY 3HaUeHN0 (PYHKINH OMHOTO (1106010) 3Ha-
deHns U3 Mpoobpasa (3aMeTnM, 9TO 0OpaTHAS (PYHKINS, BOOBIIE NOBOPS, MO-
JKeT He CyIIeCTBOBATH).

DOCKOABKY NOHATHE OTHOCTOPOHHEN (PYHKIHN — HeHTPpaJbHOE B MaTeMa-
THYECKOH KpUNTOTpaduil, HIKe Mbl JaeM ero (popMaibHoe olpe/IeleHue.

Ddyers X" = {0,1}" — MHOXKeCTBO BCeX MBOUIHBIX CTPOK JIHUHBL 1. DO[
¢ynkunenn f Mbl moHuMaeMm cemenctso {f,}, rae f, : X" — X7 m = m(n).
[l MPOCTOTH M3NOKEHUS MBI pejanojaraeM, 4To n npoderaeT Bech HATY-
PaJbHBIN PAJL W 9TO KaxKgad u3 GYHKUHI f, BCIOJY ompereaeHa.

dynkuns [ HaszbIBaeTCS 4ecmuol, eCli CyIecTBYeT MOANHOM ¢ TaKoi,
aro n < ¢(m(n)) mis Bcex n.

ONPEAEJNEHWE 1. Yectnas QpyHKINA f Ha3BIBAETCS 0dHOCMOpOHKED, eCan

1. CyiecTByeT MOJHHOMHAJIBHBIN AJANOPUTM, KOTOPHIU [Jsi BCAKOTO & BhI-
ancaser f(z).

2. [l n0601 MOJAHOMUAJIBLHON BEePOATHOCTHOW Mamnnubl Thiopuuara A
BBITIOJIHEHO cllefiyioliee. DyeTh CTPpOKa & BEIOpaHa Hayjady 3 MHOXKecTBa 3"
(o6oznavaercs ¢ €p ¥"). Torga xis 106070 TOIMHOMA P I BCEX TOCTATOTHO
OOJBIINX 7

Prif(A(f(2))) = f(2)} < 1/p(n).

BeposiTHocTh 31ech onpefensercs caydalHbBIM BRIGOPOM CTPOKH & U CJAyYal-
HBIMU BeJHYHHAME, KOTOPhie A UCMOAB3yeT B CBOell paboTe.

YenoBue 2 KadecTBeHHO oO3HadaeT caefyiomee. Jliobad moamHOMuadbHas
BeposTHOCTHad MalnHa ThiopuHra A MOXKeT 0 MaAaHHOMY ¥ HAUTH & U3 ypaB-
HeHusi f(2) = y JUIIb ¢ TpeHeGPEKNMO MAJIOH BEPOSTHOCTHIO.

SameTum, 4T0 TpeGOBaHIHE YeCTHOCTH HEJNb3H ONYCTHTh. JOCKOIbKY M-
Ha BXOJHOTO ci0Ba f(2) MammHbl A paBHA M, €l MOXKeT He XBaTHTh MOJN-
HOMIAJBHOTO (OT M) BpeMeHH IPOCTO Ha BHINNCHIBaAHWE CTPOKN &, ecanm f
CIAUITKOM CUIBHO «CKAMaeT» BXOMHBIE 3HAUCHUA.

ScHo, 4TO U3 TPennoNoKeHNs O CYLUIECTBOBAHUN OTHOCTOPOHHUX (DYHKIIMY
caenyet, uro P#£NP. Onnako, He nckiodena caenyroiias cutyaiusi: P£ENP,
HO OJTHOCTOPOHHUX (PYHKIMH HeT.

CyliecTBOBaHue OMHOCTOPOHHUX (PYHKIIUU ABJISETCH HEOOXOIUMBIM YCJIO-
BHUEM [l CTOUKOCTH MHOIPUX THIIOB KPUIITOT padpuiecKux cxem. B HeKOTOpbIX
caAydasix 3TOT PakT yeTaHABIMBaeTCs JOCTATO49HO HpocTo. O6paTuMcs onsiTh
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K npumepy 1. Daccmorpnm dyukumio f rakyio, 9to f(r) = K. Ona BbYn-
caAuMa ¢ HOMOIIbio aaropuTMa G 3a MOJMHOMHAJBHOE BpeMs. JOKaxKeM, YTO
eciu f — He OTHOCTOPOHHSA PYHKIUS, TO KPUIITOCUCTEMa, HECTOUKAA. DPel-
MOJOYXKHUM, YTO CYIIECTBYeT HOJNHOMHUAJbHBEIN BEPOSITHOCTHHEIE airopuTM A,
KOTOPHIN NHBePTHPYeT f ¢ BEPOATHOCTHIO MO KpaliHen Mepe 1/p(n) mis He-
KOTOpPOro MOJHHOMa p. 3fech N — [IHHa Kiioda Ki. DPOTUBHHK MOXKET
HoJaTh HA BXOH ajroputmy A wiawod Ky W NONy4YuTh ¢ YKa3aHHOU BepOST-
HOCTBIO HeKoTopoe 3Hadenne 1’ m3 npoobpasa. [lanee npoTuBHHK mogaér r’
Ha BXOJ ajaroputMma G u noaydaer napy kawodei (K, K}). Xors K} we 06s-
3aTedbHO coBHajgaeT ¢ Ky, TeM He MeHee MO OMpeeNeHUI0 KPUITOCHCTEMBI
Dg;(Ek,(m)) = m jas 1106010 OTKPEITOrO TeKcTa 1. JOCKOIbKY K Haii-
TeH ¢ BepOATHOCTBIO MO KpaiiHell Mepe 1/p(n), kKoTopas B KpunTorpadun He
CYHTAETCH TMPEeHeOPEKNMO MAJOU, KPUITOCHCTEMa HeCTONKas.

Jlast apyrux Kpunrorpaduueckux cxem MOJ0GHBIN pe3yabTaT TOKa3kiBa-
eTcs He cTOJb mpocTo. B pabore Umnaabsmnuo u Jly6u [7] rokazana Heo6Xomu-
MOCTBH OJHOCTOPOHHUX (PDYHKIHU s CYUIECTBOBAHUS 1eJOI0 Psila CTOUKHX
KPHITOTpaPUIECKHK CXEM.

Nz Bcero ckazaHHOrO clefyeT, 9TO MPEANONoKeHHe 0 CYIeCTBOBAHIET O/l
HOCTOPOHHUX (PYHKIUE ABISETCS CAMBIM C1abBIM KPUITOTPAPUIECKUM TPeI-
MOJOYXKEeHNEeM, KOTOPOe MOXKET OKa3aThCs JOCTATOYHBEIM LIS TOKA3aTEIbCTBA
CYIIeCTBOBAHUA CTOUKHX KPUITOrPAPUUECKHX CXEM Paz3JHYHBIX THIOB. Ja
BBISICHEHE TOIO, ABJIAETCS JU HTO YCJAOBUE U B CAMOM flefle TOCTATOYHbIM, Ha-
[MpaB/ieHbl 3HAYHTENbHbIE YCUIHS creluagucToB. TpymHOCTD 3aa91 TOCTpoe-
HUS KPUITOIpAPHYECKUX CXeM U3 OTHOCTOPOHHUX (PYHKINI MOXKHO HOSICHUTh
Ha cjaegyiolleM npuMepe. DycTh [ — OTHOCTOPOHHSS (DYHKIUA U HaM Tpely-
eTcs MOCTPOUTH KPURMOCUCTNEMY € CEKPEMHBLM Kaouom. B Takol xpunto-
cHCTEeMe UMeeTCH TONBKO OHH KAIY — CeKPeTHRIM, KOTOPLIH H3BECTEH U OT-
HpaBUTENI0, U TONYYATEN0 MHPPOBAHHONO cOObIIeHus . AITOpUTMEL Hngpo-
BaHusA F n gemudgpoBanns Dy 06a 3aBHCAT OT 3TOT'0 CeKpeTHOTO Katoda K
u TakoBel, 4T0 Dg (Ex(m)) = m n1g 1060ro oTKpHTOro Tekcra m. fle-
HO, YTO eCJ KpUITorpaMMmy d cOOOIIeHNs m BHYNCIATH Kak d = f(m), To
OPOTHBHUK, MEPEXBATUBINNN d, MOXKET BBIYHCAUTHL M JUIIb C HpeHeOpeXKu-
MO MAaJIOH BEpPOSITHOCTBIO. DO BO-NEPBHIX, HENOHATHO, KaKUM 0Opa3OM CMO-
JKeT BOCCTAHOBUTH COOOGIIEHHE M U3 KPUITOTPAMMbI 3AKOHHBIN TTOJYYaTeNb !
Bo-BTophix, uz Toro, uro ¢gyHkiuus [ OJHOCTOPOHHSA CJAEJIYET JUIllb, YTO
OPOTHBHUK HE MOXKeT BBIYHCAUTH BCE coobllieHne neaunkoMm. A 5To — Bech-
Ma HU3KHH YPOBeHb cTOWKoCTH. ZKeqareibHo, 4TOOB MPOTHBHUK, 3HAIOIIHY
KpUOTOTpaMMy d, He MOD BBIYHCAUTH HH OJHOIO HUTA OTKPHITOIO TEKCTA.

Da HACTOSAIIHH MOMEHT M0Ka3aHO, YTO CYIIECTBOBAHHE OJTHOCTOPOHHUX
(DYHKIUE ABISETCS HEOOXOIUMBIM U [OCTATOYHBIM YCJIOBHEM [Jsi CYIIECTBO-
BaHUs CTOUKHX KPUITOCHCTEM € CEKPETHBIM KJIKYOM, a TakyKe CTOWKHX
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KpUITOrpapuiecKux NPOTOKONOB HECKONbKUX THUINOB, BKIIOYAsA MPOTOKOJbI
aaekTporHou nognucu. C gpyroi cTopoHsl, uMeeTcs peyibTarT UMnanbsnmo
i Dyanxa [9], KOTOPLIH ABIASETCS TOCTATOTHO CHIBHBIM APIYMEHTOM B MOJb3Y
TOTO, 9TO ISl HEKOTOPHIX THIOB KPHNTOrpapuIecKux cxXeM (BK/IIOYas Mpo-
TOKOJIBI pacupenenenns kiaoded tnna [uddu-Xemvmana) TpedyoTcs Gogee
CHJAbHBIE NPEINON0OKEeHNd, YeM ITPeaNnoJokKenlie 0 CyIIeCTBOBAHUN OJHOCTO-
porHUX (PyHKIHH. K cOXaqeHNI0, DTOT Pe3yJabTaT CAUIIKOM CIOKHBIN, YTOOBI
€ro MOYKHO OBLIO PA3BICHUTL B HACTOSIIEH CTaThe.

4. IICEBAOCIHYYANHBIE 'EHEPATOPLL

CyIiecTBeHHBIT HeJocTaTOK mndpa Beprama cocTonT B TOM, ITO KJIIOTH
ogHOpa3oBbie. MoKHO A1 M36aBUTHCA OT DTOTO HEAOCTATKA 3a CIET HEKO-
TOPOT'O CHUXKeHUsi cToikocTu? OJUH u3 cnocoboB pelleHis >TOU TPOSIeMbI
cocTOuT B caegyiomeM. OTIpaBATeNb I MOJydaTeqb UMeT OO ceKpeT-
HBIA KAt0d K JIAHB 7 W € TOMOIIBI0 HEKOTOPOTO MOCTATOTHO 3P PeKTHBHO-
ro ajJropuTMa ¢ TeHepHPYIOT U3 Hero mociIefoBaTeqbHOCTh 1 = ¢(K) min-
HBI ¢(n), Tj1e ¢ — HekoTOpbIH moanHoM. Takas xkpunTocncTeMa (0603HATNM
eé C'r) mos3BoaseT Mg poBaTh coobIIeHne m (MM COBOKYTHOCTH COOOIIEHNI )
JIINHOH 10 ¢(n) 6uTOB NO GopmMyne d = r ¢ m, riae ¢ — NOpa3psIHOE CIOKe-
HIle GUTOBBIX CTPOK TO Moayato 2. JlemudpoBanne BHMTOAHAETCA MO GOpPMYIe
m = d @ r. U3 pesyabraTtoB lllennona BLITekaeT, 9T0 Takas KPUNTOCHCTEMA
He SABASeTCA abCOMIOTHO CTOHUKON, T. €. CTOUKOH MPOTHB J060r0 IPOTHBHNA-
Ka (B YeM, BIpOUYeM, HETPYIHO YOeIUThCS W HEMOCPEJCTBEHHO). DO 9TO Oy-
JeT, eciu TpebyeTcs BallNIIAThCS TOABKO OT TOMNHOMHAILHO OTPAHNIeHHOTO
TPOTHBHUKA, KOTOPHIH MOXKET aTaKOBAaTh KPUNTOCHCTEMY JHUIIH C TOMOIILIO
TOJUHOMUATHHBIX BEPOATHOCTHHIX alropuTMoB? KaknMm yeaoBHAM TOTKHBL
YAOBIETBOPATEH MOCAENOBATETHHOCTE ©* M AATOPUTM ¢, ITOOR KPUITOCHCTEMA
C'r 6bLIa CTOUKOUT DOUCKH OTBETOB Ha 3TU BOMPOCHI MPUBEIH K MOSBACHIIO
MOHATHSA TCEBJOCIYIAHHOTO TeHepaTopa, KOTOPpoe OBIIO BBEACHO DIIOMOM H
Muxkasu [3].

Dyers g : {0,1}" — {0,1}2(") — (pyrkmus, BEYHCIIMAS 3 TOITHOMHEAb-
Hoe (o1 n) Bpems. Takas QpyHKINS Ha3bIBaeTCS reHepaTOpoM. HTYyHTHBHO,
TeHepaToOp ¢ ABIAAETCS TCEBIOCTYIANHBIM, eClN MOPOK aeMble UM TOCIeI0Ba-
TeIbHOCTH HEOTJANTIUMBI HAKAKAM MTOJHHOMUATBHBIM BEPOATHOCTHBIM adro-
PATMOM OT CIy9alHBIX MOCJAEI0BATENBHOCTEN TOH Ke MinHbl ¢(n). Popmannb-
HO DTOT OOBEKT OMpeReaseTcs CIeIyomuM 06pa3om.

DyCcTh A — TMoAMHOMUAALHAS BepOATHOCTHAA MammHa ThiOpHHTa, KOTO-
pas moJIydaeT Ha BXOJ€ TBONYHBIE CTPOKN JINHBI ¢(7) U BEITAET B pe3yabTaTe
cBOell paboThl OJUH GUT. DYCTh

Pi(A,n) = Pr{A(r) = 1|r g {0,1}2M}.
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BeposTHoCTh 31ech onpeesieTcss CayYalHbIM BEIOOPOM CTPOKH I W CJAyYal-
HBIMU BeJHYHHAMU, KOTOpbie A HCIONB3yeT B cBoell paboTe. DyCTh

Py(A,n) = Pr{A(g(s)) = 1]s €r {0,1}"}.

DTa BEPOSITHOCTE ONpeIeNseTcs CAyYallHbIM BEIOOPOM CTPOKH S U CAYYalHbI-
MU BeIWYUHAMU, KOTOPhie A HCHOJAb3YeT B cBoell paboTe. DOJI4epKHEM, UTO
(PYHKUUA ¢ BRIYUCAAETCHS TeTepMUHUPOBAHHBIM aJlrOPUTMOM.

OnPEJAEJEHUE 2. [enepaTop ¢ HasBIBaeTCA Kpunmoz2paduueckl cmotxum
nceedocayuainbim 2EHEPAMOPOM, €CIH 114 JI060H HOJHHOMIAJILHON BepOAT-
HOCTHOU MamuHbl Thlopuura A, mis 11060ro HOJIHHOMa P U BCEX TOCTATOYHO
OONBIINX N

|PL(A,n) — Py(A,n)| < 1/p(n).

Beioy HuMXKe Mbl s KPaTKOCTH OyjeM Ha3biBaTh KPHITOIpadpuIecKn
CTONKHE MCeBIOCIyYailible IeHepaTOPhl MPOCTO NCeBIOCIyYallHbIMU TeHepa-
ropamu. Takoe cokpallienne ABI1eTCsA OO PUHATHIM B KPUITOI padu 1ecKoil
Jureparype.

DeTpyIHO YOEMUTHCs, 9TO s CYIIeCTBOBAHNUS MCEBIOCTY YallHbIX IeHepa-
TOPOB HEOOXO[UMO CYIIeCTBOBaHHe OIHOCTOPOHHNX QyHKiuil. B camom nene,
caMa QYHKIHUA ¢ NOAKHA OGBITH OMHOCTOpOHHel. [JoKaszaTelbcTBO 5TOr0 Npo-
cToro ¢gakTa Mbl OCTaBJsSeM YHTATEN0 B KavecTBe ylpaKHeHus. Bonpoc o
TOM, SBIAETCS JH CYLIECTBOBAHUE OJHOCTOPOHHUX (PYHKIHI OTHOBPEMEHHO
I TOCTATOYHBIM YCJIOBHEM, MOJATOE BpeMs OCTaBajics OTKpbIThIM. B 1982 1.
flo [10] mocTpoua mceBROCAYHANHBIN TeHepaTOP, HCXOAA U3 TMPeIIOJ0KeHNs
O CYIIECTBOBAHUN 0OHOCTNOPOHHUT NEPECTNAHOE0K, T. €. COXPAHSIONINX IIHHY
B3aNMHOOHO3HAYHKIX OJHOCTOPOHHUX (DYHKINH. 3a >THM MOCIeI0BaIA Ce-
pusi paboT, B KOTOPLIX I0CTATOYHOE YCJoBHe BCé Godee n 6oaee ocaabasioch,
noka Hakoren B 1989-1990 rr. Umnaawsmnuo, Jlesun u Jly6ou [8] u Xocran [6]
He MOMYYUIH CAeAYIOUHI OKOHYaTeIbHBIN Pe3yabTar.

TrOPEMA 1. Pcesdocayuaiinbie 2enepamopst cywecmsyiom mozda U
moabkro Mmozda, x02da cyulecmeyom odHOCIMOPoOHHLe HYHKYUL.

DceBJoCIydallHble IeHepaTOPhl HaXO AT MPUMeHeHne He TOJNBKO B KPHII-
Torpaduu, HO U B TEOPHH CIOKHOCTH, U B APYIHX OOJACTAX JTUCKPETHOU
MaTeMaTuku. OOCyXKIeHNe DTUX NPUIOKEHUH BRIXOMUT 3a PAMKU HACTOSIIEH
CTaThU. 3IeCh JKe B KadecTBe WLIICTPAlll MBI PACCMOTPUM ONMHCAHHYIO B
Havaje JaHHOTO pasiena kpunrtocucremy C7r, HCHOAB3YIOIIYIO TICEBIOCAY Yali-
HBEIIl TeHepaTOp B KavdecTBe aJlOpUTMa ¢. DpexKje Bcero, HaM HeOoOXO0TUMO
IaTh ONpeeleHne CTOUKOCTH KPUITOCHCTEMbI ¢ CEKPETHBIM KJIHYOM.

Dycrh K — anropuTu mudpoBaHus KPUITOCHCTEMBI ¢ CEKPETHBIM KJIH0-
qoM. O603HATNM pesyabTaT ero paboTsl d = E(m), 3qech K — cekpeTHbIN
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KJII0Y IIUHON n GUTOB, a M — OTKPBLITHI TeKcT aannol ¢(n) 6utos. Yepes
m; 0603HaYaeTCA I-blil 6GUT OTKPBITOIO TeKCTa. DYCTh A — NoInHOMHUAILHAS
BepOATHOCTHASA MallliHa ThlopHHTa, KOTOpasd IOLyIaeT Ha BXOJ KPUITOPaM-
My d u Boigaér mapy (i,0), rme ¢ € {1,...,q¢(n)}, ¢ € {0,1}. UnryurusHo,
KPUITOCHCTeMa ABJISeTCd CTOHKOIl, ecin HUKakad MalinHa Thiopuura A me
MOKeT BEIYHCINTE HH OJUH OGHT OTKPLITOTO TEKCTa ¢ BepOATHOCTBIO yCIexa,
CYIIeCTBEHHO GOJbIIell, 9eM NIpH IPOCTOM YIa LIBAHUIL.

OnPEAENEHUE 3. KpunrocucreMa HaszbiBaeTCH CTOUKOU, ecau s J0601
TOJUHOMUATHHON BEPOATHOCTHON Mammubl Thiopuara A, mis aoboro moan-
HOMa p M BCEX JOCTATOTHO GOJABIINX N

Pr{A(c) = (i,0) & 0 = m; | K €5 {0,1}", m €5 {0,1}7} < 1/2+ 1/p(n).

DTa BepOSATHOCTH (BCIOIY HUKe I8 KPATKOCTH MBI €€ 0603HadaeM mpocTo Pr)
OTIpeIeNAeTCSA CIYIalHBIM BEIGOPOM CEKPETHOTO Katoda K, CTyIalHbBIM BHIGO-
POM OTKPBITOI'O TEKCTa 1M U3 MHOKECTBA BCEX MBOMYHBIX CTPOK JJINHBL ¢(n)
U CTyIalHBIME BeININHAMI, KOTOphle A HCTOAB3yeT B CBoel paboTe.

DokaxkeM, 9To KpunTocuctema C'7 ¢ MCeBIOCAYIAlHBEIM TeHepaTOPOM B
KavYecTBe ¢ ABIAETCAS CTOWKOW B CMBICAE JaHHOTO ONpeIeleHns. DPennogo-
JKUM TMPOTHBHOE, T. €. UTO CYIECTBYIOT MOJANHOMUAALHBIA BEPOSITHOCTHBIH
aaroputM A u moamHOM p Takme, yto Pr > 1/2 4 1/p(n) mxis 6eckoHedHO
MHOTHX 7. DaCCMOTPHUM aATopuTM B, KOTOpLIfl MoaydaeT Ha BXoJe TBOUT-
HYIO CTPOKY T IIHHEL ¢(n), BEIOUpaeT m €p {0, 1}‘1(”)7 BRIIuCasgeT d = m @ r
i BEIBbIBaeT A Kak MOJIIpOTrpaMMy, MogaBas el Ha BXOJ CTPOKY d. Joayyus
or A mapy (i¢,0), B mpoBepser, IeficTBUTENBHO JIU M; = O U €CIN Ja, TO
BBEITAET 1, B mpoTUBHOM ciytdae — 0, W ocTaHaBIuBaeTcs. Jlerko BIeTh, 9T0O
B paBoraer 3a noanHoMuagsbHoe (0T n) BpeMs. YOeinmcs, 9To aaroputm B
OTJANTAET TCEBOCTYIalHbIe CTPOKN, TTOPOK IEHHBIE TeHePATOPOM ¢, OT CIy-
9alHBIX CTPOK JMINHBL ¢(n). B caMoM gere, ecim cTpoKn r, MOCTynaoline Ha
BXOJ B, ABAAOTCA CIyIaiHBIMI, To d — KpunTorpamma mudgpa Beprama u,
corqacio Teopeme lllennona, Pr = 1/2. Ecan cTpokn r TOpOXK T€HBI TeHepaTo-
poM ¢, TO KPUTITOTPAMMHBl d NMMEIOT TaKoe JKe pachpegeneHie BeposTHOCTEN,
Kak B kpunrocucreme Cr, I, CONIAcHO Tpennojoxennio, Pr > 1/2 4+ 1/p(n)
st GeCKOHETHO MHOTHX 1. DOIYHIeHHOe TPOTHBOPETNe ¢ ONpeIeleHneM MceB-
JOCTYIaHHOTO TeHepaTopa JOKa3biBaeT YTBEPKJIEHHE O CTONKOCTH KPHITO-
cucrembr C'r.

DazyMeeTcs, CTOHKOCTh KPUMTOCHCTEMBI ¢ CEKPETHBIM KAIOMOM MOKHO
OTIPEENATh Pa3IudHBIM 06pa3oM. DalpuMep, MOKHO pacCMaTPpHBAThL CTOMN-
KOCTB IPOTHB aTaKM ¢ BHIGOPOM OTKPBITOTO TEKCTa: MTPOTHBHIK MOKET MPe/I-
BapUTEIbHO BHIOpATh MOATHOMAAILHOE KOMNIECTBO OTKPHITHIX TEKCTOB 1 TO-
JY9ATH WX KPATTOTPAMMBI, MOCAe Tero OH MOAyIaeT TY KPUTNTOTPaMMY, O
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KOTOpOH eMy TpebyeTcsi BRIYUCIUTE XOTs Obl OJUH OUT COOTBETCTBYIOIIETO
OTKPBITOT'O TeKCTa. JeTPyaHo ybenruThes, 4To Kpunrocucrema C'r ¢ nceBio-
CAYYalHbIM T'€HEPATOPOM B KavecTBe ¢ ABJSETCH CTOUKOH W MPOTUB aATaKH €
BbIOOPOM OTKPBITOI'O TEKCTA.

Takum o6pazoM, MBI YOETHANUCH, 9TO € MOMOIIbIO MICEBAOCAY YaUHBIX T'eHe-
PaTOpPOB MOYXKHO CTPOUTH CTOUKHe Kpunrocucrembl. OCHOBHOE HallpaBieHue
HCCAEIOBAHUN B JaHHOW OOJACTH — MOUCK MeTOJO0B MOCTPOeHus 3P(eKTHB-
HBIX [CEBIOCIYYANHBIX NeHepaTOPOB Ha OCHOBE PABJMHYHBIX KPUITOD paduie-
CKUX MpeInoioKennil. JokazareneM >PPeKTHBHOCTH 31eCh CAYKUT KOJUYe-
CTBO oMepaluil, 3aTpaviiBaeMbIX Ha BBRIYHUCJICHHE KaXKTOTO OYepeHOro GuTa
[MCEBIOCIYYANHON MOCJeI0BATEIbHOCTH.

5. TOKABATEJLCTBA C HYJIEBBIM PA3TJIAIIEHUEM

DPpeAmoNOKIM, 9To AMNca 3HAET JOKA3aTEAbCTBO HEKOTOPOH TEOPEMbI
KenaeT yoeuTh Joba B TOM, ITO TeopeMa BepHa. Komnewno, Annca MoxeT
TPOCTO TeperaTh J0Ka3aTelbCTBO Doy Ha MPOBEPKY. DO TOTa BIOCIE]-
cTBUU D06 CMOXKET caM, 6e3 MOMOITH AJHCH, TOKA3BIBATH TPETHLUM JUIAM
»Ty TeopeMy. A MoxkeT qu Annca y6eanTh Doba Tak, 9TOOLI OH He MOJYHIT
TpH DTOM HUKAKOH MHMOPMAINN, KOTOpas MOMOTJIa 6B €My BOCCTAHOBATH
TOKa3aTeIbCTBO TEOpeMbI? DTHM [BYM, Ka3aJoCh OBl B3aHMHO MCKIIOTATO-
UM TPeBGOBAHUAM, YAOBICTBOPAIOT MPOTOKOALI JOKA3aTETHCTBA € HYJEBBIM
pasrialienneM. JoclenHee TOHATHe OLIIO BBefeHo [onbaBaccep, Mukaan u
Dakopdom B 1985 1. [4].

DaccMaTpUBaeTCA Caeyiolnas Mofelb TpoTokoaa. B pacnopsikennn Ann-
CHl M D0bHa UMeIoTCS BepoATHOCTHRIe Mammubl Twhiopuara P u 'V coorBeT-
CTBeHHO. BRucInTe hHEe PeCypChl, KOTOPHIE MOXKET HCIOIB30BaTh AJHca,
HeoTpaHWtdeHbl, B TO BpeMs KakK MalimHa V pafoTaeT 3a TOJHHOMHUATLHOE
Bpems. Mammuast P u 'V nMmeiorT o611yio KOMMYHUKAINOHHYIO JEHTY 1as 06-
MeHa, COOOTIEHUAMMI. DOocIe 3alHCH COOBIIEHNA Ha KOMMYHIKAINOHHYO JeHTY
MaIllHa TePEXOIHT B COCTOSHNE OKWIAHWS W BLIXOJAWT W3 HEro, Kak TOIb-
KO Ha JeHTy 6yeT 3amucano oTBeTHoe coobuienne. Mamnusr P u V umeoT
TakXKe 06IIyI0 BXOJHYIO JEHTY, Ha KOTOPYIO 3aMHCAHO BXOIHOE CAOBO &. YT-
BepiK IeHne, KOTOpoe MokasbiBaeT Admnca, cyTh «r € Ly, e [, — HeKOTOPHIT
(pukcnpoBaHHBIN (M3BecTHHIN 1 Annce, n Doy ) a3bIK. UTOOB N36€:KATH TPH-
BHAJBHOCTH, 361K [ mo/mKeH 6bITH TPy tHBIM (Hampumep, NP-monubiM), nHave
D06 CMOXKET CAMOCTOATENHHO TPOBEPUTD, 9TO & € L. D0 CYIIeCTBY, TPOTOKOT
TOKa3aTeIbCTBA COCTONT B TOM, IT0O D06, HCIOIB3YS CAYIalHOCTh, BHIOUpAeT
HEKOTOpbIE BOMPOCH, 3a1aéT nX AJHWce I MpOBepsieT MPaBIILHOCTH OTBETOB.
Brinoanenne mpoTokoda saBepiliaeTcs, KOT/a MalinHa V OCTaHaBINBAETCH,
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IpH 5TOM OHA BLIAAET 1, ecin T0Ka3aTelbCTBO NPHHATO, u ) — B IPOTHBHOM
clydae.

Dyctb Aun B — 1Be HHTepaKTHBHELE, T. €. B3aHMOIHCTBYIOLINE Yepe3 06-
LIy IO KOMMYHHKAIHOHHYIO JeHTY, BeposTHOCTHBIe ManHel Thiopuara. Yepes
[B(z), A(x)] o6o3HavaeTcs caydaiiHas BeINYNHA — BBIXOJHOE CJIOBO MAlIl-
Hel A, korga A u B paboratoT Ha BXogHOM ciIoBe z. Uepes |z| o6osHadaeTcs
IIMHA CJI0BA .

OnPEAENEHUE 4. Humepaxmuenvin doxazameavcmeom dan azvika L Ha-
3bIBaeTCs NMapa HHTepakTuBHEIX Mamni Teiopura (P, V) Takas, 410 BB
MOMHAIOTCA CJAeAYIOIINe [Ba yCJIOBHA.

1. (Doanota). [luas Bcex € L

Pr{[P(z),V(z)]=1} = 1.

2. (KoppekTHrocts). [luas mo6oi mammasl Teiopnara P*, mis aoboro mo-
JUHOMA P U s Bcex @ ¢ L 1ocTaToYHO GOMBIION MINHBI

Pri[P*(z), V(2)] =1} < 1/p(|z|).

DOJHOTA O3HAYAET, 4TO eCJH BXOJHOe CJIOBO HPUHAIEKUT S3bIKY L u
06a ydacTHuKa, U Aauca, u D06, CAeIVIOT HPOTOKOILY, TO J0Ka3aTelbCTBO
OyeT Bcerga npuHsTo. TpeboBanie KOPPEKTHOCTH 3aliuiilaeT Doba oT He-
YeCcTHOU AJIHCE, KOTOPas MBITAeTCs OOMaHyTh €10, «I0Ka3kiBasy JOKHOe yT-
BepiK TeHue. Dpu >ToM Adnca MOXKeT KaKiM yI'oJHO 00pa3oM OTKJIOHATHCS OT
TeHCTBUN, TMPEeJINUCAHHbIX MPOTOKOJIOM, T. €. BMecTo MamuHbl Thioputnra P
HCIOJb30BaTh J06yi0 npyryto Mmaiunny P*. Tpebyercs, 4To6bl BEpOsSTHOCTH
oOMaHa ObLTa B TI000M CAydae NpeHeOpeKnMO MaJaol.

ONPEAEJEHUE 5. WHTepaKTHBHBII MPOTOKON JOKa3aTelbCTBa NI A3bIKa L
HA3BIBAETCA JOKA3AMEADCTNGOM C GOCOMOMHO HYACEDILN PAI2AAUIEHUEM, €CIH,
KpoMe yCIOBHl 1 U 2, BEIIOJHEHO elllé U clefylolllee YCJIOBIe.

3. (CBoiicTBO HyleBoro pasriamenns). [las 110600 TOIHHOMIAILHON Be-
poaTHOcTHON MammHbel Thlopuara V* cylilecTByeT BepOATHOCTHaA MalllHa
Teropuara My s, paboTatolas 3a MOJMHOMHIAIbHOE B CPeTHEM BpeMsd, I Ta-
Kasf, 9To Jas BceX x € L

My (z) = [P(x), V*(z)].

Mamnna Mvy+ HazbIiBaeTCS MOJIeIUPYIOMIel MallnHon mis V™. Dperno-
JaraeTcs, YTo MaTeMaTHYecKoe OXKHIaHue BpeMeHH €€ paboThl OTpaHUYeHO
HOJHHOMOM OT JUIMHBEL Z. JTO O3Ha4YaeT, 4To B npununune My» Moxer, B
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3aBUCHUMOCTH OT TOI'0, Kakhe 3HadeHHus NPAMYT HCHOAb3yeMble B €€ pabo-
Te caydaiiible TepeMeHHble, paboTaTh AOCTATOYHO AOJTO0. DO BEPOATHOCTH
TOrO, 4TO BpeMs eé paboTHl PEBLICHT HEKOTOPYIO MNOJHHOMHAILHYIO T'DaHi-
1y, Maga. /L1 Kagou Mamnasl V™ ¢cTpOUTCA CBOA MOJeTHpylolas MallnHa;
NOCIeTHSAS MOKET HCMONb30BaTh V™ Kak nognporpammy. Yepes My« (z) 060-
3HAYAETCA CAydalHas BeINYNHA — BLIXOAHOE CIOBO MallluHbl My », KOrjga Ha
BXOJIe OHa TMOJAYYaeT CIOBO L.

CBoLCTBO HYJEBOT'O pazralllenus 3aluiiaeT Aaucy oT HedecTHOro Doba,
KOTOPBIH, TPOU3BOABHO OTKJOHASICH OT JeHCTBHU, NPEJINUCAHHBIX TPOTOKO-
gom (mcmoawsyst V* Bmecto V), mbITaeTcs U3BJAeYH U3 €0 BHIMOJTHEHHS [0-
MOJHATENBHY0 HHPOPMALNIO. YCIoBHe 3 03HaYaeT, 9TO D06 MOKEeT MPH DTOM
MOJYYUTH TOALKO TaKylo HHPOPMANNIO, KOTOPYIO OH CMOI' OBl BBIYUCJIUTH U
CaMOCTOSITENBHO (6€3 BHIMOMHEHNS TPOTOKOMIA) 33 HOINHOMHUATHHOE BPEMH.

DpuBejieM B KadecTBe MpHMepa MPOTOKOJA [JOKa3aTelbCTBa ¢ abCOMIOTHO
HyJeBhIM pasraarinenuem mis s3bika U3OMODDPU3BM ['DADPOB uz padborh
loab apaiixa, Mukaan u Burgepcona [5]. Bxo1HBIM cJIOBOM siBAsieTCs Tapa rpa-
doB Gy = (U, Eh) nu Gy = (U, Eyp). 3nech U — MHOKeCTBO BepIINH, KOTOpOe
MOZKHO OTOXKIECTBATH ¢ MHOXKECTBOM HATypa’sbHbIX wicea {1,...,n}, Fy u
Ey — wmuoxecTBa pédep Takue, aro |Ey| = |Ey| = m. I'pader Gy n Gy Ha-
3BIBAIOTCA M3OMOP(MHBIME, €CIH CYHIeCTBYeT MepecTaHoBKa (¢ Ha MHOKeCTBe
U rakas, uto (u,v) € Fy Torga m Toabko Torjia, korga (¢(u), p(v)) € I
(o6ozravaerca G = p(y). 3agada pacnosHaBaHmsg n30MopduaMa rpadon —
XOPOIIIO U3BECTHAS MaTeMaTHYeckas 3ajada, 11 KOTOPOH Ha JaHHbII MOMEHT
He U3BECTHO MOJMHOMHUANBHLIX aaropuTMoB. C Apyroil CTOPOHLI, HEN3BECTHO,
ABAAETCA U 5Ta 3agada NP-IoIHOI, XOTA ecTh BeCKHe OCHOBAaHUSA MPeInoa-
raTh, 9TO He SABAAETCH.

I[TroTOKOI IG

Pyems ¢ — uzomopdusm menwcdy Gi v Go. Caedyowue vemsipe waza
BBINOAHAIOMCA 6 YUKAE T PA3, KaHcdbili pa3 ¢ HE3AGUCUMBLMU CAYUATHBLMY
6 EAUNUHAMU.

1. P swvibupaem cayuaiinyio nepecmanosexy © na muoxcecmee U, spiuucas-
em H = n(Gy u nocviiaem smom 2pag V.

2. V svioupaem cayuaiinvti 6um o u nocvliaem ezo P.

3. Feau oo = 1, mo P nocoitaem V nepecmanosky ©, 6 NPOMUSHOM CAyuae
— nepecmanosKy T o Q.

4. FEeau nepecmanoska, noayuennas V, HE A6AAEMCA UB0MOPPHUIMOM
mencdy G, v H, mo V ocmanasausaemes u omeepzaem Jdokasameabemeo.
B npomusenom cayuae ebinoanenue npomoxoia npodoiNcaemcs.
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Ecau nposepru n.4 daau notorcumesbnvlii peayabmaim 60 6cer m yukAdr,
mo V npunumaem dokazametbcmeo.

SameTum, uTo ecau B mpotokose IG mamuna P nonyydaer uzomopdusm ¢ B
KadecTBe MONOJHUTENBLHOTO BXOTHOIO CJIOBA, TO €l [LIf BHITOJHEHUS TPOTOKO-
Ja He TPebyTCHS HeolpaHHYeHHbIe BhIYUCJIUTENBHbBIE PECYPChI. JOjee TOro,
B 3TOM cayydae P MoxeT OBITH MOJHHOMHAJIBHOU BEPOSTHOCTHOU MalllMHOW
Trropunra.

TeoPEMA 2 ([5]). Ppomoroa IG seasemes doxazameavbcmeom ¢ abco-
AOMHO HYAe6blM pasetqwentem das azvika H3OMOPDOU3M I'PADORB.

Doanora nporokoaa IG ovyeBuHa.

st joxazaTenbCTBa KOPPEKTHOCTH JOCTATOYHO 3aMETHTh, YTO OUT «,
KoTophiil V BeiGupaeT Ha Inare 2, ykazwiBaer P, mist kakoro us rpagos — G
win (1 — TpebyeTcs NpoAeMOHCTPUPOBaTh uzoMopduzm ¢ rpadom H. Eciu
Go u Gy He uzomopgubl, To H MoxkeT ObITH U3OMODPQEH, B JyUIlIeM Clydae,
OJTHOMY U3 HUX. DODTOMY NpOBepKa M. 4 macT MOJOKUTETBHBIN Pe3YJIbTAT €
BePOATHOCTRIO < 1/2 B OMHOM IHKJIe U ¢ BeposiTHOCThIO < 1/2™ Bo Bcex m
MHKJaX.

JlokazaTeabCTBO CBOUCTBA HYJIEBOIO paslJallleH st 3HAUYUTEJIbHO CI0XKHee.
D03TOMY MbI BOCHPOU3BOJIUM TOJbKO OCHOBHYIO Hjei0. JPexkK e BCero, zame-
THM, YTO OCHOBHAS 3aja4a MallHHBE V* — MOAYYUTh MAKCUMAJIbHO BO3MOXK-
Hyto nHdopMaluio 06 uzomopduzme Mmexay Go u G1. EcrectBenno npemmno-
JOXKUTH, YTO OHa, B oTau4due oT V, 6yeT BHIaBATh B Ka4ecTBE BBIXOJTHOIO
CJIOBa He OfUH OGUT, a BCIO MOMYYEHHYIO B Pe3y/ibTaTe BHIMOJHEHHS POTO-
KoJia uHpopMalno, BkIYads rpadpbl H U nepecTaHOBKH, HOJyUYeHHBEIE COOT-
BeTCTBeHHO Ha Imarax | u 3 mporokoaa 1G. Mogenupyiomas mamunaa My«
TOJYKHA yMETh CTPOUTH TaKue yKe Mpadbl i epecTAHOBKH, He 3Has NPH DTOM
mzoMopduaM ! DodTomy My« mbITaeTca yragaTh TOT OUT &, KOTOPHIT 6y-
IeT 3anpocom Malnuibel V* Ha mare 2. [las sroro My« BeibupaeTr caydalHBIT
6uT 3, ciydaiHyio nepecTaHOBKY ¥ i Beiaucaser H = Gg. [aree My« 3amo-
MUHAeT COCTOsiHNe MalluHbl V* 1 BEIBBIBaeT €€ KaK MOIIporpaMMy, nogaBasd
eil Ha BXon rpadp H. OrBeroMm manmubl V™ GymeT HekoTophid 6ut «. Eciu
o = 3, TO MOfleINpOBaHue B JaHHOM [HKJE 3aBepIleHO YCHEITHO, MOCKOIBKY
My » MOZKeT TpoIeMOHCTPHPOBATH TpebyeMblil n3oMopdusM. Ecin xe o # 3,
10 My * BocCTaHaBIMBaeT paHee COXpaHEHHOE COCTOSHIE MalllnHbl V™ u 10-
BTOpSAET MOMBITKY.

Ecin B ompefgeseHHn ¢BOHCTBa HYJIeBOI'O pas3lallleHHs 3aMeHHTh DaBeH-
cTBO caydaiubix Beandnd My« (z) n [P(z), V*(2)] TpeboBanmeM, 9T06b nX
pacipeeleHns BePOATHOCTEH (IOYTH He OTIMYANNCHY, TO MOLYIUTCA IPY-
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raf pa3HOBHHOCTDH JOKa3aTelbCTB — JOKA3AMEALCNEA €O CMAMUCTIUYECKU
HYAECEBIM PA32AAUEHUEM.

Ewme o Tun — dokazameabcmea ¢ 6bIUUCAUMEADHO HYAEGDIM PA32.Ad-
wenuem. B pToM ciydae Tpebyercs, 9TO6LI MOZeNNPYIONIAd MAIINHA CO3Ta-
Bajla pacrnpefeferne BepOSTHOCTEN, KoTopoe HeoTandnmo ot [P(z), V*(z)]
HIKAKIM TOJHHOMHAJIBHBIM BEPOATHOCTHBIM aJTOPUTMOM (HEOTIHIHMOCTh
3J1eCh ONlpeie/feTCs aHAJOIMIHO TOMY, KaK 2TO JeJaloCh B OIpeIeleH I CeB-
JTOCHY 9l HOTO T'eHepaTopa).

Do9epKHEM 0c060, 9TO BO BCEX TPEX ONpeleJeHnAX HyJIeBOTO pasrialiie-
HHS YCIOBHA HAK/IAIBIBAIOTCA Ha TeHCTBHA MOJEINPYIOIIel MallnHBl TOILKO
Ha Tex CI0Bax, KOTOphIe IPUHALIeKaT A3bIKY.

DOMHIMO HHTepeca K J0Ka3aTelbCTBAM ¢ HYJeBBIM pasrjalleHueM KaK K
HeTPUBHAJILHOMY MaTeMaTHIeCKOMY OOBeKTY, OHH HCCICIYIOTCS TaKke H B
CBA3M C MPAKTUICCKUME TPUJIOKEHUAMI. Danbojee eCTeCTBEHHBIN 1 BasKHBIN
THI TaKUHX OPUJIOKEHHH — TNPOTOKOAB ayTeHTudukanuu. C moMombio Ta-
KOT'0 IpOTOKOJa AJNca MOXKET [MoKazaTh D00y CBOK ayTeHTHIHOCTh. DPe/-
IOJMOKIM, HalpuMep, 9To AJlca — 5TO HHTeLIeKTyalbHasd GaHKOBCKas Kap-
TOYKa, B KOTOPOH peaan3oBal aaroputm P, a D06 — 5To KoMIbioTep 6aHKa,
BLIOMHAOMINN TporpaMMy V. Dpek e 9eM HadaTh BHITOJHEHIe KaKuX-TH00
6aHKOBCKIX olepaliil, 6aHK JoJkKeH yOeIuThcs B IOJIHHHOCTH KapTOIKH
I MAeHTH(GUIUPOBATH €€ Baajelblla, I, TOBOPA Ha A3BIKE KPHITOIpadui,
KapToYKa [NOJKHa MPOHTH ayTeHTH(pHKalnuio. B IpuHmume a1a 5TOH mean
MOZKHO HCHOJIB30BaTh NPUBEJIeHHBIN Bhille npoTtokol IG. B sTom caydae B
naMaTH GAHKOBCKOTO KOMIBIOTepa XpaHHTcs mapa rpados (Go, (), como-
craBienHas Ajuce, a Ha HHTENLIEKTYaJbHOI KapTOYke — Ta Ke Iapa Ipa-
(OB U U3OMOPPU3M (p. DpeanogaraeTca, 4To, KpoMe AJHUCH, DTOT H30MOP-
(uU3M HUKTO He 3HaeT (KpoMe, OBITH MOXKeT, Jo6a) U MOITOMY € TMOMOIIBIO
nporokoia IG KapTovka TOKa3bIBaeT CBOI ayTEHTHYHOCTh. DPH DTOM CBOM-
CTBO NMOJHOTHI O3HaYaeT, YTO KapTOIKa HaBepHAKa JOKayKeT CBOIO ayTeHTH Y-
HocTh. CBONCTBO KOPPEKTHOCTH 3alllil[aeT WHTEepechl GaHKa OT 3JO0YMbIII-
JeHHNKa, KOTOPHIN, He ABIAACH KIMEHTOM OaHKa, NBLITaeTCA NPOMTH ayTeH-
THPHKALIIO, UCIOAB3YA (PAIBIIHBYI0 KapToukKy. CBOUCTBO HYJIEBOrO pasria-
LWIeHNA 3alliIIaeT KIMeHTa OT 310y MBIILIeHHIKa, KOTOPHII, IOJCIYIIAB OJHO
1 6oJee BBHITOMHEHIH TPOTOKOIA ayTeHTH(UKAINN JaHHOH KapTOYKM, MbI-
TaeTcs MPOHTH ayTeHTH(UKaNuo mog uMeneM Aancel. /1 mpakTudeckoro
IpUMeHeHIsT 09eHb BayKHBIM CBOHCTBOM mpoTokoda IG siBisercs To, 9TO aj-
roput™ P, mony4nBumi B KadecTBe JONOJHATEILHOI'O BXOIa H30MOP(HU3M o,
paboTraer 3a NoJuHOMHAJIbHOE BpeMs. BMecTo nporokota IG MOKHO HCTONEb-
30BaTh, BOOOIIE IOBOPA, A11060€e IPYroe J0Ka3aTelbCTBO C HyJeBBIM pasTaalile-
HUeM, B KOTOPOM airopuTMm P o6iajaeT >TUM CBOUCTBOM. D0 s pealbHbIX
npuioKeHnii npoTokoa IG, Kak n GOJBIIMHCTBO NOJOOHBIX MPOTOKOJIOB, He
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qu)qi)eKTI/IBeH: 60JbIII0e KOJINYEeCTBO OUKJ0B, CIMIIKOM [IJUHHbIE COO6HI€HI/IH

nT.

I. douck dogaee 3PPEKTUBHBIX T0KA3yeMO CTOUKHX ITPOTOKOJOB — OHO

I3 OCHOBHEIX HaHpaBJIeHI/Ifl I/ICCJIG,Z[OB&HI/II?I B rZ[aHHOI(/JI objaacTH.

[1]

[2]

[3]

[4]

[5]
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AJIFOpI/ITMI/I‘IeCKI/Ie HpO6JIeMbI TCOPUH THCEI

1O. B. Hecrepenxo

DTa cTaThs MOCBAllleHa aJIropuTMaM Teopun 4ucend. Bonpoc «kax cocdu-
TaTh?» BCErfa COMYTCTBOBAJA TEOPETHKO-YUCJAOBBIM uccienoBanusm. Tpy b
Eskaumna u Tuodanrta, @epma u Dinepa, 'aycca, HebbitieBa u dpMmuTa comep-
JKAT OCTPOYMHBIE U BecbMa d(PPEeKTHBHBIE AJITOPHTMbI pellleHus THO(aHTO-
BBIX YPaBHEHUHU, BEISICHEHUS PA3PElINMOCTH CPAaBHEHHH, TOCTPOSHUS GOJIbIIITK
MO TeM BpeMeHaM MPOCTHIX YHCeNd, HAXOXKIeHUs HAWIYUIIuX TPUOIUKEHU il
U T.[. De3 MpeyBeJnYeHns MOKHO CKa3aTh, YTO BCA TEOPHS THCEN TPOHU3AHA
adroputMmamu. B nociegnue nBa gecsrtuieTus, 6jarojaps B MepBYIO odepeb
3anpocaM KpUNTOrpapui 1 MHPOKOMY pacnpocTpanennio IBM, nccienona-
HUS IO AJMOPHTMHUYECKHM BOIPOCAM TEOPUU YUCE] TepeKnBaoT nepuos 6yp-
HOT'O U BeCbMa IIOJOTBOPHOIO pazBuTHd. ME KpPaTKO 3aTPOHEM 31eCh JUIITh
Te alrOpPUTMUYECKHe ACHeKThl TEOPHH YHCET, KOTOPHE CBA3AHBI ¢ KPUITO-
rpadpuiecKnMn TPUMeHeHUAMHI. 3a PaMKaMH CTAaTbH OCTAHYTCS MNPOOJEMBI
HAXOXK TeHUs pellleHull [uOo(pPaHTOBHIX yYpPaBHEHUN, BHIYUCJIEHUH B MOMSAX aJ-
rebpanyeckux YuceN, BEIYUCJISHUN ¢ PelIéTKaMi, HaX0XK feHus muodaHTOBBIX
npubJIHKEeHUH U Psijl APYTEX BOIPOCOB.

BrraucanrenbHble MalllMHBI U 3JIeKTPOHHBIE CPEICTBA CBS3M MPOHUKIU
MpakTUYeCKn BO BCe C(Pephl YeJOBeYeCKON TeATeJbHOCTH. JeMBICAnMa 6e3
HUX U coBpeMeHHas kpuntorpadus. HludpoBanue u gemndpoBanue TeKCTOB
MOXKHO TIPEACTaBIsATh cebe KaK Mpolecchl nepepaboTKH MelkiX YHCeT IPU 10-
Mot IBM, a cnocobsl, KOTOPEIME BBIMOMHAIOTCSA DTH ONMEpali, Kak HeKO-
TOpBIe (PYHKIUU, OTpefelEHHEIe Ha MHOXKeCTBe ebixX ducet. Beé nTo geraer
eCTeCTBEHHBIM TOSABJIEeHUE B KPpUNTOrpadui MeTOJ0B Teopuu uducen. Kpome
TOT'0, CTOUKOCTh Psifa COBPEMEHHBIX KPUIITOCHCTEM 0O0CHOBHIBAETCH TOJBKO
CJIOKHOCTBIO HEKOTOPHIX TEOPeTHKO-INCAOBHIX 3agad (cM. [24]).

D0 Bo3MoxkHOoCTH DBM 1mMeioT onpenenéHubie IPAHUIIHE. DPUXOMUTCA Pas-
OUBaTh MINHHYIO HMU(POBYIO MOCAEIOBATEIbHOCTh Ha OJOKH OpaHUYeHHOU
IJAUHBL U ITHPPOBATh KaxK bl TaKou GJ0K oTaenbHo. Mbl 6yjeM ciuTaTh B
TaJdbHeRIeM, 4To Bee IudpyeMble Melbie Yicaa HeoTPUIlATeSbHEL I [0 BeJi-
qnHe MeHblle HEKOTOPOTO 3aJaHHOIO (CKayKeM, TeXHUIeCKNME O pAHMYeHN-
amn) dncaa m. Takum xe ycaoBusM 6y Iy T yIOBIETBOPATH U GHCIA, TOJydae-
Mble B Mpoliecce MUpPOBAHNA. DTO MO3BOJAET CIHTATH U Te, I APYTHe THCA

MaTemaTu4eckoe npoceeleHune, cep. 3, Bbin. 2, 1998(87—114)
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paeMeHTaMu Koablla BerdeToB Z /mZ. ludpytoimas GyHKIHES TpH DTOM MOKET
paccMaTpUBaThCH KaK B3aHMHOOIHO3HAYHOE OTOOpasKeHne KoJel BhYeTOB

frZ/mZ— Z/mZ,

a qncao f(x) npegcraBiaseT coGoll coOoOIIeHNe & B 3alIN(POBAHHOM BHTe.

DpocTrenuni mndp TaKOro poja — mmdp 3aMeHs (cM. [1]), cooTBeTCTBY-
er otobpaxennio f :x — &+ k (mod m) npu HEKOTOPOM (PUKCHPOBAHHOM
neaoM k. Jomobuerl mudp ucnoabszopad emé FOaun llezaps. Konedno, ne
Kazk [oe oToOpayKkenne [ MOAXOJIUT s Helell HaleKHOTO COKPBITHA HHPOP-
mamun, cM. [1].

B 1978 r., cm. [2], amepukanubr . Jusect, A. Hlamup n JI. Agxreman
(R.L.Rivest, A.Shamir, L.Adleman) npemioxuin npumep (pyaxunn f, obaa-
Talollen psijgoM 3aMedaTelbHbIX JOCTOHHCTB. Ja €€ OCHOBe OBLIa MOCTPoeHa
pearbHo HCTOAb3yeMas CHCTeMa, THGPOBAHNS, TOMY IHBINaA Ha3BaHHe MO Mep-
BBIM OYKBaM HMeH aBTOPOB — cuctema RSA. Dra pyHKIHS TakoBa, 4TO

a) CyHIeCTBYET MOCTATOYHO GBICTPHIN AJlOPUTM BHIYHCIEHNS 3HadeHUH f(Z);

6) CyLIeCTBYET JOCTATOYHO ObICTPHII AJTOPUTM BHIYUCICHUs 3HAYEHHH 06-
parnoil pyukmuu 1 (z);

B) pyukuns f(z) 0baagaeT HEKOTOPHIM «CEKPETOMY, 3HaHIEe KOTOPOI'O O3B0~
AseT GBLICTPO BREIMACAATE 3Hadenus f~!(2); B 1POTHBHOM Ke clydae BhIYHCIe-
ane f~1(z) craHOBATCA TPYNHO pazpelInMoOil B BEIYHCINTENLHOM OTHOIICHHH
3aadell, TpeGyollell 118 CBOEro pelleHus CTOIb MHOI'O BpeMeHH, 9TO 110 ero
npouecTBIH 3aludpoBaHHas HHPOPMANNA MepecTaeT NpeAcTaBIiTh HHTe-
pec g U, NCHOAL3YIOMNX oToOpakenne [ B KadecTBe mudpa.

DojapodHee 06 0TOOPaAKEHHAX TAKOI'O COPTA H BO3MOMKHOCTAX UX UCIOJb-
30BaHmsA B KpunTorpadui pacckaszano B [1,9].

Eue 10 Bbixoma n3 medaTn cTaThi [2] Konus gokaara B MaccadyceTckom
TexunonorudeckoM HWHCTUTYTe, NOCBAMIEHHOrO cucTeMe RSA, 6Gblia mociana
H3BeCTHOMY monyaspusaropy marematuku M. ['apauepy, kotopsiin B 1977 1.
B :KypHate Scientific American ony6ankoBaJ cTaThio [3], TOCBSIIEHHYIO DTON
cucTeMe mudpoBanui. B pycckoMm mepeBofe 3arJaBue cTaThu ['apaHepa 3By-
gnT Tak: Hosvii 6ud wudpa, na pacwudpoery xomopo2o nompedyIOMCs M-
auonbt aem. IMeHHO cTaThd [3] chirpada BayKHEHIIYI0 POAb B paclpoCTpaHe-
wun nHpopmanun o6 RSA, npubiekia Kk kpunrorpaduin BHIMaHUE [IHPOKHX
KPYTOB HECTEeNaJnCcTOB 1 PaKTHIeCKN Coco6CTBOBaJIa 6YPHOMY TPOTrpeccy
5TON 06JaCTH, TPOU3OIIeIIeMy B nocaegoBasiiue 20 jgeT.



AaropurMudeckiie IpoOIeMbl TEOPHH THCEJ 89

1. CUCTEMA MINPPOBAHUSA RSA

B raanueneM MBI 6y1eM TpeAnofaraTh, ITO THTATENb 3HAKOM C DJIeMeH-
TapHBIMHI dakTamMn Teopun [ucen. Tex ke, KTO XoTeal OB 03HAKOMHUTHCS C
HUME W HAOMHHUTE cebe 5Th (PAKThl, MBI OTChLIaeM K KHUTe [4].

DyCcTh m U € HaTypadbhbie yncia. Pyukinus f, peanusyioitas cxemy RSA,
YCTpOEHa, CASTYIONHM 06pa3oM

fi2— 2% (mod m). (1)
st pacumdpoBku coobienns a = f(2) JOCTATOYHO PEILINTh CpaBHEHIe
2 = a (mod m). (2)

DpH HEKOTODBIX YCIOBHAX Ha M U € DTO CpaBHEHHEe HMeeT eINHCTBEHHOEe pe-
lIeHne 2.

Mt Toro, 9T06HL OMHCATH BTH YCIOBHA I OOBACHNTH, KaK MOMXKHO HAHTH
pelllernie, HaM MOTPe6yeTCs OJHA TeOPeTHKO-4NCIOBas (PYHKIHSA, TaK HAa3bI-
BaeMas PyHKIns Jiltepa. DTa GYHKINL HaTyPAIbHOTO apryMeHTa 1m 0603Ha-
qaeTcs (M) U paBHAETCS KOIMYECTBY HeJBIX THCEN Ha OTpe3ke 0T 1 1o m,
Bsaumuo npocthix ¢ m. Tax ¢(1) = 1 u ¢(p") = p"~Hp — 1) aas ao6oro
IPOCTOrO YHCIa P U HaTypasbHOro r. Kpome Toro, ¢(ab) = ¢(a)p(b) s mio-
OBIX HATYPAJIbHEIX B3aMHO IPOCTHIX ¢ U b. DTH CBONCTBA MO3BOAAIOT JIECIKO
BEIYICINTD 3HadeHue ¢(m), ecli H3BeCTHO PA3IoKeHIe THCIa 1M Ha IPOCTHIe
COMHOKUTEIH.

Ecin nokasaTenb cTeneHn € B cpaBHeHNN (2) B3aHMHO IPOCT ¢ ¢(m), TO
cpaBHeHHe (2) mMeeT eINHCTBeHHOe pelerne. [[1s TOTo, 9TOGLL HAUTH €ro,
OIpeJelnM Hefoe 9ICIo d, yIOBIeTBOPSIOIIee YCJIOBIAM

de =1 (mod ¢(m)), 1<d< p(m). (3)

Takoe 4mcyo cyuecTByeT, HOCKOABKY (€,¢(m)) = 1, n IpHTOM eINHCTBEH-
HO. 31ech 1 jJajee cuMBOIOM (a,b) 6ygerT 0603HAYATHCS HANOOMBIINH OGN
nTenuTenb qucen a u b. Kimaccndeckas TeopeMa Diiepa, cM. [4], yTBepK1aer,
9TO IS KayKJOT0 YHCAa ¥, B3AHMHO IMPOCTOrO ¢ M, BHINOJHACTCA CpaBHEHIe
29(") =1 (mod m) u, cregoBaTenbHo,

o’ = 2% =z (mod m). (4)

Takum 06pazoM, B IpejnofoKeHnn (a, m) = 1, eJHHCTBEHHOE pellleHne CPaB-
HeHUs (2) MOXKeT OBITh HalIeHO B BIIe

z = a’ (mod m). (5)

Ecin 1onosHnTeNbHO IPeIoI0KITh, 9T0 9IHCIO 11 COCTOUT U3 PAa3IndIHBIX

IPOCTHIX COMHOKUTENCH, TO cpaBHenue (5) 6ygeT BLIOIHATHCA U 63 IpejIo-
noxkenus (a, m) = 1. [leficrBurenbro, obosuadnm r = (a, m)u s = m/r. Torma
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@(m) zeanres na ¢(s), a us (2) crenyer, 4o (z,s) = 1. Dogobuo (4), Teneps
aerko naxommm ¢ = a? (mod s). A xpowme Toro, umeem z = 0 = a? (mod r).
DoJyduBlinecs cpaBHennd B cuiy (r,s) = 1 gaior nam (5).

dynkuns (1), npuasTas B cucreme RSA, MoxkeT OBITH BEIYHCIEHA TOCTa-
TOYHO 6BICTPO. Kak 5To crenaThb, MBI OOCYIHM 9yTh HUKEe. DOKa OTMETHM
JWIIb, 9T0 obparHas K f(z) dynxnns f~' : z — 2% (mod m) BeramCAgeTCH
o TeM Ke npaBmiaMm, 4To u f(x), JUIIb ¢ 3aMEHON MOKa3aTels CTEelNeHn e
Ha d. Takum o6pasom, miast pyskmun (1) 6yyT BHIOJIHEHB YKa3aHHBE BHIIE
CBOHCTBa a) n 6).

Mas Berqucaenns pyHkuun (1) 10CTATOYHO 3HATH JUIIbL YHCIA € U M.
IMeHHO OHM COCTaBJAAIOT OTKPLITHI KIIOY A1A MH(QpoBanus. A BOT 111 BhI-
qnucaenns o6paTHON (PYHKIUHN TpebyeTca 3HATh IUCIO d, OHO U ABIAETCA (Ce-
KPETOM», 0 KOTOPOM pedb WIET B MyHKTe B). Ka3zajioch Obl, HUYEro He CTOUT,
3HAA THCAO 1M, PA3IOKATH ero Ha MPOCThIe COMHOKATENN, BHITHCINTD 3aTeM
¢ IOMOIIBIO M3BECTHLIX IPaBHI 3HaUeHHe ((m) U, HaKOHEI, ¢ TOMOIbLIO (3)
onpenennTh Hy:xkKHOe 9ncao d. Bce maru Toro BuIMACIeHHS MOTYT ObIThH pea-
JHU30BaHbLI JOCTATOYHO OBICTPO, 3a UCKI0YeHneM mepBoro. Menno pasioxe-
HHe YHCAa 1 Ha TPOCThble MHOKATEIH M COCTaBAfeT HamboJee TPYA0eMKYIO
9acTh BRIYHCAeHNH. B Teopnu dncen HeCMOTPs Ha MHOI'OJETHION €€ HCTOPHIO
Il Ha OYeHb NHTEHCUBHBIE TTOMCKHN B Tedenue nocaegnnx 20 jgeT, >pPeKTuBHBII
AICOPUTM Pa3/JoKeHHs HaTypalbHLIX YMCe] Ha MHOKHTENN TaK W He HallJeH.
Koneuno, MoxHO, epebupas Bce NPOCThIe YHCIa 00 /M, U, Jeds Ha HOX M,
HalTH TpebyeMoe pasjoxkKeHne. DO, YIUTHIBasg, 9YTO KOJUIECTBO MPOCTHIX B
5TOM MPOMeKyTKe, acuMIToTHIecKH paBHo 2v/m - (Inm) ™1, em. [5], ra. 5, na-
XOJIUM, YTO NpH M, 3anuckiBaeMoM 100 gecATHIHBIME THPPaMu, HalIETCA He
MeHee 4 - 10%? mpocTEIX 4mCcen, Ha KOTOpbLIe IPUASTCA JeIITh M IPH PasIozKe-
HUH ero Ha MHOKHTe . O9eHb IpyoOble IPUKIIKNA MOKa3biBAOT, 4TO KOMIbIO-
Tepy, BBHIIOAHAIONEMY MILINOH TeleHHl B CeKYHIY, NI Pa3JosKeHud qmcia
m > 109 TakuM cmoco6oM Ha TPOCTHIE COMHOKATENN TOTpebyeTcd He MeHee,
gem 10%° qet. UsBecTunl n 6oee oddpeKTUBHBIE CIOCOGH Pa3loKeHNs HeIbIX
qHce] Ha MHOXKHTENN, 9eM NMPOCTON Iepebop MpOCTHIX AequTelneil, HO W OHH
paboTaloT odenb MeaaenHo. TakuM ob6pazom, HasBanue crarbun M. [aparepa
BIIOJIHE OIIPaBIaHo.

ABTOpH cxeMBbl RSA mpemiouin BLIONpATh GHCJIO M B B IPOU3Bere-
HIA JBYX MPOCTHIX MHOKHTEAEH p U ¢, IPEMEPHO OJNHAKOBLIX IO BeJHYHHE.
Tak kak

o(m) =¢(pg) = (p— 1)(¢— 1), (6)

TO €IMHCTBEHHOEe YCJOBHE Ha BbI60p IIOKa3aTeJd CcTelleH € B OTO6pa)K€HI/II/I
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(1) ecTn

(67])—1):(67(]—1):1. (7)
Wrak, auio, 3anHTepecoBaHHOe B OpraHu3allii HIN(POBAHHON MePEeNucKH
¢ moMolIIbio cxembl RSA, BEIGUpaeT 1Ba J1O0CTATOYHO GOJBIIHX MPOCTHIX YHCAA
P U q. IepeMHOKAS UX, OHO HAXOMUT YHCIO M = pg. 3aTeM BEIOHPAeTCH YHCAO
e, yIoBieTBopsomiee yeaoBuaM (7), BolduciageTcs ¢ moMoibio (6) 1ucio p(m)
i ¢ nomotbio (3) — uncio d. Yucaa m u e myGauKyOTCS, 9uCI0 d OCTAeTCs
cekpeTHbiM. Tenepsb 110601 MOKET OTIPABAATE 3allln(PPOBAHHBIE C TTOMOIIBIO
(1) coobiennst OpraHI3aTOPY DTOU CHCTEMBI, & OPTAHU3ATOP JEIKO CMOMKET
pacingpoBHBAThH NX € MOMOIIBI (5).
st wanroctpanun cgoero metona Jusect, [llavmup u A mieman 3amudgpo-
Ba/lll TaKUM CIOCOGOM HEKOTODPYI aHTIuicKyl (ppazy. CHadala OHA CTaH-
TapTHBIM obpaszom (a=01, b=02, ..., z=26, npobea=00) 6pi1a 3amncaHa B
BHJle TeJOT0 Yncia &, a 3aTeM 3allndpoBaHa ¢ MOMOIIBI0 0To6paxenns (1)
npu
m =11438162575788886766932577997614661201021829672124236256256184293570
6935245733897830597123563958705058989075147599290026879543541
n e = 9007. DTu gBa Yncaa OBLIN OMYOANKOBAHBLI, TPUYEM JOMOJHUTEIHHO
COOOIIAJIOCEH, YTO M = pg, TJe p U ¢ — MPOCTHE THCIA, 3alUCHBaeMbIe CO-
oTBeTCTBeHHO 64 U 65 MecATHYHBIME 3HAKaMU. JepBOMY, KTO pacuiudpyer
COOTBeTCTBYIOIIee COOBIeHne
f(x) =968696137546220614771409222543558829057599911245743198746951209308
16298225145708356931476622883989628013391990551829945157815154,

6bL1a obemana Harpaga B 100S.
DdTa ucTopusA 3aBepinmiack cmycrs 17 detr B 1994 r., cm. [6], xorjga
D. Atkins, M. Graff, A. K. Lenstra u P. C. Leyland coo6iuanu o pacuiugpoBke
(ppassl, nperoxkennoi B [2]. Onal) 6uL1a BEHeceHa B 3ar0f0BOK cTaThi [6],
a COOTBETCTBYIOIINE YUCIa P U ¢ OKa3aJIUCh PABHBIME
p =3490529510847650949147849619903898133417764638493387843990820577,
g =32769132993266709549961988190834461413177642967992942539798288533.

NuTepecytolnecss MOI'YT HalTH jJeTaqn BhIYUCAeHHH B pabote [6]. 3mech
JKe MBI OTMEeTHM, 9TO 5TOT 3aMedaTelbHBIN Pe3yIbTaT (pasiokKeHne Ha MHO-
KuTean 129-3HaAYHONO JeCATHYHOIO WHCIA) OBLI JOCTHTHYT OJaromaps Hc-
MOJbL30BAHNIO ANTOPUTMA Pa3JOKeHus Yucenl Ha MHOXKUTENN, Ha3biBaeMOT O

) The magic words are squeamish ossifrage. Ilpuseiém TiepeBos ABYX MOCTEAHNX
C/IOB, BXOAAIINX B 3TY, 10 BCEW BUAMMOCTH, GECCMBICIEHHYTO (hbpa3y:
squeamish — Gpe3rMBLIN, TPUBEPEIABEIN, 06U TINBbIN;
ossifrage — ckonla (BUJ IITUIBL THUIIA BEIIN).
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METOMOM KBaJpPaTHYHOT'O pelleTa. BrioNHeHHe BBIYHCIEHUE TOTPebOBaIO
KOJIOCCAJbHEIX pecypcoB. B paboTe, Bo3raaB/isiBIIeHcs YeTHIPbMS aBTOpaMu
mpoeKTa, U NPOJONKABIIeUCS HOcade MpeNBaApUTENBLHON TeOPeTUYeCKOU M0~
roToBKH npumepro 220 nHell, Ha TOGPOBOJBHBIX HadaJaX y4aCTBOBAJIO OKOJIO
600 gemoBex m mpumepro 1600 KoMIbIOTepoB, 06BeINHEHHKIX ceThbio Inter-
net. Dakomer, orMeTuM, 910 npemus B 100$ 6wi1a nepesana B Free Software
Foundation.

Onucannas BeIle cxeMa RSA ¢TaBUT psl BOINPOCOB, KOTOPLIE MBI U T10-
npobyeM 06CyUTh HUMKe. DalpuMep, Kak NPOBOIHTH BLITHCACHUS ¢ GOJIBIIN-
MH 9HCIAMU, Belb CTaHIapTHOe MaTeMaTHYeckoe obecledeHne He Mo3BoJseT
nepeMHOKaTh YicAa pasMepoM Mo 65 gecATHYHLIX 3HakoB? Kak BBMUCAATH
OPPOMHBIE CTelleHn 6oAbIINX Yucea? ITo 3HaYUT OBICTPLIH aJTrOPHTM BHIYN-
CICHISA W 9TO Takoe CAOKHas BHIYUCIUTENbHAs 3agada? ['me B3aTh GOAbIIHe
npocthie dncaa? Kak, Hanpumep, oCTpORTh TPOCTOE GHCAO B 65 TecaTHIHBIX
snakoB? CylecTBYIOT JH ApyTHe crocoObl pemienns cpaBrenns (2)7 Bexb, ec-
J7 MOYKHO HAHTH pelieHne (2), He BRIYHCISAA CEKPETHBIN MOKa3aTe b d Win He
pazjaras 9ucJao m Ha NPOCThie COMHOKHUTENN, Ja elllé CIeIaTh DTO JOCTaATOY-
HO OBICTPO, Bes cucTeMa RSA pasBaanmBaeTcs. DaBepHoe, 9HTATEN0 MOIYT
IPUITH B MOJOBY U APYTHe BONPOCH.

DavHeM ¢ KOHUa. 3a 17 Jer, NpollefiinX Mex 1y MyOAnKauusaMu padoT
[2] u [6], HEUKTO TaK U He CMOT pacindpoBaTh MpemIoKeHHyo aBTopamu RSA
(ppasy. Konedno, 5To Bcero Juiib KOCBeHHOE MOATBEPIK IeHIHe CTONKOCTH CH-
crembl RSA, HO Bce Ke JOCTaTOYHO yOeanTe bHoe. DUKe MBI 0O6CY UM Teo-
peTuyeckiue MpoOJeMbl, BO3ZHUKAIOIINE MPH pellleHun TOANHOMUAIBHBIX CPaB-
HEeHMU.

Mul He 6ygeM 06CYKIaTh, KaK BLIDOAHATEL apH(pMeTHIeCKHE TeHCTBHA C
OOJLLUINMHE IeJILIMI YHCIaAMU, PEKOMEHIyeM YHTaTeNi0 0OpaTUTLCA K 3aMeda-
reabroll KHMKKe [[. Kuyra [7, ra. 4]. 3aMeTum TOIbKO, 9TO 6OJBIIOE HHCIO
Bcerja MOXKHO pa3bUThL Ha MEHbLIIHE OJ0KH, ¢ KOTOPBLIME KOMILIOTEeD MOMKeT
OIIePUPOBATHL TaK JKe, KaK ML OIepupyeM ¢ HH(pPaMi, KODJa IPOBOIIM BEIYH-
CIeHHA BpPYUHyIo Ha OyMare. Komedno, A >TOT0 HYKHEL COeNHAJLHEE IPO-
rpaMMbl. Co3falbl H DOALYYMIE JOCTATOYHO IIHPOKOE PACIPOCTpaHeHe JTaKe
CHelUaJbHEe A3LIKA IPOrPAMMHUPOBAHNA IIA BEYUCICHHN ¢ GOJLIINME YH-
craMn. YkaxkeM 3gech 1Ba u3 anx — PARI u UBASIC. 91u a3weikn cBo6o1HO
pacopocTpansorca. UndopManuo o ToM, KaK IX IOIYYATL B MOAL30OBaHLE,
MOYKHO HalTH B Kuure [19].
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2. CJIO0Y»KHOCTb TEOPETUKO-YUCJOBBIX AJIOPUTMOB

CI0KHOCTE aATOPATMOB TEOPUH TNCEN OOBLITHO MPUHATO U3MEPATH KOMM-
9eCTBOM apu(pMeTHIECKHX ONepannil (CIOKEHNI, BEIYHTAHNN, YMHOKEHUN 1
TeJeHUN ¢ OCTATKOM), HEOOXOMNMBIX /IS BHITOJNHEHNS BCEX TEHCTBHM, Tpel-
MMCAHHBIX aJTOpHTMOM. BripotdeM, 5To ompegenenne He yIUTHIBACT BEANTHHBI
IHces, yIacTBYIONINX B BEIUUCICHUSIX. SCHO, 9TO TepeMHOKUThH [Ba CTO3HAY-
HBIX 9HCIa 3HATHTEThHO CIOKHEee, 9eM [Ba OJHO3HATHHIX, XOTA MPH DTOM H
B TOM, W B JPYTOM Cay9ae BHITOJHAETCS JUITH OJTHA apu(pMeTnIecKas ome-
palnsa. Dod>TOMY WHOT/a YIUTHLIBAIOT eIlé W BEINHIHHY HTHCEed, CBOIA JTe0 K
Tak Ha3BIBAEMBIM OHTOBLIM OMEpalisiM, T. €. ONeHNBasg KOANIECTBO HEOGXO-
JUMBIX omepalni ¢ mudgpamn 0 1 1, B IBONTHON 3aTUCH GUCET. ITO 3aBUCHT
OT pacCMaTpPHBAEMON 3aJatdn, OT Tefell aBTopa W T.[.

Da MepBLIT B3TIAL CTPAHHBIM TaKyKe KaKeTCsdA, ITO ONePalun YMHOKEHNIS
U JeJeHns TPUPABHUBAIOTCA TO CAOKHOCTH K OTEPAlHIM CAOKEHNA U BHITH-
Tannsa. 2KHTeNcKui ONBIT TOACKA3HIBAET, ITO YMHOKATH TNCAa 3HATATETHHO
cIoXKHee, 9eM CKAAIKBaTh UX. B TeACTBUHTENHHOCTH Ke, BHITUCICHNA MOKHO
OpTaHM30BaTh Tak, 9TO Ha YMHOXKEHNE MIN feJeHne GOJBITHX THCeN TOHaI0-
6UTCSA He HaMHOTO GOJbllle GUTOBLIX OMepalnil, YeM Ha caokenne. B kaure [8]
omuckiBaeTcs aaropntm [lénxare — lllTpaccena, ocHOBaHHBIN Ha TaK Ha3hIBa-
eMoM 6bicTpoM mpeoGpasoBannn Pypwe, n Tpebyiommit O(nln nlnln n) 6uro-
BHIX OTMepanuil A YMHOKEHUS ABYX N-paspATHLIX JBOMTHBIX dnced. Takum
JKe KOJMTIecTBOM GUTOBHIX ONepalnii MOKHO OGOUTHCH MPH BHITOJHEHUN e~
JEeHNA € OCTATKOM [ABYX TBOWYHBIX THCEN, BAlNCHIBAEMbIX He Gofee, TeM n
nndgpamu. /i cpaBHEHNS OTMETHM, ITO CIOKEHHE N-paspsATHBIX TBOXTHBIX
qncen Tpebyer O(n) GUTOBHIX ONMEpPAIHIL.

l'oBopst B 9TOM cTaThe 0 CIOKHOCTH aJTOPUTMOB, MBI 6y1eM UMEeTh B BH-
IV KOIMIeCTBO apupMeTHIeCKNX OTepalni. Dpu TOCTpoeHnn >PPeKTHUBHBIX
AITOPUTMOB 1 OOCYKISHNN BEPXHUX ONEHOK CJIOKHOCTH OOGHKIMTHO XBaTaeT MH-
TYHTHBHBIX MOHITHH TOW 06JaCTH MATEMATHKN, KOTOPOH TPHHA,IIEKAT aaro-
putM. dopMaanzanns ke dTUX TOHATHH TpeGyeTcs JHIML TOT A, KOTIa Pedh
€T 06 OTCYTCTBUM AJTOPUTMA HAN JOKA3aTEThCTBE HIKHIX ONEHOK CI0XK-
HOCTH. Dojee JeTaibHoe U (GopMaibHoe 06CYKIeHNe D>TUX BOMPOCOB CM. B
craThe [9].

DpuBeJeM Temneph MPUMEPHI JOCTATOTHO OLICTPHIX aJTOPUTMOB C OTEH-
KaM# UX CIOXKHOCTH. 37ech U B TadbHEHIeM MBI He 6yIeM TpPHIepKABATHCA
(hopMaIbLHOTO OMHCAHES ATTOPUTMOB, CTAPasICh B TEPBYIO otdepe b OOBICHUTD
CMBICJ BBITIOJTHSIEMBIX [€UCTBUHH.

Caenyromuii arroputym Beraucaser al (mod m) sa O(lnm) apudpmern-
JeCKUX OMepanuii. P HTOM, KOHETHO, TPEAIOIaraeTcs, IT0 HATypalbHbie
qncaa @ n d He TPeBOCXOIAT MO BEIUTHHE M.
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1. AITOPUTM BBIUUCIAEHNA a? (mod m).

1) llpedcmasum d 6 deouunoti cucmeme cuucaenus d = do2"+- - -+d,_12+
+d,, 2de d;, yudpst 6 deéouunom npedemasaenuu, pasuvt 0 uau 1, do = 1.

2) Hoaoxcum ag = a u 3amem das i = 1,...,7 6bluUCAUM

a; = a?_, - a% (mod m).

d

3) a, ecmuv uckomwiii 6biuem a® (mod m).

CHpaBe,Z[JII/IBOCTb OTOTI'O aJl'OpUTMa BbhITeKaeT N3 CpaBHEHHUsA

a; = q®2 (mod m),

JeTKO TOKa3bIBaeMOr'o HHIYKINEH IO ¢.

Tak xak KayK[oe BEIINCIeHHe Ha IIare 2 TpebyeT He 6olee TPEX yMHOXKe-
HOII 10 MOJYJIIO m W DTOT IIAr BHIOXHAeTcA 1 < log, m pa3s, TO CIOKHOCTH
aJlropuTMa MOXKeT OBITH olleHena Beandunoi O(lnm).

Bropoll aqropuTM — 5T0 KIacCHYecKni aJropuTM EBKINTa BEIMHCIEHHS
Han6OJIbIIIero 06IIero TelnTelNs NelblX ncel. Mel npeanosaraeM 3a 1aHHBIMA
IBa HATYPaJbHBEIX YHcla @ U b I BbIMHCIgeM HX HaHOGONBIINN OOIINH Kesn-
Tenb (a,b).

2. AIroPuUTM EBKJUIA.

1) Buwwucaum r — ocmamok om deaenus vucaa a wa b, a = bg+r, 0 <
<r<b.

2) Ecaur =0, mo b ecmb uckomoe uuc.o.

3) Ecau r # 0, mo 3amenum napy wucea {a,b) napoi (b,r) u nepeiidem x
waey 1.

De OCTAaHABJINBAsACH HA OOBACHEHUH, TOYEMY aJrOPUTM TeHCTBHTENBHO Har
xomuT (a,b),>T0 06IIeN3BECTHO, TOKaKeM HEKOTOPYIO OLEeHKY ero CJIOKHOCTH.

TEOPEMA 1. Ilpu eviuucaenuu nauboavwezo obwezo deaumean (a,b) c
nomowpio areopumma Eexauda 6ydem svinoaneno ne 6oaee Sp onepayuii de-
ACHUA € OCTNAMKOM, 20€ P €Cmb KoAudnecmeo yudp 6 decamuunol 3anucy
MEHDUWE20 U3 WUCEA @ U b.

/TOKA3ATEJIBCTBO. DONOKAM g = @ > b U OUPENENUM I'1, 79, ...y Iy —
HOCAeI0BATEILHOCTD e THTeIeH, TOIBALIONINXCS B IPOIeCcCe BRIIIOJHEHNS I1a-
ra 1 aaroputMma EBkanga. Tormga

r1=b,...., 0L rip<ry ¢=0,1,...n— 1.

DyCTh TakKe ug = 1, ug = 1, ugpe1 = up + ug—1, k > 1, — mocaenoBaTe b
HocTh Pubonad4an. Nusykumen mo ¢ ot 1 = n—1 10 ¢ = 0 1erkKo JoKasbiBaeTCs
HEPABEHCTBO 141 = Up—;. A TaK KaK U, > 10(”_1)/57 TO UMeeM HepaBeHCTBa
10° >b=ry > u, > 1005 5y n < 5p4 1.
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DeMHOr0 NOANPaBUB aaropuT™M EBKIHIa, MOKHO JOCTATOYHO GLICTPO pe-
maTh cpaBHerns ¢z = 1 (mod b) npn yenoBunm, aro (a,b) = 1. Dra 3amada
pPaBHOCHIBbHA IOMCKY IeJbIX pelleHiil ypaBHeHnsa ax + by = 1.

3. AITOPUTM PEUIEHUA YPABHEHUA ax + by = 1.

0
0) Onpedeaum mampuyy F = 01
1) Buwucaum r — ocmamox om deaenusn uucaa a na b, a = bg+r, 0 <

<r<b.
2) FEcau r = 0, mo emopoti cmoabey mampuyvt F daém sexmop

pewenuti YypacHenus.

1
L —q
4) 3amenum napy wucea {a,b) napoi (b,r) u nepeiidem x waey 1.

3) Ecaur # 0, mo 3amenum mampuyy E mampuyei E -

Ecan o6osnaduth depes Iy marpuny F, BO3HHKaIOIIYIO B Mpolecce pabo-
THI AJTOPUTMa IMepes maroM 2 nocie k JeleHun ¢ ocTaTkoM (mar 1), To B
0003HAYCHNAX U3 JOKA3aTeJbCTBA TeOPeMbl 1 B DTOT MOMEHT BHITOJHAETCS
BEKTOpPHOE paBeHCTBO (a, b) - Ky = (rip_1, ). Ero Jerko goxasarth nHayKunen
110 k. DOCKOAbKY YHCAa @ W b B3aMMHO TPOCTHI, HMeeM 7, = 1, i 5T0 JOKa3bl-
BaeT, YTO allOPUTM AeHCTBATENbLHO HaéT pellleHne ypaBHenus ax + by = 1.
DYKBOH N MBI O003HAYMIN KOANIECTBO JeJeHUI ¢ 0CTaTKOM, KOTOPOe B TOY-
HOCTH TaKoe JKe, KaK U B airopurMe EBKania.

Tpu npuBeIEHHBIX BbIle aJrOPHTMa OTHOCATCS K Pas3psjly TakK HasbiBae-
MBIX TOJHHOMUAJTBHBIX aJTOPUTMOB. DTO HazBaHWe HOCAT allrOPUTMBI, CAOK-
HOCTH KOTOPBIX OIEHNBACTCA CBEPXY CTENeHHBIM 00pa3oM B 3aBHCHMOCTH OT
JUIMHBL 3aIIICH BXOIAMNX ducen (cM. nogpo6rocTu B [9]). Ecan manboabimee
13 9Hces, M0JaBaeMbIX Ha BXOJ allOPUTMa, He IPeBOCXOJAUT M, TO CIOKHOCTD
aJrOPHTMOB DTOr0 THIA onenuBaeTcd Beandnuoir O(In®m) |, rge ¢ — HekoToO-
pas abcoJIoTHas OCTOAHHAaA. Bo Bcex mpuBeq€HHbIX Bbillle IpuMepax ¢ = 1.

DoJNHOMAATbHBIE aJTOPUTMBl B TEOPHI duce] — OoJblnas peakocThb. [la
I OEHKH CJAOKHOCTH aJTOPHTMOB Yallle BCero OMUPaloTCA Ha KaKue-Tubo He
JOKa3aHHbIe, HO MPaBIoNoI00Hbe THIOTe3bl, OOLITHO OTHOCAIIHECA K aHaJn-
THYECKOH TeOpUH ducel.

[las HeKOTOPHIX 3a4ad >(PEeKTHBHBIE AJITOPUTMBI BOOOIIe He H3BECTHH.
Nuorjga B Taknx caydasx Bce Ke MOKHO NMPeIIOKHTH MOCIeI0BaTeIbHOCTD
JeHCTBHI, KOTOpas, «ecjiu MoBe3eTy, OLICTPO NPUBOJAUT K TpebyeMoMy pe-
3yabrary. CylecTByeT KIace Tak Ha3biBaeMbIX BEPOATHOCTHBIX aJlrOPUTMOB,
KOTOpbIe Jal0T HPaBUIbHBIN pPe3yabTaT, HO MMEIOT BEPOSTHOCTHYIO OIUeH-
Ky BpeMeHn pa6oThi. O6BIMHO paboTa >THX AJATOPHTMOB 3aBUCHT OT OHOTO
AN HEeCKOJBKUX MapaMeTpoB. B XymiieMm ciydae oHH paboTaloT I0CTATOYIHO
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TOJr0. DO YAA4HBEIH BEIGOD HapaMeTpa onpejeiseT OBICTPOe 3aBepileHne pa-
60Th. Takue aaropuTMEL, €CIH MHOKECTBO «XOPOIINX» 3HAYEHHH TapaMeTpPOB
BeJaWKO, Ha NpaKTuKe paboTalT N0CTaTOYHO >(PMeKTHBHO, XOTd U He UMeoT
XOPOUINX OlleHOK CJIOKHOCTH.

Mgt 6yjieM HHOTIa UCIOJb30BaTh CJIOBA MeTEePMUHUPOBAHHBIN aJlTOPUTM,
4TOObI OTANYATH AJTOPUTMbBI B OOBIYHOM CMBICAE OT BEPOATHOCTHBIX aJI'0O-
pUTMOB.

Kak npumep, paccMoTpuM BepOSITHOCTHRIM AT OPHTM, MO3BOJSIONINT (-
(peKTHBHO HAXOIUTh PeIlleHUs MOJNUHOMUAJbHBIX CPABHEHUH MO ITPOCTOMY MO-

Iya. DYyCTh p — MPOCTOE HYHUCIO, KOTOpOe Mpeanogaraercs OONBITHM, U
f(z) € Z[x] — mHOTOYIeH, CTeleHb KOTOPOT'O MPEeJIONaAraeTcsi OrpaHuIeH-
HOMW. 3ajlada COCTOUT B OTHICKAHUHN PelIeHud CpaBHEHMS

J(2) = 0 (mod p). (8)

DalpuMep, pedb MOXKET HJTH O pelIeHHH KBaIPATHYHBIX CPaBHEHHH, ecin
cTernedb MHOrOWIeHa f(2) paBHa 2. [lpyrUME CIOBaMH, MBI JOIZKHBL OTHICKATh
B noite F, = Z /pZ Bce siaeMenTsl, ynoBieTBopsiolne ypasuennio f(z) = 0.

Coruacno magaon TeopeMe depma, Bce diaeMeHTH nouast F, apagiorcs o1-
HOKPATHBIMH KOPHAMHI MHOTI'OWIeHa 2P — 2. D0DTOMY, BLIMHCINB HanGOIbIINH
obummi geantens d(x) = (2P —z, f(x)), MBI HallTeM MHOTOIeH d(2), MHOKECT-
BO KOpHell KOTOporo B noJe F, coBnagaer ¢ MHOKeCTBOM KODHEHl MHOIOWIeHA
f(z), npudem Bce 5TH KOPHH OJIHOKpATHHL. Ecin okaxKeTcs, YT0 MHOIOWIEH
d(z) mMeeT HylIeBYIO CTeleHb, T. e. Je:KuT B moje F,, 570 6ygeT 03HA4ATH,
4TO cpaBHeHHe (8) He HMeeT peleHnil.

[st BEIHCIeHns MHOTO4IeHa d(2) y106HO cHAYala BEIYHCINTH MHOT OWIeH
c(xz) = 2P (mod f(z)), TOIB3YACH AITOPATMOM, O TOOHBIM ONMCAHHOMY BHILIE
aJITOPUTMY BO3BeJeHHS B CTENeHb (HAMOMHHM, 9TO YHCIO P IPeJIoIaraeTcs
GoabIINM). A 3aTeM ¢ MOMOIIBIO aHAIOTa AJIrOpHTMa EBKINIa BEYHCINTH
d(z) = (c(z)—=, f(z)). Bcé 570 BhImONTHETCSA 32 TOMMHOMHATHHOE KOIMIECTBO
apudMeTHYecKnX Olepaluil.

Takum o6pasom, obcyKgas Tajlee 3a1ady HAXOXKJEHHs DeIleHHll CpaBHe-
Hust (8), MBI MOXKeM HpelIoJaraTh, 4TO B Kolblie MHOrodwlenoB F,[z] cupa-
BeINBO PaBEHCTBO

fle)=(—a1)-...-(z —a,), a €Fpa #a;.

4. AJITOPUTM HAXOXKAEHUS JEJUTEJIEN MHOTOWIEHA f(z) B KOJb-
ue F,[z].

1) Buibepen xarum-aubo cnocobom saemenm 6 € F,.

2) Buuucaum nauboavwut obwui deaumens g(z) = (f(z), (x—l—(S)pT_l —1).

3) Ecau mnoeounen g(x) oxadxcemesn cobemeennvlu deaumenen f(x), mo
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mruo2outen f(x) pacnadémes na 06a MHOHCUMENR U € KAAHCOLLM U3 HUL HE3AEU-
cumo wyxrcro 6ydem npodesams 6Ce ONEPAYULU, NPEONUCHIEAEMBIE HACTIOAUUM
anzopumamom das muozousena f(x).

4) Ecau oxancemesn, wmo g(z) =1 uau g(z) = f(z), caedyem nepetimu x
wazy 1 u, 6616pa6 HO60E IHAUEHUE O, NPOJOANCUMD 6BINOAHEHUE AA2OPUTNMA.

KomngecrBo omepanuii Ha miare 2 onenmBaercs Beamdnaon O(ln p), ec-
JT BBIYUCAEHUS TPOBOJUTH TaK, KaK DTO YKA3BIBAJOCH BHIIE TTPH HAXOXK T~
Hnn d(z). BoisicHuUM Temepb, CKOJIb TOJATO MPHLETCS BHIONPATH dncia §, MOKa
Ha m1are 2 He OygeT HalleH cOOCTBEHHBIN geauTenb f(x).
. p—1 p—1
Koangecrso ettt ypasieis (t+a1) 2 =(t+az) 2z Buoae F, ne
e

IPEBOCXOIUT 5=, DTO 03HaYaeT, 4TO nojMmuoxectso D C F,, cocTosuee us

HAEMEHTOB 0, YIOBACTBOPSIONINX YCIOBUAM

(O+a) T £ (0 +a)'T, §#—a, §# —ay,

1 -
COCTOHUT He MeHee, YeM U3 pT DJEMEHTOB. Y4YUThHIBas Telnepb, 9TO KazKIbIN

HenyJeBoll siaeMenT b € F, yroBrerBopseT oIHOMY 3 PaBeHCTB b = 1,
p=l

6o bz = —1, 3akmogaeM, 4To aias § € D ojHO M3 4ucen ay, ay Oyner

KOpHeM MHorodiexa (z + 5)pT_1 — 1, a gpyroe — Het. Jlis TaKUX 3JI€MEHTOB O

MHOTOWIeH ¢(2), ONpeneléHHEI Ha IIare 2 allOpHTMa, OyIeT cOOCTBeHHBIM

TeanTeneM MHOTOYIeHA f(Z).

Urak, cymecTsyer ne Menee 1 (yIadHBLIX» BEIGOPOB diemenTa §, mpn
KOTODHIX Ha IIare 2 alropuTMma MHOTo4wleH f(2) pacmamércs Ha IBa cOO-
cTBeHHBIX MuokuTexsd. CleIoBaTelbHO, IPH «CIyTaiHOMy BLIGOPE DIeMeHTa
§ € F,, BeposATHOCTL TOrO, 9TO MHOI'OWICH He Da3lOKHTCH HA MHOKITEIN
nocse k mosTopenwuii maros airoputma 1—4, we npesocxoaut 275, Bepost-
HOCTB ¢ pocToM k yOBIBaeT OdYeHb OBICTDO. Ul IeficTBHTENBHO, Ha MPAKTHKe
5TOT AJITOPHTM paboTaeT IOCTATOYHO HPPEKTHBHO.

3aMeTHM, 9TO MPH OleHKe BepOATHOCTH Mbl HCHOJIB30BAIN TOALKO JBa
KOpHS MHOTO'JIeHa f(z). DpH n > 2 5Ta BepOSTHOCTDH, KOHETHO, €€ MEeHbIIe.
DoJjiee TOHKUN aHaJU3 ¢ HCHOJAb30BaHueM olleHOK A. Beilis g cymm xapak-
TEpOB MOKa3bIBaeT, YTO BEPOATHOCTH M MHOrOWIeHa f(x) He pacmacThes
Ha MHOXKHUTEIN TPH OJHOKPATHOM MpOXOje MIaroB airopuTma 1—4, He mpe-
Bocxoqnt 27" + O(p~"/?). Bxech nocrosuuas B O(-) 3asucut ot n. Jetann
TOKazaTeabCTBa cM. B [26]. B HacTosIee BpeMs H3BeCTHO dleMeHTapHOe J0-
Ka3aTelbCcTBO onenkn A. Bemas (cm. [11]).

B kuure [7] onmcbiBaeTcs TpuHAIIEKANNH DePIeKIMITY TeTepMUHIPO-
BaHHbIl alTOPUTM pelllenus cpaBhenus (8), Tpebytomuii O(pn3) apudmern-
YeCKUX onepanni. JIcHO, 4To OH NpakTHYecKH Gecrojeser NpH GOJBIINX P, a
BOT NIPU MaJeHbKHUX p U He OYeHb OOJABIINX 7 OH paboTaeT He OYeHb JT0JTO.
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Ecan B cpaBHernu (8) 3aMeHHTH MPOCTOH MOIYJAb P COCTABHBIM MOTY-
JeM M, TO 3ajJada HaXOXKJeHUA PEIIeHnll COOTBETCTRBYIOIIET0 CPaBHEHHS CTa-
HOBUTCSA HaMHOTO GoJee caokHOM. U3BecTHRIE alTOPUTMBL €€ perreHns 0CHO-
BaHBI Ha CBEIEHNN CPaBHEHNS K COBOKYIHOCTH CpaBHeHHH (8) MO HpOCTHIM
MOIYJASAM — JeJUTENAM M, U, CIeJOBATEILHO, OHU TPeOYIOT pasio:KeHus Ti-
cla m Ha TPOCTHIE COMHOKWUTENH, IT0, KaK YKe YKa3hIBaIOCh, ABIIETCS 10~
CTATOYHO TPYIOEMKON 3agadel.

3. KAK OTJINYUTHL COCTABHOE YHUCJIO OT IIPOCTOTO

CyiecTByeT M0BOABbHO 3PPeKTUBHBIN CMOCOo6 YOEMUThCH, 4TO 3ajJaHHOe
YHCAO SIBASETCH COCTABHBIM, HE pasjaras 3TO 4UCJI0 Ha MHOKHUTeaun. Coraacuo
maJgoil Teopeme Pepma, ecan ducao N mpocToe, TO Ais A0GOTO HEJ0T0 ¢, He
gensierocs Ha [N, BHTIOJHAETCA CpaBHEHNE

¥ =1 (mod N). 9)

Ecan ke mpnm KakoM-TO @ DTO CpaBHeHNe HapyIIaeTcA, MOXKHO yTBePKIaTh,
910 N — cocTtaBHOe. DpoBepka (9) He TpeGyeT GOMBIINKX BEIYHCAEHUN, DTO
caegyer uz ajdropurma 1. Bonpoc ToabKo B TOM, KaK HalTH jias cocTaBHoro N
eJioe 9NciIo a, He yaoBiaeTBopsiomee (9). MoxHo, HanpuMep, THITATHCA HANTH
HeoOX0IUMOe IHNCIAO ¢, ICOLITHBAA BCe Iefble Yicaa ToIpar, Hadnaad ¢ 2. Man
monpoGoBaTh BEIGHPATh 3TH YUCAa CAyd4allHbiM 06pazoM Ha oTpeske 1 < a <
N.

K coxajenuto, Takol moaxon He BCerjia JaéT TO, Y4TO XOTeaoch Obl. Nme-
I0TCA cocTaBHble ducaa N, obGragamoiine cBoicTBoM (9) misi 1060ro menoro
a ¢ ycaouem (a, N) = 1. Takne umcra HaswiBatoTcs qncaamu Kapumaikia.
DaceMoTpuM, Hampumep, ducio 561 = 3 - 11 - 17. Tax kak 560 geaurcs Ha
Kaxkgoe u3 ducea 2, 10, 16, To ¢ nomotibio Majaou Teopembl Pepma JTerKo
npoBepuTh, 9T0 561 ecTh unciao Kapumaikia. Moxuo gokazats (Carmichael,
1912), 9ro aoboe n3 qucen Kapumaikia nmeer Bug N = py-...-p,, 7 > 3,
r'le Bce MPOCTHE P; PA3AWIHLL, pudeM N — 1 geauTcs Ha KayXKIyiO0 pa3HoOCTh
p; — 1. Jlumb wemaBHO, cM. [12], 6blra pemrera npobieMa O GECKOHEYHOCTH
MHOXKeCTBa TaKWX UHCel.

B 1976 r. Mmiep npeioxKui 3aMeHITh TPOBepPKY (9) MpOBepKOH HECKOMb-
KO WHOT'O ycaoBus. /leTaqn mocaenyioliero n3ioKeHns MoxKHO HaiTu B [10].
Ecim N — npoctoe gucao, N — 1 = 2° - ¢, re { He4€THO, TO COTVIACHO Ma-
noi Teopeme Pepma mist KazxkI0ro a ¢ ycaosuem (a, N) = 1 xors 6bI 01HA 13
ck000K B TPON3BeNeHNT

(@ —D)(a' + )@ +1)-...-(@® t+1)=a""1-1
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peautcs Ha N. O6pallieHne >TOr0 CBOUCTBA MOYXKHO HCIOJIb30BAThH, YTOOLI OT-
JHYaTh COCTaBHbIE YHUCJIA OT MPOCTHIX.

dycth N — HeuéTHoe cocTaBHoe wucio, N — 1 = 2% - ¢, rge t HedéTHO.
DazoBeM 1enoe duciao a, 1 < a < N, «xopouum» maist N, eciu HapylaeTcs
OJTHO U3 JBYX yCJIOBHI:
«) N He gequtTcs HA a;
B) a' =1 (mod N) mau cymectsyer nenoe k, 0 < k < s, Takoe, 9To0

=1 (mod N).

I3 ckazaHHODO paHee clelyeT, 4TO [l IPOCTOro dncia N He CyIecTByeT
xopoumnx ducel a. Ecan ke N cocTaBHOe 4HCIO, TO, KaK T0Ka3al DabuH, UX
cymecTyeT He Menee 3 (N — 1).

Tenepb MOKHO HOCTPOUTH BePOATHOCTHBIN AJITOPHTM, OTIHYAIOMINH CO-

CTaBHbBIE€ 9YHCJHa OT MPOCTHIX.

5. AAJIFOPI/ITM7 NOKABBIBAIOIINWIA HENPOCTOTY YUCJA.

1) Bwibepem cayuaiinvin obpazom uwucao a, 1 < a < N, u npoeepum dasn
IMO20 YuCAa YKa3annble svle ceoticmea o) u 3).

2) Ecau xoms 6vt 00no u3 nux napywaemcs, mo wucao N cocmasnoe.

3) Ecau evinoanenvt 06a ycaosus o) u 3), eozepawaencs x wazy 1.

N3 cxazanHOTO BHIIIIE CAeAYET, ITO COCTABHOE TUCAO He Oy IeT onpeeneHo
KaK COCTaBHOE TOCAe OMHOKPATHOTO BHITOIHEHNS MTAaroB 1—3 ¢ BepOsSTHOCTHIO
He Goubleil 471, A BepoATHOCTH He ONPEeIeNNTh ero Mocte k MOBTOPEHHIl He
npeBocxoauT 47, 1. e. yGpIBaeT 0UeHB GBICTPO.

Muanep TpeIoXKuI TeTepMUHEPOBAHHBIN aJTOPUTM OTPE/eJeHns COCTaB-
HEIX qHcen, mMefonnii croxknocTs O(In® N), ofHako cnpaBeInBocTh ero pe-
3yJAbTaTa BaBHCAT OT HENOKAa3aHHON B HACTOAIEe BpeMsA TaK Ha3bIBAEMOH
pacuinpenson runoTesb JuMana. COrIacHO 3TOMY aJrOPHTMY MOCTATOYHO
MPOBEpHTh yCIOBHA «) W (3) Aaf BeexX merbix dmncea a, 2 < a < 70In* N,
Ecan mpn xaxoM-uuby b ¢ W3 YKa3aHHOTO TMPOMEXKYTKa HapYIIAeTCs OTHO
U3 ycaoBuil «) uan [3), qucao N coctaBHoe. B mpoTuBHOM ciaydae oHO OygeT
TPOCTHIM MW CTEMEHBIO TPOCTOTO THCIA. DOCTIETHSIA BO3MOKHOCTH, KOHETHO,
JIETKO TPOBEPIETCS.

DanoOMHIM HEKOTOpBIe MOHATHS, CM. [5], He0OXOTUMbIe st (POPMYIHPOB-
KW pacIinpeHHON MInoTe3bl DuMata. OHI TOHATOGATCS HaM I B JajbHeHIeM.
dyeth m > 2 — uneqoe 4ncio. Pynkuus x : Z — C HazwiBaeTcs XapakTe-
poM Jlupuxie mo MOIYIIO M, WIX TPOCTO XapaKTEPOM, eCan 3Ta (PYHKIHSI
MepHoJANdHa ¢ TePHOJIOM M, OTJIUIHA OT HYJAS TOALKO Ha JYHCIAX, B3ANMHO
TPOCTHIX € M, U MYyJALTHIINKATHBHA, T. €. IS JIOOBX MeJbIX U,V BHITOIHSI-
etcst paBeHcTBO X(uv) = x(u)x(v). [l1s Kaxkgoro m cymecTByeT poBHO @(m)
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xapakTepoB Jupuxie. Ouu o6pazyoT rpynny mno yMHONKeHuto. EruHuaHbiM
BJAEMEHTOM HTOU T'PYIIBLI ABISETCS TaK HasbIBaeMbIll INIABHBIH XapaKTep Yo,
paBHBIIH | Ha BceX 4YHCAaX, B3aUMHO HPOCTHIX ¢ M, u () Ha OCTAJbHBIX Ie-
JBIX YHCAaX. DOPAMIKOM XapaKTepa Ha3bIBaeTCH ero MOpPsJI0K KaK DJIeMeHTa
MYyJdbTHILIMKATHBHON I'PYIIBI XapaKTepoB.

C KaXK[IbIM XapaKTepoM MOxKeT GBITh CBf3aHa Tak HazbiBaemas L-(pyHK-
nusa Jupuxie — QyHKIUA KOMILIEKCHOTO TIepeMeHHOT'O S, olpelencéHuas ps-

o0
azom L(s, x) = Z X:: . CyMmma »Toro paga anaiuTudna B obractu Res >
n=1
> 1 u MokKeT OBITh aHAIUTHYECKH MPOJOJIKeHa Ha BCIO KOMILUIEKCHYIO ILIOC-
kocTh. Caenyiomiee coornomenne L(s, xo) = ((s) H(l — p~’) cBaswiBaer L-
plm

(PYHKIMIO, OTBEYAIIIyI0 TIaBHOMY XapaKTepy, C j3eTa-(PyHKIHen JuMaHa
o0

1
C(s) = g — . JaclINpenHas TUNOTe3a JUMaHa YTBEPAKAALT, 9TO KOMILIEKC-
n

n=0
Hble Hyan Bcex L-pyukunn Jupnxie, pacnonoxkenubie B mogoce 0 < Res < 1,

Jexar Ha npsmon Res = % B nacrosiiiee BpeMs He JoKazaHa Jayke MPOCTeH-
mas popMa DTOU TUIOTE3bl — Kiaaccudeckas T'HIOTe3a JUMaHa, yTBEpK Ta-
olas Takol Ke PakT 0 HYJIAX J3eTa-(PYHKIHH.

B 1952 r. AHKeHU ¢ TOMOIIBIO PACHINPEHHON MUNIOTE3bl JUMaHa, JTOKA3al,
YTO IS KayKIOI0 POCTOrO YHCAA ¢ CYIIECTBYeT KBAIPATUYHBIN HEBLIYET @,
yaoBreTBopstonmii HepasencTBaM 2 < a < 701n%¢. Kouncranra 70 6bL1a co-
cunTana mo3fnHee. MeHHO >TO yTBepXKIeHWe W JEeXKUT B OCHOBE aJTOpHTMa
Mujaepa. B 1957 1. DepjKkecc jgokasal CyIHIeCTBOBAHHE TaKOT'O HEBHIYETA
0e3 HCIOMb30BAHUS PACIIHPEHHON T'HIOTE3k JUMaHa, HO ¢ XYILIel OlleHKOW

2<a< q‘ll_ﬁ + £, cupaBeUINBOU TPH JI0GOM MOJOKUTEIBHOM € U ¢, 6OJIbIIEM
HEKOTOPOU I'paHUIlBI, 3aBUCAIIEH OT &.

Asropurm Mujiepa NpUHIUIHAJBHO OTIHYAETCSs OT ajropuTMa 5, Tak
KaK TOJyJYeHHOe C ero TMOMOIIbIo YTBepXKIeHNe O TOM, IYTO ducaio N — co-
CTaBHOE, ONUpaeTCs Ha HEJTOKAa3aHHYI0 PACHIHPEHHY IO THIOTe3y JUMaHa i Mo-
TOMY MOY»KeT ObITh HeBepHbIM. B TO BpeMsi KakK BEepOSITHOCTHBIM aJdrOpuT™M 5
TaéT COBEpIIeHHO MPAaBUIBHBIH OTBET i COCTABHBIX 4YUCEN. DecMOTPS Ha
OTCYTCTBUE OLEHOK CJAOXKHOCTHU, Ha NpaKTHKe OH padoTaeT BIOJHE YIOBJe-
TBOPUTENBHO.

4. KAK CTPOUTDL BOJBIINE MMPOCTHIE YUCJIA

Mpl He OygeM ONHCHIBATH 3/JeCh HCTOPHIO DTOH 3aJadd, PeKOMeHIyeM
obpatuThest K Kuure [7] m o63zopam [10, 11]. Koredno ke, Godbliiie mpocThie
GUCAa MOKHO CTPOUTH CPABHUTEIBHO OLICTPO. DPU DTOM MOKHO 0OecnednTh
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X cay4dalHOoe pacipejiejeriie B 3alaHHOM fMHallazoHe Beiudut. B nporuBrom
ciydae Tepsiaa Obl BCAKHU TPAKTUYECKHH CMBICA cucTeMa mndpoBanus RSA.
Daunbogee >PPEKTUBHBIM CPEACTBOM MOCTPOEHHUS NPOCTHIX YUCET SBASETCH
HECKOJBKO MOMU(UIUPOBaHHAd Majgas Teopema depua.

TeEOPEMA 2. Hycems N, S — neuémuvie namypaivuvie wucaa, N — 1 =
=5 - R, npuuem das xaxcdoco npocmozo deaumens q uucaa S cyuecmeyem
YEAOE UUCAO (& MAKOE, UMO

N-1 =1

a =1 (mod N), (¢ ¢« —1,N)=1. (10)

Tozda xaxcdviti npocmoii deaumenv p wucaa N ydosiemeopiem cpasHeHUIO
p =1 (mod 25).

JOKABATEJNBCTBO. DYCTh p — NPOCTOU fAeduTelb ducia N, a ¢ — He-
KOTOpLIH geantens S. U3 yerosuit (10) cregyer, 1To B nose BerteroB F, cupa-
BeIMBBHI COOTHOIIEH S

N-—1
N Tl=1,a"7 #£1, "1 =1. (11)

O6Gosznadyum GYyKBOW r HOPSAOK DiAeMeHTa @ B MYJbTHININKATHBHOW Ipyliie
noas F,. Depsrie 1Ba u3 coornomenni (11) o3madaior, 4T0 ¢ BXOIHT B pas-
JOYKeHHe Ha MPOCThie MHOXKUTEJIN YUCIA ' B CTeNeHN TaKOU :Ke, KaK W B pas-
aoxkeane N — 1, a mocaennee — 4to p — 1 meantca ma r. Taxkum obpasom,
KayK bl TPOCTOU MeluTelb YuCia S BXOAUT B padfoxkeHnue p — | B cTeneHu
He MeHbIllel, YeM B S, Tak 4To p— 1 neautcs Ha S. Kpome toro, p— 1 4érHo.
Teopema 2 moxazana.

CHENCTBUE. FEcau svinoanenvt yeaosus meopemvt 2 u B < 45 + 2, mo
N — npocmoe uucao.

JleiicTrBuTebHO, TycTh N paBHSieTCsS MPOU3BENEHNI0 HE MeHee IBYX MpO-
cThiX ducen. Kaxgoe u3 HUX, CONIACHO YTBEPKIEHHUI0 TeopeMbl 2, He MeHbIIIe,
dem 254 1. Do Torga (25 + 1)2 <N =SR+1<45%4+25+1. Dporusopedne
I JTOKa3bIBaeT CJejCTBUE.

DoKayKeM Telepb, Kak ¢ MOMOIIbIO MOCAeTHEr0 YTBEPK IeH s, nMes 60Jb-
[I0e MpOCToe YUCAO S, MOXKHO MOCTPOUTH CYIIECTBEHHO GOJiblliee MPOCTOe
gucao N. BeiGepem (st 3TOro caydaiHbIM 06pazoM 4éTHOE ducjio I Ha mpo-
mexkyTke S < B <4542 u nonoxum N = SR+ 1. 3arem npoBepum dunciao N
Ha OTCYTCTBUE MAJbIX IPOCTHIX JeJUTENelH, pa3lejiB ero Ha MaJjbie TPoCcThe
gyucaa; ucnbiraeM N HEKOTOPOe KOJUYecTBO Paz € MOMOIIbI0 aJropuTMa 5.
Ecau npu sroMm BhisiciuTcsi, 410 N — cocTaBHOe YHCIO0, ClelyeT BhIOpaTh
HOBOe 3HadeHue R W ONAThH NOBTOPUTH BhIuucieHus. Tak cieayer menaThb 1o
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Tex 1Mop, NoKa He GygeT HalijeHo 4ucao N, BhigeprKaBiilee HCIBITAHUS AJdro-
PUTMOM 5 TOCTATOYHO MHOTO pa3. B aToM ciayvae mosBaseTcs Hamexkna Ha
TO, 9TO N — TpPOCTOe YUCIO, U cledyeT MONBITAThCA M0Ka3aTh MPOCTOTY C
NOMOIIIbIO TeCTOB TEOPeMHBI 2.

JList >TOro MOXKHO CaAy4YalHBIM 06pa3oM BhIOUpaTh 4ucio a, | < a < N, u
HPOBEPATH [Jsf HEMO BBIIOJIHUMOCTE COOTHOIIEHUH

a¥"'=1 (mod N), (a®—1,N)=1. (12)

Ecan npy BEIGpAHHOM @ 5TH COOTHOIIEHNS BHITOJHAIOTCA, TO, COTIACHO CJe/-
CTBUIO W3 TeopeMbl 2, MOXKHO YTBEp:XKIaTh, 9T0 ducio N npoctoe. Ecin xe
BTH YCJIOBUS HAPYIIAIOTCS, HYKHO BHIOPATEH APYToe 3HAYEHNe ¢ W TOBTOPATH
BTH OTMepanuy [0 TeX Top, MOKa TaKoe TNcao He 6y1eT o6HAPYKEeHO.

DPEIOJOKUM, YTO MOCTpoeHHoe ducio N nelcTBUTEIbHO ABISETCH TPO-
CTHIM. 3aJafuMCH BOIPOCOM, CKOJb MOJATO IPUAETCS nepebupaThk Yucia ¢, mo-
Ka He OyjJeT HallfeHO Takoe, MIsi KOTOPOro OYIyT BHIIOAHEHBI ycaoBus (12).
3ameTnM, 9TO A5 mpocToro dncia N mepBoe ycioBne (12), conacHo Magon
Teopeme Depma, 6y TeT BHITOTHATHCA Beerga. Te e qncaa @, 11 KOTOPHIX Ha-
pymaeTcs Bropoe ycrosne (12), yrosaeTsopsior cpaprennio a’* = 1 (mod N).
Kak u3Bectno, ypasuenne 27 = 1 B nose BorderoB Fy nmeer ne 6onee R pe-
mennit. OnHo uz HEUX = 1. JodTOMy Ha npomexyTke | < a < N umeeTcs He
6osee R — 1 dncedn, 1Ist KOTOPHIX He BHIMOMHAOTCS yeaoBus (12). Do o3Hada-
eT, 9To, BHIGHpad CIyIalHbBIM 06pa3oM dHucia ¢ Ha TpoMekyTke 1 < a < N,
npu npocToM N MOMKHO ¢ BepOATHOCTBI0 Goablieil, yem 1—O(S™1), naiitn un-
€0 @, IS KOTOPOTO GYAYT BHIMOAHEHKI YCJIOBHUSA TEOPEMBI 2, I TeM JT0Ka3aTh,
970 N MefCTBHTENBHO ABAIETCS TPOCTHIM THCIOM.

3aMeTHM, 4TO MOCTPOEHHOe TaKuM crnocoboMm mpocroe ducao N Gyjger
yIOBIeTBOPATH HepaBeHcTBY N > S2, T. e. 6yeT 3amuchBaThCA BIBOE GOMb-
UM KOJHYeCTBOM HH(p, 4eM HCXOAHOe MpocToe 4ucio S. 3aMeHUB Temnepb
yucao S Ha HalleHHOe mpocToe 4ucao N U MOBTOPHUB ¢ 3THM HOBLIM S Bce
yKasaHHbIe BLIIE JeHCTBUA, MOKHO TOCTPOUTD eIlé HoJbIlee MPOCTOe TUCIO.
DadaB ¢ KaKOro-Huby,ib NPOCTOrO YHcaa, cKkaxKeM, 3anucaiuoro 10 recsTud-
HBIMA OHdpaMu (MIPOCTOTY ero MOXKHO TPOBEPHTH, HANPHMEp, TeleHHeM Ha
MaJeHbKIe TaGANIHbIe TPOCTHIE YHCIA), H MOBTOPHB YKA3aHHYIO IPOLENypPy
JOCTATOYHOE YUCIO Pa3, MOKHO MOCTPOUTH MPOCTHIE THCAa HYKHOW BEANTN-
HBI.

O6cynuM Terneph HEKOTOPHIE TEOPETHYECKHe BONPOCH], BOBHHKAMOIIHE B
CBSI3U C HaxXOoxkaeHuem vuciaa R, yiroBaerBopsioilero HepaBedcTBam S < R <
45 4+ 2, u takoro, yro N = SR+ 1 — npocToe 4ducio. Dpexje BCero, co-
riacHo Teopeme /lupuxie, mokasanuou emé B 1839 r., nporpeccust 25n + 1,
n=1,2,3,... cojep:kuT 6eCKOHEYHOE KOIMYeCTBO MPOCTHIX YHCET. Dac HHTe-
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pPecyloT HpoCThie YHCIa, JeXKalllie HeJalJeko oT Hadada nporpeccun. Onenka
HaWMEeHbIero MpoCTOr0 YHCIa B apudMeTHYeCKOU TPOTpeccHu ObLIA MOpY-
gera B 1944 r. HO.B.J/lunuukom. CooTBeTCcTBYOIIAas TeOpeMa yTBEpKTaeT,
YTO HalMeHbIllee MPOCTOe YUCI0 B apupMeTndeckoun nporpeccuu 2S5n + 1
fe mpesocxomnt S, rae C' — HeKOTOpas JOCTATOTHO GOMBIIAs aBGCOMIOTHA
nocTosHHas. B npennosokeHu CnpaBeinBOCTH PACIIHPEHHON THIOTE3b -
MaHa MOXKHO MOKa3aTh, [13, cTp. 272], 4T0 HauMeHbIIIee TaKoe MTPOCTOe TNCIO
He mpeBocxomuT ¢(¢) - S*E mpu M060M MOMOKUTETLHOM £.

Takum 06pazoM, B HacTOsAlllee BpeMsi HIKAKUX TEOPEeTHYECKUX TapaHTui
[IJst cyiiecTBoBatus npocroro ducaa N = SR+1, 5 < R < 45+ 2 ne cyuiec-
TByeT. Tem He MeHee onbIT BhIYHcAeHUE Ha DBM nokazwiBaeT, 4TO IpoCTHe
YHCAA B apU(PMETHIECKON TTPOTPEeCcCUn BCTPEYaloTCH TOCTATOYHO BIU3KO K e€
Havaay. YIOMSHEM B 3TOU CBA3M IHIOTE3Y O CYIIECTBOBAHUN GECKOHEYHOTO
KOJAMIeCTBa MTPOCTHIX YUCET ¢ ¢ YCJAOBUEM, UTO IHCI0 2¢ + 1 TakXKe mpocToe,
T. €. IPOCTHIM ABJISAETCS yrKe NePBbIll 4ieH MPOrPecCcui.

OueHb BayKeH B CBS3H C ONUCHIBAEMbBIM METOJOM TOCTPOEHUS MPOCTHIX
qnces TaKyKe BOMPOC O PACCTOSHHN MeXKTY COCEMHUMHN TPOCTHIMU UHCIAMU
B apudMeTHdecKOl mnporpeccuu. Benb yGeIuBIINCEH, 9TO Ipu HeKOTOpoM R
gucao N = SR+ 1 cocraBHOoe, MOXKHO clefyioliee 3Hadenie 2 B3ATh paBHBIM
R 4 2 u geilcTBOBaTb Tak fgajee, Moka He GyjgeT HalifeHo npocToe vucio N.
U ecan paccTosHme MeXAY COCETHUMH TPOCTHIMHI INCIAMU B TPOTPECCUN Be-
JHKO, HET HafeK bl OBICTPO MOCTPOUTH HYXKHOe 4ducio N. Depebop duced
R 1o Toro mMomenTa, KaK MBI HaTKHeMcs Ha TpocToe 4dncio N okaxkeTcs
CAUITKOM MOATHM. B 6olee MpOCTOM BONPOCE O PACCTOAHUH MeXKTY COCEeMHN-
MU TPOCTHIMU IUCAAMHA Py, W Pp4q B HATYPAIBHOM pfAjJe MTOKA3aHO JUIIb, ITO

38
g1 e .
DPnt1 — Pn = O | p&t , 1TO, KOHEYHO, He O9eHb XOPOIIOo s HalluX Lefen.

Bumecte ¢ Tem cymecTByeT Tak HazbiBaeMmas runoresa Kpamepa (1936 1.), 9o
Prt1—pn = O(In? p,,), 1at0Mmas BIOMHE TPHEMJIEMYIO OIEHKY. DPAMEePHO TaKoi
JKe pesyabTaT clelyeT W U3 pacHIipeHHOU IHNOoTe3bl JuMaHa. Berducienus
Ha IBM nokasbiBaloT, 9TO MPOCTHIE YUCAA B APUPMETHIECKHX TPOTPECCUIX
PacIoJOXKeHbl TOCTATOYHO TIAOTHO.

B xadecTBe nToTa 06CyKICHNA B DTOM MYHKTE TOATEPKHEM Cleayioliee:
ecan NPUHATEH Ha Bepy, ITO HanMeHbIllee MPOCTOe A0, a TakyKe PacCTOAHAe
MEXKIY COCEJTHUMHI NPOCThIMHU YuciamMu B nporpeccuu 25n + 1 opu S < n <
< 4S5 +2 onennpatorcs Bemmaunoit O(In? S), To onncanHas cxeMa TOCTPOEHMS
OOJBIINX TPOCTHIX THCET HMeeT TOJNHOMUATBLHYIO ONeHKY CAOKHOCTH. Kpo-
Me TOT'0, HECMOTPS Ha OTCYTCTBUE TEOPETHIECKUX OMEeHOK BPEMeH! pPaboThI
AJITOPUTMOB, OTHICKUBAIOIIHX TPOCTHIE TNCAa B apuPMETHIeCKAX TPOTpec-
CHAX CO CPABHATEALHO GOJBINION PasHOCTHIO, HAa MPAKTHKE DTH aJTOPHTMEBI
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paboTaloT BIOJHE yIOBIETBOPUTEALHO. Da OOBITHOM HEPCOHAILHOM KOMIIBIO-
Tepe 6e3 0COOBIX 3aTpaT BpeMeHN CTPOATCS TaKIM CIIOCOG0M MPOCTHIE YHCAA,
nopsaxa 10390,

Konewno, cnoco6 KOHCTPYHPOBaHUS MPOCTHIX YHCEJT IS NCTOJb30BaHUS B
cxeme RSA romken 6BITH MacCOBBIM, & CaMU IIPOCTHIE YHCAA, TOMKHLI OBITH B
KaKOM-TO CMBICJE XOPOIIIO paclpeleléHHbIMEA. DTO BHOCHT P JOMOIHITEIb-
HBIX OCIOXKHEHWH B paboTy alropuTMoB. Bupodem, omncannas cxemMa JOIIYC-
KaeT Maccy Bapuanuii. Bce 5T Bompockl paccMaTpuBaioTCs B cTaThe [14].

DaKoHell, OTMETHM, 9TO CYHIECTBYIOT METOILI TOCTPOEHNS OOMBIINX IPO-
CTHIX 9HCENT, HCTOAB3YIOIINe He TOABKO TpocThie aequTenn N —1, Ho 1 TeqnTe-
an qucea N +1, N2+ 1, N2+ N +1. B ocHoBe uX JeKNT HCTOAB3OBAHIE TOCTE-
TOBAaTEIbHOCTEN MeIbIX TNCe, YIOBITBOPIIONINX JUHENHBIM PEKYPPEeHTHLIM
VpaBHEHHAM PasiNYIHbIX IOpsaakoB. OTMeTnM, 4TO MOCIeTOBaTEeILHOCTDL G,
YIeHBI KOTOPOR MPUCYTCTBYIOT B (pOPMY.INPOBKE MaJOn TeopeMbl Pepma, co-
CTaBIfgeT pellleHnie peKyppPeHTHOT'O YPAaBHEHNA NEPBOTO MOPAIKA Uyt = Glp,
Uy = 1.

5. KAK MPOBEPUTH BOJLIIOE YNCJIO HA IPOCTOTY

EcThs HEKOTOpOE OoTaAWYNE B MOCTAHOBKAX 3aMa¥ MPpeIbIIYINero I HacTOos-
mero NyuKToB. Korma Mul cTpouM mpocTtoe dncao N, MBI obaanaeM HEKOTO-
POl TOMOJHUTENBHON HH(pOPMAlHell 0 HeM, BO3HIUKAIOIIEH B TPollecce MOCTPo-
eHUs. DalpuMep, Takoll WH(pOpMalnell ABISeTCs 3HaHHe TPOCTHIX MeiuTenei
gucaa N — 1. Dra unpopmalus nHorga objaerdaerT 10Ka3aTeabCTBO HPOCTO-
Tl N.

B >ToM myHKTe MBI pegnosaraeM JUIIb, YTO HaM 3aMaH0 HEKOTOPOe UH-
cio N, HapuMep, BEIOpAHHOE CAyYalHBEIM 06pa3oM Ha KaKOM-TO ITPOMEXYT-
Ke, 1 TpebyeTcs YyCTAHOBUTE €I'0 TPOCTOTY, WAN JO0Ka3aTh, ITO OHO ABIAETCS
COCTABHBIM. DTy 3ajJa4y 3a MOJUHOMUAIRHOE KOJNMYeCTBO ONEpalliil PelaeT
yKazaHHbIl B 1. 3 aaroputM Munaepa. O qHako, clipaBeliiBOCTh MOy Y€HHOT O
€ ero NOMOIIbI0 YTBEPKIeHUT 3aBUCUT OT HeTOKA3AHHOU PACIIHPEHHON MHIIO-
Te3bl JuMaHa. Kcan ducio N BeIepKajio ucnblTanus airopurmom 5 mis 100
Pa3jMYHbIX 3HAYEHUH MapaMeTpa ¢, TO, MO-BUIUMOMY, MOXKHO YTBEPKAATh,
9TO OHO ABIAETCH MPOCTHIM C BEPOATHOCTHIO Goxbileil, wem 1 — 47190, Dra
BePOATHOCTE O¥YeHL OJMN3Ka K e THHUIEe, OTHAKO BCE YKe OCTaBIAeT HEKOTOPYIO
TeHb COMHEHHUsi Ha mpocToTe 4Yucia N. B gajdbHeilieM B >TOM IyHKTE MbI
6ymeM cUNTaTh, YTO 3adaHHoe Yncio N ABIsgeTCT IPOCTHIM, a HaM TpebyeTcs
JUMIb TOKa3aTh TO.

B macrosiiee BpeMs W3BECTHH JTeTePMUHUIPOBAHHBIE ANTOPUTMEI Pa3imy-
HOW CJAOXKHOCTH [Jsi JTOKa3aTelhCTBA NPOCTOTH duces. Mbl ocTaHOBUMCS T10-
IpoOHee HA OMHOM W3 HUX, NpemjtoKeHHOM B 1983 r. B coBMecTHO paboTe
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Anemana, Domepanna n Jamenu [15]. /lis TokaszaTeabCcTBa MPOCTOTHI WM
HenpocToTh 4ucaa N »ToT asroputM Tpebyer (In N)CIHIHIHN apudgpmMeTHde-
CKHX Onepaluil. 3jeck ¢ — HeKOTOpas MOJOKHUTeIbHas abCoMIoTHAS TOCTO-
sunag. Pyuknus Inlnln NV x0Tk 1 MemIeHHO, HO BCE Ke BO3pAcTaeT ¢ pOCTOM
N, 1o>TOMY alrOpUTM He SIBASEeTCS MOJHHOMHAJBHBIM. D0 BCE JKe ero mpak-
THIeCKHe PeaNu3allil MO3BOALIOT TOCTATOYHO OBICTPO TECTHPOBATH UUCIA
Ha npoctoTy. CylllecTBeHHbIE YCOBEPIIEHCTBOBAHUA W YIPOIIEHUS B MEePBO-
Ha4YaJbHBII BapHAaHT ajJropuTMa OwLIN BHeceHbl B paborax X. JleHcTphl u
A. Koena [16, 17]. MbI 6y/1eM Ha3hIBaTh ONMUCHIBAEMBII HUKE aITOPUTM adro-
purmoMm A miemana — JleHCTPHI.

B ocHoBe asropuTMa JexKuT HCHONB3OBAHHE CpaBHEHUI THIA MAJOU Te-
opembl PepmMa, HO B KOJbIAX [eJbIX 4YUCE]T KPYTI'OBBIX TOJEH, T. €. HoJel,
NOPOKIEHHBIX HaI nodeM Q dmcramu (, = e2™/? — xopusmu us 1. Dycrb
¢ — TPOCTOEe HEeYETHOe YHCA0 U € — HepBOOOPA3HBIN KOPEeHb M0 MOJIYJII ¢,
T. e. 06pa3yIoOUil BJeMeHT MyJIbTHININKATHBHOI I'pynnsl nond F,, koropas
muandaa. [ad kaX oTo 1Meforo Yucia &, He MeffAllerocsa Ha ¢, MOXKHO Olpe-
IeanTh ero ungekc, ind, @ € Z/(q — 1)Z, nassiBaeMbIil TakkKe JUCKPEMHbIM
Ao02apugmon, ¢ moMomIbio cpashennsa ¢ = ¢4” (mod ¢). DaccmoTpnm ganee
IBa MPOCTHIX YHCAa P, ¢ C YCJIOBHEM, 9TO ¢ — 1 meiuTcs Ha p, HO He JeAnTCH
Ha p2.

Caegywoias GyHKIUS, onpefeléHHas Ha MHOXKECTBe IedbIX qHcel,

0, ecim  qlx,

(@) ;)ndqgg, ecan (z,q) =1

ABISeTCS XapaKTepoM IO MOAVII ¢ U IOPAJOK PTOr0 XapaKTepa paBeH p.
CymMma

<
|
—

T(x) == ) x(@)¢; € Z[¢p, ¢,
z=1
HazbiBaeTcs cymmoln 'aycca. DopMynupyemas HuXKe TeopeMa 3 IpeacTaBisieT
€060l aHAJOT MaJoil TeopeMbl DepmMa, HCIONB3YEMEBI B aIropuTMe A 1jeMaHa
— JleHcTpHI.

TeEOPEMA 3. [lycmv N — neuémmuoe npocmoe wucao, (N,pq) = 1. Tozda
6 Koavye Z[(p, (,] sbinoansemen cpasnenue

0N =x(N) ™V (N (mod NZ[G,, ¢])-

Ecan mpu xaknx-anbo ducaax p,q cpaBHeHHe U3 TeOpeMHl 3 HapyllaeTcsd,
MOXKHO YTBepXKTaTh, 9To N cocTaBHOe 4Unciao. B mpoTuBHOM caydae, ecin
CcpaBHeHNe BLIMOTHAETCS, OHO JAaéT HEKOTOPYIO WHMOPMANNIO O BO3MOXKHBLIX
mpocThix jgejurensx ducia N. CobpaB Takyi HHPOPMAIUIO s Pa3JHIHbIX
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P, ¢, B KOHIIE KOHIIOB VIa€TCHd YCTAHOBUTH, 4T0 N UMeeT JHlllb OMUH ITPOCTOU
JeJuTenb U ABASeTCA TPOCTHIM.

B caydae p = 2 jerko nmpoBepuTh, ITO CpaBHEeHWe W3 TEOPEMEl 3 PaBHO-
CHJIBHO XOPOIIO U3BECTHOMY B DJIEeMEHTAPHOU TEOPHH YHCeJ] CPABHEHUIO

¢ 2z == (mod N), (13)

q .
rae | — )] — TaK Ha3bIBaeMBbIll CIIMBOJI Axo6mn. XOpOHlO N3BeCTHO TakKixKe, 9TO

N

nocJjeiHee cpaBHeHNE BBIMOJHAETCH He TOJbKO IS NPOCTHIX ¢, HO U IJd JIO-
OBIX IEJAbIX ¢, B3AaHMHO NPOCTHIX ¢ V. 3aMeTuM Tak:Ke, 4TO [Jis BEIYUCJIeHUS
cumBoJia Jkobu cyiecTByeT GBICTPHIN aJrOPUTM, OCHOBAHHBIN HA BaKOHE B3a-
umuocTu [aycca u, B HEKOTOPOM CMbICe, TTOMOOHBIH alropuTMy EBKIU 1a BbI-
qucaeHnss Hauboabiiero obiero gejaurens. Chaeqyoiui IpuMep MOKa3kBaeT,
KaKnM 06pa30M BBINOJHIMOCTH HECKONBKNX cpaBHeHNN Tuna (13) 1aér Heko-
TOPYIO HHPOPMANNIO O BOBMOXKHLIX MPOCTHX JeanTeadx dncaa N.

[Tpumep (X. JIEHCTPA). Dycrs N — HaTypaabnoe quncio, (N,6) = 1,
JIS KOTOPOT'O BLIIOJHEHBI CpaBHEHNS

o' = % (mod N), mpuma=-1,2,3, (14)
a KpoMe TOr'O ¢ HeKOTOPBLIM IedbIM YHCAOM b mMeeM
b5 = —1 (mod N). (15)

Kak yxe ykasbiBagoch, npn npoctoM N cpaBrenus (14) BEITOTHAIOTCS 15
a060r0 @, B3anMuO mpoctoro ¢ N, a cpaBHenue (15) ozHavaer, 4TO b ecTh
mepBoO6pasHbId KOpeHb 1m0 Monyao V. KoandecTBo mepBoo6pasHbIX KOPHEN
paBHO ¢(N — 1), T. e. gocTaTouHO Bennko. Takum obpasom, dncio b ¢ yciao-
BueM (15) mpu mpoctoMm N MoxKeT OBITH HAaHIEHO TOCTATOYHO GBICTPO € IHO-
MOIIBIO CYYAlHOTO BEIOOpA W ToCIenyomnienn npoBepkn (15).

MoxazkeM, 9T0 U3 BRIIOTHIMOCTH (14-15) creqyer, 9T0 KayK BN JeTHTEb
r anciaa N yIOBIeTBOpSeT OJHOMY U3 CpaBHEHHH

r =1 (mod 24) nwan r = N (mod 24). (16)

De yMeHbIIas OOUIHOCTH, MOKHO CIATaTh, YTO ' — MPOCTOe duciao. Beegem
Tenepb o6osnadenns N —1 =u-2% r—1=v-2" rmge u n v — He4ETHBIE
qucaa. Uz (15) u cpasrenns "1 = 1 (mod r) caegyer, ato m > k. [aree,
coruacHo (14), BHIMOTHAIOTCS CJIeIYIOIINe CPABHEHS

v u
a a a a

Yy _ (% — wp2k—1 Y[z — wp2m L
~)=\x) =¢ (mod r), . o) =a (mod r),
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o3HavaoIne (B CHIY TOTO, 9T0 CHMBOI fIKOGH MoOXKeT paBHATHCS JHIIBL — 1
min +1), 9o

om—k
a a
N r
a
Dpu m > k »To paBeHcTBO ozHavaeT, 4to |—| = 1 npu ¢ = —1,2,3, u,
r
a a
cregoBaTenbio, 1 = 1 (mod 24). Ecin xe m = k, To nMmeem N/ =\
r

r =N (mod 24). DTum (16) gokaszano.

Nugopmannus Takoro poJa MOIyIaeTCs U B CIydae TPOU3BOJLHEIX TPO-
CTHIX YUCET P U ¢ C YKA3aHHBIMH BhIIlIe CBOUCTBAMH.

Omnnuiem (ovenb rpy6o) cxemy agaropurMa Agremana — JleHcTpsI 11st mpo-
BepKHN MPOCTOTH [V:

1) BEIOHPAIOTCS pas3JuIHbIe MPOCTHIE THCAA D1, . .., Pk W PA3IUIHBIE TPO-

CTHIe HEYETHHIE §1, . .., §s TaKne, 9TO
a) IS Ka)Kr[[OFOj BCe MpOCThle neaunTenn ducia g; — 1 cogepzKaTcs
cpeid pi,...,pr U ¢; — 1 He geraTcda Ha KBaJpaT IPOCTOrO YHCIA;

2) misi KayK IO Mapbl BEIOPAHHBIX YHCET P, ¢ TPOBOAATCA TECTHI, MOJ06-
Hble cpaBHeHNio U3 TeopeMbl 3. Feam N He yIoBIeTBOpseT KaKOMY-Iubo m3
DTUX TECTOB — OHO cocTaBHoe. B IIPOTUBHOM CJIyvae

3) onpefeaseTcsa He O9€Hb 60 bIII0Ee MHOXKECTBO qucetg, ¢ KOTOpbIMHU TOJb-
KO I MOT'YT OBITH CPaBHUMBI MPOCTEIe feanTean N. A MMeHHO, KaxKIbIH IpPO-
CTOHI JeJanTelb r Yucia N MOJZKeH yTOBJIeTBOPATH CpaBHEHUIO BHU A

r=N’ (mod S), 0<j<T=p1-... ps.
4) nmpoBepseTcs, COIEpAKUT i HailTennoe MHOKecTBO geantean N. Ec-
JU IPU 5TOM JeJuTeln He oOHAapPY:KeHBI, yTBep:KaaeTcs, 4To N — IpocToe
GHCTIO.

Ecan «ncaio N coctaBHoe, OHO 06A3aTeNbHO UMeeT MPOCTON MeAUTeNDb I,
mMerblmin v N < .S, KOTOpbIN caM COJIePAKUTCA CPelil BO3MOXKKHBIX OCTATKOB.
lIMeHHO Ha 5TOM CBONCTBE OCHOBAHO TpHMeHeHNe MyHKTa 4) aJropuTMa.

[TpuMEP. Ecam BHO6paTh caelyiolne MHOXKECTBA TPOCTHIX THCel
{py ={2,3,5,7} n {¢} ={3,7,11,31,43,71, 211},
TO TaKUM CIOCOBOM yaaeTcs MpoBepaTh npocTory ducen N < 8,5- 1019,

Ormerum, 970 B paboTe [15] mis TecTHPOBAHUS HCIOAB30OBAJINCEH He CPaB-
HeHUs TeopeMbl 3, a 3aKOH B3aMMHOCTHU [/ CTelleHHBIX BbIY€TOB U TakK
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HazbiBaeMmbie cyMmbl fAkobu. Cymma Axobu

J(x1,x2) = — ZXl(ﬂﬁ)Xz(l — )

ompenenseTcd AAA TBYX XapakKTepoB Y1, X2 MO MOIyA0 ¢. Kcam xapakTeph
AMel0T TOPATOK P, TO COOTBETCTBYIONIAA CyMMa AKOOH TPUHA ITEKAT KOABITY
Z[(). DoCKOIBKY 4uCIa P, YIaCTBYIOLINE B aJlOPUTMe, CDABHUTEIBHO HeBe -
KW, TO BHIYUCICHHS ¢ cyMMaMu AKo6GH TPOW3BOIATCA B MOJAAX CYIIECTBEHHO
MeHBIIIEH CTeleHH, YeM BhIYHCAeHUs ¢ cymmamu [aycca. DTo raaBHas mpu-
YHHA, 0 KOTOPOH cyMMbI SIKOOU mpenodTuTelbHee sl BRIYUCASHUH. DpUl
X1X2 7 Yo BHITOIHSETCS KIaCCHIeCKOe COOTHOIIEHe

T(x1) - T(x2)

J(X1:x2) = o)

cBA3bIBaloliee cyMMbl [ayceca ¢ cymmamu Sko6u u mossoJsioliee nepenucaThb
cpaBHeHHe TeopeMbl 3 B TepMuHax cymMm flxoou (cm. [16]). Tak, npn p=3 u
¢ = 7 coOTBeTCTBYOIee CpaBHEHNe, CpaBeInBoe Mas NPOCThIX N, OTIANY-
HBIX OT 2, 3, 7, IpuHUMaeT BUI

[5] %]

(=3¢=2)""-BC+1)

1 £ — HEeKOTOPBLIN KOpeHb Kybudeckun u3 1.

= ¢ (mod NZ[C]),

rae ¢ = e2mi/3

B 1984 r. B paboTe [17] 6bLI10 BHECEHO CYIIECTBEHHOE YCOBEPIIIEHCTBOBAHTE
B QJTOPHUTM, TIO3BOJUBIIEE OCBOGOINTLCA OT TpeGOBaHNA HETeANMOCTH INCENT
g — 1 ma KBagpaTH POCTHIX duceld. B peayabTaTe, HanpuMep, BHIOpaAB IHCIO
T =2%.32.5.7 = 5040 u B3aB S paBHBLIM NPOU3BESCHUIO TPOCTLIX HUCEN ¢
¢ ycaoBueM, 9To 1T mennTes Ha ¢ — 1, moayaum S > 1,5 - 10°%, 910 mo3Boager
TOKa3bIBATH NPOCTOTY dnces N, 3allUCHIBAEMBIX COTHEN MeciTHYHBIX 3HAKOB.
Dpu >TOM BEIYUCIEHUS OY YT NPOBOIUTHCH B MOJAAX, MTOPOKTEHHBIX KOPHIMI
w3 1 crenenen 16,9, 5 u 7.

Mot mepcoHadbHEI KOMIbIoTEp ¢ nponeccopom Pentium-150, noabsysch
peanauzaiuen >Toro airoputMa Ha sizbike UBASIC, goxaszan npocrory 3amu-
CLIBaeMoOro 65 TecATHYHLIME 3HAKaMHU, OOJBLIIEr0 U3 TPOCTHIX YHCeT B MPH-
mepe Juecta, lllamupa n A mremana (cM. nyekT 1) 3a 8 cekyu. CpaBHeHne
>TuX 8 cexkyHI U 17 jeT, noTpeSOBABINXCA MAA PA3JIOKEHUA Ha MHOKUTEAN
IpeIJIOKEeHHOTO B IpuMepe InCia, KOHeIHO, BIedaTadeT.

OTMeTuM, YTO OlEHKA CJAOXKHOCTH 3TOIO AJANOPHTMa NPeICcTaBlIsieT Co-
601l TPYJHYIO 3a/[ady aHAIUTHYECKOW Teopun vuced. Kax yxe yKazbBajgoCh,
KOMMYecTBO onepanuil onennpaercs seandaunoin (In NN O ryako coor-
BeTCTByOIIMe ducaa S u T, Bo3HUKalOIINE B MpOIecce T0Ka3aTelbCcTBa, He
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MOTYT OBITH ABHO YKa3aHHL B 3aBucHMOcTH 0T N. [JoKa3aHO JUIIb CYIIECTBO-
BaHue qncenr S u T', I KOTOPLIX JOCTHIaeTCs oleHKa. Bopouem, ects Bepo-
ATHOCTHBII BapHAHT allOPHTMA, TOKa3EIBAOIINI IPOCTOTY IPOCTOrO YHCIA
N ¢ BeposTHOCTBIO Goabmeit 1 — 27% 3a O(k(In N)enln Ny appdmernaeckux
omnepaluii. A B IpeIION0KeHIN PACIIIPEHHON MHIOTe3b DUMaHa dTa OleHKa
CJIOKHOCTH MOXKeT OLITh HOXydeHa IpH >PpPeKTUBHO yKaszauHbx S u 1.

6. KAK PACKJIAJBLIBAIOT COCTABHBIE UUCJA HA MHOXKUTEJNA

Mpr At KpaTKO KOCHEMCS DTON TeMbI, OTCHLIAs YNTaTeNel K KHuTaM [7,
18, 19]. Cpenn MHOTHX aiTOPHTMOB Pa3JOKeHHsi MbI BHIOEPEM TY JHHHIO pas-
BUTHS, KOTOpasd MpuBeja K PaslokKeHHo Yucaa, npemioxkeinoro RSA.

DOUCKOM B(PPEKTUBHBIX CIIOCOOOB PA3JOKEHHUs [eJbIX YUCe] Ha MHOXKH-
Tel 3aHUMAIOTCH YK€ OYeHb JaBHO. DTa 3ajada HHTEePeCcOBAIA BhITAIONINX-
¢ y4€HBRIX B oOfacTu Teopun ducena. Bepositno depma OBLI MEpBHI, KTO
OpeMJIOXKII MPeIcTaBUTEL pasjaraemMoe dmucao N B BHAe Pa3sHOCTH KBaIpa-
toB N = 2? — y%, a sarewm, Borancass (N, r — y), IONBITATLCA HATH HETPH-
BUAJBHBIN gejuTedb N. OH xKe UPelIoKua U cIocod, MO3BOJSIONINNT HAUTH
TpebyeMoe TpecTaBlIenre. ean pasaaraeMoe IUCJIO UMeeT TBa He OUeHb OT-
ANTIAIONINEeCS MO BeJNYnHe MHOXKHUTENSd, DTOT CIoco6 MO3BOMAET ONpeIelnTh
X GbicTpee, YeM MpocToll nepeGop geantenei. Jexanip oGpaTuj BHUMaHUe
Ha TO, ITO IPH TAKOM TOAXOJe TOCTATOYHO MOJYINThH CpaBHeHne

z? = y? (mod N). (17)

Koneuno, ne xaxkgasd mapa quced, vI0BJIETBOPAIONINX eMy, TTO3BOAIET Pa3ao-
KuTh N Ha MHOXKHTeNW. Diep u l'aycc mpepao)uinm HEKOTOPHIE CIOCOObI
HAXOJK JeHUs 9ncel, CBA3aHHBIX cooTHomenuneM (17). Jlexanip mcmoabzoBan
[JISE DTOU 1eJd HelpephIBHbIE TPOOH.

DAMOMHUM, 9TO KaxK[OMY UPPalUOHATLHOMY Yucay & MOKeT GBhITh MOCTa-
BJeHa B COOTBETCTBHE GeCKOHETHAS MOCAeT0BATENbHOCTS IelbiX duced [bo; by,
by, ...], HaB3BIBaeMast €ro HEMpPepPLIBHOM IPO6bI0. DTO COMOCTAaBICHIE CTPOUT-
cd caenyouM 00pa3om

1

z; — b’

Jlexanap mokazat, 4TO HempepbiBHAS TpoOBL KBAIPATHYHON UPPAIMOHAJBHO-
CcTH nepuognydHa. Ecan packiafeBaThk B HelpephIBHYI0 1poOb ducio £ = v N,

VN + P,

TO BO3HUKAIOIIHE B IPOIECCe PABIOKEHNs TUCIA T; UMEIOT BUJ &; = %
7

¢ neawiMu Fj, (Q;, mpudem Bcerga 0 < P < vN, 0 < Q; < 2vN. C xKaxnon

HereprBHOfI ,Z[pO6bIO MOXKHO CBS3aThb IIOCJAeTOBATEJIbLHOCTL palllOHaJbHBIX

zo=2§, by =[], zip1 = i=0,1,2,....
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LA
qHUCceN, TaK Ha3bIBaeMbIX MOAXOISIINX JApo6ei, EZ, i > 0, BBIMACAAMBIX O
HpaBI/IJIaM !
Aij1 =bi1 A+ A, By = b B+ By, 20,

1402607 BOZA_lzL B_1:0

0 CTPeMAINNXCA K pa3ziaraeMoMy 4ductay. Beanm B HempephIBHYIO Npobb pasJa-
raercs quciao £ =+ N, To cipaBeJiBO COOTHOIIEHIE

A?—l - NBZZ—l = (_1)2Qi7 (18)
n3 KOTOpOoro cilengyer
A? | = (-1)'Q; (mod N). (19)

3aMeTHM, 4TO [IJUHA MEePUoTa PazJ0KeHUs B HEIPEPLIBHYIO Npobb ducia & =
VN MoxKeT GBITH GOXBIION H TOCTHTaTh BeANTNH moparka v/ .

B 1971 r. lllerke mpemrosKna HCIONB30BaTh cpaBHenns (19) mis KOHCTpPY-
HPOBAHUS wuces, yroBieTBopsiomnx (17). Ecau BerqucieHns mpoBoauTh 10
TexX Mop, MOoKa IpH Y6THOM { He ToaydnTed (; = R? mpu HekoTopom menoM R,
To mapa wucen (A;_1, R) 6ygeT y1oBIeTBOpATH (17) I ¢ €€ TOMOIIBIO MOXKHO
HaTeAThCA MOJYIATE pasdiokenne N Ha MPOCTHIe MHOKUTENN.

B 1975 r. Moppucos n DpuiixapT cTaln NepeMHOXKATh cpaBHenus (19)
OpH PA3NUIHLIX ¢ C TeM, YTOOHK TaKuM CMoco60M MONYIUTH KBAApaT Meloro
YHCAA B HPABOW 4acTH. DTOT METO[I, METO HEIPEPLIBHEIX MpoOell, MO3BOJNI
BIEpBLIe PasloKUTh Ha MHOXKATeIN ceibMoe uyucao Pdepma Iy = 2128 4 1,
Jlisi peadusaliun ajJropuTMa BeEIOUpaeTcs Tak HazbiBaeMas 6aza MHOKHUTEMEH
{p1,p2,-..,ps}. B HEE BXOIAT OrpaHUYIeHHBIE IO BeANYNHEe HEKOTOPHIM Mapa-
MeTpPOM TPOCTHIe YNCAa Takue, ITO p_ = 1. DocieHee yCIOBHe CBA3aHO

k3
¢ TeM, 4TO, cOnacHO (18), B pasioikeHnme Ha MPOCTHIE MHOKHTENN quCeT ();
MOTYT BXOIUTH JUIIH Te€ TPOCTHE, NI KOTOPHX N ABAAeTCA KBANPATHIHBIM
BEIIETOM.

Da MepBOM dTalle aJrOpUTMa KayK[0e O4epelHOe YuCiIo (); TeluTcs Ha Bee
IUCTAA P1, P2,y - - -5 Ps U, €CIAU OHO He pasgaraeTcs MOJHOCTLIO B MPOU3BeJeHHe
cTeneHel 3TUX MPOCTHIX, TO oTOpackiBaeTcs. VHade nojaydaeTcs pasfioKeHue

S
(—1'Qi = (~) T ». (20)

i=1

DTOMY HOMEpY i COMOCTABIAETCSA BEKTOpP (ao, 1, ..., a0s) (BEKTOp MOKa3aTe-
Jeit). 3aTeM BBIYHCAAETCS Cleyollee 3HadeHne (41, 1 ¢ HIM IPOIETBIBAETCS
B TOYHOCTH TaKasd ke Ipoleaypa.
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DTH BRIYUCICHUS TPOBOAATCH O TEX 1OP, NOKa He By 1eT MOCTPOEHO S+ 2
BeKTOpa TMokasaTeded. B moayvuBIiencs MaTpuie MokasaTeled, OqeBHIHO,
MOYXKHO TOZ06paTh BEKTOPa-CTPOKH Tak, ITO UX CyMMa OyTeT BEKTOPOM ¢
qérHBIMI KoopanaaTamu 2(bg, by, . ..bs). Ecaim A — MHOXKeCcTBO HOMEPOB Bek-
TOPOB, BOIIEAIINX B 9TY CYMMY, TO, KaK JIeI'KO MPOBEPUTH ¢ MOMOIIbo (19),
nMeeT MeCTO CpaBHeHHe

2 s 2
H A1 = Hp? (mod N).
1EA =1

Ecan ¢ moMoInbio 3ToT0 cpaBHeHNS He YIa8TCA pa3aokuTh N Ha MHOKUTe-
a1, Pa3jokeHne B HeMPEPLIBHYIO IpO6L PO IOMKAeTCA, TPoJodKaeTesa Habop
BEKTOPOB MoKazaTeJel u T. .

B 5TOT airopuTM GBLI BHECEH pA yCOBEpIIEHCTBOBaHmil: BMecTo /N
MOMKHO pacKIaJbBaTh B HENPEPHBHYIO Ipobb wncao VAN, rie MajeHbKuil
MHOXKUTENE k moabupaeTcs Tak, 4To6kl B 6a3y MHOXKUTENIEH BOILIN BCE Ma-
Jble TPOCThIe; 6BIMA TpelIokKeHa TaK HasdbiBaeMasd CTpaTerus pamHero oophl-
Ba u T. jg. Cl0XKHOCTH 3TOr0 adropuTMa Oblla olleHeHa B 1982 1. BedquwvduHOU
O(exp(v/1,5-In N -Inln N)). Dpu BbIBoge DTOH OLEHKH HCIOIL3OBAICH DI

IpaBIOTONOOHEX, HO He TOKA3aHHLIX THIOTE3 O pacupeneleHl MTPOCTHX -
cesl. JoJyUuBIIascs B olleHke (PYHKIUS pacTeT MeljeHHee M0G0 CTeNeHHON
GyHKIUE. AJITOPUTMBI, CIOKHOCTh KOTOPHIX OlleHUBaeTCs NOA0OGHBIM 06pa-
30M, TIOJIYYIIN Ha3BaHMe CYOOKCIOHEHINAIBHBIX (B 3aBucnMocTn ot In V).
B 1982 r. DomepaHiioM ObL1 HpeJIoKeH ellé ojJuH CyOIKCIOHEHIHAdb-
HBII AJTOPHTM — AJTCOPHTM KBaJpaTHYHOTO peliera. Ero cioXkHOCTh Olle-
HUBaeTCs TaKOU »Ke (PYHKIHeH, KaKk U B MeTO/e HeHPephIBHBIX IpoGel, HO

BMeCTO KOHCTaHTH 1,5 moaydena aydmas — 9/8. O6osznasum m = [V N|,

Q(z) = (z + m)? — N u BEGepeM Ty Ke 6a3y MHOMKHTeNell, 9TO U B MeTO-
e HelpepBIBHBIX Mpobefl. JpH MaJdbiX [elblX 3HAYeHHAX & BeqmduHa Q(z)
OyaeT cpaBHUTEeNbHO HeBelnka. Caeayomui mar oobicHIeT Ha3BaHie ajro-
pUTMa — KBajJpaTHYHOe pelieTo. BMecTo Toro, 4Tobbl mepebupaTh 4HCAA
T W pacKJIaThIBATh COOTBETCTBYIOUINE 3HAYeHNA (J(2) HA MHOXKATENN, aJlro-
PUTM Cpa3y OTCeNBaeT HEerOHbIe 3HAYCHUA ¥, OCTABIAN JUIIL Te, JJIi KOTO-
phiX Q(z) MMeeT MeInTeNn CPeIn IeMeHTOB 6a3bl MHOKUTEEH.

3a/1aB HEKOTOPYIO Tpaliiy B, LI KaK I0ro TPOCTOr0 YHCAA P, BXOIIIIe-
ro B 6a3y MHOKHTE/El, I KayK oI o MoKaszaTels CTelleHl «, ¢ ycioBuem p* < B
HAXOJNM pellleHns & KBajpaTndHoro cpaprerns ((z) = 0 (mod p®). Muoxe-
cTBO pemrenni obosnadnm O6ykBon A. Mrak, mis xaxgoro z € A maugércs
DJAeMeHT 6a3bl MHOKUTENeN, a MOKeT ObITh U He OJNH, BXOJAIINI B HEKOTO-
PO CTeleHn B pa3/oKeHNe Ha MIPOCTHe cOMHOKNTeRn qncia ((z). Te ancia
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T, IPH KOTOPHIX 3HAaYeHNd (J(Z) OKa3BIBAIOTCS MOJNHOCTHIO PA3JIOKEHHBIMI,
Tal0T HAM BEKTOp ToKazaTeflell, Kak U B airOpUTMe HelPephIBHEIX J1pOOei.
Ecan Taxux BeKTOPOB OKaxKeTCd MTOCTATOYHO MHOT'O, C HUMU MOYXKHO TpOIe-
JaTh Te JKe onepaluu, YTO U B ajJlOPUTMe HelPePEIBHLIX Tpobei.

MBI KpaTKO ONHUCAJH 3[eCh JUIllb OCHOBHYIO HJeH0 aJIrOpHTMa. DOMHMO
BTOT0, UCIOAB3YETCH MHOIMO APYI'HX MOMOJHUTENBHBIX COOOPAKEHHH U pas-
JUYHBIX TEXHUYECKNK MPHEMOB. DanpuMep, aHaIor cooTHoinenns (20) nveer
BU T

Q@) = max(=1)* J] p}” (mod N). (21)

B mem momyckaeTcs HaJwdme IBYX JOTMOJHUTEIBHBIX OOJBITNX TPOCTHX MHO-
KuTenein By < ¢; < By. DTH MHOXUTENN BIOCJASACTBAN NPH MePeMHOKEHUR
3HadeHN ()(2) MCKIIAIOTCS.

DeKOTOophIe JTeTalll peajn3alnil alrOpuTMa MOKHO HauTh B pabote [6].
OTMeTuM 3jeCh TOJABKO, YTO HA MHOXKUTEJIN PACKIAMbIBAIOCh Yuciao bV, Ha-
3a MHOXKHTeldell cocTosia u3 —1 u 524338 mpocThIX YHCed, MeHbIIHX, 4eM
B = 16333609. Dpu sTom 6BLI0 ncmoab3zoBano B, = 23°. B pesyabTare
npocenBanns nonydmiocs 112011 coornomenuit Buga (21) 6e3 MHOKHTeICH
¢;, 1431337 cooTHolllennit ¢ ogHuM TakuM MHOKHTegseM u 6881138 cooTHO-
[IeHWH ¢ ABYMsS MHOXKHTeNsiMu. VIMEHHO Ha MOUCK BCEeX DTHUX COOTHOLIEHUN
noHagobuanchk 220 nHell U GOJBINOE KONMYeCTBO PaBOTABIINX MapAIeSbHO
KOMIIBIOTEPOB. Da BTOPOM IIare ajropuTMa, KOTJa n3 cOoOoTHomeHni (21)
KOMOHHHPOBAJUCH YETHBIE BEKTOPH TOKa3aTelell cTeleHell, IPpuxoIuioch pa-
60TaTh ¢ MATPHUIAMU, Pa3Mephl KOTOPLIX U3MEPANNCH COTHAME THICAT GUTOB.
DTOT BTOPOIH mIar noTpeboBad 45 4acoB pabOThI. YKe 4eTBEPTHIN BEKTOP €
JYETHBIMU TOKa3aTelAMHI MPUBEI K NCKOMOMY Pa3loKeHWIo Ha MHOKUTENN.

SAKJIIOYEHUE

MBI 3aTpOHYIH B 3TON CTAThe JUIlb HeGOJAbIIYIO YaCTh BOIPOCOB, CBSI3aH-
HBIX C TEOPETUKO-YUCAOBBHIMH AJIOPUTMAMU W ONEHKAMHU HX CAOKHOCTH. 3a
paMKaMH OCTAJUCh JayKe YPe3BbIYallHO BayKHbIE sl KPUITOMPapUi BOIPOCH
AUCKPETHOTO JOTapu@MUPOBAHNUA, T. €. MOUCKA YHCET T, YIOBIeTBOPAIONINX
cpaBHennio a = b” (mod p) mpw 3aTaHHBIX HeBIX a, b, p, CM. HaIpuUMep,
[20, 21]. MBI He onuCHIBAIN MePCIeKTHBHBIE HCCAETOBAHNS, CBA3AHHBIE C PAc-
IpOCTpaHeHHeM alTOPHTMOB pellleTa Ha MO alrebpandecknx qucen (perme-
TO YHCJIOBOTO TOJA), I HCHOJH30BaHNE NX [l PAa3/OKeHHS HMebIX Tucel Ha
MHOKUTENN WIH PEIeHns 33,1291 THCKPETHOTO JOrapudMIpPOBAHILs, CM. [22,
20, 25]. IMeHHO ¢ MOMOIIIBIO 3THX AJITOPHTMOB TOCTUTHYTH TeOpeTHYeCKHe
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OTEHKHU CJIOAKHOCTH pasiokenns na MuozxuTenn exp(c(ln N)Y/3(Inln N)2/3). De
OBLIN 3ATPOHYTHL HIINNTHYIECKHE KPHBHIE, T. €. ONpeIel8HHEE ¢ TOTHOCTHIO
10 06PATIMOr0 MHOKITENS NPOIOPINOHATIBHOCTH MHOXKECTBa TOYeK

E.p={(z,y,2) € (Z/mZ)3|y22 =23 tar? + bz?’}7

obiafawlme rpynnoBoi crpykTypoi. C UX MOMOIIBI VIaJOCh TOCTPOUTH
BecbMa >(P(PeKTUBHBIE AITOPUTMbI PA3IOKEHUs YHCEN Ha MHOXKHTENN U TPO-
BEpKH IEJBIX dlce] Ha TpocToTy. B oTiudne oT MyJbTHILIHKATHBHOW MDY IITIHL
(Z/mZ)*, nops oK rpynusl I, ; Ipn OLHOM I TOM XKe 1 MEHACTCHA B 3aBHCH-
MOCTH OT IeNBIX TapaMeTpoB a, b. DTo OKa3bhiBaeTCHd BeCbMa CYIIECTBEHHBIM,
HalpUMep, MpU PazJ0KeHUN YHcea M Ha MHOXKUTean. Mbl oTchliaeM yuTare-
Jieli 3a MoAPOGHOCTAME UCTONB30BAHIS JIINITHIeCKIX KPUBEX K cTaThe [23].
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MaremaTuka pas3aelcHA CeKpeTa

I'. A. KabaTtaucknir*

1. BBEJAEHUE

DAaCCMOTPHUM CAEIVIONIYI0, B Hallle BpeMsi BIOJHE pPeadbHYIO CHTYaIUo.
JlBa coBaajenblia IParolMeHHOCTH XOTAT MOJOKUTH €€ Ha XpaHeHHe B celd.
Ceilid coBpeMentbiil, ¢ TUppoBLIM 3aMmkoM Ha 16 nudp. Tak kax coBiageinb-
bl He MOBEpSAIOT JAPYT JAPYI'y, TO OHH XOTAT 3aKPhITh ceid TaKuM 0Opazom,
ITOOH OHU MOTJIN OTKPHITH €r0o BMecTe, HO HUKaK He TMOpPo3Hb. /ladg »Toro
OHU TPUTJTAIIAOT TpeThe JUI0, Ha3blBaeMoe JTUJIepOM, KOTOPOMY OHHU 06a J10-
BepsIOT (HApHMep, TOTOMY YTO OHO He TMOJIYYNT OOJbIIe TOCTYI K ceidy).
[lunep cayyaino BeiGHpaeT 16 Hup B KadecTBe «KAHUYa», YTOOBI BaKPHITh
cellp, u 3aTeM coOoOIIaeT MEePBOMY COBJIAIEJbIY BTallHe OT BTOPOT'O MepBhie
8 nudp «Kiawda», a BTOPOMY COBIAMENbIY BTaliHe 0T HEepBOro — MOCAeIHEe
8 nudp «kiaday. Takon cnocod npegcTaBiseTcs ¢ TOYKH 3APABOTO CMBICAA
ONTHMAJBHBIM, Belb KaXK[Iblll U3 COBIAAEIBIEB MOAYUYUI «MOJKIYay U UTO
MOYKeT ObITE JAydiie?! DeTocTaTKoM JaHHOrO TpHMepa ABISETCS TO, 9TO J0-
0011 U3 COBIAMENBIEB, OCTABIINCH HAGMUHE C Cel(PpOM, MOXKeT 3a Napy MUHYT
HAUTH HEIOCTAIOIINE «IIOJNKII0Yay ¢ HOMOIIbI0 HECAO0XKHOT'O yCTPOUCTBA, Ie-
pebupatoltiero kiatwdn co ckopoctieio | MI'n. Kaxkeresi, 9T0 equHCTBEHHBIN
BBIXOJ — B YBEIHYEHUU paszMepa «KJIHUay, CKaXKeM, BIBOE. D0 eCTh APYIOu,
MaTeMaTH9eCKHN BBIXO[I, ONPOBEPraoMni (B JaHHOM Clydae — K CYaCThio)
coobpayKeHus 3[paBoOro CMbICIa. A UMEHHO, [ujiep HE3aBUCUMO BHIOHPAET B
clydaliHble MOCJaeI0BaTeIbHOCTH 10 16 mudp B KaxKI0H, COOOMIALT KK JTOMY
I3 COBJAENbIEB BTallHe OT APYTOT0 «eI'0» MOCJIeT0BATeIbHOCTh, & B KauecTBe
«KJII0Ya», 9TOOBI 3aKPHITh Celid, UCIOMb3YeT MOCIeNT0BATENbHOCT, Oy YeH-
HYIO cloKeHHeM 1o Mojayato 10 cooTBeTCTBYOWINX UH(DP ABYX BbIOpaHHBIX
nocenoBaTenbHOCTeN. [JOBOIBHO 04eBHIHO (I HUMKE MBI 9TO TOKayKeM), 9TO
I KazKJoro 13 coBiajeables Bce 10'® BoaMOXKHBIX «KII04eily 01MHAKOBO Be-
POATHBI M OCcTaeTcd TONbKO NepebupaTb UX, 4TO noTpebyeT B cpenHeM OoO-
Jee TMONYTOpa JeT [Misi yCTPOUCTBa, Nepebupalolero KIidl €O CKOPOCTHIO
100 MTI'm.

*Pabora noggepxkana Poccniickum GoHFoM DyHIAMEHTAIBHBIX UCCIEJOBAHNN (IPOEKT
Ne96-01-00884).

MaTemaTu4eckoe npoceeleHune, cep. 3, Bbin. 2, 1998(115—126)
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N ¢ maTemaTnveckod, W ¢ TMPAKTHIECKON TOTKH B3PEHUS HEHWHTEPECHO
OCTAHABANBATHLCA Ha CIyHdae ABYX YIaCTHUKOB U CJAeAYyeT PacCMOTPeTh 06-
Y10 CHTYanuio. DedopMaIbHO NOBOPH, «CXeMa, pasteasionias cekpery (CIC)
MO3BOJAET «PACTPENENNThY CEKPET MEeXKTY N yIaCTHUKAMH TakuM 0Opa3oM,
ITOOHI 3apaHee 3aJaHHbIe Pa3PeéHHble MHOKECTBA YIaCTHUKOB MOV OJ-
HO3HAYHO BOCCTAHOBHTDH CEKPeT (COBOKYNHOCTH DTHX MHOYKECTB HA3BIBAETCS
CTPYKTYPOH [JOCTYNAa), a HepaspelléHHble — He MOMydain HHKAKOW JOMoJ-
HUTEALHOW K WMEOIeHcs alpuopHOil HHOOPMATNH O BO3ZMOKHOM 3HATEHUN
cekpeta. CIC ¢ mocaeHIM CBONCTBOM HA3BIBAIOTCA COBEPIIEHHBIMN (M TOMb-
KO OHH, KaK TPaBIJIO, PACCMATPUBAIOTCS B DTOH CTaThe).

Hcropuss COC waunnaercs ¢ 1979 rojga, Korga sra npobdiema ObLIa 10-
cTaBieHa n Bo MHOroM perena 1. Dmenikan [1] m A. Hlavupowm [2] mas cay-
qasg MoporoBuix (n,k)-COC (T. e. paspelléHHBIME MHOKECTBAMH SBISIOTCH
nobere MHOXKecTBa u3 k miam Goiee dieMenToB). OcoObI WHTepeC BHI3BAIN
Tak HasbBaeMble muaeatbHble CIC, T. e. Takue, TJe «pa3Mep» WHGPOPMAINH,
IpPesoCTaBIsSeMONl YIaCTHUKY, He BOJIbIIe «pasMepay ceKpeTa (a MeHbIe, Kak
OBLIO TOKA3aHO, OH M He MOKeT ObITh). OKaszanock [3], 9o ao6oi Takon COC
COOTBETCTBYET MATpPOH [ (OTpeenenne, 9T0 DTO Takoe, CM. B 1. 4) 1, clegoBa-
TeAbHO, He A JI060H CTPYKTYPH OCTYTa BO3MOXKHO HAealbHOe pa3feieHne
cekpera. C Ipyroi CTOPOHBI, OLLIO MOKa3aHO, YTO JJsA JIOOOT0 Habopa pas-
PeléHHbIX MHOYKECTB MOKHO TTOCTPONTD coBepinennyio CIC, o1HaKko n3Bect-
HBIe TTOCTPOEHNS BeChMa «HEDKOHOMHBI». B mammoll cTaThe paccMaTpuBaioTCA
aarebpo-reoMeTpuieckne I KOMONHATOPHBIE 3aMa4l, BOSHIKAIOIIAE TPH Ma-
TEeMaTHIECKOM aHAJN3E «CXEeM, Pa3feasdionnx cekpeTy. BoT npuMmep ognon u3
TaKAX 3a,1ad.

Dy eM TOBOPHUTh, 9TO CeMEeHCTBO JHHENHBIX ToanpocTpancTs { Lo, ..., L,}
KOHEYHOMEPHOT0 BEKTOPHOT'O NpocTpancTBa [ Han modeM K yaoBieTBOpsieT
CBOHCTBY «BCé WIN HUYETo», echau mis Jioboro muokectBa A C {1,...,n}
JuHenHas 060M049Ka noanpocTpaicTB {L, : a € A} au6o comepKuT MOIIpPO-
cTpaHcTBO Lo HeInKOM, AHOO0 TepecekaeTcs ¢ HUM TONbKO mo BekTopy 0. B
. 3 MBI YBHANM, 9TO Takoe ceMelcTBo 3a1aéT «inHeinyoy CIC, y KoTopon
MHOKecTBO A C {1,...,n} sABIgeTCS pa3peIIEHHBIM, €Cl U TOJIBKO €CJn JH-
HellHas 060J09Ka TOANPOCTPAHCTB { L, : @ € A} comepKuT MoATPOCTPaHCTBO
Lo neankom. B ¢BA3M ¢ 5THM MOHATHEM BO3HUKAET PsJl BONPOCOB. DalpumMep,
ecan moie K kowewno (|K| = ¢) n Bce mogmpoctpanctBa {Lo,...,L,} o
HOMEPHBI, TO KaKOBO MaKCHMAJAbHO BO3MOYKHOE YHCIO0 YIACTHUKOB N IS JU-
HelHBIX MOporoBux (n, k)-CIC (k > 1)7 uade roBops, KakOBO MaKCHMAalb-
HO BO3MOXKHOE 9HCJI0 BeKTOPOB {ho, ..., h,} Takux, 9To ai06bie k BEKTOPOB,
cojiepsKaline BeKTop hg, JHHEHHO He3aBHCUMBL, a Ji00bie k + 1 BeKTOpOB, co-
fnepxKaiiue BeKTop hg, duHeiiHo 3aBucumMbl. QKa3biBaeTCs, 4YTO DTO CBOUCTBO
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DKBHBAJICHTHO CAeAyoleMy, Ha HepBbI B3DJAL 6ojee CHALHOMY, CBOHCTBY:
Ao0bie k BEeKTOPOB JHHEHHO HE3aBUCUMBI, a JoObe k + 1 — JInHelHO 3aBu-
cuMbl. Takue cucTeMbl BEKTOPOB H3YyYalluch B reoMeTpun Kak N-MHOKeCTBa
(N = n+ 1) B xoneunonn npoexktuBHon reomerpun PG(k — 1,¢), B xom6u-
HATOpHKe KaK OpTOrOHalbHBIe TabJUIbl CHIBL k W nHJIeKca A = 1, B Teopun
KOINPOBAHNS KakK mpoBepodnbie MaTpuisl M/ ko108 (mogpobuee cu. [4]). B
. 3 MBI IpUBeIeM H3BECTHYIO KOHCTPYKIHIO TaKuxX MHox)ecTB ¢ N = ¢+ 1, a
JIOBOJABHO CTapas PHIOTE3a COCTOUT B TOM, YTO DTO U €CTh MaKCHMAJTbHO BO3-
MokHoe N, 3a HCKIIOYeHHeM IBYX ciaydaeB: caydas ¢ < k, korga N =k + 1,
ucaydas ¢ =2™, k=3 win k =q— 1, xorga N = g+ 2.

2. PA3JEJEHUE CEKPETA IJS IPOU3BOJLHLIX CTPYKTYP JOCTVIIA

DadHeM ¢ (QoOpMajJbHOU MaTemarudeckoun mogenu. Umeercs n + 1 mHO-
xecTBO Sp, S1, - .., Sy, M (COBMeECTHOE) pacipejenenne BeposTHOCTeR P Ha X
TekapToBoMm npousBegennn § = Sp X - - - X §;,. CooTBeTCTBYOIINE CAYYalHEIE
BeJUYNHBI 0603HadatoTes depes S;. UMeercd Takxke HeKOTOPOe MHOXKeCTBO [’
MO IMHOKeCTB MHOXKecTBa {1, ..., n}, HazbIBaeMOe CTPYKTY POl [OCTYIIA.

ONPENENEHNE 1. Dapa (P,S) Ha3BIBaeTCA COBEPUWEHHOT 6EPOATNHOCTI-
noti CPC, peanusyiomiei cTpykTypy gocryna ') eciu

P(So=co|Si=c;;i€ A) € {0,1} ms A € I, (1)
P(So=c¢o|lSi =¢;,i€ A)=P(So=cp) pia A ¢ 1. (2)

DTOo onpejelenne MOXKHO HCTOJIKOBATH cAedyloluM obpaszom. MuMeercs

MHOKeCTBO S BCeX BO3BMOKHBIX CEKPETOB, 3 KOTOPOI'O CEKPeT Sg BHIOUpPaeT-
¢ € BepOATHOCTBIO P(sg), m umeercs COC, KOTOpas «pacupefenseTy ceKpeT
So MKy 1 yIaCTHHKAMU, MOCBLIAfA (NIPOCKIUU» Si,...,S, CEKpeTa C Bepo-
ATHOCTBIO Py, (s51,...,5,). OTMeTnM, 9TO i-Il yIACTHIK TOJIY9aeT CBOIO PO~
exnuio» s; € S; 1 He nMeeT MHMOPMAUNN O 3HAYCHUAX APYIUX IPOCKIUID,
OJHAaKO 3HaeT BCe MHOKECTBa S;, a TaKkKe 00a pacipeleJeHns BeposTHOCTeH
p(so) u Ps,(s1,...,5,). DTH [Ba paclupeleieHns MOTYT OBITh DKBHBAJEHTHO
3aMeHeHbl Ha 0MHO: P(Sg, S1,...,8,) = p(s0) Psy(S1,- -+, Sn), ITO U GBLIO CeMa-
1o Boite. [eas COC, Kak yKa3biBaloCh BO BBeJCHUH, COCTOUT B TOM, YTOOLIL:
a) YYaCTHHUKH W3 paspeliénroro muoxkecrBa A (1. e. A € T') BMecTe Morau
ObI OJHO3HAIHO BOCCTAHOBHUTL 3HAYCHHE CEKpeTa — DTO OTPaskeHO B CBOII-
ctBe (1);
6) yyacTHUKH, 06pasyomnue Hepaspeniénnoe MEO:KecTBO A (A ¢ I'), He Morun
ObI MOMYYNTH JOMOAHHTENLHYO HHPOPMAIo 06 Sg, T. €., ITOOB BEpOITHOCTD
TOrO, 4TO 3HAYEHHe CeKpeTa Sy = ¢o, He 3aBHCeTa OT 3HAYCHUN «ITPOEKINIL
S; upu ¢ € A — »T0 cBOUCTBO (2).
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3AMEYAHUE O TEPMMHOJIOIUK. B anriosssranoi auteparype 1id 060-
3HaYeHNs «IOpINMy HH(OpPMannH, nockuraeMol yaactauky COC, 6bLIn BBee-
ubl TepMuHbl «sharey (A. Hlamnp) u «shadows (I'. Daeiikan). DepBriii TepMun
OKazajcid Hamboldee MOMYISPHEIM I aBTOP JOITO GOPOJCA ¢ COOIA3HOM IPH-
BJI€Yb MacCOBOTO YHTATeNs, MOCTOAHHO HCIOAB3Ys B KadecTBe ero IepeBoia
CIOBO «aKIHfAy. DJealeKBaTHad (BO BCeX CMbICIAX) 3aMeHa «aKIHy Ha «IPOeK-
I10) MOXKeT OBITh HECKOIbKO ONpPaBIaHa CJIeIyOIINM IPIMepPOM.

Prumer 1. MuoxkecTBO Sp Bcex Bo3MOXKHBIX ceKpeToB coctouT u3 0, 1 u
2, «IpefCTaBIEHHBIXY COOTBETCTBEHHO: IIApoM; KyHoM, péGpa KOTOPOTO Ta-
paIeIbHBI OCAM KOODPANHAT; THIHHIPOM, 00Pa3yolie KOTOPOTO MapaIelb-
HBI OCH /. DpH HTOM JHAMeTPHI IlIapa U OCHOBAHUS HUJIHHAPA, U JHHE peGpa
Kyba u oGpasyollell THJIHHIPa, PABHBI. DePBHIM Y9aCTHUHK MOJyYaeT B Kade-
CTBE CBOEH «JION CeKPeTa ero MPOeKIuio Ha MIOCKOCTh XY, a BTOpo# — Ha
mrockocTb X Z. flcHo, 4TO BMecTe OHU OMHO3HAYHO BOCCTAHOBAT CEKPET, a
moposHb — He MoryT. OnHako, 3ra CIC He ABIAseTCH COBEPIIEHHON, TaK Kak
J10601 U3 YIaCTHUKOB MOAYIaeT NHPOPMAIHIO O CEKPETe, OCTABIAA TOIHKO
Ba 3HAYEHMS CeKpeTa KaK BO3MOXKHBIE TPH JTaHHOW NpOeKnnu (HampuMep,
ec/In MPOeKINs — KBAAPAT, TO [IAp HEBO3MOKEH).

EWE O1HO 3AMEYAHUE. DaemenT (yyacTHuk) @ € {1,...,n} HasbIBaeT-
¢ HeCylIecTBeHHBIM (0THOCHTeNbHO ['), ecan s J060ro HepaspeléHHoro
MHOXKecTBa A MHOKecTBO AUx Takke Hepazpeménnoe. O4deBuIHO, 9TO HecCy-
[IecTBeHHbIe YIaCTHIKN HaCTONBKO HeCyleCTBeHHBI 115 pa3IeleHns ceKpeTa,
49TO UM IPOCTO He HYKHO NMOCHLLIATH HUKaKOH MH(pOpMalnn. DO3TOMY Jalee,
6e3 orpaHnYeHns OOIUIHOCTH, pAcCMaTpPHBAIOTCA TOIBKO TaKie CTPYKTY PhI J0-
cryna I', 118 KOTOPBIX BCe bIeMeHTh ABIAIOTC CyllecTBeHHLIMI. Kpome To-
ro, eCTeCTBeHHO IpejnonaraThb, 9To I gBIseTcd MOHOTOHHOH CTPYKTYPOI,
T.e. w3 AC B,A € caenyer B €.

PPUMEP 2. DaccMOTpHM NPOCTENIIYIO CTPYKTYPY AoCTyna — (1, n)-mo-
pPOTOBYIO CXEMY, T. €. BCeé YIaCTHUKH BMECTE MOTYT BOCCTAHOBUTEL CEKPET, a
T1060€ TOAMHOKECTBO YIACTHUKOB He MOYXKET MOAYIHTh TOTONHNTENHHON NH-
popManuu o cekpere. JyjgeMm cTpouTh uieanbnyo COC, BeOUpas u cekper,
I ero NpOeKNNH W3 T'PYNNbl 7, BBIYETOB IO MOAYIIO ¢, T. e. Sg = & =
=...= 38, = Z,. lnnep renepupyeT n — 1 He3aBUCHMBIX PAaBHOMEPHO pac-
npefeléHHBIX Ha 7, CIYYalHBIX BeIMYHH Z; U ITOCBLIAET ¢-My YIacCTHHKY

(¢t =1,...,n — 1) ero «mpoexunio» s; = x;, a N-My Y9IaCTHHKY MOCHLIAET
Sp = So — ($1+ -+ sp—1). Kaxymeecs «HepaBHOTpaBHe» n-0r0 y4acTHHKA
TYT JKe NCcYe3aeT, ecin MBI BRIIHIIeM pacnpererenne P (s, ..., s,), KoTopoe

oueBngHo pasuo 1/¢" !, ecam sg = sy 4 -+ + s,, u paBHo 0 — B OCTaIb-

HBIX caydanx. Temeps Jerko npoBepseTcs i ¢cBONCTBO (2), 03HaYa0OIIee B JaH-
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HOM clydae He3aBHCHMOCTD CIyYallHOH BEeINYIHHBI Sg OT CIy9alHLIX BelNINH
{S; 11 € A} npnu m060M COGCTBEHHOM TOJMHOKECTBe A.

Jlantoe Biie onpejgenenie COC, onepupyolliee CJIOBaAME «pacipejenenie
BEPOSITHOCTENY, HUKE MepeBeeHo, MoITn 6e3 moTepn OGIIHOCTH, Ha KOMOU-
HATOPHBIN SA3BIK, KOTOPHIH TPEACTABIACTCA aBTOPY GoJee MPOCTHIM I TO-
HuMaHusA. JpousBoabHas M X (n + 1)-marpuna V, cTpoKH KOTOPOH HMEOT
BUI V = (Vg, U1, ... ,U,), e v; € S;, HA3BIBAETCA MATPUIEH KOMONHATOPHON
COC, a eé cTpokn — «IpaBUJIaMmy pacupejerenns cekpeTa. /i 3amaHHOTO
3HavYeHus cekpera Sg guiaep CIOC ciydaliHo u paBHOBEPOSITHO BHIGUpAeT CTPO-
KY V U3 TeX CTPOK MaTpHIlBl V, MJsi KOTOPBIX 3HaYeHIHe HYJAeBOH KOOPTHHATHI
paBHO Sg.

ONPEAENEHUE 2. Marpuna V 3aaé€T cOSEPUEHHYIO KOMOURAMOPHYIO
CPC, peanusyiolyo cTpyKTypy goctyna [', eciu, Bo-nepBbIX, [mjisi J006OT0
muoxkecTBa A € ' HyjeBas koopauHaTa J060H CTPOKH MAaTPUIIBLL V OHO3HAY-
HO OompejefsieTcss 3HAYEHUAME € KOOPAHHAT U3 MHOXKecTBa A, U, BO-BTOPHIX,
st aro6oro MuoxkecTBa A ¢ ' 1w M106bIX 33 JaHHBIX 3HAYEHUN KOOPANHAT U3
MHOXKEeCTBa A 4HCIO CTPOK MATPHUIE V ¢ MaHHBIM 3HaYeHUEeM & HYJeBOU KO-
OP/JIMHATHI HE 3ABUCUT OT .

ComocraBum coBepiiierron  BeposTHocTHOU COC, 3amaBaeMoil mapoi
(P,S), marpuuy V, cocrosiuiyio u3 cTtpok s € S, takux 4ro P(s) > 0. 3a-
METUM, 4TO €ClIH B onpefeieHun | MOJOKUTH BCe HeHYJeBble 3HaveHus P
OMHAKOBBIMH, a ycaoBus (1) u (2) mepedopMyaupoBaTh Ha KOMOMHATOPHOM
SI3BIKE, TO MOAYYUTCS OlpefeneHne 2. DTO KOMOHHATOPHOE OlipelefeHne He-
CKOJIbKO 0606111aeTCst, I JOMYCTHTE B MaTpuIlle V' MOBTOPSIONINECs CTPOKH,
YTO DKBUBAJEHTHO BEPOSTHOCTHOMY ONpPeIeJeHHio 1, KOT'/Ia 3HAYeHUs] BEpo-
aTHOCTeNn P(s) — paunoHaJIbHbIE THCIA.

PPUMEP 2 (IPOJOJIZKEHUE). DepedopMyIupyeM JaHHYIO BBIIIE KOHCT-
pykuuio (n, n)-nmoporosoit CIC Ha KOMOGHHATOPHOM A3bIKe. CTPOKAMI MaTpPH-
bl V' ABAAIOTCSA BCe BEKTOPHL § Takue, 4T0 —Sg+ 81+ - -+ 5, = 0. OueBu o,
aTo V 3amaér coepiiennyto kombunaropuyio COC mas I' = {1,... n}, Tak
KaK g Ji060r0 cobcTBeHHOTO nomvuaokectBa A C {1,...,n} u 106X 3a-
TAHHBIX 3HAYEHUH KOODAMHAT U3 MHOXKECTBa A YHCIO CTPOK MaTpuib V ¢
JAHHLIM 3HaYeHHeM HYJeBoil Koopansarhl pasao ¢ 114l

YIuBATEIbHO, HO TPOCTON CXeMBI MpHMepa 2 OKa3bIBaeTCA TOCTATOYHO,
9TOOBI U3 Heé, KaK U3 KUPIUIHKOB, IOCTpouTh coBepiiennyto CIC st npons-
BOJIBHOI CTPYKTYPHL JOCTyTa. A NMEHHO, IS BCeX pa3pelléHHbIX MHOXKeCTB,
T. e. g A € I, HezaBHCHMO pealu3yeM ONUCAHHYIO TOJBKO 9TO TOPOrOBYIO
(JA], |A])-CDC, mocaB Tem caMbiM i-My Y9aCTHHKY CTOJBKO (IPOeKIHiny s,
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CKOJNBKIM pa3peliéHHbIM MHOKECTBAM OH NPHHAIIEKAT. DTO CIOBECHOE ONN-
caHie HeCAOKHO TepeBecTn Ha KOMOMHATOPHBIH A3BIK CBONCTB MaTpuibl V u
yoeanThes, 4ro sra COC coBepienna. Kak »To 4acTo 6BIBaeT, «COBepIIeH-
Hasy HE 3HAYUT 3KOHOMHasy, 1 y manHou CIC paszMep «Ipoekiunimy OKa3bIBa-
ercsd, Kak MpaBIIo, BO MHOTO pa3 GOJbIIe, 9YeM pasMep CeKpeTa. ITY CXeMy
MOZKHO CjiefaTh 60Jee DKOHOMHON, TaK KaK JOCTaTOYHO pealu30oBaTh MOPO-
roseie (|A], |A])-COC ToabKO M1l MEHIMAIBHBIX Pa3pelIeHHbIX MHOKECTB A,
T. €. 1ist A € I'in, 1€ I'pin — COBOKYIHOCTH MIHUMAJIBHBIX (OTHOCHTETHHO
BkIovenns) MHOKecTB 3 . Tem ne menee, 11s noporosoi (n, n/2)-COC pas-
Mep «IPOeKnniy (M3MepeHHBIN, HampuMep, B 6uTax) 6y1eT B M2~ 2" [\/27n
pas Goublile pasMepa ceKpeTa (9TO HAUXYIIINN Caydail I paccMaTphBa-
emoinl KoHCTpyKunu). C Ipyroil CTOPOHBI, KaK MbI yOeInMcsi IyTh IO3Ke,
J0bas MOporoBas CTPYKTypa JOCTYIIa MOXKeT ObITh peajn3oBaHa HIealbHO,
T. €. IPU COBNaJalOUINX pazMepax «IPOeKIIm» U CeKpeTa. DO>TOMY eCTecT-
BEHHO BOBHHKaeT BONPOC O TOM, KAKOBO MaKCHMAJAbHO BO3MOKHOE IIPEBhHIIIe-
HUe pasMepa «IPOeKInny HajJ PasMepoM cekpeTa /s HauXyAlel CTPYKTYPhI
JocTyma mpn Hamaydmen pearusaunu. Popmaasno, R(n) = max R(l'), rme
max Gepércs mo BceM C¢TpyKTypaM jgoctyma ' Ha n ydactHukax, a R(I') =
min max llogﬂ rje min 6epércs mo Bcem CIOC, peaansyomnm JaHHy o CTPYK-
og[Sol’ '

Typy goctyna [, a max — mo i = 1,...,n. DpuBeJeHHas KOHCTPYKINS MTOKa-
3bIBaeT, 9T0 R(n) < cr? ¢ JIPYTOH CTOPOHBI, KaK ObLIO TOKa3aHO JHIIb He-
raBHo [5], R(n) > n/logn. Takas orpoMuas «iienby MeK 1y BepXxHel I HIZKHER
OLEHKOM TaéT, [0 HallleMy MHEHHI0, J0CTaTOYHbIH TPOCTOD A HCCIeI0BaHIH
(aBTOp mpegnonaraetr, 4To R(n) pacTer HKCIOHEHIHAILHO OT 7).

3. JIMHEIHOE PAB/JEJEHUE CEKPETA.

Dadnem c npeitokerroil A. [llaMupowm [2] siaeranTHON CXeMBbI pa3aeJeHus
ceKkpeTa i MOPOTOBLIX CTPYKTYP KocTyna. Dycth K = G'F'(q) koHedHoe mo-
Je 13 ¢ DJ1eMeHToB (HanpuMep, ¢ = p — npocroe quciao u K = Z,) u ¢ > n. Co-
MOCTABUM YYaCTHUKAM 7 PA3INTHBIX HEHYJIEBBIX DIeMEeHTOB MOJst {ay, . .. , ap}
u nonoxum ag = 0. Ipu pacnpegenenun cexkpera sqg guiep CIC renepupy-
erT k — 1 He3aBHCHMBIX PaBHOMepHO pacnpejgeqéHubix Ha G F(q) caydainbx
Beaqnann f; (j = 1,...,k — 1) u nocsiraer i-My ydactHuky (¢ = 1,...,n)
wroy snadenne s; = f(a;) mmorourena f(x) = fo + fix + -+ 4+ fr_gab 7,
riae fo = Sp. DOCKOABKY J10601 MHOTOWIeH cTenednn k — 1 OfHO3HAYHO BOC-
CTAHABIMBAETCS MO €10 3HAYEHNAM B IPOU3BOIBHEIX k TOYKaX (HAampuMep, Mo
HHTepHoAsunoHHON (popmye Jlarpanxka), To qo6ble k y9aCTHIKOB BMeCTe
MOTYT BOCCTAHOBHTH MHOTOUIEH f(x) I, ClefoBaTelbHO, HAHTH 3HAYEHIE Ce-
KpeTa Kak sg = f(0). Do sTol Ke npnunHe Iis J06HIX k — 1 yIacTHUKOB,
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JIOOBIX MOXYYeHHBIX HMI 3HAYEHUN IPOEKIUI §; U J060r0 BHAYEHNA CeKpeTa
S CYLIECTBYET POBHO OJIUH «COOTBETCTBYIONUININ UM MHOIOWIEH, T. €. TaKOH,
ato 5; = f(a;) 1 so = f(0). CiregoBarenbto, 5Ta cxeMa ABIACTCA COBEPIICHHON
B COOTBETCTBHN ¢ onpefenenneM 2. «/ [nHEHHOCTE) TaHHON CXeMbI CTAHOBHTCA
ACHA, eCJII 3alUCATh «pa3jeleHie CeKpeTay B BEKTOPHO-MATPHIHOM BIHIE:

s=fH, (

w
=

rage s = (so,...,5.),f = (fo,..., fu—1), k X (n+ 1)-marpuna H = (h;;) =
J-1 - -

= (a]” ") 1 hoo = 1. 3ameTum, 40 M106LIE k CTOJIOLOB HTON MATPHILL THHEHTHO

HE3aBUCHMEL, a MAKCUMaJbLHO BO3MOXKHOE IUCAO CTOAOTIOB MaTpunsl H paBHO

q, n 9T06LI no6uThca obemannoro B n. | 3Havenus g + 1 #Hajgo mobaBUTH

cToaGel], COOTBETCTBYIOIIUE TOYKe «GECKOHETHOCThY.

YUPAYKHEHUE. Ppudymatime camu, xax amo cdeaams.

Bosbméwm B (3) B kauecTBe H mpousBoabuyio r X (n+1)-MaTpuny ¢ sreMeH-
ramu u3 noqas K. Doaydaemyio CIC 6y jieM Ha3biBaTh OJJHOMEPHON JHHEHHOU
COC. Ona siBasgercs copepitiennolt kom6unaTopuoi COC co cTpyKTypou mo-
cryma [') cocrosmenn m3 mMuoxkectB A Takmx, ¥To BekTop hg mpemcraBuM B
BH e quieinoil kombunauuu BexktTopos {h; : j € A}, rae h; oro j-wiit cToa-
oen, maTpunbkl H. Crpokamu Matpuiibi V', coorBercrBytoiiein gannoun CIOC
ABJISIOTCSA, KaK BUAHO U3 (3), JNHENHbIe KOMONHALNN CTPOK MaTpuubl H. De-
penuieM (3) B clIefyiolieM BHIe

sj=(f,hy) gaa j=0,1,...,n,

rae (f,h;) — ckanapuoe npoussenenne BekTopos f u h;. Ecan A € ') 1. e.

ecan hg =) Ah;, 1o

so=(f,ho) = (£, ) Ahy) =Y Aj(f hy) =) Ajs;

n, cIeOBATEIbHO, 3HATEHNe CeKPeTa OMHO3HATHO HAXOANTCA MO eTo (POeK-
UMY, DAaCCMOTPUM Telneph caydail, Korjga BeKTop hg He nmpejcTaBuM B B e
anHeiinonn kom6umanun Bexktopos {h; : j € A}. Dam HyxKHO HOKa3aThb, 4TO
B DTOM caydae JIA J06HX 33, IaHHBIX 3HATEHNH KOOPJIUHAT N3 MHOKECTBa A
YHCAO CTPOK MATPHILL V' ¢ MaHHBIM 3HAYeHHeM HYJAeBOU KOODJIUHATHI He 3a-
BICHT OT BTOTO 3HadeHnsA. B 5ToM HeTpyqHO yOeanThes, paccMoTpeB (3) Kak
CUCTEeMY JUHEHHLIX YPaBHEHWH OTHOCHTENHHO HEW3BECTHLIX f; W BOCTOAB30-
BaBIMUCHL TeM, 9TO CACTEMa COBMECTHa TOT/Ja W TOJLKO TOTJa, KOTJa paHr
MaTPUIH KOX(DPUTHEHTOB paBeH PAHTy pacliipeHHON MaTPHUIE, a GHCIO pe-
MIEHNH ¥ COBMECTHBIX CHCTEM ONHAKOBO H PABHO YHCIY PEIIeHUN O THOPO,THOH
CHCTEMHI.
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YKABAHME. DacCMOTPHUTE [Be CHCTEMBI: 6€3 «HYJIeBOIO» ypaBHeHHd (T. e.
€O cBOOOTHBIM 4ieHOM) n ¢ HuM. Tak kak BekTop hg He mpecraBuMm B BHie
JnHelHon koMbuuanuu BekTopos {h; : j € A}, To paur maTpuns Ko duun-
eHTOB BTOPOT CHCTeMBl Ha | 60JbIlle paHra MATPUIE KOX(PPAINEHTOB MePBOH
cucrembl. OTCIOIa HEMEIIEHHO CJefyeT, 4TO eci NepBas cucTeMa COBMECTHa,
TO COBMECTHA N BTOpas MpH JI060M Sq.

DTa KOHCTPYKIUSA MOABOMUT HAac K onpefeneruio obien juneinon CIC.
DYCTh CEKPEeT U ero «(POEKIUHy MPEJCTABAAIOTCA KaK KOHeTHOMepPHbIe BeK-
Topel s; = (s!,...,s/") u remepupytorcs no Qopmyae s; = fH; rge H;
— HekoTopbie 1 X my;-MaTpuubl. ComocTaBuM KaxKjgow maTpune H; nunen-
HOe MPOCTPAHCTBO L; €€ cToa6uOoB (T. . cOCTOsAIIee N3 BCEX JINHEMHBIX KOM-

OUHANNN BEKTOP-CTOJIOIOB MaTpuibl H;). DecloKHBe PACCyKIeHNs, aHAJIO0-

IHYHBE TPUBEIEHHBIM BHIIIE TS OTHOMEPHOTO ciydas (Bce m; = 1), moka-
BBIBAIOT, YTO JaHHai KOHCTPYKIHs fnaér copepiienunyio CIC Torga u Toab-
KO TOl[Ia, KOT/Ia CeMelCTBO JuHeHHBX moanpoctpancTs {Lg,..., L,} xkoHed-

HOMEPHOTO BEKTOPHOTO NMpocTpancTBa K’ yIoBIeTBOpSET YIOMAHYTOMY BO
BBEJIEHUH CBOWCTBY «BCE WM HUYETI0». DPU DTOM MHONKecTBO A siBisieTcs pas-
peménnbim (A € '), ecan n TobKO ec/in AnHENHAS 060J0YKa TOATPOCTPAHCTB
{L, : a € A} comepxur mognpoctpanctBo L meankom. C 1pyroil CTOPOHHI,
MHOKeCTBO A sBiseTcs HepaspetnéHubiM (A ¢ '), ecin 1 TOIBKO ecan JuHen-
Hast 060J09Ka MoAnpocTpancTB {L, : @ € A} mepecekaeTcst ¢ MOAIPOCTPaAH-
cTBoM Ly Toibko mo BekTopy 0. OTMeTum, 4To ecau Obl st HeKOTOporo A
nepecedenne Lo i inHenHOW 0601049KH { L, : @ € A} GBLIO HETPUBHAABHEIM, TO
YIacCTHUKH A He MOTJAN 6GbI BOCCTAHOBHTDH CEKPET OMHO3HATHO, HO TOJYTaTH
OBl HEKOTOPYIO HHOOPMATHIO O HEM, T. €. CXeMa He OblIa 6bI COBEPIIeHHOM.

PPUMEP 3. DaccMOTpPUM CAEAYIOUIYIO CTPYKTYPY AOCTYNa s CIydas de-
THIPEX yYacTHHKOB, 3amaBaemyio ['min = {{1,2},{2,3},{3,4}}. Oua ussect-
Ha KaK MepBbIll NOCTPOEHHBLIN NIPUMep CTPYKTYPbI JOCTYIa, LIS KOTOPOH He

Ta6. 1.
(107 (007 (1007 (0017 (007
01 00 010 000 01
00 10 100 000 00
Ho="lool M="1o1] 2= |g10|  "3= {010 "= |00
00 00 001 001 10
100 100 1000 (100 101]
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CYNIECTBYET HICATHHON pealu3alun. Jojee TOTo, GBLIO MOKa3aHo, ITO IS
nobon eé copeprrernonl peammzannn R(I') > 3/2. C gpyroi croponbi, He-
mocpecTBeHHAA TPOBepKa MOKa3BBaeT, ITo Buibop MaTput Ho, Hy, ..., Hy,
npuBefeHHEX B Tab. 1, naér coBepuiennyio guneiinyo CIC ¢ R = 3/2, peann-
BYIOIIYIO DTY CTPYKTYPY, KOTOpas, CIeJOBATENbHO, ABIIETCS U OMTHMAILHON
(manboaee skonomuoi) CIC.

4. NIEAJLHOE PA3AEJEHUE CEKPETA U MATPOUILI

DadneM c onpegenenns npeantbupx COC. [as pToro BepueMcs K KoMbuHa-
TopHOMY omnpejenennto coBepitennon CIC. Cienyloiiiee onpeeieHie coBep-
mernon COC [3] aBasercs maxe Gojee oBIMINM, YeM BEPOATHOCTHOE OIpere-
JeHne 1, TOCKOABKY ycaoBue (2) 3aMeHeHO B HeM Ha 6oijee ciaboe.

[asi npomsBoasroro Muoxkectsa B C {0,1,...,n} obosnadnm 4epes Vp
M x | B|-maTpuily, moiy4eHHyO U3 MaTPHUILL V yiajleHHeM CTOIOIOB, HOMe-
pa KOTOPHIX He MpHHaAIekaT MEOKecTBY B. Dycrh ||[W/|| o6osnataer qucio
pasjnYHbIX CTPOK B MaTpuie W.

OnpeAENEHUE 3. Marpuna V zagaér D/l-copepiennyio COC, peaiunsy-
OTIYI0 CTPYKTYPY AocTyma [, ecan

[1Vavoll = [1Vall ¢ [[Vo]| (), (4)

rae ér(A) =0, ecim A € I', n or(A) = 1 B npoTUBHOM Clydae.

DTo onpejeleHne OTINIaeTCS OT onpefetennit 1 n 2 TeM, ITO Ha Hepas-
pelénubie MEOKeCTBa A HaKIa IhBaeTCs JOBOIBHO c1aboe yeJIOBHe, a NMEHHO,
ecan MHOXKECTBO CTPOK V ¢ TaHHBIME 3HAYEHHAMH KOODAUHAT N3 MHOKECT-
Ba A HemycTo, TO BCe BO3MOYKHEIE 3HATEHNSA CEKPeTa BCTPEIAIOTCA B HYJIEBOH
KOOpWHATE DTHX CTPOK (6e3 TpeGOBAHNN «OIMHAKOBO 9aCTO» KaK B KOMOMHA-
TOPHOM OTpefeTeHur 2 MIN Ke «C alPUOPHON BEePOATHOCTHIO» KaK B BEPOAT-
HOCTHOM onpegenernn 1). Jlerko BugeTs, 9T0 MaTpuua J060H COBEPIIEHHON
BeposiTHocTHOU COC 3amaér I /l-cosepiiennyio CIC, HO ob6paTHOE HEBEPHO.

[list npousBodbHoOl KombuHaTopHOU COC, 3aMaBaeMoil MaTpuien V, omnpe-
pemmm Ha MuoKecTBax A C {0,1,...,n} dynxuumio h(A) = log, ||Val|, Tae
q = |Sol|. Jlerko nposeputs, uro max{h(A), h(B)} < h(AUB) < h(A)+h(B)

It TIOOBIX MHOXKeCTB A n B, a ycioBue (4) MOXKeT OBITH I€pPeNUCaHO B BH/Ie
hq(Vauo) = hq(Va) + dr(A)hy (Vo),

JIEMMA. as wmoboi P/l-cosepuennoic CPC ecau A ¢ I' u {AUi} €T,
mo h(i) > h(0).
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JOKABATEIBCTBO. Do ycaoBuam JemMmsl h(A U 0) = h(A) + ~(0) u
h(AUiU0) = h(AU1). CrezoBaTensHo,

h(A) 4+ h(i) > h(AU ) =h(AUiU0) > h(AUO0) = h(A) + h(0). -

Tak Kak MBI IpegIoOIaraeM, 9T0 Bce TOUKN ¢ € {1,...,n} cylnecTBenHbIe,
T. e. [ JI000r0 ¢ Hall 1éTcs mogMHoKecTBO A Takoe, 1o A ¢ I'm { AU} € T,
TO U3 JeMMBI BHITEKaeT

CHEACTBUE. /Jas woboi P/l-cosepuennoi CPC|S;| > |So| dan ecex i =
=1,...,n.

CrefcTBre 03HA9aeT, KaK MBI I TPeIyIpek Iall B Hadaae CTaThi, 9TO IS
coBepiienHBX COC «pasMepy TPOEKIUN He MOXKET GBITH MeHbIe «pa3Mepay
cekpera. Jopromy I/l-coBepinienras COC HasBIBaeTCs nIealbHOl, ecain |S;| =
= |So| mast Bcex i =1,...,n.

3AMEYAHNE. DepaBencTBo |S;| > |So| cmpaBeminBo u s coBeplieH-
HBIX BeposTHOCTHEIX CDC, TOCKOIBKY HX MaTpPHILL 3a1af0T J/[-coBepieHHbIe

CaC.

EcTecTBenHBIN BOMPOC COCTONT B TOM, M KaKWX CTPYKTYp goctyma I
CYUIECTBYIOT Peann3yollne X i IealbHbe (BepOSTHOCTHBIE WIN KOMONHATOD-
ubre) CIC. Kak yke oTMedasoch BO BBeIeHNN, HAUIY YN HA CErOMHAIIHIT
JTeHb OTBET WCHOJb3YET CJIOBO «MATPOHIy. DAMOMHUM ONpefeleHne MaTpON-
IOB I HEKOTOpBIe HX OCHOBHLIE cBoncTBa (cM. [6]).

MaTponioM HasbIBaeTCs KOHedHoe MHOXKecTBO X U ceMeicTBo [ ero moj-
MHOKeCTB, Ha3bIBAeMBIX HE3aBUCHMBIME (OCTATbHBIE MHOJKECTBA HA3BIBAIOTCS
3aBUCHMBIMI), €CJIN BHITIOJHEHBI CJeIyOIIne CBONCTBA!

@ e I; (5.1)
EcmuAclunBCA, toBe¢l; (5.2)
Ecim A,Belnl|Al=|B|+1,
To cyimectByeT a € A\B Takoe, utoa U B € [. (5.3)
PruMEP 4. MuoxectBo X — 5T0 MHOXKeCTBO BEKTODOB B HEKOTOPOM

JHHEeHOM BeKTOPHOM NPOCTPaHCTBe, a He3aBUCHMBIE MOAMHOKECTBA — 2TO
JHHEeNHO He3aBUCHMBbIE II0JMHOKEeCTBa BEKTOPOB.

Co6CTBEHHO ¢ DTOTO MpHMepa U Hadalach TEOPHUs MaTPOUIOB, BHAaYaJle
KaK TONBITKa JaTh aKCHOMATHIeCKOe OllpeJelenne JMHeIHON He3aBUCHMOCTH
BEKTOPOB Yepe3 «BHyTpPeHHHe CBOICTBay, T. €. He aleSlnpysd K NOHATHIO BeK-
Topa. K c9acThio, IONBITKa He yjJadach, Tak KaK HalllINCh MaTpOHLI, He
npecTaBuMble KaK JHHElHBE (T. €. KaK CHCTeMBI BEKTOPOB), a caMa Teopus
MaTPOUIOB Pa3pociach JaJeKo 3a Mpelelbl IMHeHHON aare6psn (cuM. [6]).
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PpuMEP 5 (MATPOUI BAaMoOcCA). Dacemorpnm muaOKecTBO X = {1, 2,
3,4,5,6,7,8} uw monokum ¢ = {1,2}, b = {3,4}, ¢ = {5,6} u d = {7,8}.
Matpont Bamoca onpegeisiercss Kak MaTpPOU,I, B KOTOPOM MHOXKecTBa a U ¢,
aUd, bUc, bUd, cUd, a Tak:ke Bce MOJIMHOXKECTBA U3 MATH WIH Godee
HAEMEHTOB ABAAIOTCSA 3aBUCAMBIME. M3BeCTHO, ITO BTOT MATPONT He ABISETCS
JHHETHBIM.

MaTpou TakiKe MOXKHO OIpeIeINTh Yepe3 TaK Ha3bIBAEMYIO DAHTOBYIO
¢dyuxumio r(A) MaTpona, onpereseMy0 Kak MaKCHMalbHas MOIHOCTH He-
3aBucuMoro nogmuoxectsa B C A. OueBHIHO, 4TO He3aBHCHMBIE MHOXKECTBA
(1 ToabKO onm) 3aalorcs yeaosueM r(A) = |Al. Danrosas GyHKIHA MaTPOU-
1a 00JajaeT CBOHCTBAMIE

r(4) € Z, r(o) = 0; (6.1)
) < r(AUB) < r(A) + 1
(AUc)=r(A), Tor(AUbUc) =r(A).

r(A
Ecan r(AUb) =r

O6paTtHo, mycTh HeKOTOpas GpyHKus r(A) obraraer cBoiicrBamn (6). Da-
30BeM He3aBHCHMBIMI Te MHOKecTBa A, mis koTopwix r(A) = |A]. Torga stn
MHOYKEeCTBa 3aJal0T MaTPOH[, a GYHKINA © ABIfeTCA €00 PAHIOBOH (yHKIN-
eil. Bo3aMOXXHO Tak:Ke OIpeIenTh MaTPONI Yepe3 MUHIMAIbHbLIE 3aBICHMELE
MHOYKeCTBa, HasbIBaeMble IHKIaMu. MaTpoun Ha3biBaeTCs CBA3HBIM, €CIH 15
JIOOLIX JBYX €r0 TOYeK CYIIECTBYET COJep/KAIIN HX UK.

Tenepb MBI MOXKeM CPOPMYINPOBATH OCHOBHON pe3ylIbTar.

TeoPEMA ([3]). Jas woboi P/l-cosepuennoii udearvnoti CPC, peau-
ayowet cmpykmypy docmyna I, nezasucumvie mnoxcecmea, onpedeisemvie
yeaosuem logis |[Vall = |Al, 3adarom ceaznvii mampoud wa muoxcecmee
{0,1,...,n}. Bee yuxavt smozo mampouda, codeprucawyue mouxy 0, umeom
sud 0U A, 2de A el',,.

['1aBHBIM B JOKa3aTelbCTBE TEOPEeMbl ABIACTCH «IPOBEPKay IeN0THCICH-
woctu pyuknun h(A). B camom mere, h(-) odeBngHO 0612 TaeT OCTAIBHBIMA
cBoricTBaMn (6) u, cleTOBATENBHO, IPH YCJIOBHH [ETOYHCIEHHOCTH SBISETCS
paHroBoil pyHKIMen u 3a1aéT MaTponl. [JokazaTelbCTBO TOH TeopeMbl I
HECKOJbKO HoJiee OOIINX YTBEPK IeHNH MOKHO HalTh B [7].

OrmMeTnM, 9TO U3 BTOPOHN YacTH YTBEPK IeHNA TeOpeMbl CleIyeT, 9To Pas3-
HbIM uaeadbibiM COC, peaqusyomnM TanHyio CTPYKTYpY gocTyna [, Bcerma
COOTBETCTBYET OJMH M TOT K& MaTPOH[, MOCKOAbKY MaTpPOUI OJHO3HATHO
onpefenseTcs BCeMU IHKIaMI, NPOXOAAMINME depe3 (PUKCHPOBAHHYIO TOYKY
(cm. [6]). Tem cambM, Ka:KIOW HJealbHO peain3yeMoll CTPYKTYpe JOCTyIla
COOTBETCTBYET OJHO3HAYHO ONpeJeJéHHbI MaTPOUI.
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B cBs3u ¢ TeopeMoil BO3HUKAET HECKOJIBKO €CTECTBEHHBIX BOIPOCOB. Jpe-
XK e Bcero, He mopoxgatoT au upeanbibie CIC Bce MmaTpouabl? DJeT, HAIPH-
Mep, MaTpon’ Bamoca He MoxeT GHITH TOIYYeH KaK MaTPOUJ HIeaJbHON
COC [8]. C mpyroii cTOpOHBI, JUHEHbIE MATPOUALI €CTh HU 9TO HHOE Kak
paccMOTpeHHEBIe B 1. 3 uiealdbHBe onHoMepHEle JuHelinbie CIC. B cBsizu ¢
HTHM BO3HAKAET BOTPOC O CYNIECTBOBAHNU CTPYKTYPHI gocTymna ', koTopyio
HEBO3MOYKHO peafu30BaTh B BHie WjealbHOl omHoMepHou aunennon CIC,
HO MOXKHO B BHJe HaeaabHod MHOroMmepron annennon COC. DeraBHO TaKOn
npuMep ObLI TOCTPOeH [9], U, 3HAYUT, MBI MOYKEM MOBOPHTH O MHOTOMEPHBIX
JUHENHBIX MaTPONTaX KaK KJIacce MaTponIoB Gogee obIleM, deM JHHelHbE.

Hrak, ngeanstbix COC Godbllie, 4eM JHHENHBIX MATPOUJIOB, HO MeHbIIle,
JeM BCEX MATPOHJOB. YTOTHHTDH, «HACKOJBKO GOJBINE), TPeIcTaBIieTCa 10~
BOJNLHO CAOKHON 3agatdell. B dacTHOCTH, CyIlecTBYeT AN WAealbHO peaqn3ye-
Mas CTPYKTypa focTyma ', KOTOpyo HEBO3MOXKHO Peaqn3oBaTh KaK W ealhb-
HYIO JuHelHy0 MHOTOMepHYyi0 CIC?
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Ilo-HoBoMYy 0 cTapom: pparMeHTHI
KJIACCMYIECKON MaTeMaTUKHA

CuacTInBbIe OIICTEI

C. K. Jlanno

CTaTbsi cocTaBleHa 1O MaTepHaJaM TOTOBAMIENCS K W3 JaHW0 KHI-
ru «JIexmn o mponsBoadmnx GyHKINAXY, n3a-so «Pasncey (nekunm GvI-
au pounTanbl B Hezapncumom MockoBckoMm YHupepcutete). CoBeTyem
06paTHThCA K DTOW KHUTE 334 MOMOJHUTENbHBIME ITPIMEPAME HCIOAb30-
BaHIA TPOM3BOAAMINX (DYHKIINN s PEIIeHNs KOMOMHATOPHBIX 3aMad.

DAacCMOTPHM OJHY TONyJASpHYIO B Hadade 70-X TOM0B 3a1a4y, €0 Kak-TO
A. A. KupuaioB oTKpbIBaJ CBOU ceMUHAp s MJaaflleKypcHukoB. B Te Bpe-
MeHa 4eq0BeK, eyl B I'OPOICKOM TpaHcnopTe B MockBe, moJKeH OBLI Ky-
OUTH OUJIET B aBTOMATUYECKOH Kacce Wil ¥ KOHAYKTOpa. Da bujgerax cTosIu
1IeCTU3HAYHbIe HOMepa.

DWIeT HA3BIBAJICH CUGCTNAUSHLM, €CIH CyMMa HepBHIX TPEX HUMpP ero Ho-
Mepa paBHANTAChL CyMMe TOCJIeTHUX TPEX Tudp.

Tak, 6uaett ¢ Homepamu 000000 m 123060 — cyacTanBLIe, a GUIET ¢ HOMe-
poM 123456 — HecuacTaupwiii. CH4uTANOCEH, 4TO CYACTIUBLIN OUIET TPHHOCUHT
cqacTbe (0COBEHHO, eCllll eT0 CheCTh).

BozuukaeT BOIpoC, cko.abko 6Ce20 cyulecmeyem cuacmausble ouiemos?
WNau: kakoBa BeposiTHOCTE HOKYIKH CHACTIAHBOrO OujaeTa?

YegoBeky, BraeoMeMy 2IeMeHTAPHEIMA HaBBIKAMU MPOT paMMUDPOBAHNS,
HETPYIHO HANHCATH MPOTPaMMy Iad TMOACIETa YUCAA CIACTINBHX OHICTOB.
Dpocrelilias Takas Hporpamma nepebupaer Bce HoMmepa ot 000000 10 999999,
oTOHpas cpeln HUX ciacTiuBhle. /laBaiiTe, orHako, monpobyeM o60UTHCH 663
MalllUHbI.

MaTemaTu4eckoe npoceeleHune, cep. 3, Bbin. 2, 1998(127—132)
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Da3006beM Bce CHaCTANBbIe OUIeTH Ha KJACChl, B KazK JOM U3 KOTOPBIX CyM-
Ma TMepBbIX TPEX HHMP OUHAKOBA. DTa CyMMa MOKeT NPUHUMATh 3HaYeHUA
ot 0 (gas Tpoikn mudp 000) mo 27 (mas Tpoikn 999). Do3TOMY IHCIO KIac-
coB paBHo 28. O603HAYNM Yepe3 d, YHCIO0 Pa3JHdHbIX TPOEK HU(P ¢ CyMMOH
nudp n. DepBble HECKOIbKO 3HAYCHUH ¢, HETPYIHO BHIYHCANTE:

> ap = 1 (ecTh Bcero ogna Tpoiika undgp 000 ¢ cymmoit 0);
> a3 = 3 (ects Tpu Tpoiiku 001, 010, 001 ¢ cymmon mupp 1);
> ag = 6 (Tpouku 002, 020, 200, 011, 101, 110).

Jlerko BUAETH, 9TO YHCIO CIACTANBLIX OGUIETOB, CYMMAa TMEPBLIX TPEX NHPP
KOTOPHIX paBHa 7, eCTh a2. [elicTBHTeNbHO, KaK B Havalde, TaK U B KOHIE HO-
Mepa CYaCcTIUBOTO HjeTa MOXKHO MOCTABUTh JI00YI0 TPOUKY IUMP C CYMMOI
n. Takum o6paszoM, 1ad noACcIéTa INCAa CIACTANBLHIX OUJIETOB HAM TOCTATOY-
HO BBEIYUCIUTDL YUCAA Gy, 4 3aT€M HAUTH CyMMY KBaApaTOB >Tux 28 4ducel.

Jlasi BRIYMCIEHUS 3HAYEHUU @, TMONpoOyeM MNOACYHTATh CHaYada HHCIO
OJIHO- U JIBY3HAYHBIX 4ucena ¢ cymmon mudp n. [las kaxmporon =0,1,2,...,9
CYLIECTBYET POBHO OHO OJHO3HAYHOE THCIO ¢ CYMMON IHppP 7 (3aluch 5TOro
qHC/Ta COBIATAET C 3AMNCHIO THCAA ). DY A€M ONUCHBATH OJHO3HAYHEIE THCIa
MHOTOIIeHOM

Al(s)=1+s+ s 44 5.
CMBICT ¥ 5TOT0 MHOTOWIEHA CJIey oI

KoaPuyuenm npu 8" 6 MHo2ouAEHE A1 PABEH YUCAY OOHOZHAUNBIL UUCEL,
CYMMA YUPp KOMOPLT pasna n.

Jdpyrumu croBamu, koddduimenT npu s B MEOro4wiene Ay pasen 1, eciu
0<n <9, upasen 0, ecin n > 9.

Brimuiem Teneph MHOTOWIEH Aj(S), ONMNCHIBAIOMING [BY3HATHBIE GHCIA.
Koadppuunent npn s B MmHOTOUIeHe A3(s) paBeH YHCAY JBY3HATHBIX THCEI C
cymmoin nudp n. (Mbr paccMaTpuBaeM n Takie TBY3HAYHBIE THCAA, B KOTOPBIX
nepBas nndpa WK gazxke obe NHMPH MOTYT PaBHATHCS HY.IIO.)

DeTpy,HO BHAETh, 9TO cTelelh MHOro4YleHa Ay paua 18. /JleicTBuTENb-
HO, 18 — HamboubIlas BO3MOXKHAA CYMMa TH(P JBY3HAYHOTO YHCAA. DECTONK-
HO COCYUTATh U MEPBhie HECKOIbKO KOXPMUIHEHTOB 3TON0 MHOT'OYJIEHA:

A2(8)21—|—28—|—382—|—483—|—....

OK&E»I:IB&GTCH7 MHOI'O4JIeH A2 JIe'KO CTPOUTCs IO MHOI'OYJIeHny Al.

MPEATOKEHUE 1. Ay(s) = (Ai(s))?.
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JOKABATEIBCTBO. Dpou3BeleHne MOHOMOB s u s 1aéT BKIAL B KO-

>dduiuent npu MoHome s” Muorodaena (Ay(s))? B TOM U TOIBKO B TOM CIy-
qae, ecan n = k + m. Jod>ToMy Ko>(OOUIHEHT IpH MOHOMe §” B MHOI'OWICHEe
(A1(s))? ecTh B TOYHOCTH YHCIO CHOCOGOB MpeICTaBUTh THCIO I B B CYM-
Mol = k+m, k,m =0,1,...,9. Takum obpazom, MHOIOUYJIEH B HpaBoOil
HaCTH PABEHCTBA COBIAIaeT ¢ MHOIOWICHOM Aj.

Teneps HETPYIHO BHIINCATH U MHOTOUIEH As(s) = ag+ a5+ -+ asrs?’.

[IPEAMOKEHUE 2. As(s) = (A1(s))>.

JTOKA3ATEJIbLCTBO. JloKazaTelbcTBO NPakKTHIECKH JOCJIOBHO COBIafaeT
C JOKa3aTelbCTBOM IIPeIbLIYIIero YTBep K IeHns: Ko>(MMUIIeHT npy s B MHO-
rounene (A;(s))® paBem wmcry mpeicTaBieHHE YHCIa 7 B BHIE CYMMBI TPEX

nupp n =m-+k+10, m,k,1=0,1,...,9.

Hrak, 3ajgada 0 qHCIe CIACTINBHX OUIETOB CBelach K CJeIYIOMEMY: Ha-
10 TMOJCYNTATE YHCIO Py — CYMMY KBaIpaToOB KOX((HINEHTOB MHOIOWICHA
(A1(5))”

Ob6paruTe BHEMaHNE HA TO, 9TO YMHOKeHIe Ha MHOTOUIeH Aq(s) — odeHb
npocTas onepalus. BEYICIeHN MOXKHO IPOBECTH BPYYHYIO, 3ATPATHB Ha HIX
OKOJIO [eCATH MHHYT. DaLo6HOCTh B HANMCAHIN IPOIPAMMBI OTIAAET.

OHaKO MOXKHO He OCTAHABINBATBLCA HA JOCTHTHYTOM H HOHTH Talblie.
DojcraBuM BMecTo s Bhipakenue e'?. Torma Asz(e®) = (Al(ew))S Oy meT
TPUTOHOMETPHYECKIM HOIMHOMOM 27-I CTeleHn:

A3(e%) = ag + 1€ + - - + agre?™?.

BocnoassoBaBiinch TeM, 4TO

1 [ , 1, k=m,
_/ ezkap .eTimy dg@ —
0 0

27 . k#m,
HOJIY 1IM
L[ :
| sl o=
1 e

Py (a0 + a1€' + -+ -+ azre®™?) (ap + a1€7 + -+ -+ agre™*7¢) dp =
0

2 2 2
=ag+aj+ -+ ayy.

CyMMHEpysi PeOMeTPUYeCKY0 MPOrPEcCHI0 U NONB3YACH TeM, YTO
e — e ¥

¥ = sin ¢,
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IIoJqy1aeM

1 — el €%% gin 5

A(€9) =14 4o g 9 = =

1—ew e/? sin £
OTKYIa HCKOMas BeJNYlHa paBHA
L (% [sin? 5 ’ 1 [z (sin10¢ 6
e L[ () 1 (e,
7T Jo sin® < T J_z \ sing
2

Domnpobyem oneHnTh 3HaveHne nuTerpana (1). I'paduk dpyrxunn f(p) =

= sin(10¢p)/ sin ¢ Ha OTpe3ke [—%; %] BBINIA AT TaK, KaK MOKa3aHo Ha puc. 1.

B nyne ¢pyukumsa gocTuraeT cBoero MakcmMmyma, paBuoro 10. Bme oTpeska

-1.5 N\ A —W _;J” W V1.5

Pwuc. 1. Bug rpacgura (pyEKITH f(@) = Sil;i(i?f)

T . T 1
[—E7 E] BeJHl'InHa qﬁ)yHKHI/H/I f He MMpeBOCXoIuT W ~ 3. SOBTOMy BKJa I

MOTIOMHEHN K OTPEe3KY [—1”—0; 1”—0] B nHTerpas (1) He MpeBOCXOIUT 735~ 2100
(Ha caMOM jesle OH 3HAYNTENHHO MeHbIIe).

OcHOBHas Ke coCTaBisfOlIas HHTerpaia (1) cocperorodena Ha OoTpe3ke
[ T 1”—0] Jlast olleHKY BKIaMa HTOTO OTPE3KA BOCTOIB3YEMCA Memodom cima-

— 153
UUOH(lpHOﬁ gﬁa3bz. ITOT MeTO[ II03BOJdeT OIeHUTh 3Ha'9eHue nHrerpaJda

/E ftdgo:/ﬁ el gy
~10 ~10

opu ¢ — 0o. Ipu GOJBIIHX 3HAYEHUSK { BeJUYUHA WHTerpaja OMmpejenser-
cs moBefgenneM GyHKUNN In f («pasbly) B OKPECTHOCTH CBOEH CTANNOHAPHON
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touku 0 (TouKH, B KOTOpOI/I ( f) = 0, wim, aro TO XKe camoe, f' = 0).
B oxpecrroctn nyns f(p) (1 33 2)7 aln f(g) ~ In10 — 33 2%, Dpu
OoablINX { UMeeM

/E t(ln10-22 2)de 7511110/E e—%tnfd@%etlnlo V27
™ _ V33t

~ 10 10
Doyaras t = 6 u BcmomuHas gopmyay (1), mosydaem npubINKEHRHOE pa-
BEHCTBO

B

106
P S s

DOJyYeHHLIN PE3YJIbTAT € XOPOIell TOTHOCTHIO (OTKIOHEHHE COCTABIACT He
6osee 3%) NpuGANAKaeT HCKOMOe 3HaTeHme!).

2

/2 56700.

[IEKOTOPLIE UTOTH

Da OCHOBAHUU PACCMOTPEHHOIO MPHMEPa MOXKHO ¢IeJaTh HEKOTOPHIE BbI-
BOJIbl O KOMOMHATOPHBIX 3aMa4ax U MeTOoJaX UX PelleHns.

3ajgadu nepeducIuTeNbHON KOMOUHATOPHKH COCTOAT B MOJCYETE UHCAA
00'bEKTOB, MPHHALIEKAITHX HEKOTOPOMY CEMENCTBY KOHEYHBIX MHOXKECTB. Y
KaJKJOT'0 MHOZKeCTBa CeMeliCTBa NMeeTcst CBOII HoMep (B 3ajatde O qiciae CIacT-
JUBBIX OMJIETOB TAKNM HOMEpOM ObLIa CyMMa Un(p TPEX3HATHOTO THCIA).

Kak npaBuio, 3ajgada nepeducjinTeqbHON KOMOUHATOPUKH «B MPHHIKITIE)
paspelnma: Ui Kax 1000 MHOKEeCTBA U3 ceMelCcTBa MOKHO BHIUCAThL BCE ero
BJAEMEHTHI U TakKuM 06pazoM y3HATh HX YUCA0. DpobiaeMa, OMHAKO, COCTOUT
B TOM, 4TOOBI HAUTH «XOpoIlieey pellieHne, He Tpebyiollee BHIMUCHIBAHIS BCEX
2JeMeHTOB N3ydaeMblX MHOMKECTB.

OnpefenuTh, 9TO TaKOe XOpolliee pelleHne, TOBOJBHO TPYIHO. 3a49acTyio
MOKHO JHIIb CPABHUTH ABa PellleHns W CKa3aTh, KaKoe U3 HUX Jy4lle.

Dpu pellleHnn 3a/ad MepeduCAuTENBHON KOMOUHATOPUKH OYeHB IOJE3HO
paccMaTpHUBaTh MPOU3BOISMIINE MHOTOUIEHB (Hn, 6ojee OGO, MPON3BOIS-
mne pajger). B HalleMm ciydae mosb3y MpHHEC MPOM3BOIANINNT MHOTOWIEH As.
Onepanyu ¢ KOMOUHATOPHBIME OO'beKTaMU OY€Hb €CTECTBEHHO BbIPayKaloTCs
B TepMUHAX TPOU3BOAAINNX (PYyHKIUE. Tak, mepexos oT OJHO3BHAYHBIX YHCEN
€ 3aJaHHOU CYMMOU UMD K TPEX3HAYHBIM YHCAAM COCTOSI MPOCTO B BO3Be-
IeHUH TPOU3BOIAIIEro MHOTO4YIeHa A B KyO.

1)3pHM. ped.: Kak-To yyacraukam BcecoosHon MaTeMaTU9eCKON OJMMIIAA B BO BPEMS
OTABIXa KTO-TO TIPENTOKAN 3aady O CHACTAUBHIX OmmeTax. [l Bcex pebsaT 3amada Owbima
HOBOU. JOJBUIMHCTBO CTAJO AKTUBHO PEIIATh €€. JPOILIO HEKOTOPOE BPEMS, U OJUH U3
LIKOJBHUKOB M3JI0XKII PELeHNe, IIPUBEJEHHOE BHILLE, BKIoO9ad Gopmyty (1) u oleHKy uucia
CYACTIAUBHIX OUJIETOB. JDTO ObLI Oyayumn puagcoBckun gaypeat Baagumup [lpuadensi.
(O dungcoBckux Megalix CM. CTATbU, OMEIIEHHBIE B 5TOM cOopHUKe, cTp. 19-40.)
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DpuBIeYeHNe METOJOB U3 CMeKHBIX 0OJacTell MaTeMaTHKH (HampuMep,
13 aHAJIN3a) MO3BOJSAET MO-NHOMY B3IVISIHYTh HA MEPEYHCANTENbHYIO 3a0a9y 1
HAllTH HOBHIE, 329aCTYI0 HEOXKU JaHHbIE, TOAXOMbI K €€ PellleHnto.

SATAYN

B sakmiovenune mpemiaraeM HeCKOABKO 3amat.

1. JlokaxuTe, 9T0 CIaCTINBLIX O6maeToB poBHO 55252 mrykn. (Ucmoas-
3yfiTe 060N 13 06CYK JABIINXCSA CIOCOBOB MM IPHIyMaliTe CBOM.)

2. JlokaxxuTe, 9TO YUCAO CIACTANBHX 6MIeTOB PABHO

32 6\ (22 n 6\ /12
5 1 5 2 5)
3. DauguTe BHIpayKeHWe s 4YUCIa CIACTIUBLIX OWJIeTOB U3 2r nudp B
cHCcTeMe CHUCIeHUsd ¢ OCHOBaHUEM (.
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ApudmeTniecKn MIHIMYM KBa IPATUIHON (hOPMEI
1 cpepuiecKiie KoIbl

H. H. Auapees B. A. 1O mun

Hocpsarraercsa 150-1eTnro co JHA POXK Te-
g E. H. 3oaorapesa (1847-1878).

B sToil cTaThe MBI pacckaykeM 06 OJHOI CTapoil 3ajade NeOMeTPHH Hi-
cer: Kax mnozo mouek ¢ yeavtnmu KoopouHaAmam MO2ym pacnoia2amses Ha
NO6EPTHOCINU FAAUNCOUIA 6 d-MEPHOM €6KAUVOE0.M NPOCPANCINGE, ECAU 6HY-
MPU HE2O HEM MOUEK € YEABLUY KOOPIUHANAMU, 30 UCKAOUEHUEM €20 YEHMPU
— nyaa? ChopmyrnpyeM sagaty 6olee TOTHO.

Dyers Z — pemérra neanx qucen 8 RY 1. e. MHOKecTBO ToUeK, y KOTO-
PHIX BCe KOOpAMHATH — Helble YHcia; Touky = € Z? Gy1em HasHBaTh Meoi
Toukoil. OBo3HAYNM UYepe3 &y = Z1y; + - - + LqYq CKAILPHOE NPOU3BeIeHIe
BEKTOPOB & = (Z1,...,24) 1 y = (Y1,...,Yd), a depes || = /xx — HOp-
My BeKTopa ¥. JYCTh AT = )i ._; G;;T;%; — NOJOKNTENILHO ONpe/enénHas
kBagpaTHiHas dpopma (T. e. Azz > 0 a1 Bcex 0 # » € RY), nopox jennasn
MaTpuien A = (aij)fl,jﬂ c onpegernterem D(A). Yucao

A)= inf A
() seznoy’

Ha3bIBaeTCs apudPMeTHYeCKUM MHHHMYMOM KBaJIpaTHYHOU (POPMBI, a BeJH-

N(d,A) = > 1

z€Z4 : Azz=ry(A)

YN Ha

HA3bIBAETCA 9HCIOM IIpeJCcTaBleHHll ee MIHIMYMa. MoKHO IOKa3aTh, 4TO MO~
JOJKUTeIbHAs ONPeJeTéHHOCTE (pOPMBL Az DapaHTHPYeT JOCTHMKeHHe TH(H-
myma y(A).

Ucnonassys BBeleHHBEIe 0603HAYEHNA, HHTEPECYIOUIYIO HAC 3aJady MOXKHO
cOpMyIHPOBATH CIEIYIOMUM 06pa30M: TpeOyeTcs HAlTH YHCIA

A@::SUPA“dVAL
A

rae CynmpeMyM GepéTcs Mo MHOKECTBY BCeX MOJOKHTETHHO OMpPereléHHbIX
MaTpui A.

MaTemaTu4eckoe npoceeleHune, cep. 3, Bbin. 2, 1998(133—140)
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Tak, npu d = 2 TpeGyeTcs pacloNOKUTh JIIUIC C MEHTPOM B HadaJe
KOOpAHHAT Tak, 4TOObl BHYTPH HEro leablX Todek He OblIo, a Ha I'paHule UX
KOJANIeCTBO cTad0 MakcuMaabHbIM. Toxaxem, ¥To No = 6.

DTO 3HAYEHHe [OCTUIaeTCsi Ha KBaApa-

T2 THYHOU PopMe
(0,1) 1,1) .

) / Axx:x%—xlxg—l—x%.
/170) r1 Apudpmerndecknii MuanmyMm y(A) = 1 go-
L. cTuraercs B mectu Toukax £(1,0), £(0,1),
£(1,1).
. . . . DokaxeMm Tenepb, uto Ny < 6. BBumy
CHMMETPUH DJLUIHICA OTHOCHTEIBHO Hadala KOOPJUHAT I KazK JOI TOUKH DII-

JHTca TPOTHBONOIOKHAA el Tak:Ke NPHHALIEKHUT dAIANCY. JycTh +ab, ...,
429 — Bce meJble TOYKH, HAa KOTOPLIX MOCTUTAETCS MUHUMAAbHOE 3HATEHHE
dopmbr A (munumaibuvlie yeavie mouku). BoibepeM m3 KayKJoW maphl Mpo-
THBOMOJOKHBIX MUHIMAILHLIX TOYeK IO OJHOI, o6o3HadnMm ux z',...,2% 1
pazobbeM Ha 4 Kiacca: K Kiaccy Ap OTHeceM TOYKH, Y KOTOPHIX 06e Koop-
QHHATH — YE€THBEE; K Kiaccy Ay — TOYKH, Y KOTOPHIX MepBas KOOPAHHATA
HedéTHas, a BTopas 4éTHas; Kiacc Ay GyIeT cOCTOSTh U3 TOYEK, ¥ KOTOPHIX
mepBasi KoopiuHaTa 4€THAs, a Bropas HeYéTHasd; Kiacc As — U3 TO4YeK, ¥ KO-
TOPHIX 00e KoopauHaThl HedéTHbie. Kaxabiii kaace A;, ¢ = 0,1, 2,3 cocrour
He GoJlee, 4eM U3 OMHON MUHUMAJbHOU TOYKH. /lelcTBUTEIbHO, TOMYCTHM, YTO
KaKOH-TO U3 KJIACCOB COMEPKUT He MeHbIle IBYyX TOYeK, Hanpumep ,y € A;,
TOra UX MOTYCYMMa % Tak:ke 6yjeT OTINYHOU OT HYJS HeJ0W TOYKOM.
BBumy crporoit BRINYKIOCTH DJAIHIICA OHA OyIeT paclofokKeHa BHYTPH Hero,
ITO HEBO3MOXKHO, Tak KaK IO YCIOBHUIO BHYTPH DIJAUINCA HET MEJLIX TOYEK,
Kpome Hyqs. B kiacce Ag BooOIIe HET HI OMHON MUHUMAJBHON TOYKN (ec/an
RS Zz, x#0, x € Ag, TO %96 S Zz, qero He MoxKeT 6bITb). Takum obpaszom,
g < 3 maun No < 6. DpuBelleHHBI BhIllle TpUMeEp MOKAa3bIBaeT TOCTHXKUMOCTh
MOJYYeHHOU OlEeHKH.

I'. ®. Boponoii mpoBér anajsorudmoe paccyxenne B R i moxyamt omenky
Ny < 2(29 — 1), ogmaxo npn d > 3 ona okaswiBaeTcs Tpy6oit. Tax, npn d = 3
nofrydaeTcs omenka N3 < 14, a #a camom jgene N3 = 12, Kak 6yJeT MoKa3zaHO
ke, U3 padoror A. D. Kopkuna n E. 1. 3oaorapesa [2] HemocpegcTBen-
HO BBEITeKaeT omleHka cHu3y Ny > d(d + 1). (Desyaprarer I'. P. Boponoro,
A. 9. Kopkuna n E. 1. 3omorapesa npuBejiensr B [3].)

Y7o kacaercs TOYHBIX 3HadeHun ducaa Ny, To npu d < 6 UX MOXKHO TO-
JYY9UTH U3 paboTH [2] 1 u3 paboThl Daphca 1957 rojga. IbLIO TOKa3aHO, 9TO
KBaApaTHIHbIE (POPMEL, HA KOTOPLIX JOCTHTaeTca MakcuMyM Ny, creqyeT uc-
KaTh cpeIn TaK Ha3bLIBaeMbLIX MpeleJbHLIX KBAAPATHIHHX (POPM, T.e. TAKAX,
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A8 KOTOPBIX MOCTOSIHHAs SpMI/ITa

7(A)

= sup ——=—
Y4 =sup DD

OpHHEMaeT HauboJblliee BO3MOXKHOe 3HaYeHHe. 3a/[a4a BRIYHCICHUS YUCEeT Yq
HEeINoCpeCTBEHHO CBA3aHA ¢ BOIPOCOM HAUILIOTHENIIeN PeréTyaTol yakos-
KU [1apOB B eBKJIH I0BOM IPOCTPAHCTBE U € 3ajladell, paccMaTpPUBaeMOll B 3TOU
cTaThe, Kak MBI YBUINM mo3xke. NccaemoBannsd HaunHaioTca paboTamu [aye-
ca un Jlarpamka, KOTOpbLIe TOKa3aan, ITO Yo = 2/\/§7 Y3 = V2. B 1872 rony
A. 9. Kopkuu u E. 1. 3osoTapes B uxX mepBoii coBMecTHOI paboTe [1] mokasza-
JqM, 9TO Y4 = \/5, a B pabore 1877 rojia BbIYUCIUIN V5 = V8. K HacToAIeMY
BpeMeHH HalIeHBl TOYHBIE 3HadeHHs y4 10 d = 8 (B AByx paborax 1925 n
1935 rogoB Danxdenb 1 mokasad, 9To ¥ = +/64/3, v7 = V64, vs = 2). Kpai-
He MHTEPEeCHBIM SIBASeTCS BONPOC O MOBefeHuu vy npu d — 0o0. DoApobHO
MONYYeHHBIe PE3YAbTATH U3JI0KEeHb B [4].

B [5] BaTcon ynpocTui cioco6sr Haxoxk gerus dnceg Ny mis d < 6 u Hamén
TOYHBIE 3HAYeHus M d = 7, 8,9, IPOBO/Is TOCTATOYHO [JIMHHBEIE BEIYUCJICHUS
¢ KBagpaTudHeMU (popmamu. B konne 70-x romos B. . JleBenurrennom u
wezapucumo . Ciaosom u A. OJUIBLKKO GbLIO TOKazaHo, 4T0 Ng = 240 u
Noy = 196560. Docae >Tux paboT TabAUIa N3BECTHLIX TOYHBIX 3HaYeHHH Vg
OpUHATA BHUT

d |23 |45 |6 7 8 9 24
Ng||6]12]24 |40 | 72| 126 | 240 | 272 | 196560

B ocTanrbHBIX pazMepHOCTAX TOUYHLIE 3HAYEHUS He W3BECTHEI.

DpuBeieM aHATUTHYECKHU CMOCOO MOJAyUeHUs OleHOK CBepxy duncea Ng.
Bravage mainm HeCKOABKO ONpeneaeHi.

DYCTh €1,...,€q — JINHElHO-He3aBHCHMasd cicTeMa BeKTopoB n3 RY. De-
[IETKOU Ha3bIBaETCS MHOKECTBO

L =Akier +kaea+ -+ kaeaf oy gy, ho)eza-

BexTopa, mada KoTophIx

. def
o= inf Jel % (1),
zeL\{0}
Ha3bIBalOTCd MHHUMaJbHBIMI BEeKTOpaMu peLHéTKI/I, COBOKYIIHOCTDL 3THX BeK-
TopoB o6ozHatnM V. O4eBHIHO, ITO AJIA KaKI0TO BeKTopa ¥ € V mporn-
BOTIOOKHBIH BeKTOp —x Takxke jgexknT B V. Temeph HeTPYAHO 3aMETHTH,
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ITO M JI0OLIX ABYX PA3JHYHHEIX BEeKTOPOB &,y € V BHINOAHEHO HepaBeH-
CTBO Y < 1/2;1%(L), T. e. yroa Mex 1y Humu He Meree 60°. De3 orpaHuyeHus
oburHoCTH OygeM cuntath (L) = 1.

Bozpalasick K Halllen 3ajade, cieqaeM JUHEHHYIO 3aMeHy TepeMeHHBIX
¢ = Ty, IpUBOJAILYIO UCXOHYIO KBaApaTHdHyto GOpMY K BULY Y7 + -+ -+ y3.
Tem caMmbIM BOTNPOC CBEJCS K MOUCKY B d-MEPHOM €BKJHTOBOM MPOCTPAHCTBE
petiérku L, y KOTOpOll MaKCHMaJlbHOe KOANYECTBO MUHHMAJbHBIX BEKTOPOB.

BceisencTBue nepedncieHHbIX BBl CBOUCTB MHOKeCTBa V 5Ta 3aj1ada oKa-
BBIBAETCS TECHO CBA3AHHON C MBYMS APYTUMU HHTEPECHBIMU 3aMa9aMiu.

Kaxoe maxcumnasvnoe xoauuecmeo mouex By moxcem umems cummems-
puunvtii cepuueckut 1/2-xod 6 pazmeprnocmu d? [pyruvu cioBaMu, Kakoe
MAKCUMAABHOE KOAUNECTNEO MOUEK MOHCHO PASMECTIUMD HA €JUHUNHOT cepe
SI=L ¢ yeaosusmu, wmo xa’cdas MOUKA UMEET NPOMUSONOAONCHYIO U UMO
MOQYAb CKAAAPHOZO0 NPOUIBEIEHUL AOOLIE D6YT PASAUNHBIY U3 HUT U HE NPO-
MU6ONoL0NCHBE He npesocrodum 1/27

Paiimu wowmaxmmuoe wucao My wapos 6 pazmepwocmu d, m. e. Mak-
CUMAADHOE KOAUYECTNEO WAPOE 0QUHAKOE6020 PAUYCA, KOMOPHIE MOLYM K-
camves odnoeo dannozo wapa. UHavde roBops — KaAKOE MAKCUMAALHOE KO-
AUYECTNEO TMOUEK MONCHO PACTLOAONCUMD WA edunuunot cepe mar, umoobbvl
CRAAAPHOE Npoussedenue 400bir I6Yr U3 Hur He npesocroduto 1/27

Tounoe 3navenne My M0 HemaBHET'O BpeMeHU 6BLIO W3BECTHO TOJABKO MPH
d=2(M; =6) ud=3 (M; = 12). Danryuiune u3BeCTHEE OLEHKH DTOH
BEJWYNHBI B 3aBUCHMOCTH OT pa3sMepHOCTH mpuBeleHbl B [6, T.1, ¢.42].

DOHATHO, YTO

Ny < By < My. (1)

Mgz 6ynrem omneHmBaThH CBepXy BelWUNHY By W TeM CaMBIM TOAYYaTh OIeH-
Ky CBepxy MIf KOJANYeCcTBa MUHUMAJLHEIX BEKTOPOB B pellleTKe pasMepHO-
cTi d. DPpU DTOM MbI BOCIOJAb3yeMCH HIesiMu, NperioKeHHbiMu B 1968 romy
D. [leapcaprom. VMeHHO OH CTad HCHOJAB30BAThH B eOMETPHYECKHX 3ajadax
NOMOKHTENbHYIO onpeeadunocTh. Urak, yepes {PA(1)}52, o6osnadum cucte-

My MHOPo4ieHOB ['erenbayspa ¢ HOpMHDPOBKOMU Pg(l) =1:

d d d dt* — 1 d
Po(t):L P1(t):t7 Pz(t):ﬁv P3(t):

(d+ 2)t3 — 3t
R

(k4 d = 2)PLyy (1) = (2k +d — 2t () — kP, (0).
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Da uHTepBale ( 1 ;1) oHE 0GPA3YIOT OPTOTOHAIBHYIO CHCTEMY MHOT'OUIEHOB

¢ Becom (1 — t2) 2, T e

[ roro0 - <0 kL

B reoMerpuiueckux 3ajgavax HCIOIL3YeTCA X MOMOKHUTEAbHAS ONpereséH-
HOCTB: I d060ro Konedroro Muoxkectsa Todek (M, ... 20 n3 91 mo-
6oro s € N u 11066IX pg, p; € R cnpaBeginBo HepaBeHCTBO

Z Pz Nprpr > 0. (2)

k=1

DyCcTh B d-MEpPHOM €BKJHIOBOM MPOCTPAHCTBE HAM JaH CHUMMETPHYHBIN
cepudeckuin 1/2-koj, cocTosAmmi 1/13 N TOYeK, T. €. MHO)KGCTBO{$(i)}£\;1 TO-
gex B S9! rakux, uro -1/2 < ey < 1/2 npu 2 7E +4:0 SaCCMOTpMM
HelpephrBHYI0 Ha oTpeske [—1;1] q)yHKuHIo h(t) Takyto, ato h(t) < 0 upn
t € [-1/2;1/2] u Bce ee koxppunmenT Dyphe Mo cucTEMe MHOTOYIEHOB
Terenbayspa HeoTpHIATEIbLHE:

thpk > 0, ho > 0.
B Takoil cuTyanun nmeewm:
N oo N N N N
T2 3 R0y = 35 S P05 By 3 1 = N,
k=1 s=0 k=1 k=1

rjle HepaBeHCTBO BEPHO BCAEICTBIE HEOTPHIATeALHOCTH KO2(p(PUIueHToB Ay 1
MOJOKUTENLHON onpeneJéHHocT MEOrowIeHoB ['erendayspa. C apyroi cro-
ponkr, Tax xak h(z®a0) <0 npu ¥ £ 420 1o

=1

z(F) =z (B =—z0) z(®) £420)
< N(h(1) +h(~1)).
Takum o6pazom

B(1) + h(=1)
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Doabupas HyKHBIM 06pa3oM PyHKINIO h(t), OIydaeM ONEHKH CBEpXY. 3aMe-
THM, 4TO 4ucio N HaTypa/lbHOe, IO3TOMY OHO Ha CaMOM Jele OlleHNBaeTCs
[eJON 9aCThiO BHIPAKeHNs, CTOAIIEr0 B MPAaBOH JacTH HepaBeHCTBa (3). Do-
TOGHBIM CIOCOGOM MOJNYYeHbl TOYHLIE OLleHKH cBepxXy Ias 4ducel Mg u Moy u
TeM caMBIM fAag 4duced Ng u Nay, a pell€TKH ¢ COOTBETCTBYIOIINM KOdude-
CTBOM MHHIMAaJbHBIX BEKTOPOB OBLIN yKe H3BEeCTHHI: B cIydae d = 8 dKCTpe-
MaJbHOH OKasaflach pemérka Kopknra-3onrorapesa Fg, a B ciydae d = 24 —
peméTka Junva.

Ucnonb3yem HepaBeHCTBO (3) mIsi ONEHKH MOIIHOCTH CHMMETPHIECKOTO
1/2-koa. DaccMOTpUM MHOTOYIEH

R(t) = t2(t* — =).

DalnuiieM ero paziaoxkenue B psji Pypobe:

d?> -1 (20—d)(d—1)Pdt 10-4d

h(t):m f(ﬂ*‘m 2()‘|‘m 5 (t).  (4)

Bce ero kondgdpunnentsr nosoxnTeabusl npn 2 < d < 9. CrefoBaTeabno, u3
HepaBeHCTBa (3) Hailgem
6d(d + 2)
T
DTa OlleHKa OKa3kIBaeTCs TOYHOU B pazMepHocTsx d = 3,4, 6,7, 8. Anasoruy-
Hble (4) MHOTOWIEHBI MOMKHO CTPONTH I B BBICIINX Pa3MEPHOCTAX. JacCMar-
TpUBasg MHOTOUJIEHDI

IIoJqy4vaeM ciaelyromnimne ogeHKn CBepxXy MOIIHOCTHN CUMMeTpPpHIeCKOI'o 1/2—KO,Z[&
1 BCJaelCTBUEe HepaBeHCTBa (1) — YHhCjla MUHHUMaJbHBIX BEKTOPOB B peHléTKe:

d 3141516 7 8 9 10 | 11 12 13
Ng< || 12124 | 42 | 72 | 126 | 240 | 367 | 560 | 858 | 1344 | 2210

d 17 18 19 20 21 22 23 24
Ng < || 11683 | 16298 | 22866 | 32445 | 46947 | 70200 | 111136 | 196560

DpuBeieM MpUMephl HAWIYUIINX KBaApPaTHYHBIX (POPM U PEIETOK, s
KOTOpPHIX OlleHKH, pefcTaBiedtbie B Tabauie, npu d < 8 gocruratorces. [las
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d = 2 pamee yze ObL1 JaH OYEBUAHBII NpUMEp KBaIpaTHIHON (opMbI 23+
trize + x% Hag d = 3 KBajdpaTudHad popMa MMeeT BUI Azz = x% + x% +
+ x% 4+ x129 + 2123 + xo23. Jlerko ycranaBAEBaeTCs (BbI,Z[eJIeHI/IeM IMOJHBIX
KBa,/IPATOB), 9TO OHA MOJOKNTEIBLHO ONpeeJeHa.

Kpome Toro, ona nenouncienna: Azx € Z mag moboro ¥ € Z3. 3na-
90T, ee apupMeTHIeCKI MUHIMYM He MeHbIIe 1, T. e. min,cz2\ (o} Azz > 1.
Da caMoM [elle OH paBeH | m jgoctmraercs B 12 Toukax £(1,0,0), +(0,1,0),
+(0,0,1), £(1,-1,0), £(1,0,—1), (0,1, —1).

DTY TMOCIe0BATEIbHOCTE MOXKHO TPOMOMKHTH, HO HaM yirobHee UMeTh
JTeJ0 ¢ peméTKaMu (4TO MO CMBICAY OTHO U TO Ke). DTO NacT HaM BO3MOMK-
HOCTDb 3aMeTHUTH OTHO BeChbMa JIOGOTLITHOE ABJISHNE: «CeTeHN» MUHUMATbHBIX
BexTOpoB peméTkn Kopkuna-3osoTapesa n3 R® galoT skcTpemaabubie KOH-
CTPYKIUH LIS BCEX MEHBIINX Pa3MepHOCTEeN.

MuHuManbHble BeKTOpa pelnéTku Kopkutna-3oaorapeBa Fg cocTodaT us
IBYX T'PYIT BeKTOPOB. B mepByio BXoAAT 128 BeKTOPOB BUIA ﬁ(j:l7 +1,...,
+1) ¢ 9érupm gucaom (0,2,4,6,8) mrocoB. Bo BTopyio BXOIAT BeKTOpa, ¥ KO-
TOPHIX JBe IPOM3BOJLHEE KOOPAUHATE paBHEL £1/1/2, a ocTanbase — 0. Ux
KOJINIeCTBO 082 -4 =112. B cymme moaydanm 240 BekTopoB. X COBOKYTHOCTD
(o6ozranM ee qepes Wg) u ecTh DKCTpeMaIbHBII HAGOP BeKTOPOB mpn d = 8.

SaMedast, YTO «CedeHUe» PEeIeTKH MUNepiockocThio ez = ( cHOBa ecTh
pelérka, a MUHUMaJbHEE BEKTOpa IepBOHAYAJbHOU PEIIETKH CTaHOBSATCS
MIHIMAJbHBIMI BEKTOPAMH «CedeHI, BO3bMéM cedenne B R® pemérkn Kop-
KnHa-30J0TapeBa runepiockocTeio ax =0, a = (1,1,...,1) u nosoxnm

We={2eWs : a1 +2o+ 23+ 24+ 25+ 26+ 27+ 28 =0}.

DojcuauTaeM KoandecTBo sieMeHToB B Wy, U3 iepBoil I'pyIibl MEHHMaJbHBIX
BekTOpOB peinérkn Kopxuna-3oaorapeBa B Wy BolayT Julllb Te BEKTOpa,
V KOTOPHX 4 KOOpAWHATH PaBHHE +1 W deThipe paBHH —1. X xoamtdecTBO
pasro (g = 70. I3 BTOpOIl IPyNIEl BEKTOPOB JHUIIL MOJOBHHA (KOODAHHATLL
HMeT pa3Hble 3HAKH) yIoBIeTBOpsieT ypaBHennio ax = 0. Takum obpasom,
W comepxut 70 4+ 56 = 126 BeKTOPOB U ABIAETCA DKCTPeMaJbHLIM HAGOPOM
BeKTOpOB 1ipu d = 7.
AHAJIOTUYHO MOXKHO MOKa3aTh, YTO MHOXKECTBa

We={ze€Ws : x1+22=0, 23+ 24+ 25+ 26+ 27 + 23 = 0},
Ws={axeWs : 21+a22=0, a5+ a4+ a5+26=0, 27+ 25 =0},
Wy={axeWs : z1+2:=0, 25+24=0, 25+ 26=0, 27+ 23 =0},

ABJIAACH HaBOpaMI MIHIMAJIBHBIX BeKTopoB peméTok B R R° R?, comepxar
cooTBeTCTBeHHO 72, 40 u 24 BekTOpA.
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B sakarodenune oTMeTuM, nodeMy HpeIOKEHHBIN METO/[ MOJYYeHHs Olle-
HOK cBepxy uuces Ny «rpybut», Hanpumep, npu d = 5. DoaydeHHas OleHKa
N5 < 42 He aBaseTcsa TodHon — Ha caMoM gejde Ny = 40. YTo6®I 0TBeTHTD Ha,
DTOT BOMPOC, HAJI0 TPOAHANU3NPOBATL MPeMIOKeHHOe HaMi TOKa3aTelbCTBO.
Jpu d = 5 olleHKa OKa3bIBA€TCA TOYHON B TeX CIyYaix, KOT[a HEPABeHCTBO (2)
obpalljaeTCd B PaBEHCTBO [LIf DKCTpeMalbHOU KOHCTPYKiIunu npu s = 1,2, 3, 4.
Onaxo vroro ne npoucxomnt aas Ws: 35y PP(zy) > 0. Anasorununas
cutyatud u npu d = 3, HO TYT «Be3éT» B BBIYUCJIEHUAX: [%] = 12.

Urak, mis pazmeprocrenn d = 3, 4, 6, 7, 8, 24 Mbl nIpuBein, KaK HaM Ka-
JKeresi, Haubojiee TPOCTON MeTO N HaxoxK deHusd ducen Ng. dpu d = 10, 11, 12,
13, 17, 18, 19, 20, 21, 22, 23 noay4deHbl HOBble OlleHKH CBEPXY [IJIf KOJUYeCTBa
MHUHUMAJbHLIX BEKTOPOB PEIIETOK B DTUX Pa3sMepHOCTAX.
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Perttenne o6o6mennon 3aaqn MaibdaTrT ¢
TTIOMOITIBI0 KOMILICKCHON (TUIEPOOIITTICCKON )
TPUTOHOMETPIUIN

B. 3. Benenbkun A. A. BacraBckun

Kak-To Bo BpeMs JeTHEro OTIbIXa MBl 33,y MAJTUCh HAJ CJAeNyIolel 3a1a-
Yell: B yIVIkL JaHHOTO A ABC BiucaTb OKPYKHOCTH TaK, YTOOLI OHU HOTApPHO
KaCaJqucCh JAPYT Apyra. DecMoTps Ha KJIACCUYECKH MPOCTYH POPMYJIUpPOBKY,
TOTa HaM He yIajJoch HAWTH B JuTepaType ynoMUHaHUU 0O »>TOH 3ajade
0 MBI DEININ €€ cCaMOCTOATeNbHO. Brocie 1cTBUT MED yaH:cLJIMI)7 ITO DTA 3a-
Jada MaBHO M3BecTHa KaK 3afava HTATbiHCcKoTO MaTemMaTnka MaawbdarTw,
onybaukoBatntas um B 1803 romy [1], n eé pellleHuio MOCBsIIeHa OGIIHPHAS
AUTEPaTypA.

Cam Maabdartu
OIS HCKOMBIX paanycoB, HO He MaéT WX BHIBOJTA, YKa3aB JUIlL, 9TO aJrebpa-

2) B cBoeil nyoIuKaluy TPUBOMNT KOHEYHBbIE (DOPMYJIbI

nYecKne BLIKJIATKH OUeHb TpoMo3AKku. B 1826 rogy WmcTo reoMeTpuieckoe
peltiertie, n ToXe 6e3 JToKazaTeabcTBa, npemioxma A. Hlreitnep [2] — oxnu
03 KPYMHEHIHX I'eOMeTPOB IPOIILIOro BeKa. DOJHOe JOKA3ATEIbCTBO METOMA
Il reiinepa Buepsbie 66110 Hano llperepom B 1874 1oy, ero usaoxkenne MOXK-
HO HAUTH B NpeKpacHOM cOOpHHUKe 3ajad Ha I'eOMeTpUYecKHe MOCTPOeHHs
1O. Derepcena [3]. Bece o1 cBeenus npuBoasaTes B kunre A. A prepa, usmaH-
HOW B pycckoM nepeBoge B Ogecce B 1910 roay [4]. DpsiMoe reomerpuieckoe
pelllenie 3aMa9u [aéTcsi B OMHOW U3 KHUT CEPUU «DUBINOTEeKAa MaTeMaThde-
CKOT'O KpyZKKay, cM. [5].

DellleHre, Hall [EHHOE HaMU, 0KAa3a/J10Ch OPUIHHAIBHBIM MO HOAXOIY H CO-
BEpIIIEHHO OTJIHYHBEIM OT METOMOB, UCIOJb30BABIINXCS paHee. JaM KaxKeTcs,
YTO HTOT METOJ IPEJCTABIAET CAMOCTOSA TEJIbHEIN HHTEPEC, IPUIeM He TOJbKO
[JST TTePBOHAYAJTBHON T'eOMeTPUYECKOU 3aa49i. JDPeII0KeHHOe HaM Ul pellieHe
6bLI0 OMyOaNKOBaHO B KypHate «KBanTy [6].

1)ABTOpr npusHaTedbHel A. A. Eroposy m A. A. @puamany za Gubamorpadudeckue
CBeJIEHUA.

Y Kax coobumn B. B. IIpaconos, MarbgarTn peman apyryo sajgady: HOMECTUTH B Tpe-
YTOMBLHUK TPHU HEMEPECEKAIONINECT KPYra MAKCUMAIBHON 06uien maomma . Jlerko y6eauTb-
s, 9TO pellenne, mpusegénaoe ManbdgarTu, He Bcerja onTuMaibho. [lonee yauBuTenen Tot

dakT, 9T0 OHO HUKO020aA HE ONMUMAALHO.

MaTemaTu4eckoe npoceeleHune, cep. 3, Bbin. 2, 1998(141—154)
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B yue6unke 7K. Anamapa [7] sagasa MaabdarTin paccMoTpeHa B 0606-
MIEHHON OCTAHOBKE U JaHOo eé moanoe pemrenne no Mmerony HlTennepa — Hlpe-
Tepa — JeTepceHa. 3Mech MbI JaluM pelieHne 0600ERHON 3a1aqn Maabgar-
TH, Pa3BUBasg OCHOBHYIO W€l HAIIENO METO/IA.

O6o06weénnas 3adava Maavpammau. Janvl mpu npsuvie obuie20 no-
aoxcerus. Hocmpoums mpu 63auUMNO KACAOWUECK OKPYHCHOCTIU TMAK, YMOOb
oxpyxernocmu O v Oy kacaaucy npamot ls, oxpyscnocmu Oy u O3 kacaaucw
npamot Ly, oxpysrcnocmu Os u Oy xacasucy npanoi ly.

Nwmeercs 10 pasiudHbiX KOHQUDYpAIWE, TOPOXK JAFOIINX LIS TaHHOU TPO-
Kn TmpsMbIXx 32 pernenns (cum. puc. 1). /lasee MBI MOXyYUM €IMHOOOPA3HBIM
cocoboM POPMYJIBL IS PALUYCOB HCKOMBIX OKPYKHOCTEH BO Bcex 32 cayda-
AX.

1. OCHOBHAA CUCTEMA YPABHEHUN

Detnerns 3a a4 MaabparTu Oy Ay T NONYYATHCH U3 PEIeHnl CHCTEeM B [a

w4 2uv - /1 — c/p+ v? =c,
v’ 420w - /1 — a/ptw? =a, (1)
w2 2wu - /1 — b/p+ v? =b,

rJle Hem3BeCTHBIE U, U, W — KOMILIEKCHBIe Yicaa (Kak 6y1eT BIIHO najee, B pe-
menndax 3agadn Manib@aTTn >TH Heu3BeCcTHEe 6y Iy T JuG0 BellleCTBEHHBIMI,
An6o 9NCTO MHUMBIMH), & (KOMIIEKCHBIE) TTapaMeTphl &, b, ¢, p yI0BIeTBOP-
0T YCJIOBUAM

at+b+c

p=g a0 0#£0,c#£ 0, DEp(p—a)p-b)p ) £0.

Duxe (cM. 1. 3, cTp. 145) 6y 1eT moayderno peienne cucremsr (1), mexoms-
Iiee W3 NeOMeTPHIeCKNX COOOpaKeHNH, KOrfa ypaBHeHns B (1) moHmMaooTcs
KaK YTBepXKIeHUs TeopeMbl KOCHHYCOB sl TPEX TPEYTIONBHUKOB, BIUCAHHBIX
B OJIHY U TY K€ OKPYKHOCTb. YCJA0BUE PABEHCTBA CYMM YIVIOB 3TUX TPEYT OJlb-
HukoB 180 rpagycam maéT JuHelHbie YpaBHEHUs JIAs YIVIOB, TPOTUBOIEKAIHX
CTOpOHAM. JOC]Ie pelleHlsi 3THX ypPaBHEHUH CTOPOHBI BEIYUCISIOTCH O Teo-
pemMe CHHYCOB.

s pemenus o6o6ménnon 3ata4dn MaibgaTTn IpHIETCA pacCMaTPUBaTh
TaKie «TPEeyroJbHUKNY, CTOPOHBEI KOTOPLIX SBISIOTCS TPOU3BOJbHBIME KOM-
NJIEKCHBIME YHCIaMU (TOYHee, Kak OyAeT MOKa3aHO, TOTPeGYIOTCA TPeyrodb-
HOKN C OTPUIATeSbHBIMA I 9HCTO MHIMBIMA [ITHAME CTOPOH). DO3TOMY Ha-
YHEM € KPaTKOT'o OOBACHEHUS, YTO TaKOe «TPEYrOJbHUK € KOMILIEKCHbBIM I
CTOPOHAMMY .
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) 1 permenme ) 3 peruenns
) 1 petnerme ) 3 petnenns
) 3 petuenns 6) 3 perenns ) 6 petenui

) 3 petnenns 9) 3 peterns ) 6 permeHuit

Puc. 1. Kongurypamnuu obobménnon sagata MaibgarTi.

(i
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2. KOMOJAEKCHBIE TPEYTOJLHUKNA

ONPENENEHNE 1. DycTs (a,b, ¢) — TpouKa MPOU3BOIBHBIX KOMILIEKCHBIX
qmMces, I KOTOPOU BeJnTnHa

1
D=pp—a)(p=b)(p—c) = 5 (2¢°0" + 26°c* + 2¢%* — a* = b = ") #£ 0,

371ech p def (a + b+ ¢)/2. Dymem Ha3bIBaTH TAKyl0 TPOHKY KOMNAEKCHbIM

MPEY20AbHUKOM, & TUCTA &, b, ¢ — CMOPOHAMU ITOTO TPEYTOIBHUKA.

DyIeM MOCIe[0BaTelbHO PA3BUBATE DTy I'eOMeTPHIecKYIo anajsoruo. Be-
amanny S = £+/D ecTecTBeHHO HA3BATh N.40wadbio TPeyroabinka (popmy.aa
lepona). Daomash cinTaeM B KOMILIEKCHOM ClIydae ONPeIeléHHON ¢ TOYHO-
cThio 10 3HaKa. Bernunny R = abc/4S nazoBeMm paduycom onucannot oxpyic-
nocmu.

OmnpegeganM yribl KOMIIEKCHOTO TPEYrodbHIKa. D0 aHAJIOIHT ¢ TeopeMa-
MU CHHYCOB I KOCHHYCOB HMeeM DaBEeHCTBA

b% 4+ % — 2 . a
cosoy = ———, sinow = — (2)
2be 2
KOTOpbIe 6y IeM CIITaTh ONpeleleHneM yIIOB TPeyrOAbHIKA. D PAMOe BBIUH-
CclleHIe OKa3bIBaeT, 4T0

b2 2 2N\ 2 AD
+ ¢ a) n _1

. 2 2
sin”“ o 4+ cos a_( be o2

HOYTOMY KOPPEKTHOCTEL ONpefeleHid YIIoB 06ecIednBaeTCsa CAeIYIOMeH JeM-
MOH.

JIEMMA 1. Jas 010661 06Yr KOMNAEKCHDIT YUCEA 21, 29, YDO64EMEOPAIO-
WUT COOMHOUWEHUIO
2 2 _
4z =1,

natddémes maxoe xomnaexcuoe wucao p = o +it, o, t € R, umo
cost®) = z1, siny = zs,

npuuenm t onpededeno odnosnauno, a @ onpedeaeno ¢ mounocmsio do 2km,

ede k € Z.

JOKABATEJNBCTBO. 3alulleM YUCI0 2 = 21 + 122 B TPUTOHOMETPHIECKON
dopme z = r(cos e + i8in @), HTAM GHCIO 7 ONPeIeSeHo OTHOBHATHO, & THCIO
@ — ¢ TouHOoCTbIO M0 2k7, k € Z. Donaraem t = —Inr, 1 = @+ 1t.
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Jlanee ucnoibsyeMm popmyay Jdiiepa e = cosx + 1sin & U BhITeKaloIne
13 Heé BBHIpaKeHUs I CHHycCa sinx = %(e”’ — e ) m KocmHyca CosT =

_ 1 iz —iz .
= 5:(e"" + €7'7) maa Toro, YTOGH BLIMHCINTH CHHYC W KOCHHYC THCIA )

“t(cosp +ising) =¥

z=c¢e
1 1 )
= =z — 1z
z ozt iz ! 2
1 1
Cos¢_§-(2—|—;)_zl
1 1 1
sin 57 (z z) 5; 212 = 22

TrOPEMA 1. Cymma yea06 KOMNACKCHO20 MPEY20AbHUKA € TMOUHOCTIHIO
do 2kw, k € Z, pasna 7.

JTOKABATEJIBCTBO. [pyrumu cioBamu, cos(a + 4 v) = —1, rae depes
a, (3, v obosHaveHbl YIabl Tpeyroabiika. CopaBelIiBOCTh YTOM0 PABEHCTBA
npoBepsieTcs BHIYHCAEHHEM ¢ HCHOAb3oBaHueM (1) M TpUrOHOMETPHYECKHX
(hOPMYJI CIOKeHN.

3AMEYAHUE. Bepuo u o6patHoe. Jlio6ble KOMILIEKCHBIE YHCAA &, (3, Y, IS
KOTOPBIX BHITIOJHEHO v+ §+ = 7, ABAAIOTCA YIJIAMH HEKOTOPOTO KOMTIJIEKC-
HOTO TpeyronbHnka. (Ero ctoponsr paBubr Asin o, Asin 3, Asin~.)

3. PEINIEHUE OCHOBHOHW CUCTEMBI
BBeém HoBbe mapaMeTpsl @ = £v/a, b = Vb, ¢ = /¢, R = +,/p/2.

Torna ypaBHenus cucrembl (1) ecTh He 9TO WHOE, KaK TeopeMa KOCHHYCOB,
3amncaHuas g TpeyroabHUKOB (u, v, &), (v, w, a), (w, u, IN)), Yy KOTOPLIX PagIyC
OILUCAHHOI OKPYKHOCTH paBeH R.

VIUBL, IpOTHBOJEKALLNE CTOPOHAM &, b, ¢, OJHOBHAYHO OINpPeIelsioTCs

yepes mapaMmeTprl @, b, ¢ u K. OGo3navas >Tu yriasl 4epes @, b, ¢, umeem:

a .5 b b
sing = —, sinb=—, siné=—,
2R 2R 2R
. 5 b . c
cosG=—,/1——, cosb=—4/1——, cos¢=—,/1— —.
P P

DapaMeTphl @,b, ¢ OIpeele bl ¢ TOYHOCTBIO O 3HAKA. DepeMeHa 3Ha-
Ka y OJHOTO W3 HEX MEHAET 3HAK COOTBETCTBYIOMIEro yrua (d, b mwim ¢), a
oCTaJIbHBIE [Ba yIJa B COOTBETCTBYOIIeM Tpeyroabunke ((v,w,a), (w,u,i))
uin (u, v, €)) MeHdeT Ha cMexkHble (£ — T — &) B CHIy TeopeMbl KOCHHYCOB.
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Y OCTalXbHBIX YIVIOB B TPEyroOJbHUKAX (v, w,a), (w,u,l;), (u,v, ¢ omuo-
3HAYHO ONpeeNeHbl (depe3 mapaMeTphl N HEH3BECTHHIE) TONBKO CHHYCHI, KO-
TOPHIX, BIPOYEM, TOCTATOYHO [Jisi BhIpasKeHHUsi UCXOMHBIX HEH3BECTHRIX depe3
T yrabl. MBI XOTHM TepedTn K YIJIOBBIM HEH3BECTHHIM @, U, W, OTHOCH-
TeIhHO KOTOPHX OyjleM UMeTh 10 TeopeMme | JHHEHHYIO cUCTeMy ypaBHEHUI
(cymMMa yIiioB B TpeyroabHIKaX paBHa 7). V3-3a yKa3aHHOW HEOTHOBHATHOCTH
noJydaeM Takol HabOp cUCTeM JHHEHHbIX YpaBHEHUN

T T . T .
§i(§_u)—|—§i(§—v)—|—0—ﬂ'(mOdQﬂ'),

T, T T T .

o (5 -0+ gE(G — @) +a=r (mod 2m), (3)
s (s . T T N ;P

§:|:(§ — ) + 5;& (5 — 1) 4 b=r (mod 27).

DOCKONBKY HCXOMHbIE HEU3BECTHBIE U, U, W He MEHAIOTCS MpPH 3aMeHe YIJoB
@, 0, W Ha cMexHBIe, cucTeM (3) He 64, KaK KaKeTCs Ha MEPBHIN B3IVIAL, &
BCEro JnMib 8 (BayKHO JHIIb ¢ OMMHAKOBBIME HJIH PA3sHBIMH 3HAKAMH BXOJUT
KasK/as [epeMeHHas B YPaBHEHIS STHX CHCTEM).

DpoaHAIU3UpYyeM BO3MOXKHBIE PACCTAHOBKH 3HaKOB. Ecian HevéTHOe 4m-
CJI0 TepeMeHHBIX BXOJNT € Pa3HBIMI 3HAKAMI B yPaBHEeHHs CHCTeMbl (3), TO
Takas cHCTeMa, KaKk HeTPYIHO BHAETh, BRIDOKJIEHHAS, U [ €€ paspelinmo-
CTH [JOJYKHBI BHIMOJHATHCA COOTHOIIEHUST Ha MapaMeTphl. DTH COOTHOIIEHHS
mocie TMOAXOAAIIell MepeMeHbl 3HAKOB Y YIVIOB 4, I;, ¢ TpUBOIATCH K BUITY
i+b+e=0.

DoKaxKeM, UTO ycaoBue 4 + b 4+ ¢ = 0 Breuér D = 0. Do 3aMedaHNIO K
Teopeme | yribl T —a, 77—(37 7 — € ABAAIOTCS yIVIAMH TPEYT ONbHIHKA, CTOPOHBI
KOTOPOT'O paBHBEl ¢ TOYHOCTHIO O NPOMOPIHOHAJBHOCTH Sin d, sin l;, sin €.
3amnuiieM TeopeMy KOCHHYCOB LIS 3TOIO TPEYroJbHUKA B BU €

sin?(m — b) + sin®(x — &) — sin? (7 — &)

T

SO,Z[CTaBJIHH B 9TO paBE€HCTBO BLhIpaxKeHUd Yepe3 HapaMeTpbl, IIoJdyYaeM Iie-
IIO9KY CJIG,Z[CTBI/II(/JI

b _ _ _ 2
_a_bpre/pmap | p-a_(-a’
P 2b¢/p P be

(p—a)p=be = da*=(b-c)* = (p-b)(p—c)=0 = D=0.
Vlrak, Mbl mOKa3all, 4TO Y8THOE YUCJIO NEPEeMEeHHBIX BXOJUT B ypaBHe-

Hust (3) ¢ pasHBIME 3HaKaMu. Eciaum Taknx mepeMeHHBIX JBe, TO MOXKHO CYUl-
TaTh Oe3 orpaHuvYeHus OOUIHOCTH, YTO 3HAKU -+ BbLIOpPAHBI ¥ HUX B OMHOM 1
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TOM K€ YpaBHEHUU. JODTOMY uMeeM 4 CUCTeMbl JUHEUHBIX YDaBHEHHH, [al0-
e BCe pelleHns NCXOIHON cncTeMbr (1). Bamnuinem 1Be m3 HUX:

4+ v+ ¢é =7 (mod 27), i+ v—¢ =7 (mod 27),
U+w+a =7 (mod 27), U+w+a =7 (mod 27), (4)
Wt a+b =1 (mod 27), W atb =1 (mod 27),

OCTalIbHBIE MOLYIAl0TCA I3 IPABOH CHCTeMB B (4) NNKINYECKHM CIBHIOM.
Dettas cucreMsr (4), nMmeeM

. —O,t o, +o . . —O0,top+0 .
=TT (- a), A= (),
. Oy —0p+0 . . Oy —0Op+0 P
b= DT (p-b), o= DTt (p-a),
N Ua‘I'Ub_UC ~ ~ N Ua‘I'Ub_Uc ~
b= T—(p—¢), w= P
rje UCMOJb30BaHO 0OO3HAYeHTe P = %(d + b + é), a mepeMeHHbIe Og4, Op, O

IPpUHUMAIOT 3Ha9eHHUsA +1. Jlerko BugeTb, 9TO C TOYHOCTBIO 10O O6IH€FO IS
BCeX IIepeMeHHBIX KPaTHOI'O 7T 3TN BLBIparKe€HUs PpaBHLL

T T

=T () =T,

T . T

ﬁ:§—(p_b)7 7}25—(— )y

T .7 )

=g (p—é), w=g= P
CaBur Bcex yIJIOBHIX epeMeHHBIX Ha 7 MPUBOAUT K W3MEHEHWO 3HAKa Y Ie-
PEMEHHBIX U, U, w. JOCKOIBKY U = ,/psind,..., To nolyvaeM OKOHIATelb-

Hble BBIPAYKEHUs [ BCeX pellleHnn cucTeMbl (1) depe3 TpuroHOMeTpHYecKie
(YHKINH YTIOBHIX TapaMeTpoB (BBIpazkeHHe mepe MaTpHIen TPpHMeHseTcs K
KaxK TOMY DIeMeHTY MaTPUIHl, KayKaad CTPOIKa MATPHUIHE MaéT ABa pellleHnd
CHCTeMBI, OTINYAIONINECS H3MeHEeHNeM 3HaKa Y BCeX Hem3BECTHHIX):

p—i p—b p—é

p p-é
p—¢ P
p=b p—a p

O6paTuM BHUMaHHEe Ha TO, YTO XOTS SiN P U COS P ONPeNeTeHbl JUlllb ¢ TOYHO-

=3
|
[l

(u, v, w) = £,/pcos (5)

—a

=3

CTBIO [0 3HaKa (MOJOBHHHBIN YO H3BECTHOTO YIUa), PEIIeHNN 9TO He 1o6a-
BASET.

3ameTnM, 9T0 (POPMYIbl (5) MOTYT GBITH 3aMNCAHBl KakK ajireGpandeckine
(PYHKUIUK OT UCXOMTHBIX NapaMeTpOB.
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4. DOPMYJBL 151 PAJUYCOB OKPYYKHOCTEN B 3AJAYE MAJILOATTH

Termepsb mokaxeMm, Kak U3 pelleHUl OCHOBHOW CHCTEMBI MOJYYalOTCs BbI-
paxkeHus s paguycoB OKpyKHOCTel B 3ajgade MaabpaTTu.

DylIeM HCHOJAb30BaTh 0003HaYeHUd, BBeMEHHbBIE Ha PUC. 2.

Mg mioboro pemntenus 3agadn MagbpaTTH BLITOJHAIOTCS paBeHCTBA

a = BC =+ BB¢ + BoCp + CC,
b=AC =+ AAc + AcCa £ CuC, (6)
c=AB =+ AAp £ AgB4 = B4B.

Br6op 3HaKOB 3aBUCHT OT pacCMaTpPHBAEMON KOH(MUTYPAIN.

DPpoCTHIe BHIYNCIEHNS MOKa3bBaoT, 9T0 BoCp = 2,/rpr. (n emié 1Ba aHa-
JOTHYHBIX PABEHCTBA MONYYal0TCs NUKANIecKnM ciBurom A — B — C' — A).
KosddpuinerT mpomopunnoHaibHOCTH MeXIY 1y 1 BB 4 3aBUCHT OT BEANTHHBI
yria ZABC = [ (on paBeH tg %, ecil OKPYKHOCTDH BIHCAHA BO BHYTPEHHUU

o ﬁ .
YTOJI WM BepTHKAJILHLI ¢ HIM, B IPOTHBHOM Clydae OH paBeH ctg 7). Benéu
HEW3BeCTHHIE U, U, W, MOJYIN KOTOPHIX

lu| = /AAp = /AAc; |v| = VBB = /BBa; |w| = /CCa = /CCh,

Puc. 2. Cryuqaii, korga B (6) Bce 3Hakm +.
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a apTYMeHTH GyAYT BHIONPATHLCA IS Pa3HBIX KOHOUTYPAIUH MO-Pa3sHOMY U3
BO3MOXKHBIX 3Havenun k7, k= 0...3. Torga

ApBa = 2\/rery = 2|ul|v]y/tg*! S tg
BcCp = 2\/ryr. = 2|v||w|y/tg

CaAc = 2y/rorq = 2w||u]y [tg*! %tgil %.

:

Tanrenc winm KoTaHreHC B DTHX (POPMYJaX BLIOHPAIOTCA B 3aBHCUMOCTH OT
TOTO, BIUCAHA JH COOTBETCTBYIONIAA OKPY/KHOCTH BO BHYTpPeHHHN (MJIH Bep-
THKAJBHBIA €My) yroJI, 1n60 Ke B CMeKHBIN ¢ HIIM.

BbIpazuM TaHMeHCHI MOJOBHHHBIX YIVIOB TPEYrOdbHUKA Yepe3 ero CTopo-
Hel. /s pToro Bocnoabayemcs dopmy.aoit S? = p*r? = p(p —a)(p — b)(p — o).
Doaydaem

0 aHAJOTUIHLIEe POPMYJILI MIA TBYX IPYTHX YTaoB. U3 5TuX PopMysT MoTyda-
IOTCA CJeIyOlINe COOTHOMIEHNS (ONATH-TaKN MPABOIUTCSA OTHO COOTHOIIEHNE,
13 KOTOPOT'O [epecTaHOBKAME CTOPOH MOYKHO TOJIY9aTh AHAJTOTHIHEIE):

o 0 p—c c o 0 p—a
85187 \/p \/ o eegtes =y (7)
o B P
tg —ctg = = .
\cte g ets g ,/p_c (8)

DOoCTABIAL MOy YeHHBIe BEIpaKeHnd B cucTemy (6), 6yeM moaydarh ci-

CTeMBbI ypaBHEHHUN OTHOCHTENBHO |ul, |v|, |w| n cBoanTh X K cucreme (1) BBI-
GOpPOM apryMeHTOB HeU3BECTHBIX 1 MPeoOPa3OBAHUAMI TapaMeTPOB.

4.1. PEPBAA BOCBMEPKA PEIIEHUN

DycTh BCe TPH OKDYKHOCTH BIHCAHBI BO BHyTpeHume yrisl. Torma ko-
>(pPUIIEHTH IPI CPEIHUX CIAaraeMBIX B JEBBIX TacTAX CHCTeMbl (6) HMeloT
B (7), mooTomy cucrema (6) cpasy umeer Buft (1) ¢ TOYHOCTBIO 10 3HAKOB
cJlaraeMbIX B JIEBLIX TaCTAX ypaBHEHHI.

DOOKHUTEbIbIEe 3HAKH B cucTeMe (6) COOTBETCTBYIOT HepBOH KOH(UIY-
panun zHa puc. 1 (em. crp. 143). /st 5TOH KOHPUTYPANUT BHITOIHAETCS CHCTE-
Ma (1), ecin cuUTATH HEH3BECTHBIE U, U, W MOJOKHTEJILHEIME. YpaBHenus (6)
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JUIST BTOPON KOH(MUTYpalni MOMKHO HpuBecTH K BuAY (1), HOMEHSB 3HAK Y
OJTHOW 13 HEW3BECTHHIX (9TO M3MEHWT [Ba 3HAKA B CPEIHHX CIAraeMbIX).

Demnm cucremy (1), kak onncano Boimte. O THOBpeMeHHas 3aMeHA 3HAKOB
He MeHseT MeOMeTPHYECKOTO pelleHns (MBI HCIOMb3yeM KBaJpaThl HEH3BeCT-
HBIX U TOTAPHbIE MPOU3BEIEHN). DOITOMY MOMYIAeTCA YeTHIPe PA3IUIHBIX
peltienns. )0 KakK ObLIO MOKa3aHO BhILIE, PellleHs, COOTBeTCTBYIOIIIe epBoi
Il BTOPOI KOH(PUTYPAIHUAM, YIOBIETBOPAIOT cucTeMe (1) MpH pa3inIHbIX 3Ha-
deHnsAX nepeMeHHBIX. TakuM o6pazom, GpopMyna (5) 1aéT pemeHus miIs STHX
KOH(UTY paInil.

YT1o6BI HAHTH peIIeHns, COOTBETCTBYIONNE TPeTheH W 9eTBEPTON KOH(I-
rypannaM Ha puc. 1, 3aMeTuM, 9TO 3THM KOH(PUTYPAIHIM OTBeIaeT BHIGOD
OTPUIATEIbHBIX 3HAKOB y CPEIHNX ClaraeMbiX B (6) m, Kak W B TpeIBIIy-
meM ciydae, mepeMeHa 3HaKa y OMHON W3 HeH3BeCTHHIX. 3MeHenme 3Haka
Yy CPETHWX CAaTaeMbiX MOKHO BRIPA3HTh B TepMUHAX YTJIOBHIX MapaMeTpPOB
KaK CIBUI Ha T 3HAYEHHI BCEX YIVIOBBHIX MapaMeTpoB. DO>TOMY (BHIOHpaeM
noAxoaAmN 36aK!) B (5) CHHYCHl I KOCHHYCHI TTOMEHSIOTCS MeCTaMI.

4.2. OCTAJLHBIE PEIIEHUSA

DeTpyaHo YOeIUThCS, pastisbBasg puc. 1, 9TO BO BceX OCTATBHBIX KOH-
(GUrypannsx ogHa OKPYKHOCTDH BINCAHA BO BHYTPEHHUN (WIN BepTHKAJIbHBII
eMy) yroia, a JBe Apyr'he — BO BHEIIHNE YVl TPeyroJbHIKA, 06pa30BaHHO-
'O TPIMBIMI. DOHATH 3TO MOXKHO U € TOMOIILIO PACCYXKICHNUS — eCJIH OJHa
OKPYKHOCTH BIMCAHa BO BHEITHWH YTOJ, a JBe APYrue — HeT, TO OIHY U3
Hap OKpYy:KHOCTel OyAeT pasfelsiTh OfHa U3 IPAMBIX [q, [, [3. AHaJIOrHIHO B
caydae, KOTIa Bce TPH OKPYKHOCTH BIUCAHBI BO BHEITHUE YTJB.

Nrak, Bce ocTaabHble perieHns pa3zbuBaioTCs Ha TPU TPYINH, B 3aBUCH-
MOCTH OT TOT'O, B KAKOH W3 BHYTPEHHUX YTJIOB BINCAHA OKPYKHOCTH. MBI 6y-
TeM cInTaTh 6e3 OrpaHutdeHns OOIMIHOCTH, YTO BepIINHa, COOTBETCTBYIOMIAS
»TOMy yray, — 5To B. /IBe Apyrue cepnu penleHuil MOAyIaloTes W3 TaHHOH
IUKATIECKIMA MepecTaHOBKAMHI BEPIINH.

DepenunitteM cucreMmy (6) ¢ yuérom coornoutennit (7-8). Dorydaem

==+ |ul? £ 2lu||v] tggctg%i|v|2:j:|u|2j:2|u||v| p;ZiMQ,
p_

a ==+ |v]* + 2Jul|v| Ctg%tg g + |w|* = £|v|* £ 2u||v]

p_

b=+ |w|? £ 2|wl|ul/ctg % ctg % + |ul? = £|w]? £ 2|w||ul
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DaccMOTpUM KOH(pUTYpauuio 5 Ha puc. 1. DaccraBuM mist Heé 3Haku B (9)
I BBejJeM HOBble mapaMeTphl @' = —a, ' = b, ¢ = —c. Donyunm

- |U|27

/
— (15 )+l (10)

p/

b/
v =|w|* + 2w||u|4[1 - py + |ul?.

Ecan canraTh, 4T0 HEN3BECTHBIE U, W — MOJOKUTEIbHBIE, & U — YHCTO MHH-
Masg € OTPHIATETHHON MHUMOW YacThio, TO cucrema (10) mpeBpaimaercs B
cucremy (1) orHOCcHTenbHO mapaMeTpoB &', b, ¢ (5Ty 3aMeHy MOXKHO TPOWH-
TepHpeTupoBaTh KaK Mepexo K KOMIJIEKCHOMY TPeyrodbHUKY €O CTOPOHAMI
(—a,b,—c)).

DelleHnst 3TON CHCTEMBI 3aJal0TCst popMyaamn (5). DaM HYyKHO yOeTnTh-
¢, 9TO CPe HUX eCTh pellenne Ias Koupurypauun 5. /Lis 5Toro BelpasnmM
perenns (5) depes rumepGoanteckne GyHKINI®) 0T MEIMBIX JacTell yIIOBBIX
napamMeTpoB.

DyCTh )

d:@a‘l’itm b:@b+itb7 é:S‘Qc‘l’itc

Torga, ucnonbzys (popMmyay Dijaepa, I yIJIOBOT'O NapaMeTpa ¢ MOXKHO 3a-
nHucaTh CJAeIyIolIne paBeHCTBa

cos é =cht.cosp. — tshi.sin @,

sin é = cht.sin . + isht. cos ..

W3 5Tux 1 aHAJOrHYHEIX PABEHCTB IOJIYYIaeM BLIpasKeHHsA [ BelleCTBeH-
HOU M MHUMOW 4YaCTH ¢ U a:

e p—a
. = —, t. = arcch = arcsh ,
2 p—>b
e p—c
g = —, tg = arcch = arcsh
2 p—>
3) . d_ef z —x
ITanomanM, 9T0 runepbointeckue GYHKIUN onpegenstorcs Tak: chz = (e¥ +e77)/2,
shx def (e* — e77)/2. TlogpobHee o cBOHCTBAX IUIEPGOINIECKIX (DYHKIUI MOXKHO [IPOHU-

TaTh B [8].
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[lasi yraoBoro napameTpa b GpOpMyabl HECKOJBKO OTIAHYATCSA:

cosh = — Lb = chipcospp — 1 sh ity sin @y,

p_

— . b . .

sinb = —1¢ = ch ty sin @y, + ishty cos gy,
p_

Yo =T,

/ b
t, = — arcch p%b = —arcsh ]?b

Yepes t o6oznadnm (t, + tp +t.)/2. Doaydaem nckoMoe BeIpazKeHne (hop-
My (5) depe3 MHIMBIe 9acTH YIVIOBHIX TapaMeTpOB.

sh(t —t,) tch(t—t)  sh(t—t.)

—icht sh(t —t.) tch(t —1t)

sh(t —t.) —icht sh(t —tq)
ich(t —ty)  sh(t—t,) —icht

(w,v,w)==%+/p—> (11)

DepBas CTPOKa COOTBETCTBYET pellleHnio s Koupurypanum 5. Irobbl B
5TOM yOeIUThCs, JOCTATOIHO IPOBEPUTH, 4TO (tf — ), (f — {.) oTpumaTenb-
HBI. DJEeMeHTapHLIME BBHIYHCJICHUSIME € YYETOM HepaBeHCTBa TPeyrodbHUKa
mast (a,b, c) mposepsercs, aro sh(ty, +t.) < 0 < sht,, orkyga B cmay mo-
HOTOHHOCTH THIEPOOINYECKOro CHHyca cieiyer, 4To t, + L. < t,. Bropoe
HEPaBEHCTBO JOKA3BIBACTCA aHAJOIMHYHO.

CpaBHUBas apryMeHTHI Hen3BeCTHHIX B (11) n Tpebyemble HaGOPHI 3HAKOB
B cucremax (6) mis xoHurypanui 6 u 7, ybex gaeMcs, 9T0 OCTATbHEE TPH
CTPOKH TakiKe JaloT pelieHns sajgadn MaabaTTu: TpeThs — IS KOH(U-
rypanun 6, BTopas — I KOH(QUTYpalun 7, KOTJa OTMedeHHas Ha pHc. |
Bepinnna H = (', yerBépras — mis KoHdurypaunuu 7, korga H = A.

Kak m B ciydae mepBoil BOCHBMEPKHN peIlleHNI, BHIMNCHIBas cucTeMbl (6)
Js KoHpurypanuii 8—10, MOKHO TPOBEPHTh, 9TO MPH MOAXO,ISIIeM BhHIOOPEe
apryMeHTOB HEM3BECTHBIX U, V, W DTH CHCTEMbI COBHATAIT ¢ cncTeMon (10),
ecJl U3MEeHNTh 3HAKH KOd(PPUIHEHTOB MPH CPeJHUX ClaraeMbiX. JTO O3HaYa-
eT CIBUT YTJIOBBIX TapaMeTPOB Ha 7 (HATIOMHNM, 9TO 3HAKN CHHYCOB YIVIOBBIX
napaMeTpOB BHIOHPAIOTCA TPOU3BOABHO). DOXYyIaeM ClIeIyIolIne PelleHns:

ich(t —t,) —sh(t —tp) ich(t—t.)
—sht ich(t —t.) —sh(t —tp)
ich(t—t.) —sht ich(t —t,)
—sh(t—1tp) ich(t—t,) —sht

(u,v,w)==++/p—1>

(12)
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B »>Ttux ¢opmynax mepBas CTPOKa COOTBETCTBYeT KOH(MUTYpanuu 8, a Tpe-
Thii — KOH(purypannu 9. B 5ToM MoXKHO y6ennThes, cpaBHUBAs 3HAYEHUs |v]
B OHOM U IPYTOM caydae. BTopas u 9eTBEpTaf CTPOKH COOTBETCTBYIOT AIBYM
caydasaMm koHpurypanuu 10.

5. 'EOMETPUYECKAA UHTEPIPETAIINA PEIIEHUN

B zakaodenne KOpoTKO ONUIIEM IeOMeTPHICCKYI0 HHTEPIPeTAINIO pelle-
HUI.

[l mepBoil BOCBMEDKH peIleHHH paccMOTpUM cdepy pajtmyca /p/2 u
cpepuIecKnil TpeyroabHIK A na Hell, CTOPOHLL KOTOPOIO CTATHBAIOTCH XOP-
JTaMu [IHH +/a, \/5, V/C. 'DI0CKOCTH, NPOXOJline Yepes MeHTP chephl U CTO-
POHBI A pa3buBaioT cpepy Ha 8 chepHuecKHX TpeyroabHuKoB. KaKabid us
DTHX TPeYyTrOJLHIKOB ompefelseT OJHO U3 pelleHHi. A HMEHHO, BIHIIEM B
TPeYyTOAbHIK OKPYKHOCTEL, TOTa PACCTOAHNS MEKIY BEepIINHAME TPEYTOdb-
HIKa U TOYKAMH KaCaHHA JaloT MOTYIH HCKOMBIX HEH3BECTHEIX U, U, w.

B ocTalbHBEX cIyYafx HY:KHO OIPOBECTH aHAJOMHYHOE IOCTPOCHIe B IPo-
CTpaHCTBe, CHAGKEHHOM IceBIoMeTpukoil d? = 22 — y? — 2%, Doab cdep B
5TOM TPOCTPAHCTBE HIPAIOT JBYIOJIOCHBIE THIEPOOION L (TICeBIOChEpPHI), &
IX OeHTpaJbHEe IIOCKHe CeUeHnsA CYTh «00bIIne Kpyriy. Tpu TaKux cevenns
pa3buBaioT mceBrocdepy Ha 8 obaacTed, olHa U3 HUX HMeeT JHHEHHBIE pas-
MepLI W, \/F, V. B ICeBJIOMeTPUKE OHU ABIAIOTCA ANO0 BEleCTBEHHLIMI,
An6GO INCTO MHEMBIMHE dnciaMu. OKpyKHOCTDL, BOHCaHHAA B ICEBIOChEpH-
YecKHI TPeyrodbHuK, OIpelelfieTcs TOUYKaMI KacaHusd 00pa3yIoliX ero 1yr
¢ 00mIel KacaTelbHOl IMIOCKOCTHI0. Moayin paccTOAHUNE OT TOYEK KacaHHd
BINCAHHOH OKPYXKHOCTH IO BEpIINH TPeyrodbHHKa [aloT MOIYJIH HCKOMEIX
HEeN3BeCTHLIX.
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Hain CEMMUHAaAP: MaTeMaTHUIECKHUeE
CIO2KE€ThI

Bestkoe 111 11eOBIIIEBCKOE MHOZKECTBO BbIHyKJIO?

A. P. Amumor*

Dycth M — HemycToe 3aMKHYTOE TOAMHOXKECTBO IIOCKOCTH U & — TOY-
Ka, He NpuHamiexaiias emy. Torga mis TOYKH & Bcerja CYIIECTBYET TOY-
ka u3 M, 6amxkaimas K Hell (3TO JOKA3bIBAETCSA HUIKE), T. €. TaKas TOYKa
Yo € M, 4T0 paccTosiHue OT & 0 Yo He BOJbIIe, YeM pacCTOsHHE OT Z [0
aobon Touku y € M. (Takux Gamkalmnx K @ TOYeK MOKeT OBITH, BOOOIIe
roBOpsi, MHOTO.)

Eciu M — 3aMKHYTHEE KPYT U TOYKa 2 jJexkuT BHe M, To bankauiias K &
TOYKA g €JUHCTBEHHA, OHA JEXKUT Ha MepecedeHut OKPYKHOCTH, OTDaHU M-
Bafoleln Kpyr M, u ayda, HauWHAOMIErOCH B IeHTPe KPyra U MpPOXOSAIIero
Yepes TOYKY &. Do ecau M cOcTOUT BCero u3 IBYX TOYEK Y U Yz, TO BO3-
MOXKHBI B Caydyas:

— TOYKa ¥ He JeXUT Ha CepeJInHHOM MNepIeHTukyaspe [ K oTpesky [yi;yz],
OamKaliliasg K & eIUHCTBEHHA — WIH Y1, WIH Yo;

— TOYKa ¥ JeXKUT Ha [, OAMXKauIMe K & OyIyT o6e TOYKT i U Ya.

Touku, 1ist KOTOPHIX HJHKaUIIAs TOYKA HeeTHHCTBEHHA, HATIOMUHAT 00 13-
BECTHOM 6ypudanosom ocde, KOTOPHEH CTOMI MEXIY ABYX PABHOYTAJEHHBIX
OT HEero MeIIKOB ¢ OBCOM W TOruG OT roJofa, TaK U He pPelinB, Kakou u3
MEIITKOB HAXOMUTCS K HEMY OJuze.

BosuukaeT Bompoc: kak onucams 6ce 3amxnymuie muoxcecmea M, das
komopuix Gauscatiwas uz M x wo60i mouxe x eduncmeenna?

*PaboTa BHIIOJIHEHA TIPU TTOAAepXKKe Poccuiickoro ¢porma GpyHAaMEHTANBHEIX TCCIeL0-
Bauuit (npoekT Ne96-01-00212) u nporpammer «Begymme nayunble mkonsny (mpoekt Ne 96-
15-96102).

MaTemaTu4eckoe npoceeleHune, cep. 3, Bbin. 2, 1998(155—172)
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Bravaje MBI pacCMOTPHM DTOT BOIPOC B eBKJMIOBON mIockocTu R2, a
3aTeM — B GoJee o6IIeM n-MepHOM eBKJIHIOBOM NpocTpaHcTBe R,

[Mnst Todek x,y ¢ xoopgmuaTamu = = (ay,a2) n y = (f1,F2) Ha mwiIoC-
koctu R? onpegerum wucio (x,y) = ayf) + azfs, HasbIBaeMOE CKAAAPHBIM
npouséedenuem BeKTOpoB & u y. W3 onpejgenenns (-,-) cpasy cieiyer, 9To
(2,y) = (y,2) 1 {aw + By, 2) = ale, 2) + By, 2) npn a, 5 € R. Dog pacemos-
HUEM MeXKIy HUMH MBI OyjJeM IOHHMaTh OOBITHOE eBKINIOBO PacCTOAHNE

Iz = yll = V{2 =y 2 —y) = V(o1 = B1)? + (a2 = Bo)?.

O6o61eHneM pacCTOSHAS MEXKIY TOYKAMH ABIAECTCSI MOHATHE HAUAYUUWE20
npubausrcenus nin paccmoanus p(x, M) om 3adannoi mourxu x do 3adannozo
Mmruoaxcecmea M

M) = inf ||z —y|.
pla, M) = inf Jlz—yll
DOI JAEMEHMOM HAUAYUULE2O0 NPUOAUNCENUA WL Oauxcatiwed moukod [LIs
3aaHHON TOYKH & MBI OyjeM IOHHMATh TY TOYKY Yo € M, mais KoTopoi
|z — yol| = pla, M), 1. e. ||z — yo|| < ||z — y|| mrst m06BIx y € M. MuoxkecTBO

BCcex OaMmKanInx Tovek us M 1id 3aTaHHON TOYKE & obo3HadaeTcs Px.

ONPEAEJIEHUE. DenycToe MHOXKecTBO M HazbIBaeTCH ueHbluléscrum, ec-
Jau abas TOYKa  UMeeT TOYHO OfHy Oamkanmryio B M:

Ve Pz cocTonT m3 OTHOU TOYKH.

Ecin M — 4eb6BIIIIEBCKOE MHOXKECTBO, TO 0ToOpakeHne P, comocTaBasonlee
TOUYKe ¥ €€ OamKanyio Touky Pz us M, HasbIBaeTCSI Mempuueckotl npoek-
yuetl Ha MHOXKecTBo M.

DPOCTHIMHE TIPUMePaAMH 4YeObIIIEBCKUX MHOMXKECTB CIYXKAT 3aMKHYTHIIT
KPYyT, OTPe30K IIN IpsMas Ha mIockocTn R2.

Hcnoab3ys BBeéHHOE MOHsATHE YeORIIIEBCKOTO MHOYKECTBA, NepeopMy -
pyeM MOCTaBJIeHHBIH BHIIIE BONPOC: ONUCAMb 6CE UEOBIULESCKUE MHONCECTNEA
6 R? (B R™).

DepBhie 3HAYNTENBHBIE PE3YJIbTATHI, OTHOCAIINECH K 4eGhIIIEBCKUM MHO-
JKecTBaM, ObLIN TMOJYYeHBl B T€OpUH NpuOIAMKeHus (PYHKIUN OJHUM U3 OCHO-
BaresneMm »Tou Teopun . JI. YebréBrIM. DaszBaHle «4eObIIIEBCKOE MHONKE-
cTBO» 6bLIO gaHo nozjgHee C. D. CTeukunbiM B YyecTh YebriinéBa.

DepBBIME, KTO HCCAEMOBAI NeOMeTpHYecKie CBONCTBA 4eBhIIIEBCKUX MHO-
wkecrB, 6btau JI. Dyur u T. Moukuu. B cepegune 30-x rogoB DyHT OTBETHI
Ha TMOCTABIEHHBIN BOTpoC g ciydas R” (em. o63oper [2] n [3]) u mamén reo-
MeTpUYeCcKoe CBOUCTBO, XapaKTepusylollee 4ebhIIEBCKIE MHOKecTBa. Takum
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reoMeTpUYecKuM CBOHNCTBOM OKa3alach BRINYKJIOCTh. MHuOKecTBO M HazbIBa-
eTCA 6bINYKAbLM, eCAN TAd JI06BX ToueK z,y € M muooxkecTBo M comep:KuT
OTPe30K [; Y], IX COeUHAIONINE. DanpumMep, KpyT Ha IIOCKOCTH — BBITYKIOe
MHOXKEeCTBO, & OKPYKHOCTh — HeT.

TeorEmMA (JI. IIVHT). Mnoocecmeo 6 esraudosoi niockocmu (6 npo-
cmpancmee R™) asasemen uebbiuéscrum moeda u moavko moeda, K020a ono
2AMERYMO U 6bINYKAO.

SaMKHYTOCTH YeOLIIIEBCKONO MHOXKECTBA, OdeBHAHA. Kcam GbI 0HO OBLIO
HE3aMKHYTHIM, TO HallLIach ObI TpefelbHas TOYKa MHOXKeCTBa (T. €. TOYKA,
PaCIoIOKeHHAs HA HYJIeBOM PAcCTOSHNN OT MHOMXKECTBA), eMy He MpHHAITe-
JKalllas, HO TO IPOTHBOPEIHIO ObI YeObIIIEBOCTH MHOXKECTBA. JOITOMY TaJjee
BCe pacCcMaTpHBaeMble MHOXKECTBA Oy IyT IPeInoJaraThcs 3aMKHY THIMHE.

ocmamournocms B TeopeMe IMOYTH OYeBHIHA W ObLLIa M3BECTHA OYeHD
pasuo. CyllecTBenno 6ojee TPYIHO JOKa3aTh Heobrodumocmd BLIIYKIOCTH.
Mger npuBOIIM HECKOJIBKO TOKa3aTeIbCTB DTOrO0 3aMeYaTeIbLHOIO YTBEPK Ie-
ang. /JokazaTelbCTBO JOCTATOIHOCTH U IIePBBHIE IBa JOKa3aTeIbCTBa HE0O-
XOTUMOCTH ISl HATJAATHOCTH Oy IyT HPOBEIeHBI MJIf MHOKECTB B €BKJIHUJOBON
mrockoctn R2.

Bse1ém neckonbko obosnadennii. Ecaun ¢ € R? u r > 0, To nonoxum
B(z,r)=A{y € Rz‘ | —y|]| < r} — Kpyr ¢ meHTpOM & U paTuycoMm r,
é(m, ry={y¢€ Rz‘ |l — y|]| < r} — OTKPBITHII KPYT ¢ HEHTPOM & N
pagnycom r, («BHyTpeHHOCTBY Kpyra B(z,r)),
S(z,r)={y € R? ‘ |l — y|| = r} — OKpPY:KHOCTH ¢ HEHTPOM & W PATHYCOM I

ﬂOKABATEJIbCTBO AJOCTATOYHOCTN.

DycTh MHOKeCTBO M, pacnofoKeHHoe B eBKIN-

JOBOH IJIOCKOCTH, BLIMYKJIO W 3aMKHYTO M TOY-

ka z He dexkuT B M. JlokaxkeMm, 9To & nMeeT B

TOYHOCTH OAHY OAMZKalIIyo TouKy us M. w
Jorazameabcmeo cywecmeosanus, OIuKal-

mero »1eMeHTa H3BAeYeM U3 TeopeMmbl Beliep-

ITPacCa: HENPEPLIBHAA PYHKYUA Ha Kounarme')

docmueaem ceoe2o munumyma. BozbMeém 106yT0 Puc. 1.

rouky & € M u noaoxum r = ||z — &||. Torna

(cum. puc. 1) muoxkectBo M’ = M N B(z, r) BEIYKIO, 3aMKHYTO (Kak mepece-

deHne ABYX BBINYKJIBIX I 3aMKHYTHIX MHOJKECTB) I OTpaHHYeHO (HOO JeKNT
B Kpyre pajgnyca r). CregoBaTeqbHO, OHO KOMIAKTHO.

1 2
)B R*n B R"™ KOMIIAKT — 3TO B TOYHOCTH 3aMKHYTO€ OI'PaHUuYIeHHOE MHOXKECTBO.
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Y1 z Y2

Puc. 2. Puc. 3.

Dynxuns f(y) = |lv — yl| = /(@1 — B1)% + (az — B2)? HenpepuiBHa. 3Ha-
q9UT, OHA TOCTHraeT MuHEMYMa Ha M’ B HekoTopoil Todke §, T. e. ||a — §|| <
< ||l@ — || gas Becex € M. A Bre M’ n106as TOIKa OTCTORT OT & HA PAcCTO-
aune, 6oabuiee ||z — £||. 3nadnt, § — Onmkaiuias Touka K @ B M.

Aoxazameavcmeo eduncmeennocmu. Iycth M — BHINIYKIOe 3aMKHYTOe
MHOXKecTBO. [JlomycTum, 9TO st HeKOTOpon Todkn x ¢ M HaligyTcs mnse
6amKafime TO9KH Y1, y2 € M. Dockorbky M BeIyk/I0, TO TOUKa 2 = (Y1 +
+ y2)/2 — cepenuna oTpeska [yi;yz] — npuHamiexnT M.

B (HeBbIpOXKIeHHOM) paBHOGEIPEHHOM TPEYIOJbHIKE ¢ BepIImHAME
Z, Y1, Y2 (CM. puC. 2) TOYKA 2 SBIAETCS OCHOBAHWEM BBICOTHI, ONMYIIEHHON N3 &
HA CTOPOHY [y1; Y2], T. €. €€ IInHA MeHbUE TINHB GOKOBON CTOPOHBl — 9YHCIA
|z — y1|| = || — y2||- Urak, bl Hauun Touky z € M, Gofee 6IN3KYIO K @, 9eM
Y1 M Y2, 9TO NPOTHBOPETUT BLIGOPY ToUYeK Y1 U Yo. ClemoBaTesbHO, HCXO/I-
HOe MPeINoNoKeHe 0 HAIUYHI Y & [IBYX OJMKAlIINX TOYeK OBLIO HeBepHO,
no3ToMy M — 9eGHIIEBCKOE MHOKECTBO. [l

1. JTOKABATEIRCTBO JI. IIYHTA

(Cwm. [4].) MomycTum, 9T0 YebbIéBCKOe MHOKecTBO M HeBhimyk.10. Torma
HAWAYTCs TOYKH xy, 22 € M m Todka y Ha OTpesKe [x;x3] Takue, 9TO y He
gdexut B M. Dockoabky M samkuyTo n y ¢ M, To Hamgércs qucio £ > 0
Takoe, 9T0 Kpyr B(y,¢) He nmepecekaercs ¢ M.

DacCMOTPUM COBOKYTHOCTD §) 6cexr 3aMKHYTHIX KpyroB B(z, p), KaxK Ibiil
13 KOTOPHIX cofepKuT Kpyr B(y,£) u He mepecekaeTcsi BHYTpeHHOCTHIO ¢ M
(B(y,2) C B(z,p) u B(z,p) N M = @). fcno, 410 Q 3aMKHyTO. DOKazkKeM,
9TO PAJHYChl p DTUX KPYT'OB OI'PaHIYeHEl.

[efictBurensro, nycts B(z,p) € Q mepecekaeT OTpPe30K [21;%2] B ABYX
TOYKAX 7)1 W 72, PACCTOSIHNE MKy KOTOphIMH 2a (cM. puc. 3). O6osHadnm
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depes b paccTosiHIE OT Z M0 XOPABL [11; 7)2]. AcHo, 910 b+ ¢ < p = Va? + b?,
otkyga b% + 2bs + 2 < a? +b* u b < (a® — %)/ (2¢), snaunt, p? = a? + b* <
<a?+ ((a® - 52)/(25))27 49T0 I TPeGOBAIOCH.

Ecan B(z,p) € Q, To mist ero meHTpa z BHIIOJHEHBI 1BA YCIOBHS:
— MPOEKINS Ha OTPE3OK [T1; Ty] JEKUT MEXKIY &1 U To;
— paccTosHHe OT 2z [0 NPAMOH, COeIUHAONIEH Ty U 9, He OOJbIIe, YeM
(@ — £2)/(2).

DOJIyIMI0Ch, YTO COBOKYNHOCTH (z,p), cooTBeTcTByIOIINX B(Z,p) € Q,
eCcTh KOMIAaKT. 3Ha4uT, no Teopeme Beiepirrpacca B ) Halgéress Kpyr
B(z0, po) MakCHMaIBHOTO PAINyca. DPH DTOM 00A3ATENBHO

B(Z(),po) N M 7£ @7

unave B Q Hangércs kpyr B(zg, p1) 6oavwezo, uen pg, paguyca (J0CTATOTHO
HOJOKUTH p1 = Minyeps ||V — 20| > po, Torga B(zo,p1) "M =@ un B(y,<) C
C B(z0,p0) C B(zo,p1)). DycThb Tenepsb yg € M — Touka, 6imKamimas K 2o,
toraa p(zo, M) = ||z0 — yo|| = po.

Dockoabky B(y,e) C B(zo,p0), TO
rpaHmdHas OKPYKHOCTBH S(Zo, po) Kpy-
ra B(zg, po) nan ue nmeer ¢ B(y,¢) nn
OJHON OOINell TOYKH, AN HMeeT OIHY
o6uryio TouKy w (puc. 4), KoTopas, Tak
Kak B(y,e)N\M = @, otandsa oT TOYKN
{yo} = M N S(zo, po). Ecim mer Teneps
caBuaeM Kpyr B(zo, po) Ha Ma.ioe pac-
CTOAHNE B HANPABICHIN BEKTODA iJgZ0
(B cryqae S(zo,po) N B(y,e) = @) nan
B HallpaBJIeHUH BeKTopa Joi (B ciydae
S(z0,po) N B(y,e) = {w}), To kacamue
cABHHYTOTO Kpyra B(zg, pp) 1 MHOKe-
cTBa M ucvesHerT.

[eficTBUTENBHO, PACCMOTPAM BTOPON caydain (puc. 4). DycTh TOUKH P, ¢ €
€ S(zo, po) BEIOpAHBI TAK, YTO AHAMETD [p; ¢] NepleH THKYIsipeH Xope [w; yo.
HMuamerp [p; ¢] pazbuBaeT Kpyr Ha jaBa noaykpyra: Iy u Iy, npu sTom canra-
em, uto w € Iy, yg € Il3. Dockoabky M 3amkHyTO U He nepecexkaercs c Iy,
TO pacCTOAHNE OT 000N TOYKHN TOAyKpyTra 117 1o MHOKecTBa M Gobliie He-
KOTOpOTo 4ucia ¢ > 0. DodToMy Halgérca qucio b > 0, 4To mis Jio6oro ¢,
0 < ¢ < b, casur () = I} + ¢ - o noaykpyra Il; na BekTOp € - Youb
He mepecekaeTca ¢ M. Jlazee, Ipu caBuTe Ha BeKTOp b - ol JM06ad TOU-
Ka TpaBoro moaykpyra Il mepeiinér B HekoTOpyio Touky moaykpyra Ili(c)

Puc. 4.
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st HekoToporo ¢ € [0;b] u, mo moxkazaHHOMY BBIlIE, He OygeT JexaTb B M.
Urax, casunyTeiii kpyr B(z), po) = B(z0, po) + ¢ - Joib ne nepecexaercs ¢ M
(20 = 20 + ¢ o), T. e.

B(yvg)CB(Zéva)v B(267p0)ﬂM:®.

Suaunt, B(zy,po) € Q. Do Torga B(z), p2) € Q maa py = mingen |[v — 2l
ITO BBUAY P2 > po TPOTHBOPEINT MAKCHMATLHOCTH pg. DTO TOKA3HIBAET, ITO
JTOTyIIeHne HeBLINYKJIOCTH M BeméT K TPOTHBOPETNIO.

DepBHIH CAyYall pacCMaTpPUBAETCS AHAJOTHIHO. O

2. TOKABATEJILCTBO B. Kiau — B. 1. [IepabimieBA — JI.II. BaAAcCoOBA

(Cu. [3, 8].) KuoueByo poib B 9TOM [MOKa3aTelbCTBE HIPaeT Teopema
Dpayspa?) o cylecTBOBAHII HENOIBHKHON TOYKH IPH HEIPEPLIBHOM 0TOGpa-
KeHIN Kpyra B cebs (cm. [5], [6]): npu nenpepvienom omobpaxcenuu f xpyea
B(z,r) 6 ceba cywecmeyem nenodsuicnas mouka; m. €. HaUdémes mouka
zg € B(x,r) maxas, umo f(z9) = zp. DTa BaxKHAf TeopeMa TaK:Ke BepHA 1
IPH HENMPEPHIBHOM OTOOpayKeHHH TPOU3BONBLHOIO BEIMYKJIOI0 KOMIakTa n3 R™
B celd.

YeaoBue BHIMYKJIOCTH B TeopeMe Dpaydpa BaxkHO. DalnpuMep, Jo60H 1o~
BOPOT OKPYAKHOCTH Ha YroJ, oTAndHbil oT 360n°, n € N, ne umeer Hemo-
OBIKHOU TOYKH.

w ONPEAEJEHNE. YebbIéBcKkoe MHOKE-
cTBO M HazbiBaeTCs 4eObIUESCKUM COAH-
yem, ecan (cM. puc. 5) mis 10600 TOIKH ,
He Jexaliein B M, nroGast TouKa w U3 JIy4a,
HaudnHalomerocs B ¥ = Px u npoxoagiinero
qepes ¥, HMeeT TOYKY Y CBOeH GJAMMKaHnIIen
u3 M.

Puc. 5.

Meul mokaykeM TeopemMy OJYVHTa, MOKa3aB, 9TO BCAKOE 4eGhIINIEBCKOE MHO-
JKeCTBO ABIAETCS TeOLITIEBCKUM COTHIIEM U ITO BCAKOE TeOLINEBCKOE COMHIE
BBIMYKJIO.

JIEMMA 1. Yebviwéscroe mnoxcecmeo na naockocmu (8 R") saeanemesn
YeOLUUES CRUM COANYECM.

2
)Pep;[bnueB HUCTIoNb3yeT Gonee craboe, deM TeopeMma Ppayspa, yTBepxaerne. Ero goka-

3aTedbCcTBO B 1960 I. MOAYYMAO 30J0TYIO Melalb HA KOHKYpPCE CTYAeHIeCKNX paboT.
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ﬂOKABATEJIbCTBO JEMMBI 1.
Dycth M — 4ebhINIEBCKOE MHOKECTBO U
x ¢ M. DocpenctBom { 06O3HATNM JYH,
HadHHAIOMHUICA B iy = Pr U Hpoxo daini
depes z. DojgoxuM r = ||z — y|| 1 obo-
suadnM B = B(z, ||z — y||). Onpererum
oTobpaxkenne ¢g : B — B mo ¢gopmyae

[z = yll

NI (w—P2), € B
|z — Pl

9(z) =z +

(Touka ¢(z) JeKUT Ha MepecevdeHun Iy a,
ICXOAAIIEro U3 & B HampaBlennu Pz, c
Puc. 6. oKkpyxKHOCTBIO S(2,7)) (cM. puc. 6)).

o~

Jlokaxxem, 9T0 oTobGpaykenne ¢ HempephiBHO. [l >Toro mokaxkeMm, 9TO
MeTpudecKkas Mpoeknus P #a d9e6GhIIEBCKoe MHOKECTBO HeNMpPEPHIBHA.
Cravana samernm, 4To ecau u,v € R? (u,v € R"), 1o

plu, M) < Jlu = vl + p(o, M), |p(u, M) = p(o, M)[ < flu = vl (1)

[elicTBUTENBHO, 15 06010 $ € M B cuily HepaBeHCTBa TpPeyTrOJbHUKA HMe-
em |[u — s|| < |lu— |+ |[v—s|. Bospmém HmKHIOIO Tpanb 0 s € M cHa-
qajia B JIeBOH 9acTH HepaBeHCTBA, a 3aTeM — B npaBoi. Joxaydanm p(u, M) <
< lu = o|| 4 p(v, M). DovensB MecTaMn u 1 v B IPeILIIYIIEM PacCyiKIeHuN,
noayaum p(v, M) < ||u — v|| + p(u, M). Dosromy

Ip(v, M) = plu, M)| < [u—v].

Tenepb peANONOKIM, 9TO MeTpHYecKas NpoeKnus P paspbiBHa B Heko-
TOPOH TOYKE U, T. €. HAHAYTCS 9ucao £ > 0 1 mocIefoBaTenbHOCTh {Uy, Frel,
Uy, — U, Takue, 910 ||v, — v|| > £ g Bcex n € N, roe Pu,, = v,, Pu=v
(MoxeM cunmTaTh, 4TO u # v). B cuny (1) mociaenoBaTenbHOCTH {Vp fneN
orpaHmYeHa. DYcTh 0 — eé mpegenbHas Todka. flcHo, 9TO ¥ # v. Do (1)
|lu = 0| = lim,e0 ||tn — val|| = p(u, M). Tax kax M 3samkuayTO, TO 0 € M,
T. €. 06€ TOYKH v, O ABAAIOTCH OAMKANIINMEI K % — TPOTHBOPEUNe C YCJIOBHEM,
970 M — 4debHIIIEBCKOE MHOXKECTBO.

Nrak, MeTpudeckas npoekius P HempepbiBHa. D0dTOMY OTOOpayKeHHe ¢
TaKzKe HelpepbiBHO. DPUMEHHM TeopeMy Opayspa O HelloIBHKHON TO4YKe K
BLINYKJIOMY KOMIakTy B 1 oToOGpaKkeHWIo ¢: HaljIéTcs TodKa zg € B Ta-
Kaf, 9T0 g(z0) = zo. U3 onpenenenus ¢(zo) creiyer, 4TO TOYKa & JEKUT Ha
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OTpesKe, COeNHSAIOMIEM 2o ¢ e€ OJIMKANIINM daeMeHTOM Pzg. Dpn 5ToM (Kak
JETKO CleyeT U3 HepaBeHCTBa TPEYTOALHNKA 1 TOT0, 9T0 M — [1e6HIIEBCKoe
MHOZKeCTBO), OJHMKANIINM 2IeMeHTOM K J0001 ToYKe oTpeska [zo; Pzg] OymeT
TouKa Pzg. Do mis x 6amKaiiias Touka y = Pz, u OHa e IMHCTBEHHA. SHAYUT,
Pzy = y. CieoBaTenabHo, Iis BCeX TOUeK OTpe3Ka [y; zp] OamKaliien TOIKOn
3 M aBiseTcs ToUKa ¥.

DpuMeHnssi IpeIbIAYIINe PAacCyKIeHus, MPOBelEéHHbIe i &, K TOYKe Zg,
MBI eI11é gajee caBuHeMcs mo ay4dy £. B nrore mis pioboi Toukn w € £ Towka
y Oyzrer exmncTBennon oamxanmien uz M. Jlemma 1 rokasana. [l

JEMMA 2. Beskoe uebviwéscroe coanye 6 R* (B R") evinyr.ao.

Mur gagnM JgBa TOKa3aTelbCTBaA 3TOTO (PaKTa.

JOKA3ATEILCTBO. Cnocosb | (amaantmaeckun) [8]. Dycrs 2,y € M n
z=Ax+ (1= ANy € [z;y], rme 0 < A < 1. Dockonbky M — debwIméBckoe
conune, To npn z ¢ M xaxmas touka z+ 6(z — Pz) mas 0 > 0 nmeer TOYKY
Pz cpoeir 6amkaiiien us M.

DockoabKy Pz — 6nmkaiuias Touka pis 2 + 0(z — Pz), To

Iz +0(z = Pz) = 2||* > ||2 + 6(2 — Pz) — Pz,
U, [IOJb3YACh CBONCTBAMI CKAJISAPHOTO IPON3BeJeHNs, MBI MOIY IaeM
|z — x||?/0 +2(z — P2,z — 2) > ||z = Pz||*/0 + 2(2 — P2,z — P2).
Yerpemisas § — 00 B HTOM HepaBEeHCTBe, MBI IOy daeM
(z = Pz,z —2) > ||z — Pz|].
AHaJOrn4HO, NOACTABIAA B IPEIBLIYIINX PACCyKIeHIAX J BMECTO &, HIMeeM
(o= Pryz—y) > s - PoIP.

YMHOXKaA IBa MOCIeJHIX HepaBeHcTBa Ha A 1 (1 — A) coOTBeTCTBEHHO, CKla-
AbIBaf UX U yIHTHIBafA, 4T0 z = Az + (1 — A)y, HaxoquMm, 4TO

0> ||z — Pz||.

Urak, ||z — Pz|| =0, otkyga 2 = Pz € M, 1. e. M — BBIIyKIIO.

Cnocos Il (reomerpuueckuin). Dycts @ ¢ M, y = Pz. DocpencTBom
I' obozravum kacaterbuyo K Kpyry B(z,||z — y||) B Touke y. De3 orpann-
d9eHnst OOIHOCTH (CHTYalust He N3MEHUTCS NPH OTHOBPEMEHHOM CIBUTE WK
MOBOPOTE PACCMATPUBAEMBIX OOBEKTOB), CYNTaeM, 4TO MpsiMas [ coBnajaer
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¢ ocbio abcunce, a Touka ¢ = (0,&) aexnt Ha ocn opauaar u & > 0. Torma
y = (0,0).

D0 CBOICTBY comHedHocTH a06as Touka w ayda £ = {Az |A > 0} umeer
cBoel GamKailel ToUKy y. DoyTomy npsiMas [ 6ymer kacareibHol K JH060MY
kpyry B(w, [Jw —yl]), w e L.

Dacemorpum 11 = Uy B(w, ||lwl]]) —
oObeJHEHIe OTKPHITEIX KPYTOB € IeH-
Tpamn na {. Ormerum, aro B(w, ||w]))N
M =@ mns w € (. Dyctb z — npous-

/ N\ BOJIbHAS TOYKA B BepXHel MOXYIIOCKO-

f \ cTH. DocKoIbKy [ — eguncTBennas Ka-
| } caTeabHas K aiobomy kpyry B(w,||w]]),
/ w € {, To nHTEpBaX (z;Yy) O0GA3AH Te-
peceKaThbCs ¢ BHYTPEHHOCTHIO HEKOTO-

A\ e poro mapa B(z,&) € Il. Do Tora, ec-
y=(0,0) T A TOYKA W HMEeT JOCTATOYHO OGONb-

IO OpAUHATY, TO TOYKA 2z Oyjer Je-

xarb B B(w, ||w])) (310 Brnoaneno, ec-

Puc. 7. mw > (GG +C3)/(2¢), rre z = (C1,Ca),

C2 >0, w=(0,w)). CregoBarenbHo, z € Il u BepxXHss TOMYIIOCKOCTH COBIA-
maeT ¢ Il m He cogep:kuT Tovyek u3 M.

Urak, aobyto Touky @ ¢ M MOXKHO OTAeanTh 0T MHOXKecTBa M mpsimol,

He cogepxatnein z. CregoBartenbro, M BHIYKIO (IeHCTBHTEIHHO, €Can OBl

HAIILINCH TBe TO4YKH u,v € M rmakme, 9to ¢ € [u;v] u @ ¢ M, T0 TOUKy

& OBLIO 6Bl HEBO3MOXKHO OTJIeanTh 0T M TpsMoi). D0odToMy 4deBHIIIEBCKOe

corane M BunmykJo. Jlemma 2 moka3zaHa. (|

Teneps neobrodumocms B TeopeMe IyHTa HeMEJIIEHHO CIeIyeT W3 TBYX

JMTOKa3aHHBIX JeMM: IO JeMMe 1 KaxKioe 9eOLIIIIEBCKOe MHOXKECTBO fABAACTCA
9eOLIIIEeBCKIM COJHIEeM, a IO JeMMe 2 BcAKOe COJHII€ BBINTYKJIO.

* ok * ok

Caegyoliime 1Ba TOKa3aTelbCTBAa T€OPEeMbl DYyHTA MBI [aliM B KOHEYHO-
MEPHOM €e6kAUdo60M npocmpancmee R™. DIeMeHT dTOr0 TPOCTPAHCTBA —
n06asi COBOKYITHOCTH & = (Q, &g, ..., Q) U3 N TeACTBATENBHBIX THCEN. DTH
YHCAA O, (g, . . ., (v, HABBIBAIOTCS KOOpuHATaMu Touku z. [lelicTBus ciaoxe-
HUS U YMHOMXKeHUs Ha 4ucjio A € R npouzBoisTcd M0 CASAVIONHM TTPaBHIAM:

$—|—y: (a17a27"'7an)+(ﬁ17ﬁ27"'7ﬁn): (041+ﬁ17052+ﬁ27"'705n+ﬁn)7
Az = Mag, ag, ..., an) = (Aag, Aag, ..., Aay,).
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Mast mobbix @ = (0q,...,a), y = (B1,...,0,) € R" onpenennm crarspnoe
npouseedenue BeKTOPOB T U Y 1O opMy.Je:

<$7y> = O‘lﬁl +...+ O‘nﬁn-

DTo onpejejenne 0606IIaeT N3BECTHYIO (POPMYIAY BLIPAKEHUS CKaJIsIpPHOTO
IPOU3BeeHns B TPEXMEepPHOM IPOCTPAHCTBe Yepe3 KOOpAMHAThI COMHOKNTE-
Jell B OPTOTOHAJIBHON CHCTeMe KOOpAnHAT. Jlerko BmaeTh, 9TO (-, -) yIOBIe-
TBOpseT caenyiomnm TpeboBanusM: (z,y) = (y, ), (z,y+2) = (z,y) + (z, 2),
Az, y)y =Nz, y), (x,2) >0npun ¢ 0 u (z,2) =0 npn z = 0.

aunoti BeKTOpa T B eBKINIOBOM NPOCTPaHCTBe R” HazbIBaeTCA THCIO

] = y/af+---+al = V/(z,2).

3. JIOKABATEJLCTBO ACILUIYHIA — DUKKEHA

DTO [OKA3ATENBCTBO, KaK W MOKa3aTelbCTBO M3 caenyioiero m. 4 (¢ mo-
MOIIIBIO IEMMBI 06 O9NCTKe), 6y 16T ONNPATHCA HAa CBONCTBA MHOKECTB C eTHH-
CTBeHHOH HanboJee yIaIéHHON TOYKOHW I CBONCTBA HHBEPCHU € THHIIHON cde-
pBI, Jatorlinecs HUKe.

dycerb @ € R"u M C R™ Touka yg € M nasniBaeTcs naubosee yoarénnot
mouxot w3 M mas x, ecan

[l = yol| = sup{lle — yl| |y € M3, . e |lz = yoll > [l —yll Yy M.

CkaxeM, 9T0 MHOKecTBO M o61agaeT CBONCTBOM edUHCMEEHHOCTIU HAUOO-
aee ydaréunotd mouxu, ecan misg gioboro ¢ € R” B M cymecTByeT B TOTHOCTH
0/lHa TOYKa g, HauboJee ygaiénnas oT z. Takune MHOXKeCTBa B KAKOM-TO CMbI-
cie «oBpaTHBD K YeBhIEBCKUM MHOXKecTBaM. OToOpaKkeHne, CONOCTABIAIO-

Ilee TOYKe ¥ €€ HanboJee yIaJeHHyo Todky u3 M, 0603HAYNM MOCPEICTBOM
F:R*— M. Utak,

Fle)e M, |z = F(2)|| = sup{lle -yl [y € M}.

Jlerko BugeTh, YTO NPUMEPOM MHOXKECTBAa CO CBOHCTBOM eJHHCTBEHHOCTH
nHauboJee yIaJEHHON TOYKH CIYAKUT OJHOTOYeYIHOe MHOKeCTBO. /Ipyrue mpu-
Mephl TAaKHX MHOMKECTB HE.Ib3A IIOCTPOUTH, 9TO MOKa3bIBaeT CAeAyIolas BakK-
Hasg TeopeMma (cM., HAmp., [8]).

TeorPEMA (UECCEH). Toavko odnomoueunvie mnoxcecmea 6 R obaa-
darom c60lUCmeom eQUHCTNEEHHOCIU Hauboaee YOUAENHOT MoK,
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JOKABATEJIBCTBO. JyjIeM TOKa3biBaTh TEOPEMY TOJbKO IS BaMKHY THIX
MHOXKeCTB. dycth M C R” — 3aMKHyTOe MHOXKECTBO CO CBOUCTBOM €[THH-
CTBEHHOCTH Haubodee yralénuon Touku. fcuo, aro M orpanudeno. dyctsb F :
R"™ — M — oTobpakeHne, cOMoCcTaBAgIONee TOUKe 2 €6 HanboJee yIaJeHHYIO
TouKy u3 M. Dokaxem, 4T0 oTobpaxKenue F HENPEPHIBHO U fajee IPUMEHUM
TeopeMy Jpayspa O HENMOIBHKHON TOYKe K Npom3BoIbHOMY Mmapy B(zo, 7o),
comepKaiemy M.

DPEIIOJOKUM, 4TO oToOpakenune I’ we sBiseTcs HenmpepbiBHbIM. Tormpa
HAWlIETCH MOCJAeJI0BATEIbHOCTE X1, ...,2k, ... Todek u3 R” cxogsmascs K
TOYKe ¥, I TaKaf, 4TO MOCTefoBaTeqbHOCTH I'(21),..., F(xg),... HE cXo-
guresi K Touke F(z). Dockoabky M orpaHmdeno, TO HaHIETCA MOAIOCTENO-
BaTeNbHOCTD &y, ..., L, ;... 1OCIEIOBATEIbHOCTH L1, ..., Lk, ... TaKad, ITO
nocienoBaTebHoCTh F(24, ), ..., F'(2;,),... CXOI0TCSA K HEKOTOPOI TOUKe ¥,
omavunot ot F(z). Dockorbky M samkuyTo, To y € M. Touxkn F(z) n y
Hauboee yIaJeHbl 0T & — NpOTHBOpedne ¢ onpegeienuem M. DodpToMy 0TO-
Opakenue I’ HepephLIBHO.

Cyxenne orobpakenus F' Ha HelycToe KOMIIAKTHOE BBIYKJIOE MHOKECT-
BO — TPOW3BONBHBIN comep:kaumuin M 1map B(zg,rg) — oTobpaxaeT ero B
ceGsi. Do TeopeMe Jpayspa CYIIECTBYeT HENMONBHKHAA TOUKa Yo € B(xo, o)
oTobpazkenns F, 1. e. F(yg) = yo. Dosromy yo € M. Urak, yo — Hanboxee
yiajdéHHas TouKa U3 MHOXKecTBa M s TOYKH Yo, U, 3HAYUT, MHOKecTBO M
COCTOUT U3 OJHOU TOYKH. O

Oro6paxenne o : R™\ {0} — R", onpegeasemoe kak o(z) = z/||z|?
Ha3bIBaeTcA uneepcueli edunuunot c@epvr. OHO HENPEPHIBHO B 110601 TOUKe

x objacTu onpenenenns, 1. e. npu ¢ # 0. Cirenyiolas jeMMa OMHCHIBaeT 06pas3
IPOM3BOJBLHOT'O 1Iapa WAN cepbl TPU WHBEPCUU O.

JIEMMA 3. Cnpasedausnt caedyioujue coomuomenu:

o (S(x,r)) = S/ (l2l? =) v /|lll® = r2]), el # r,

1)
2) o (S(x [l2])) = {=] (2, 2) = 1/2},
3) U(B(% ) = B(a/(l2]* = r2),r/(l2]1* = r2)), ecau|lz]| > r,
4) o(B(z,r)\{0}) = R"\ B(a/(|z||* = r?),r/||[2|]* = r?[), ecau ||| <r,
5) o (B(z, HwH \{0}) = {z e R"[(z,2) > 1/2}.

DepexoanM cobCTBEHHO K doxazameabemey meopemst [lynma. Dpennono-
Kum, aTo B R™ cylmecTByeT HeBHINYKJOe 4ebhIEBCKOe MHOXKecTBO M. Des
orpaundenus obmHocTH canTaeM, 9To 0 ¢ M, 0 € conv M (4epes conv M
MbI 0G03HAYaeM 6bINYKAYI0 0bo.L0uKky MHONKecTBa M, T. e. MUHUMAJBHOE BbI-
NyKJI0e MHOXKeCTBO, comepxaiiee M). Dampnvep, BHIIYKIad 060J0YKA OK-
PYKHOCTH — 3T0 KPYT', & BbIIyKJAasd 0060J09YKa [IBYX Pa3IUYHBbIX TOYeK — 3TO
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OTPe30K, UX coeguusiomui. OTMeTHM, ITO MHOKecTBO M BBIIYKJIO TOLIa 1
TOJBKO TOTJa, KOTJa OHO COBIIAaeT CO CBOeH BHIIYKJION 060/109K0l conv M.

Unsepcust o : @ — z/||z]|* (z # 0) exunmanoii cpeprr nepepogut M B
OrpaHHYeHHOe MHOYKECTBO

G=o(M)={a/|]]*|z € M}.

Kax gorit wap B(z, r), conepxkauuii (7, 06s3aH coepKaTh Hadalo KOOPJHHAT
B CBOell BHYTPEHHOCTH, T. €. JOJMKHO BBHITONHATHCA HepaBeHCTBO ||z < r
(nHave MHOXKeCTBO M comepKaloch 6B B 3aMKHYTOM NOIYIPOCTPAHCTBE, He
cofeprKaleM Hadala KOODJAHHAT, 9T0 NPOTHBOpednT yciosuio 0 € conv M).

[Jas roukn @ € R™ naigérces Takoll MunuMaitbubil map Bz, t(z)), cogep-
xauit G, aro G ¢ B(z,r) pig Becex r < t(x). DoJj TelcTBHEM HHBEPCHHU IIap
B(z,t(z)) mepexoant B gonoauenne R™\ V k oTkpeITOMy 1mapy

V=5 (x/me? — *(2)), ﬁ) ’

KOTODHIH, B CBOK OdYepelb, ABIfETCH MAKCHMAIBHBLIM IIAPOM € LEeHTPOM
z/ (||z]|? — *(2)) TakmM, 9TO 3aMblKanne ero AONOXHeHH cogepKuT M. Do-
CKOIbKY M — 4eOBIIIEBCKOe MHOKECTBO, DTOT IIap mepecekaerT M B elmH-
creennoil Touke P(z/(||z||* — t*(2))). CaegoBareabno, Gpynkims

P/l = @)
= 1) = B (= 2 @)

mpenctBytoinas uz R™ B (G, obaaaeT cBOUNCTBOM

[z =yl <lle —q(@)|l, ecimyeGuyFq(e)

Nrak, G obrajaeT CBOHCTBOM €INHCTBEHHOCTH Hambojee yIaJéHHOW TOTKI.
DODTOMY TIO TeopeMme Meccena 0HO, &, CIeJ0BaTEIbHO, I MHOXKecTBO M omHo-
TOYEYHO. DOITOMY HcxonHOoe npeanonoxenne 0 ¢ M, 0 € conv M He MoxkeT
BHIIOTHATHCSA M0 TaKoro ogHoTodednoro M. Utak, M — BBITyKJIO. O

4. JoKABATEILCTBO C.B. KOHATrMHA IPU NOMOMM JEMMBI OB
OYUCTKE

YacTo aBIsgeTcs TOJe3HON Caefyolas JeMMa «0b O9HCTKe) JJIst cy6 mudde-
peHUnaIoB (cM. [9], MBI IPUBOIUM €€ YIPOIIEHHBII BapuaHT). B Hell yMeHbIIIa-
eTcA KOAMYecTBO NepebupaeMbIX DJeMEeHTOB, IPOUCXOANT «OIUCTKay OT (He-
HYKHBIX» TOYeK.
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JIEMMA (0B OUUCTKE, [7]). lycme T — womnaxmuoe mnodicecmeo
6 R*, g : T xR"” - R" — dyuryus, svnyxias no r npu ecaxom t €
€ T u nenpepwvisnas no cosoxynnocmu nepemennvix (t,x). Howoxcum o(x) =
= maxeer ¢(t, z). Toeda, ecau & — mouxa munumyma @, mo waidymcs no-
AONHCUMEABHDIE UUCAG O, ..., 00, 01 + -+ o, = 1, 7 < n+ 1 u mouru
Vv ortr yi € Oglm ) (@) (e0e 7 € To(d) = {t € T]g(t.3) = @(#) v
Ag(1i, ) (&) ={y e R" | g(mi,2)—g(7,&) > (x—2Z,y;), Ve e R"}, i =1,...,7),
makue, umo 0= 7, a;y;.

JOKABATEJIBCTBO TEOPEMBI. DycTh M — HeBHINyKJIOe 4ebhIEBCKOe
mHoxecTBo B R” 1 nycts G = {z/||z]|* | # € M} — ero o6pas npu unBepcun
z +— x/||z||*. MuoxectBo G C R” orpannveno u 3aMKHYTO, T. e. KOMIaKT-
HO. Beiire MBI moKasaxn Takxke, 4T0 (G 0613 JaeT CBONCTBOM €JHHCTBEHHOCTIH
Hanbo/ee yIAIEHHODO DIeMeHTa. JPHMEHIM JeMMy 00 OYHCTKe IS MHOXKe-
crBa ' = G, pynkunu g(t,z) = ||t — z||, t € G. DycTb & — TOUYKA MUHEMYMa
(YHKOUK ¢ U OyCTh 9HCIA o4, TOYKH T4, y; (i = 1,...,n) u MHOKecTBO To
Takne, KaK B JeMMe.

Dpennonoxkum, aro r > 1. Torga mo omnpenerennio Ty Touku 7y,...,7,
ABIAIOTCA Hanboee yIAI6HHEIMI TOYKAMI U3 MHOKecTBa (' I TOYKH & —
IpOTHBOpedne, MOCKOIBKY (G — MHOKECTBO CO CBOHCTBOM €JUHCIMEEHHOCIU
Hanbo/ee yIaTéHHON TOYKIL.

Dycts Teneps r = 1. Torga Ty = {7} u no aemme 06 ouncrke 0 = aqy;.
DockorbKy a1 = 1, To y; = 0. C gpyroit cropousr, y; € 0¢(7,-)(&). D10
IO OIpeJelleHnIo O3Ha4aeT, 4To |71 — z|| — ||7 — &|| > 0 mas Becex z € R”,
470 Bredér |7y — &) = 0, 1. e. 7y = &. Do 7y — Haubolee yraléHHAd TOIKA
w G s #. Dodromy mo Teopeme Heccena mMuokecTBo G, a, ClefoBATEIb-
HO, W MHOXKecTBO M, cOCTOAT U3 ONHOH TOYKH, OTKyma M He MOXKeT OBITH
HEBBHINMYKJILIM. D POTHBOpeUNe ¢ HAYaIbHEIM 11PeJIOI0KEeHIEM. a

5. NOKABATEJALCTBO JI. II. B1ACOBA
JEMMA 4. Hyemv M — uebbiwéscroe wnoncecmeo” . Toeda das aio06oi
mouxku © ¢ M u das w060t nocaedosameavnocmu {x,}nen, © € (z,; Px)

(n € N), z,, = 2, 6vinoaneno

p(&n, M) — p(z, M)
[l

— 1. (2)

3 o
) Temma BepHa u B 6ojxee obmieM ciaydae 6aHaAXOBBIX HPOCTPAHCTB AJdA TeOBIIIEBCKUX

MHOXKECTB C HEMTPEPHLIBHON METPUYECKON MPOEKITHEN.
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JTOKA3ATEJILCTBO JEMMBL 4. Dycrh @ € R*\ M, y = Pz un nycts
NOCIeOBATENBHOCTD { %y, neN TAKOBA, 9TO & € (Z,5Y) U &y, — . DOJOKIM
Yn = Pz,.

Ecau y = y, mas Hekoroporo n € N, 1o mis aio6oin Touku & € [y,; 2]
BEITIONHEHO P = y, 910 M TpebyeTcs B (2).

DPEINOJTOKAM Telephb, 4TO Y # Y, Masf Bcex n. B miockoctu, ompemgens-
eMOll TOYKAMU &, Ty, Y, Yn, HALJIEM TOUYKY z HepecevdeHns NPAMOU Z,z, Ma-
PANLICILHON Ty, C IPAMOT YYy,. V3 mogo6us TPEYroAbHUKOB AZYY, U AT, Y2
HaXO UM

lz=yall/llzn =2l = lyn=aall/Nlz=ylls  Nan=yll/ll2n ==l = llz=yll/llz=yal|-
(3)

CooTHolrenns Yy = Prn Yn = P$n TaloT COOTBeTCTBEHHO

[ =yl <llz =yl 20 = yull < N2 = yll- (4)

N3 (3) u (4) BeITEKaeT
12 = yll < llwn = 2] (5)

DpHMeHAA NOCIeI0BATEILHO PABEHCTBO ||z, — y|| = ||z, — || + ||z — y||, nepa-
BerctBa (4) u (5) u ||z, — 2|| < ||zn — Ynll + |lyn — 2||, & 3aTeM HepasencTBoO
(3), moayanm

o<1 Pan M) —pl M) len =yl =l = yll _
< = =
[ — | [ — |
_ [zn = ol = llon = gnll 2o = 2l = llen = 9all
[l [ — |
lyn =20 _ [lyn = oll _ llyn — wll
= = — 0
w2l e =yl ple, M) ’

MOCKOJABKY ¥, — Y 1O JOKa3aHHOW B JeMMe | HeNpepEIBHOCTH METPUYECKOU
NpPOeKIHH. [l

JOKABATEJIBCTBO TEOPEMBL IIVHTA. Dycth M — 4eBbIIIEBCKOE MHO-
KecTBo. Do jJemMMe 4 OHO yI0oBIeTBOpsieT yciaoBnio (2). Dycts 29 € R™\ M,
d>0u R=p(xo,M). lns & € R” nonoum f(&) = (1—-26)|[& —zo|| —p(&, M).
DenpepbiBHasg GYHKIHUA [ TOCTHIAET CBOEIO MEHIMYMa Ha 3aMKHYTOM Or'pa-
HIYeHHOM MHOXKecTBe B(zg, R) B HeKOTOpOIl TouKe . DOKayKeM, 9TO T €
S S($0, R)

DPeNoNOKIM IPOTHBHOE, T. e. ||z — z¢|| < R. Torga mo cpoiicTy (2)
naii géres rouka y € B(z, R) rakas, aro p(y, M) — p(z, M) > (1—8)|jz — y]|.



Besikoe tn 4e6bITIEBCKOE MHOXKECTBO BHIIYKIO? 169

Torna

fly) = (1 =20)|ly = zoll = p(y, M) <
< (1 =20)(|ly — 2l + [l = @oll) = p(w, M) = (1 = d)||lz - yll =
= (1= 20)||lzo — 2| = p(z, M) = ||z = yl| = f(x) = ofle —y.

DoJydeHHOe HepaBeHCTBO mpornBopednT HepaBencTBy f(2) < f(y). Caeno-
BaTelbHO, IPEJNOIOKeHHe T € é(xo,R) OBLIO HEBEPHO M, OKOHYATEIbHO,
o — oll = .

Dockoabky f(z) < f(20), TO

pz, M) > p(xo, M) + (1 - 20)R.

dycrs &, — 0. Pyuxuus f,(&) = (1 — 26,)||§ — zo|| — p(§, M) mocTuraer
MuHEMyMa Ha B(zg, R) B Touke z,. D0 IOKa3aHHOMY BhIlIe |29 — ,|| = R
(n=1,2,...)n

00 M) > pliro, M) + (1 - 26,) R Q

Dosommi yy = Pro, 5 = (20 — yo)/Ileo — voll 1 5n = (0 — 20)/ 2 — o]l
DOCKOIBKY ||, —Yol| > ||2n — Yu||, TO U3 (6) crexyeT HepaBeHcTBO ||, —Yol| >
lzo—yo||+R—2R0,, 1T0 KaéT ||s+5,|| > 2—206,,. [l1s1 BeKTOPOB s, 5, 3amuineM
PaBEHCTBO Mapallelor paMMa:

s+ sall* + Is = sull* = 2(/Is[|* + [|sa||*) = 4. (7)

DOCKOIBKY &, — 0, To 3 (7) ¢ yI6TOM IPeIbIIYIIero HepaBeHCTBA MOMYdaeM
||s = sn]| = 0 mpu n — oco. U3 sroro cpasy caenyer, 4T0 &, — & = Yo — 2Z¢
npun n — 0o (ToUka & AnaMeTpaJbHO MPOTHBONONOKHA TOUKE Yy Ha cepe
S(zg, R)). Depexons K npeftery npu n — oo B (6) moayaum

p(&, M) > p(xo, M) + R. (8)
C apyroi cTOpOHBHI,

p(2, M) <

& —yol| < |2 — o|| + p(z0, M) = R+ p(z0, M). (9)

U3 (8) u (9) crenyer
p(&, M) = [|& = yol| = 2R,

910 naér p(&, M) = 2R, otkyaa Pi = yo.

Urak, mas Toukn xg ¢ M MBI mokasaiam, 9T0 TO4Ka & Jayda {, HadWHa-
0TIerocs B Yo = Pzg W TPOXOIsIIero depes &gy, NMeeT TOUKY Yo CBOen Oan-
Kalltrel. DamoMHIM, 9TO To — cepeinHa oTpeska [yo; Z]. CaenoBaTeabho, n
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Jatobas Ipyras TO9Ka OTpe3Ka [yo; ] uMeeT yo cBoOell OanKauIel. D) puMeHss
TpeABIIYIIHe PacCy K IeHUs, TPOBEIEHHBIE A Lo, K TOUKe &, MBI €Ilé rajee
caBuueMcs no ay+y (. B urtore, mis mo6on Touknm w € { Toduka yo OymeT
e HCTBeHHON Onuxkaiien u3 M. 3nauur, M — 4eGhIIEBCKOE COJHIIE, U 110
JeMMe 2 oHo BHIIYKJ0. Teopema JgokazaHa. O

[IEKOTOPLIE OBOBIIEHNA

B GeckonedHOMEDHBIX IMHENHBIX HOPMHUPOBAHHBIX TPOCTPAHCTBAX O BHITYKIOCTH
1eOBIIEBCKAX MHOMKECTB M3BECTHO HEMHOTO. JalpUMeEp, MO CHX MOp He M3BECTHO,
BBIMIYKJIO JIH TTPOU3BOIBHOE 4eGHIIIIEBCKOE MHOKECTBO B GECKOHETHOMEDHOM TIIBGED-
TOBOM IIPOCTPAHCTBE.

ITrosaeEMA 1. (T1. B. EeumoB, C.II. CTEUKUH, B. Kan) Jokazame uau onpo-
GEPSHYMb, YMMO GCAKOE ue6blwéecnoe MHONHCECMBO 6 6€CKOH€HHOM€])HOM 2Uﬂb6€pm0-
GOM NPOCMPARCMEBE GBINYKAO.

DanoMuuM [5], 4T0 JMHElHOE HOPMEPOBAHHOE IPOCTPAHCTBO, HA KOTOPOM BBEjie-
HO CKaJspPHOE MPON3BefeH e (-, ), HA3BIBACTCA NPEATHIBOEPTOBEIM TPOCTPAHCTBOM.
I'maL6epTOBEIM IPOCTPAHCTBOM HA3BIBAETCA TPEATrHILOEPTOBO MPOCTPAHCTBO, MOJ-
HOe OTHOCHTENbHO HOPMH ||2]| = 1/ (&, ). KoHewHOMepHOE THABGEPTOBO TPOCTPAH-
CTBO — 3TO TpocTpaHcTBo R™.

TpeboBanne MOTHOTH TPeATUALOEPTOBA MPOCTPAHCTBA B MpobieMe 1 BaKHO, Kak
MOKA3LIBAET TIPUMEDP HEEBINYK.A020 GeOBIIIEBCKOTO MHOXKECTBA, TTOCTPOeHHbIH JI2KOH-
coroMW (cM. [2]) B HEMOJHOM NPeJrHILGEPTOBOM MPOCTPAHCTBE (2 mocnejoBaTeNb-
HOCTeH, OKAHINBAIOMNXCA HyaaMu. Takike Hem3BeCTHO, eCTh a1 HECKOHETHOMEPHOE
MPOCTPAHCTBO, B KOTOPOM BCAKOe YeOBIMEBCKOE MHOKECTBO BBIMTYKJIO.

OPH HEKOTOPHIX OIPAHMYEHUAX HA CTPYKTYDPY YeCHIIEBCKOTO MHOXKECTBA (pas-
JAWYHBIE BIBI KOMIAKTHOCTH) WK [IPH OTPAHHYIEHNH Ha CBOHCTBA METPHYECKON MPO-
eKIHN (HEMPEPHIBHOCTE B KAKOM-JHGO CMBICTE) YAAETCA JOKA3ATH €10 BBEIIYKIOCTh.

DAalOMHNM, YTO MHOXECTBO HA3ZBIBAETCA O02PAHUNEHHO KOMNGKMHbIM, €CIH €ro
nmepecevenne ¢ JIOOBIM 3aMKHYTHIM IIAPOM KOMIIAKTHO. DOHATHO, 9TO KOMIAKTHOE
MHOXKEeCTBO ABAACTCA OIPAHUYIEHHO KOMITAKTHBIM.

TEOPEMA (JI. TI. BaacoB). Hycmvs X — npoussoavnoe 6aHATO60 NPocmpan-
emeo. Toada ecaroe o2panuuenno Komnakmuoe uebbluésckoe mnoxicecmso 6 X A6-
AAEMCA UEOLIUWEBCKUM COARYeM, a 8 2aadkom X — 6binyKao0.

JlokazaTeabCTBO TMOYTH [JOCJIOBHO MOBTOPSIET NMPUBEJEHHOE B M. 2, HO BMECTO
KOHETHOMEDHOU TeOpPEMBI Jpayspa HpUMeHseTcss eé 0000IIeHNe Ha caydanl Gecko-
HEYHOMEPHBIX MpocTpatcTs (Teopema Ilayaepa [6]): scakoe nenpepvisnoe omobpa-
HCEHUE BBINYKAOSO 3AMKHYMOSO MHONCECMEA 6 C6010 KOMNAKMHYIO UACTL UMEEM
HENOJBUNCHYI MOUKY.

DaccykKJIeHnd B MOCHEIHEM MOKA3aTeTbCTBE MOTYT OBITH OGOOIIEHBI HA CAyTal
“1eOBIMIEBCKIX MHOYKECTB C HEMPEPBLIBHOW METPUYECKON TPOEKINell B 6aHAXOBBIX MTPO-
CTPAHCTBAX, YIOBIETBOPAOIINX CAENYIOMIEMY CBOUCTBY

s,8n €5(0,1), ||s+ 8n]| > 2mpu n = 00 = s, — $ Ipu N — 0. (10)
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Ecan X — runs6epToBo npocTpaHcTBo (Hanpumep, R™), 1o X yIoBIeTBOPAET yCiIo-
Buo (10) B ciily paBeHCTBa MapasielorpaMMa.

DPHUBENEHHOE MOKAZATENBCTBO OCTAETCA Oe3 M3MEHEHN, 38 NCKAIOYEHNEM CJAely-
foiero MoMenTa. B R™ map B(zg, R) KoMIakTeH, 0 MO>TOMY HelpepbiBHAA (PYHK-
unsA f gocTuraer cBoero MuHnMyMa Ha B(zg, R). B 66CKOHETHOMEPHOM caydae 3TOT
daxT MoXKeT 6BITH HEBEPEH, HO 110 BAPHANMOHHOMY TPUHIUTY JKJIaHAa GyHKIuA [
JOCTHTAET «IOYTH MEHUMYMa» Ha B(zg, R): qas moboro e > 0 Haiigéres & € B(zg, R)
TaKol, 9To A aboro y € B(xg, R) seinoarero f(y) > f(x) — ||z — y||. Jaree npu-
MeHsIeM TIPEABIYIINE PACCY K TEHIA.

DecMOTpA Ha «09eHb XOPOIllee) ¢ TOUKHU 3PEHNA TEOMETPHHU yCTPONCTBO YeOBIIER-
CKHX MHOXKECTB B NI-MEPHBLIX €BKJINJOBBIX TPOCTPAHCTBAX, B IPOU3BOMBHBIX KOHEUHO-
MEPHVIT TUHENHBIX HOPMUPOBAHHEIX TIPOCTPAHCTBAX X, O BBITYKJAOCTH 9e0BIIIEBCKAX
MHOXKECTB M3BECTHO MAJeKO HE BCE. JPOCTPAHCTBO HA3BIBAETCA 2AddKUM, €CIN B Ka-
K I0W TOYKe eqMHNYIHON chephl KacaTedbHadA TUIEePIVIOCKOCTE K cepe eMHCTBeHHA.
K npumepy, npocrpancrsa £ (n), 1 < p < oo, ¢ mopmott ||z|[, = (af + ...+ ab)lr
z=(a1,...,&,), ABIAIOTCA TJIATKHMHI TPOCTPAHCTBAMH, & IPOCTPAHCTBO X2 € Max-
HOpMOT («kBanpaTs) ||#||e = max{|ai|, |as|} — Hermamko.

Moukun mokazafd, 9TO TaajKOCTh ABYMEPHOTO IPOCTPaHCTBa X HeoOXOJMMa
M JOCTATOYHA [AJMA BHIIYKJOCTH BCAKOT'O 9eOBIIEBCKOIO MHOXKECTBa B X5. Jaccy-
KJad, Kak B deMMe 2 (crmocob IT), HeCIOKHO MOKazaTh, YTO B TIAIKHX TPOCTPaH-
CTBax BCAKOE TeOBIMIEBCKOE MHOXKECTBO BHIMYyKa0. O HaKo, KaK HE3aBUCHMO OKAa3a-
mr B.U. Depapimes u A. OpoHACTe, BCAKOE YeOHIIEBCKOE MHOKECTBO BHITYKJO U B
HEKOTOPBIX Hezaadkur mpocTpaHcTBax X, misd Bcex n > 3.

CdopmyanpyeM TeopeMy, XapaKTepHayOIIylo mpocTpancTBa X, (n < 4), B ko-
TOPBIX BCAKOE YeOHIIEBCKOE MHOXKECTBO BBIMYKJIO. JpH N = 2 oHa OBLTa JoKa3aHa
MoukuHbBIM, TPU 7 = 3 — DePABIIIEBLHIM 1 DpoHACTEAOM, a pu n = 4 — A.JI. Dpa-
YHOM. DanoMHnM, 970 Touka s € S(0, 1) HasbiBaeTca docmudcumot, ecim Hal 1€TCA
KacaTelbHad THNEPINIOCKOCTH H K cdepe B Touke s Takad, aro I N S(0,1) = {s};
TOYKa § HA3BIBAETCA TOYKOH 24adKocmu, el B Hell KacaTeqbHad THIIEPIVIOCKOCTE
K cepe equHCTBEHHA.

TEOPEMA. B koHeuHOMEPHOM AUHEUHOM HOPMUPOSBAHHOM npocmpancmee X,
(n < 4) searoe uebbUEBCKOE MHONCECTNBO 6LINYKAO Mo2da U MOAbKO Mo2da, Ko-
2da ecaras docmudicumas mouka c@epvl A6ALemcA moukoti 24adKocmau.

[aa n > 5 Bonpoc o xapaKTepH3alnn IPOCTPaHCTB X,, B KOTOPBEIX BCAKOE He-
OBIMIIEBCKOE MHOYKECTBO BBIMTYKJO, OCTAETCA OTKPBITEIM. EcTh runoTesa, 9T0 xapak-
TepHU3alnsd, JaHHAd B IPeIbLIYIIEN TeopeMe, BepHa U s aioboro n > 5. OTMeTnm
oderb unTepecubiii pesyabrar W. T'. Hapbkosa [9], KOTOPBII oxapakTepu3oBal 6ce
KOHETHOMEDPHBIE TPOCTPAHCTBA X, B KOTOPHIX BCAKOE 02PAHUNEHHOE TeBBIIIEBCKOE
MHOXKECTBO BBIIIYKJIO.
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IupuHa MHOTOYTOTBHIIKA

M. JI. I'epBep™

Ecan BBRIpe3aHHBIN W3 KapTOHA BBIMYKJIBIH MHOTOYTOIBHIK MOMKHO,
HENPEPBIBHO [BUTAA IO CTONY, IPOTAIINTH MeXKAY ABYMA I'BO3 AAMU, BOU-
TBIMHU B CTOJ Ha PACCTOAHNN 1, TO TOTIa €r0 MOXKHO MMPOTAIIATEL N MeXK-
Iy TBO3AAMM, BOUTHEIMU Ha paccToAHum r > 1. BepHo am To XKe camoe n

LA OG0T 0 HEBBIMYKJIOT O MHOTOYTOJBHUKA, — HAIPUMED, NI TaKOro,
Kak Ha puc. 17

Bubanorpadmus: 2 HazBaHus.

DpH MOMOIHATENBHEIX OTPAaHNYeHHSX (KOTOPHIM MHOTOyroabHHK M Ha
puc. 1 He yIOBIeTBOpsieT) yTBEPAUTENbHBII OTBET HA BONPOC N3 aHHOTAINH
noay4anau B [1] J. E. Goodman, J. Pach n C.K. Yap. Metonsr u pesyibTaThi
paboThl [1] mocay:Kuau OCHOBOI sl MOCTPOEHIH HACTOSAMIEH CTAThH.

‘ B

Puc. 1 Puc. 2

*PaboTa BLITIOMHEHA ITPH I AepxkKe Poccuiickoro dona GyHIaMeHTATLHBIX HCCIEN0-
Bauuil (rpant 96-01-01852).

MaTemaTu4eckoe npoceeleHune, cep. 3, Bbin. 2, 1998(173—191)
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1. TEOPEMA JBOIICTBEHHOCTH

MuHuMalbHOe PacCTOAHMe wy; MeXKIy AByMS ToukaMu B RZ mosponrs-
olllee MPOTAIUTE MIOCKHI MHOTOYIOABHUK M MeX 1y HUME, HAa30BEM wiu-
puroti M (MOXKHO TOKa3aTbh, 9TO JIf BBHIIYKJIOI'O MHOTOYTOJMbHHKA TaHHOE
onpejieferlie COBNagaeT CO CTaHMTAPTHBIM: wWp; — HaWMeHblllee paccTOAHUE
MeXK Ty HapaJIelbHBIMH MPSMBIMA, OMOPHBIMI K M).

W3z HOBREIX pe3yJabTaTOB, NOJYYEHHBIX B CTAThe, OTMETHM CJIeny I,

Jdycre A w B — j1Be Toukn Ha rpannne P muOroyroabuuka M (puc. 2).
Acho, uro ecan anuua d orpeska AB He cAMIIKOM BellWKa, TO €r'0 MOYKHO
HEeIpephIBHO NPOTAlINTh BAOAL P — Tak, 4T0 ero koHubl A u B Bcé Bpems
OyayT HaxomuThes Ha P u orpesok AB, crenaB nodHbe 060poT BOKpyr M,
BepHETCS B UCXOJHOE MOJOKEeHNeE.

CrpalnBaeTcsi: KaKOBO MaKCUMaJbHOE 3HaYeHue dpy JAUHBL d, TOMyCKa-
olllee TaKoe mepeMellenne KOHIOB oTpe3ka 1o rpanuie M7

OxkaswiBaercs, dyy B TOYHOCTH PABHO HINPpUHE W) MHOTOYTONbHUKA M.

Yr1oO6hl f0KazaTh 3Ty TEOPeMy MBOHCTBEHHOCTH U PEIIUTh 3a1a4dy, cdop-
MYJUPOBAHHYIO B aHHOTAlIMH, PACCMOTPUM PAl MOJATOTOBUTENbHBIX, BCOOMO-
raTeflbHbIX 3a1a4.

2. BO3bl 1 MAIMKUHBEI. PABOBOE IIPOCTPAHCTBO

DazobpaThcsd ¢ 3a1a9aMlI O IMINPAHEe MHOTOYTOJbHAKA HaM, B IEePBYIO OUe-
peflb, MOMOKET IMpleM, HCTOAb3YeMbIll B [2] Ipu peleHnn cieyoleln 3a, aqn
9.9. Koucrantunosa.

Ase nenepecexaowuecs dopozu eedym uz 2opoda Cy 6 2opod Cy. Hzsecm-
1O, YMO d6€ MAUUNBL, C6A3ANHbIE 6€pe6kol daunbl 2L, mo2ym npoexams u3
C1 6 Cy (no pazuvim dopozan ), ne nopeaé eepecku. Cuo2ym AU pazmunymo-
ca deéa wpyeavir 603a paduyca R > L, ecau ur yenwmpst dsudcymes no mem
sce dopozaam nascmpeuy dpye dpyay?

PEWEHUE. Bor — peittenne sToi 3ajga4n, npuBefertoe B [2, ¢.8,9]. Dac-
CMOTPHUM KBaIpaT

K ={(z1,22)|0<a; < 1,1 =1,2}.

DoJIoKeHNe [BYX dKNTaxKen (0quH — Ha 1-i 1opore, Ipyroi — Ha 2-1) MOKHO
XapaKTepn30oBaTh TOYKON KBajgpaTa K: TocTaTOYHO 0GO3HAINTHL depe3 I
npodato paccrostus or C no Cy 1o i-ToU popore, 3akI04éHHYI0 Mexay Cp u
HaXOIATIMCS Ha DTOW TOpOTe DKUMaKEM.

BceBO3MOXKHBIM TOJOKEHUSIM DKUTaKeH COOTBETCTBYIOT BCEBO3MOMKHBIE
TOYKHN KBagpaTa K. DToT KBaJpaT Ha3hiBaeTCH (PA306bLU NPOCTNPUHCINGOM,
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. |- MaLUmHblI

s, [~ Bo3bl

Puc. 3

a ero TOUKN — hazosvimu mouramu. Taknm o6pazoM, Kax gas pa3zoBas TOTKA
COOTBETCTBYET OTMPeNeNeHHOMY MOJOKEHUI0 Taphl dKUTaKeh, a BCAKOE [TBMU-
JKeHme DKUMazkel m3obpakaeTcs IBHKeHneM PasoBOH TOYKH B PaszoBOM TPO-
CTpaHCTRBe.

DanpuMep, HavalbHOe MOJMOKeHNe ManH (B ropomge (1) COOTBETCTBYET
JTeBOMY HIZKHeMY yriy kBajgpata K (21 = 22 = 0), a nBmxenne maummn us C
B (3 uzobpaykaeTcs KPHBOU, BeMylled B HPOTHBOMOJOKHBIN YT'OJI.

TouHo Tak Ke HavYaJIbHOE TOJOXKeHNe BO30B (ONWH — Ha l-W mopore Ha
Belesne u3 Cy, Ipyroil — Ha 2- nopore Ha Beesme u3 C, puc. 3) cOOTBeT-
CTByeT TpaBOMY HIDKHeMy yraiy kBagpata K (z; = 1, 23 = 0), a 1BuKeHne
BO3OB M3006pakaeTcs KPUBOH, BeIVIed B MPOTHBOMOMOKHBIN yTOM KBaJpaTa.

Do BCsiKHe [[Be KPUBHIE B KBajpaTe, COeIUHSIONINE PAa3HBIE Maphkl MPOTH-
BOIOJOYKHBIX BEPIIHH, M€PECEKAIOTCS. DOITOMY, KaK OBl HH IBUTAJUCH BO3BI,
HACTYTHT MOMEHT, KOT/a Tlapa BO30OB 3afMET MoJOKeHNe, B KOTOPOM ObLia B
HEKOTOPHIT MOMEHT BpeMeHH Tapa MalliH. B »TOT MOMEHT paccTosHne MexX-
Iy MeHTpaMu BO30B OyaeT MeHnbiiie 2. lTak, Bo3aM He y1acTcs Pa3MUHY ThCS.

3. MHOTOYIOJbHHUK C PYYKON U Er'O IMHUPUHA

Dycrh noaynpsivas H (puc. 4 Ha caef. ¢Tp.) nMeeT e INHCTBEHHYIO OOIIYIO
TOYKY ¢ rpatuiiein P muoroyroasiuxka M. O6benunenne P u H o6oznadum
depe3 Py m 6y1eM HasbIBATh MHO20Y20AbHUKOM ¢ pyukol (B3aMeH 6ojee TOY-
HBIX, HO TS/KETOBECHBIX KOHMYP WIN 2PAHUYA MHO20Y20AbHUKA € PYuKoil), a
caMy noaynpsMmyio H 6yjgeM HazbIBaTh pyukod.

C u3y4aeMBIMH BOTPOCAMU TECHO CBABAHEBI CJAEIVIOUINE 33 a4,

1. Pycemov Ay u By — dee npouzeoavnvie mouxu nwa pyurxe H. Joxazame,
UWIMO CYUECTMEYEM NAPGL HENPEPLIEHBIE 0OMOOPaNRCeHU

a: te0;1] - A=ua(t) € Pg, b: t€[0;1] - B=>(t) € Py,
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Puc. 4

06.4ada0Was cAedYProuUMY C60THCMEAMU:

- nput =0 mouxu A u B aanumaom nosoxncenus Ag u By;

— npu uamenenuu t om 0 do 1 paccmosnue |AB| ocmaemes neuzmenmblm;

— npu uamenenuu t om 0 do 1 no kpatinet mepe odna uz mouex A u B obro-
dum P (m.e. deueasco Henpepvieno, HO He 0OA3AMEABHO MOHOMONHO — MO
no waco6ol, Mo NPoMuUs 4acoeol cmpeiky — desaem noanbii obopom 6o-
wpye M );

—nput =1 ompezox AB cosnadaem ¢ ompesxom AgBy — max umo aubo

Al = a(l) = 1407 B1 = b(l) = BO7 (1)
AU6O
Al = a(l) = BO7 B1 = b(l) = Ao. (2)

2. Joxazams, umo ycaosus (1) wau (2) 6binoansiomes 6 2a6ucumMocmu
om moeo, kakosa dauna ompesxa AgBy: cywecmeyem maxoe w, wmo npu
|AoBo| > w sevinoansemesn (1), a npu |AgBo| < w evinoansemes (2).

3. Bepno au, wmo npu |AgBy| = w cywecmsyiom obe napwvt omobpaxrce-
nuti: u maxas, umo evinoansemca (1), u maxas, umo evinoansemes (2)7?

ONPEJAEJEHUE. Yncio w Ha30BeM  wupunoli MHOTOYTCOAbHHKA C pyd-
kol Py.

ﬂaﬂbHeﬁMHe IIOCTpOeHNd OIlpaBIaloT BbI60p 9TOI'0O TepMHHa, a IOKa BO3HH-
KaeT BOIIPOC:

4. Basucum au wupuna P om pacnosoncenus pyuxu H? Podpobuee:
nycms H* — wobas noaynpamas, umeowas eIuncmsennyio oowyo mouxy
c epanuyeti P mnozcoyeoapnura M. O6wedunum P ¢ H* u wupuny noayuen-
Ho20 MHo20Y2oabHUKG ¢ pyukot P« o6o3nauumn wepes w*. Pasubt au mexncdy
cobot w u w*?
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Pwuc. 5 Puc. 6

4. JIBUYKEHHUE OTPE3KA IIO JOMAHON

Dpex e YeM mepeuTu K pelieruo 3agad 1-4, obcyum cieayloiiee yTBep-
KIeHne.

5. Pycmv ABCD — necamonepecexaoujasics mpéraseHnas L0MAHAR AU-
nus, npuvem 36enva AB u C'D umeiom (xaxcdoe) dauny 6oavwe 1. Pycmp A’
u D" — maxue mourxu na 36envar AB u C'D, umo |AA'| = |D'D| = 1. Tozda
ompe3ok daunvl 1 moxcrno max nepemecmums u3 nosoxcenus AA" 6 noaoxce-
nwue D'D, umo konyvt ompesxa 6ydym HENPEPLIEHO J6ULAMbBCA IO AOMAHOT

ABCD.
U3z puc. 5 fgcHo, 9To yTBepK IeHne 5 HeBepHO.

6. Cmanem au ymeepacdenue § GEPHBIM HE MOABKO OAA MPEL36EHNOT
Aomanot, no daxce dag n—36ennoti somanot AgAy ... A,, ecau donoanumens-
1O nompebosamv, WMOObL 6CE MOUKY AOMAHOU, AeHcaujue Ha paccmosnun < 1
om Ag, npunadaexcaiu €€ nauatbromy 36eny AgAr, a 6ce mouxu gomanot,
aedcaujue wa paccmosnuy < 1 om Ay, npunadaescait €€ Koneunomy 36eny?

Derernne 3amaqn 6 (cM. pasm. 5) moMoKeT Jydlle NTOHATH 3a1a49n 1-4 1, B
JACTHOCTH, OOBICHUTD, 3AUeM K MHO20Y2OADHUKY NPUIEAAHE PYUKA.

5. PENIEHUE 3AJAYM O ABUKEHUU OTPE3KA 110 JOMAHON. ['PAD I

DYCTh  6Ce MOuUKU Hecamonepecexawouletics n-zeennol aomanoi P =
= ApA1 ... A,, aexcawue na paccmoanuu < 1 om Ag, npunadaexcam €€ na-
waavnomy 3eeny AgAr, a ece mouxu aomanol P, qexcaujue wa paccmosnuy
<1 om A, npunadaencam e€ xoneunomy 36eny. ObosuavuM depes Aj n de-
pes Al rouxku P ma paccrosuuu 1 ot Ag u ot A, u, caegys [1], mokaxem,
9TO OTPE30K [INHBI | MOXKHO HENPepPHIBHO MepeMecTHTh N3 TmoJoxkenus AgAf
B nosoxkenne Al A, 1BUTas KOHIB OTpeska mo Jomanon P (puc. 6).

Dycrh L — mauna aomanoin P u nyctb AB — OpOU3BOJAbHEI OTPE30K [MJIH-
Hbl 1 ¢ konunamn Ha P. [lauaer nomansix AgA n AgB (u3Mepennsre Broas P)
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0603HaYuM depe3 Ly u Lo u nonoxknM (cpaBHUM ¢ pa3i. 2)
1 =1Li/L, x3=Ly/L. (3)

DOCTYNHB Tak € KaxcdbimM OTPE3KOM JINHBL | ¢ KOHIaMW Ha P, moaydaum
HEKOTOpOe MHOXKecTBO I Touek ¢ koopanuatamu (3) B dazosom npocmpan-
cmee, T.e. B KBajpaTe

K= {($17$2) | 0<e; <1, i= 172}'
B wactHocTH, orpeskam AgAy 1 Al A, coOTBETCTBYIOT (pa30Bhle TOYKM
Fo=(0,1/L) m» F1 =(1-1/L,1). (4)

YTOYHEHUE. Bumecte ¢ xaxgoit Toukoit X = (27, 23) MuoxkecTso [, o1e-
BH/IHO, cOepKuT ToUKy X' = (23, 21), cuMMeTpndnyo X OTHOCHTENBHO Ips-
MOU &1 = z9 (ecin dasosad Touka X coorBercTByeT oTpesky AB, To X’/ co-
orBeTCcTByeT 0Tpe3ky BA). Uckmiounm u3 I' Bce TOUKH, ¥ KOTOPHIX 21 > T2,
T. e. npn onpegenennn I' 6y1eM paccMaTpuBaTh TOIbKO Takue OTpe3kn AB,
y KOTODLIX (IpH ABHKeHHN BIoIbL ) A 6nmke k Ag, 1em B.

DeTpy,HO TPOBEPUTH, 4TO MHOXKecTBO |’ mpempcramiser coboil Tpad,
pébpa KOTOPOTO SBAAIOTCA NGO AYTaMi JIAUNCOB, JUG0 TPAMOJNHEHHBIMH
oTpe3kaMi (OTPe3KH MONYYaloTCsi, KOrTa KOHIE AB mpnHagre:xkar mim of-
HOMY H TOMY K€ 3BeHy JoMaHon AgA;...A,, Win DapaielbHBIM 3BEHbIM, a
IyTH — KOTTa KOHUBI A B npnHairexar HenapaiielbHbiM 3BeHbiM ). Crenern
BepinnH [' OMicaHbl PN TOKA3aTeAbCTBE ClIeAYIONIeN TeopeMbl (JIeMMbL 1, 2).

TEOPEMA 1. ®azoesie mouxu Fy u F7 npunadaesxcam odwnoti u moi e
cea3not komnonenme 2pada I';, max wmo ompesor daunst 1 modcno nenpe-
Pui6HO nepemecmumy u3 noaoxcenus AgAj 6 nosoxcenue Al A, deuzas xon-
ybl ompesxa no somanot P.

JOKA3BATEIBCTBO. [lomycTum (IOTOM MBI OCBOGOIHMCS OT TOO JOIY-
IeHNSs ), 9TO

aomanas P we codepacum nu 0dnoti napvl napaiieapubls 36€enbes,
PACCNOAHUE MENHCAY KOMOPLIMY 6 mounocmu pasho 1.

(5)

ﬂOKaH(eM cilelyroulee yrBepzKieHune.

JIEMMA 1. Ppu ycaosuu (5) ece sepwunvt epaga I, xpome «xonyesvizy
sepwun (4), umerom wémuyio cmenensv: 0,2 wau 4, u auwp sepwunst Fo u Iy
umerom cmenerns 1.
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Bumecte ¢ nemmon 1 6ymer gokasana n TeopeMa | mpu ycaoBun (5): BBILIA
3 Fy, 6ygeMm gBHraThed Mo pébpam rpada I', He mpoxons oy o ogHOMY pebpy
IBaKIbl (MOKA 5TO BO3MOXKHO); 9TO [IBHKEHHE He MOMKeT 3aKOHYNTHCSI HU B
KaKOIl BepIInHe Y6THON cTeneHn (BOIId B He€, MBI MOKeM BBINTIH); TEM CaMbIM
MEL JogeM go Fj.

JIOKABATEJBLCTBO JEMMBL 1. DycTh oTpesox AB minubl 1 ¢ BepimimHaMmn
Ha jgomanon P He coBmagaer Hu ¢ AgAy, Hu ¢ A A,. Torma

A# Ao, B#A, (6)

(31ech HCHOXb3yeTCs O paHNYeHNe, HATOKeHHOe Ha JoMaHyio P = AgAy ... A,
B Havale maparpada: Bce TOYKH JOMaHON P, jexallme Ha DacCTOSHUE
< 1 or Ag, npuHagiexaT eé HadalbHOMY 3BeHy, a BCe TOYKH JOMaHOH P,
JexKalllie Ha paccTosunn < 1 or A,, IpuHALIeKAT €€ KOHeTHOMY 3BeHY ).

Benencrsue (6) AB obpasyer ¢ P gBa yria B Touke A (HazoBeM HX Qq, &)
U IBa yIia B Todke B (HasoBeMm HX [1, (J2); IpH 5TOM BO3MOKHBI CJIeIyIOIINe
caIydan:

Puc.7 a)

a) B TOYHOCTH OIHNH U3 YIVIOB (v, &z — OCTPHIIl W B TOYHOCTH OJUH U3
yriioB (1, 32 — ocTphiii; B 9ToM (001eM) caydae 06a KoHIla AB MOTYT 0THO-
BPEMEHHO TBHTATHCS MO JTOMaHON P B IBYX HalpaBIeHHAX (puc. 7a);
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b) 1ubo omuH, 16O TPHU U3 YIIOB 1, (3, 31, B2 — OCTpHIE; B 3TOM CaIydae
OJIH KOHell oTpe3ka AB MoxXKeT ABUTIaThCi 10 JoMaHOU P B ABYX Halpa-
BIEHHAX, & Apyroi KoHen AB — B OJHOM HAaIpPaBIeHNN (COOTBETCTBYIONIAS
BepinHa rpada I' nmeer crenens 2, puc. 7b);

Puc. 7 ©)
C) 00a yria «; — OCTpPble U HU OJUH U3 yIVIOB (3; He ABISETCS OCTPBIM
(I/IJII/I Hao6opoT, o6a yria [J; — OCTpble W HI OJUH W3 YIVIOB (v He SIBASETCS

OCTPBIM); B DTOM Ciydae KaxKIblil U3 KOHIOB 0Tpe3ka AB MOXKeT MBHIaThCs
no JoMaHoil P B IByX HalpaBIeHHAX, TaK 9TO BCEr'o MMeeTCs YeThIpe Ba-
puaHTa JBUKeHUs (COOTBETCTBYIONIas BeplinHa rpada [ uMeer cremenb 4,
puc. 7¢);

A
A J
k 1
0] 2 4
O
112 2|2
r
24| 2|0
B B
Puc.7 d)
d) Bce yruibl aq, g, f1 m B3 — ocTpele, 1n6O HU OJNH W3 DTUX YIIOB

He SIBASeTCS OCTPLIM; U3 DTOrO0 MOJOXKeHus oTpe3oK AB HUKyja HE MOXKeT
caBuHYTHCS (rpad ' nvmeer msonnpoBaHHyio BepuinHy, puc. 7d).

Caydan a—d ncyepnsBator 9 Bozmoxkuocten (j,k), 0 < 7, k < 2, rue j
0003HAaYALT YUCIO OCTPHIX YIVIOB CPeIl YIVIOB ¢, a k — YHCIO OCTPHIX YIIOB
cpean yrioB f3;, ¢ = 1, 2. Jlemma 1 — a ¢ Hen n Teopema 1 mpu yeaosun (5) —
TOKa3aHa.
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Puc.7 e)

B o6mmem caytae — 6e3 yeaosus (5) — rpad [', kpome «KOHIEBHIX» BepIINH
F; crenenn 1, MoxeT UMeThb U [Ipyrue, «HEKOHIEBbIeY, BEPIIHHBI HEYETHOU
CTerneHn.

Bepna, omnako, cremyioias JeMMas

JIEMMA 2. Bcee nexonyeswvie sepuwunbt 2pada I newémmuot cmenenu modxc-
no pazbums na napwvt sepuun (U, V), coedunénnviz 6 I' npamosuneinvinu om-
peakamy — pébpanu UV .

JlokaxkeMm JeMMy 2, a TOTOM BHIBeJeM U3 Heé Teopemy 1.

JOKABATEALCTBO JEMMBI 2. I'padp I' MoKeT nMeTh nexonyesvie Bep-
[ITHBI HEYETHON CTENeHN TOJBKO MpH HapylieHnu (5), T.e. IPH YCJIOBHHU, ITO
JoManas P comepKuT mapaJjelbHbe 3BeHbS, PACCTOSHIE MEXKIY KOTOPbIMI
B TOYHOCTH paBuo 1 (puc. Te).

Kaxxgonn Takol mape 3BeHbEB COOTBETCTBYET IPAMOJMHEHHBIN OTPE30K
(pe6po UV rpada I'), coeqnusiomnii nBe nexonyeevie Bepmnusr U n V' He-
YETHOW CTEeNeHH, YTO U TOKA3bIBaeT JeMMy 2.

Y naaus uz rpaga ' Bce npsmoauneiinbie péopa UV, coequnsiolne HeKOH-
IeBble BepIIMHLI HEeYETHON cTeleHH, npuxoinM K rpady 1, Bce Hekonnenbie
BEPIUHE KOTOPOT'O UMEIOT YeTHYIO cTenedb: 0, 2 mwan 4, T. e. oOKa3LIBaeMcsd B
YVCIOBHSX jJeMMbl 1, KoTOpas, Kak U Hpexje, BiedeT 3a coboi Teopemy 1.

DOy THO IPUBEIEHHBIE T0KA3aTEIbCTBA 0OBACHAIOT poib pyiku H B 3a-
madax 1-3:9To aHaJ0T Ha9aJbHOT'O I KOHETHOIO 3BeHbeB JJoMaHon AgA; ... A,;
HaJgundne pydku H TacT BO3MOXKHOCTL BELICIHTL CpelH BCeX BEpIINH COOT-
BeTcTByIomEero rpadga ' B pazoBoM IpoCcTpaHCTBe «KOHIEBLIeY BepLINHLI F;
crernn 1 (mogpo6uee 06 5ToM — B pa3i. §), a TakkKe MOMOKeT HCIOIB30BATH
sagadn 1-3 mpH pelreHny 3a1a4n O IBO3IAX U3 aHHOTAINH.
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A° B°

Puc. 8

6. PEPEMENIEHUE OTPE3KA IO MHOT'OYTOJLHUKY C PYYKON

Yro6bl pemiuTh 3ajgaun 1-3, cBsKeM ¢ Prp opueHTHPOBaHHY 0 JoManyio T
COCTOAIIYIO U3 TPEX dacTel (puc. 8): HaYaIbHOE 3BeHO JOMaHOH 1 — KycoK
pyuku H ot Toukn A° 1o Touxu B°, Bropas wacTh 1T — OpHEHTHPOBAHHLIN
IPOTHB 9acOBON CTPEIKH KOHTYp PP MHOroyroabiuka M ¢ HadagoM 1 KOHIIOM
B BY u, HakoHel, KoHedHoe 3BeHo 1 — kycok pyuxu H ot BY 1o A°. Touxy
AY BriGepem docmamouno dasexo ot P — Tax, 4Tobb eé paccTosnue 1o P
ObL10 Hoabiie D, rae D Goablile guaMeTpa MHOrOyroabHuKa M.

Samada 1, oueBu,IHO, UMeeT pellieHne, eciu miauHa d orpezka AgBy 60ib-
me D.

Dosromy maree mpegnoraraercs, 9to d € (0; D]. Kpome Toro, orpesok
AgBg MoxkHO 6€3 orpaHnuenns o6LUIHOCTH CYNTaTh TpuMbiKatomuM K AY, Tax
4970 naree au6o Ag = AV, 6o By = AY.

DocTtponm B (paszoBom mpoctpancTBe rpad I' = 'y (d — mapametp,
0 < d < D); orrecem k 'y Bce pazoBbie Toukn (21,22), 0 < 21 < 22 <
< 1, KoTophIe MOAYYAITCs 110 CAeAVIONeMY IpaBuly. dycth A u B — makue
Touxn Jomanoii T, ato |AB| = d, npuiem npu gsmxennn uz A° sronn T
TOYKa A BCcTpedaeTcs paHblie, yeM B. Dycrh L — miuna domanoun 1. Jauns
aomanbix AYA n A°B (uzmepennnie Boab T') o6oznauum depes Ly u Ly (Tak
aro Ly — Ly > d) u nonoxum (kax u B (3)) z; = L;/L, 1 =1,2. B wacTuocrn,
oTpe3kaM JIUHEL d, TpuMBEKaomiM K A, COOTBeTCTBYIOT (a3oBEIe TOUKH

Fi=(0,d/L), Fy=(0,1-d/L), Fy=(d/L,1)u Fy=(1—-d/L,1). (7)

Tem caMbIM, B OTJIHYIHE OT Pa3jil. b, KOHIEBHX (Da30BHIX TOUYEK He [IBe, a de-
Toipe (puc. 9).

Idpu d = D n npn d € (0; D), éanskux x 0, pemenne 3agaqn 1, ode-
BIJHO, CYIIECTBYET, IPHYeM BBHIMOTHAIOTCS (COOTBETCTBEHHO) ycaoBus (1) u
(2). Nubivu croBaMu, B mepBoM ciydae (puc. 9a) ['y BkI0O9aeT KOMIOHEHTY,
comepKaiyto Fy; n Fy, 1 KOMIOHEHTY, cojep:xkaliyio F3 1 Fy, a BO BTOpOM
crydae (puc. 9b) — kommnomenTy, cogepxkainyo [ n Fy, n KOMIOHEHTY, co-
repxkainyio Fy u Fs (mociemuss, BopodeMm, n3obpazkaeT [NBHKEHHE OTPe3Ka
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AB, npu koropom Hi A, Hi B He o6xomaT P, Tak 910 oTobpaxenns [0;1] B
Pry, cooTBeTcTByOMINE HTON KOMIOHEHTE, He SBISIOTCA PEllleHneM 3a,1aqm 1).
DemnM Teneph 3aga4y 1 s aoboro d € (0D)].
Acno, 9T0 Bce KoumeBwie Bepmuubl F;, 1 < ¢ < 4, rpada 'y numeroT cTe-
medb 1. Yo ke kacaeTcs HeKOHIEBHIX Bepiiud ['y, TO, modTH MOCAOBHO TIO-
BTOpAS [TOKa3aTeIhCTBO TEOPEeMEl 1, moayyaem:

A. Fcau aomanas T ne codepacum nu 0dnot napsbt napaiteabublit 36 €HbES,
paccmosnue mexrcdy Komopuimu pasno d, mo ece nexonyeevie sepuiunvt 1y
UMEION UEMHYIO CTNENEHD.

B. Feau aomanas T codepacum napaieabubie 36EHbA, PACCTMOAHUE MENHC-
dy komopvimu paeno d, mo éce nexonyeevie sepwunbl I'g neuémuot emenenu
MoxHcHO pazbums wa napvt sepwun (U, V), coedunénnvir 6 I'q npamosuneinsi-
mu ompesxamu — péopamu UV . Hexawouus amu péépa uz Uy, npuzodum
epay 1), 6ce nexonyesvle 6ePUUNDL KOTNOPO2O UMEIOT YEMHYIO CINENEND.

Beiigs us Bepmmabr Fy, 6ygem gBuraThes mo pédpam rpada 'y (B cay-
qae A) min rpada [, (B caytae B), me npoxogs mum mo ogHoMy peGpy IBa-
K ITHI (MOKa 5TO BO3MOYKHO); BTO IBHKEHIe He MOKET 3aKOHIHTHCH HII B KAKOI
BeplliiHe YETHOU CTeNeHU; TeM CaMbiM MbI [OWJIeM M0 OMHOU U3 BepiiuuH Fj,
2< <4

Ecau ato — Bepinuna I, To BedgeM u3 F3 U NPOMONKUM TBUTATHCA 1O
TeM péGpaM, MO KOTOPHIM MBI €lIé HH pa3y He NPOXOAHIn (MOo-TpeKHeMy He
IPOXO/s HU 10 OJHOMY pebpy MBaiK[Ibl, TOKa 5TO BO3MOXKHO); KaK I PaHBIIe,
BTO MBUZKEHHE He MOYKeT 3aKOHYHTHCA HU B KAKOU BepliiHe YETHOU CTEleHH;
TeM CaMBIM MBI O IeM [0 e THHCTBEHHOU OCTABIIEeNCS KOHIEBOU BepIIUHbL Fy.

Nrak, B paccmaTpuBaeMoM caydae rpad I’y BKIovaeT KomnonenTy Ky o,
cojiepzKallylo Toukn [y u Iy, u KomnonenTy K34, cogepxKamyio Fz n Fy.

AsbTepHaTHBHAS BO3MOXKHOCTH: BhIUAS U3 F|, Mbl MOTWIH H0UTH 10 Iy, B
pToM caydae 'y BKIO9aeT KoMnonenTy K 4, cofepkamyio Iy u Iy, a Takxe
KOMIIOHeHTy K 3, cosepxamyio [y n F3.

Daxouelr, BuIligg u3 Fy, Ml Morin goutu o Fi (mo nyrtun K 3); Ho Torga
cymecTByeT U myTh K9 4 u3 Iy B Fy, a nockoabKy nyTh Ky 3 paszgender [ u
Fy, ro mytn Ky 3 n Ky 4 nepecekaloTcd; 3HaYUT, B DTOM Clydae BCe deThIpe
Bepmmmubl: F, Fo, F3 nu F, — nupunamiexaT oJHON KoMIoHenTe rpada [y
(pme. 9c¢).

Taxkum obpazom, us BeplinHbl F] Bcerja MOXKHO HouTH aubo no Fo, au6o
mo F4, a mHOr;a W O Kaxkgou W3 TpEéx Bepmmubl: Fo, F3 m Fj. Bagaga 1
peliiena.

DoJjiee TOr'0O, BCE MOJATOTOBIEHO W [Js PellleHns 3amad 2 u 3.
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OnpPEAEAEHUE. Wcnoabsys obosnadenne K;; mid cBa3HOro mojarpada
rpada I'g, cogepxamiero I; n F;, Beigenum aBa kiracca rpados ['g:

J10601 rpad MepBoro Kilacca BKAWYAET HellepeceKakolnecss KOMIIOHEHTh
K2 m K34,

a10601 Tpad BTOPOTO KIacca BKIOTAET HellepeceKalolnecs KOMIOHeHTH
1(174 n 1(273.

B >Tux TepMmnax 3amavn 2 n 3 MOXKHO TepedOpMyJINpOBATE CJIeNY oMM
obpa3oM:

2. Cywecmsyem maxoe w, umo npu d > w 2pad I'y npunadaexncum nep-
soMYy KAaCCY, ¢ NPu d < W — 6MOPOMY KAACCY.

3. Ppu d = w epad 'y ne npunadaesxcum nu nepsomy, Hu 6Mmopomy
Kaaccy: ece wemwpe sepwunvt £, 1 < ¢ < 4, npunadaexcam odnoi xomno-
newme I'y,.

PEmEHUE 3A0A49 2 U 3. fcwHo, uTo npu d # e rpadgur I'y u ', He mepece-
KaIOTCA. JPH DTOM Isi KOHIeBbIX BepinH ' (o6osznaunm nx F;, 1 <1< 4,
9TOGH OTIHINTE OT BepiinH F; rpada 'g) BEIMOIHAIOTCA COOTHOIIEHNS, aHa-
Joruiuste (7):

Fi=1(0,e/L), E=(0,1—¢€/L), Es=(e/L,1)n Fs=(1—¢€/L,1),

1. e. (puc. 10) mpu e < d Touknm F; pacnonoxensl 6amxe, deM [, kK yraam

KBaIpaTa
K ={(z1,22)|0<a; < 1,1 =1,2}.

Es Fs Fs Es Es Fs Fs Es
T .
F2 Fe
Fi Fi
E: E:

Pwuc. 10
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Puc. 11 Pwuc. 12

D03TOMY BepHa

JEMMA 3. Feau epag I'. — nepsoeco waacca u d > e, mo epag I'y —
mooice nepeoeo kaacca. Feau I'y — emopozo waacca u e < d, mo I’
MoJNce 6MOPO20 KAUCCA.

JTOKABATEABCTBO. Unade 'y u ['. mepecekanck 6w1, puc. 10.

CAEACTBUE. Moocho npunamo 3¢ w HUNCHIOW 2panb mex d, das KOMopsble
epad Iy npunadaexrcum nepsomy xaaccy uau (4mo mo He camoe) 6epruioo
epanb mex d, das womopwix 'y — emopoeo kaacca. Jas amozo w ymeeparcde-
nus 3adav 2 1 3, ouesUIHO, SBINOAHAIOMCA.

3AMEYAHUE. Touxka d = w sBiAseTCH TOYKOU Hepexoja OT rpadoB BTO-
poro kiracca K rpadpaM IepBOro Kiacca; KOMIOHeHTHI K;; mia rpacgos I'g
npu d, 6an3kux K w (puc. 11), HAMOMHUHAT ceMelcTBO THIepOOT Ty = ¢ Iis
¢ Boauzu 0. Ipu d = w rpap I'y = '), umeer Bepuinny X crenenn 4, us
KOTOPOHI MOXKHO MOHacTh mo pébpam 1y, B a0byio us Bepmun F;, 1 < ¢ < 4;
casubin moarpad Iy, comepxammnu X n F;, 1 < ¢ < 4, — amagor cenapa-
mpucet £y = 0, pasgeasionienn rupnepGobl Y = ¢ I ¢ PA3HBIX 3HAKOB (XOTs
HHOTIa BTOT NoArpad yCTPOEH CaoKHee, HalpuMep, TakK, Kak B clydae, Koria
M — npaBHJIBHBIH TpPeyroabHUK, puc. 12).

B zaxmiodenne »Toro maparpada chopMyIupyeM U JoKayKeM elé OTHY
JeMMy (cpaBHEUM e€ ¢ 3amadamu 1, 2), KoTopas MOHATOOUTCS B pas3i. 7.

JIEMMA 4. Pycmb cywecmeyiom maxue HENPEPLIEHLIE OMOOPAHCEHUA
a: te0;1] - A=ua(t) € Pg, b: t€[0;1] - B=>(t) € Py, (8)

umo nput =0 ut =1 ompezox AB 2anumaem 0dno u mo stce noaoxucenue
AoBy C H: Ay = a(0) = a(l), Bo = b(0) = b(1), npu uzmenenuu t om 0
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Pwuc. 13

do 1 odna uz mouex A, B obrodum xoumyp P u paccmosanue mexcdy A u
B ne o6azameavno nocmoswno, no npu eécex t € [0;1] ne npesocrodum e
(6 wacmuocmu, |AgBo| = eg < €). Tozda e > w, max umo cywecmeyiom
omobpadxcenus, obaadaoujue 6cenu ceoticmeamu omobpaxcenud (8) u, xpo.ae
mozo, maxue, umo |AB| = e.

JTOKABATEJIBCTBO. B dasoBom npocTpancTBe mepemerenie (8) oTpeska
AB msobpakaerca KpuBoil () = Q1 9, coemuusiomein £Y u Y, nan xpusoit
Q = Q3.4, coequusiomein FY u Y, rae E? — pepumnnt rpada I, (puc. 13).
Jdpu d > e sTa KpuBas He mepecekaercs ¢ 'y (taxk kax |AB| < e < d).
DOITOMY € > w: ecli TPeanoJoKITh, 9T0 € < w, To npn d € (e;w) rpad 'y
— BTOPOTO KJacca M, 3HATHUT, BOMPEKH CKa3aHHOMY, TTepeceKaeTcs ¢ KPUBOH
Q) (160 K 4 nepecekaer (2, 160 Ko 3 mepecekaeT (3 4).

7. MOXKHO JU NPOTAIIUNTHL MHOTOYTOJBbHUK MEXKAY ABYMS
I'BO3AMU?

Onupasce ma geMMmy 4, pelnM 3ajady 0 I'BO3[AX U3 aHHOTAINN U 33Jady
4 u3 pasji. 3.

Dyctb ro3au (7 1 (g BOUTHL B CTOJ HA PACCTOAHNE €, I IyCTh H3BECTHO,
9T0 MHOTOYDOJBHUK M MIMPUHEL w); MOXKHO IPOTAIINTH MeXK Ty HEMHI (Tak
q9TO € > Whf).

Korja MBI mpoTackmBaeM MHOIOYDOIBHHK MEXKIY ['BO3[SMI, TO ['BO3IH
HEIOIBHAKHLL, a MEOrOyroabuuk M aBuzkercs. OJHaKO, €Il JKeCTKO CBA3ATH
¢ M cucremy KoopimHAT, TO B Hell, HaoGopoT, 2603du G u Gy deudxcymes
OMHOCUMEALHO HENODEUHCHOZO MHOLOY2OALHUKA:

G = Gl(t) n G9 = Gz(t), t € [0, 1] (9)
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[T MHOTOYTOIbHUKOB He OYeHb CJAOKHON (POpMBI IBHKeHHe (9) MOKHO
npeacTaBiIaTh cebe caeryomnM obpasom (puc. 14).

Da KoHType P MHOoroyroapaunka M Brei6upatorcsa nBe Toukn: C7 u C5. B
Hux K M npugensiBaioTcs aBe pydku: by u hy (moaynpsimere CTCy n C5C5), He
nepecekalonine ApyT Apyra W He nMeiolime ¢ P ipyrux obIuX ToYek, KpoMe
Cy u C3. O6vennnenue M, hy u hy paséuBaer R? na nse qactu: 6eprmion u
nudcwowo, 1 aBuKenne (9) npoucxoiuT Tak, 4To G4(t) 1€KAT B 3aMBIKAHIH
Bepxuell, a G'2(t) — B 3aMbIKQHII HUAKHEHN 9acTH.

Nmenno Tak npomackusanue muo2oyzoaprura mexncdy 2603damu G v Go
TpakTyeTcs B [1], u uceaenyemas 3amada peiieta B [1] mas MHODOYTOMBHUKOB
M, KoTopbie MOKHO UMEHHO MaKUM cnocofom TPOTAITAThL MeXIy Gy 1 (.

Do misi 6otee CIOKHBIX MHOTOYTOABHUKOB (puc. 15) mpn e, 6Jm3KnX K
wps ABuxKenne (9) we.b3s MpencTaAaBATH TAaKHM 00pa3oM, I Ha MOMOIIb IPH-
XOUT KOHCTPYKIusA P w3 pasj. 3.

YTo6br HIPUMEHNTH €€, IMpek e BCero OTMeTHM, 9TO ecan ABIKeHne (9)
IPOHCXOINT Tak, Kak B 3agade 1, T.e. G1(t) = a(t), Ga(t) = b(t), To npu
svinoanenuy yeaosus (1) oxvazvieaemes, umo mnozoyzoavnur M npomawjuau
mednedy 2603danu G u Go.

3uaant, wupuna w = w(Py) mnozoyzoavnura ¢ pyuxoi Py we menvue
WUPUHBL Was MHO20Y204bHUuKa M. DPOTHBONOIOKHOE HEPABEHCTBO, a C HUM
1 TOXKJIECTBO

w = wy, (10)

cpasy BBITEKAlOT U3 CAeAYIOMIero yTBepK IeHns (KoTopoe 6y IeT JOKa3aHO Hil-
xKe):

Eeau mnozoyzoavnur M modxncno xax-wubyds npomawumsv mexcdy 2603-
damu Gy, Gg, mo amo moxno cdeaamv u max, umobvl deéusxcenue (9) npo-
uczoduio, kax 6 3adave 1 npu ycaosuu (1) wu, mem campin, wmobvl KoHybl
ompesxa GGy deuzaaucy no Py.

Kpowme semmbl 4, npu npoBepke >TOro yTBep:KiaeHus Oyj1eT HCIOJb30Ba-
Ha elIé OfHa JeMMa (JeMMa b 0 2.4a6HoM unmepsae), K (POPMYyINpOBKe 1
TOKA3ATeIbCTBY KOTOPOU MBI H HPHCTYIAEM.

Cpenu Bcex t € [0;1] B (9) mmeroTcst Takne ¢, 9TO TepecevdeHne OTpe3Ka
GGy ¢ M nycro, Takue ¢, uto G1(G5 He CONEPKUT BHYTpeHHUX TOodeK M,
Ho GGy N P # 0, u, nakonen, #a [0; 1] MOXKHO BHIIEANTH OTKPHITOE TOJ-
MHOXKecTBO 2 Takux ¢, mis KOTOphIX 0Tpe3oK (G1Gy COMEPKUT 6HYMPEHHUE
Touxku M.

JIEMMA 5. Cpedu unmepsasos, cocmasasiowur 2, ecmv maxoi, 24a6-
notl, unmepsan (to;t1), wmo npu t € [to;t1] u npouczodum npomackueanue
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Puc. 14

Puc. 15
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mno2oy2oavnura M mexwcdy Gp u Go:  das kaxcdoi enwympenned mouru
p € M naidémea t =t(p) € (to;t1), npu komopom ompezox G1Gy codeprcum
p; nput € (to;t1) 6ce enympennue mouxu muozoyoavnura M neperodam
uepez ompezox G1G5.

JIOKABATEJIBLCTBO. Boobiie ToBops, £ COMEPKUT U IPYTHUE, HE2.AU6HbLE,
unTepBaabl I. /las ¢, npuHaiexanux Kaxiomy us Hux, orpesku G1G5 co-
JepiKaT He BCe, a TOIBKO TaCTh BHYTpeHHNX Todexk M; npu t € [ »Tu To9kn
AUUD BpeMentno neperodam uepez ompesorx G1(Go, a nomom 6036pauyaiom-
cs obpamuo. DodTOMY, ecin OGbl {2 cOCTABAAIN TONBKO TaKie WHTepBaJbl [,
MHOTOYTObHUK M He ObLil 6bl mpoTalied Mexiay G u Gy, 3uavur, £ gei-
CTBUTEIBHO COTEP:KNT HCKOMBIN MHTEpBAX (f;t1).

st rraBroro muTepBana (to;t1) C Q npn t € [to;t1] Toukn P € G1Gy,
6amxaiime x G, Gz, 0603Ha4nM (cooTBeTCTBeHHO) depes A u B, A = A(t),
B = B(t). Orobpaxenus

teftoith] = A= A(t), te[tosts] — B=B(t), (11)

MOTYT OKa3aThCs Pa3pPBIBHBIME (/15 HEBBINYKJIBIX MHOTOYTOXbHUKOB M), HO,
MeHSs TapaMeTpu3annio (3amenss «mepeckokm A(t—0) B A(t+0) nu B(t—0)
B B(t + 0) «HempPepLIBHEIME TepexogaMuy ), HETPYIHO CIelaTh UX HENPepPhiB-
HBIMHU. DPH Ka)K[TOM W3 JIBYX I'DAHHYHBIX 3HadeHUl ¢ = {g u t = {1 OTpe3oK
AB = A(t)B(t) (B03MOXKHO, BEIPOXKIAMOMNNACS B TOYKY — B CIydae, ecin
A(t) = B(t)), o4eBHgHO, Te:KNT Ha TpaHniue M, Tak 4TO CylUeCTByeT TakKas
CTOpOHA MHOTOyTOJIbHUKA S;, 9T0 A(t;)B(t;) C s;, ¢ = 0,1. DodTOMYy J€rKo
noonpenenth (11) Bue [to;¢1] n meperiTn o1 (11) K HenpepHIBHBIM 0TO6paKe-
HUsIM (8), YIOBIETBOPSAIONINM YCJIOBHAM JTeMMEL 4.

DpHUMeHss 5Ty JeMMy, MOJydaeM, 4TO CYIIeCTBYIOT oTobGpawenus A(f)
n B(t), obragatoiine BceMn cBOHCTBaMn oTobpazkeHun (8) m, Kpome TOro,
Takue, 9To |AB| = e.

Dogaras G = A(t), Gy = B(t), moaydaem, 9T0 BepHa aHOHCHPOBAaHHAS
BbIIIIe

TEOPEMA 2. Fcau mmozoyzoavnurx M moxcno xax—nubyds npomawumo
meancdy mouxamu Gy, Go HA PAcCMOANUL €, O IMO MONCHO cIeaamb U MAK,
umobur deuarcenue (9) npoucroduqo, kax 6 2adave 1 npu ycaosuu (1); Konywi
ompesra G1Go dsudcymes npu smom no Prr.

Taxk kak (o remme 4) € > w, To npn 11060M d > € COOTBETCTBYIOMINI Ipad
'y npuHa/1e;KUT HEPBOMY KJIACCY U, CIeT0BATEILHO, COMEPKNT KOMIOHEHTH
K191 K3 4. Orcrofa 11 ao6oro MEOroyronbanka M cremyer
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TrOPEMA 3. FEeau muozoyeoavnur M moxcno npomauwums mexncdy 06yms
MOUKAMY KA PACCTNOARUL €, TRO €20 MONCHO NPOMAUUMD U MENHCAY MOUKAMU
Ha paccemosanuu d > €.

Hrak, 3amada U3 aHHOTAIME pellleHa. JellleHa 1 3ajada 4: KaKk yiKe oTMe-
9eHO, N3 TeopeMbl 2 BHITeKaeT TOXKAecTBO (10), a HOCKOABKY B MpHBeIEHHBIX
BHIIIIE PACCYXKIeHUAX pyuKy H MOXKHO BClOAy 3aMeHUTh pyukod H*, To w =
w* — MIUPUHA W MHODOYTOJbHUKA C PYYKOU Py He 3aBUCHT OT PACHOJOKEHUS
pyuku H.

8. [TOKABATEJLCTBO TEOPEMBL JBONCTBEHHOCTH

OcTaercs 1oKazaTh TEOPEMY [MBOUCTBEHHOCTH. DOJIPOOHO OHA CPOPMY.IH-
poBaHa B pa3f. 1, a eé kpaTkad POPMYIUPOBKA — CAeTYIONIAL:

TEOPEMA 4. wy; = dpy.

JOKABATEILCTBO. Beaegcrsue (10) mmpnua wps paBHA gy — Mak-
CIMaJIbHOMY 3HadeHHI0 MINHBL d oTpeska AB, KOTOPBIE MOXKHO TaK Hepe-
MECTHTH BIOJIL JoMaHon 1" us moaoxenuns AgBg B momoxenne A1 By = BgAy,
9TOGHI BEITOMHAIOCH YCI0BHe (2); (pa3oBasi TOUKA ABIZKETCS TIPH HTOM 110 I'pa-
¢y 'y m3 Fy B Fy (puc. 9).

I'pagp Iy, cogep:kuT TakKe myTh u3 Fy B Fj.

ComnocraBienne nepeMelnennii orpeska AB Broab T, m3o6paxKaeMbIX My-
mavn [ Fy w FyFs (HIGKHEOH DparMeHT pucyHKa 9) gemaeT OYeBHIHBIM pa-
BEHCTBO dyer = dpf-

Nrak, wy; = dps. Teopema IBOHCTBEHHOCTH ITOKa3aHa.

B saxaiovenne X094y BEICKa3aTh TPH3HATETHHOCTD IPY3hAM I KOLTETaM 3a
MOMOIIb pU TOATOTOBKe >Tol cTaThbu: A. M. OueBckuit o6paTua Moe BHEMa-
Hile Ha paboTy [1]; y MeHs He 6BLIO 5TOU paboThH mox pyKoi, u U. B. ApHoab
MO MoOell mpoch0e CKaHWpOBaJ W Hpucaan Mue eé no e-mail; 9. J. Bacuibes
TPOSBII 3aBHUAHOE JOJTOTEpIeHne, BHICAYIINBAS Mo TeledOHy MOHW TOKa3a-
TenbeTBa M obcykgas ux co muon; J. E. Joiros cgeran na koMmbioTepe
PUCYHKN K cTaThe. Becex nx f nckpenHe H1aromapio.

CnucokK JUTEPATYPBI
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[2] Apnoavd B.H. O6wikHOBeHHBIE MuddepeHnnalbibie ypasaenus. M.: Day-
Ka, 1971.
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[Iporpamma « MaTIIKOIEHIKY

Ppemraracmas BHEMaHIIO TATaTENCH IporpaMMa, 10 MHEHHIO €6 aB-
Topos (A. BaitaTpo6 npu yaactun A. llens n apyrux), cogepxuT MuHU-
MYM CBeJIeHHIIT, KOTOPHIE JO/KEH 3HATh IIPH OKOHTaHIH IITKOIBI XOPOIINIT
MIKOILHIK XOPOILIEr 0 MaTeMaTHIeCKOro Kaacca. B Heé He BXOJAT CTaH-
JapTHBIE CBEJIHHSA W3 IKOJIBHON MPOrpaMMBl (pelllenne ypaBHeHNH, Ipa-
$UKE, eBKINAOBA T€OMETPHA W T. 1.). MBI cTapasmuch OrpaHmInBATHCH
MUHHMYMOM HOBBIX MOHATHH (CKaxeM, o0IIee TOHATHE IPYIIIBI OTCYT-
CTBYeET).

PazyMeeTcs, 5Ta OporpaMMa OTpakKaeT JUIIb TOYKY 3PEHHA €& aB-
TOPOB, N BO3MOXKHBI APYTHe BADHAHTHI (HANPHMED, MOXKHO CTapaThCs
YMEHBIINTE €6 IIepecedeHne ¢ MpOorpaMMOIl IEPBOro Kypca 3a CUeT CBe-
JeHUN 1o aHaau3sy). TeM He MeHee, Kak HaM KaXkKeTCsd, 5Ta MPOTPAMMa
COOTBETCTBYET TPaJNINH HEKOTOPHIX MaTEMaTHICCKIX KAACCOB I IIKOJI
(B IIEpPBYIO Ovepeh TeX, rae 00yvIeHne Pa3eleHo Ha (IIKOMBHYIO) H «J10-
MOJHUTENLHYIO) MATEMATHKY ).

Ypoeenb TpeboBaHUE MO KaX Aol TeMe 3adaéTca obpasnaMu 3ajad.
CaegyeT mMeTh B BUAY, 9TO CpeAH 3aaad yCTHOIO SK3aMeHa eCTh CHJMb-
HO TIPEBOCXO/SAIINe MUHIMAILHBIN yPOBEHb TpeGOBaHNN (OHH JaBAINCh
HHAUBHAYAIbHO CHABHBIM MIKOALHEKAM, JeMKO CHPaBHBIINMCA ¢ o6A3a-
TeMLHBIM MUHIMYMOM ).

1. APU®PMETHUKA U AJTEBPA

1.1. KOJblO UEJBIX YUCEJ. KOJbIA U 11OJA BBIYETOB
JlenuMocTh MeaBx Thuced.
ApudmeTnka 0CTaTKOB.
DauMeHbllee 00lllee KPAaTHOE U HAUOOJBIINT OOIIUE TeJuTelb.
Bsanmuo mpocThie qncaa.
Anroputm EBkinia.
DellleHlie ypaBHeHUH Buga ax + by = c.
OcHoBHast TeopeMa apudMeTUKn 1 €€ CJIencTBUs.
DeCKOHEYHOCTh MHOYKECTBA MPOCTHIX YHCel.

Teopema Depma—Iiiepa.

MaTemaTu4eckoe npoceeleHune, cep. 3, Bbin. 2, 1998(193—215)
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10.
. Dpou3BoOHAs U KpaTHbIE KODHH.
12.

OBPA3IBI 3ATAY

HNokasaThk, 910 ecan ad + bc geawTcsa Ha a + ¢, To U ab + cd geanTca Ha a + c.
P atitu mammenbinee 60-3na4nOe qncao, geisieecs wa 101.

- 18 32
Paimu POJT (212 — 1, 2°% — 1).

CytecTByeT Ju 4mcao, mafoliee Ipu gedenun Ha 2, 3,5, 7, 11 ocraTku 1, 2, 3,
4,5 cOOTBETCTBEHHO?

Ppn xakux meawix a ypauenme 12x + 20y 4+ 30z = a uMeeT memodInCIeHHBIE
peleHns?

. Hucao p npocroe, we pasuo 2 u 5. Jokasarh, uTo apobb 1/p mepuoautna u

MHCTO 3HAKOB TEPHO/Ia ABASeTCA feuTeaeMm p — 1.
Cwm. sagady 1 gacTu | nuceMeHHOTO sK3aMeHa 3a 1984 ron (crp. 203).

CKOBKO CYIIECTBYET YHCEd, KOTOPBIE MOTYT OBITH OCTATKAMU TIPH AeJeHUH
TOYHBIX KBagpaToB Ha 1017

1.2. KoJbllO MHOI'OYJEHOB

Jlefenne MHOTOMIEHOB € OCTATKOM.

Teopema Desy.

KopHuu MHOTOYIEHOB W pasfoKeHne Ha MHOKHTEN.
KoneunocTh qnciaa xkopmef.

Muorouaensr, copnanaolnne Kak GyHKINAN, TMeOT paBHLIe KOd(PPUIT-
€HTHhI.

WuTepnoasuus: cyliecTBOBaHe U e TMHCTBEHHOCTb.
Ksagparuoin Tpéxien. PopMyaa KOpHEN.

DalHoHAJbHBIE KODHH MHOI'OYJIEHA € MeAbIMU KOD(P(pUIIneHTAMU.
D0/ u DOK muorowrenos. Airopurm EBkinia.

O/HO3HAYHOCTD pas3iokKeHus Ha HempuBognMmere (s R[z]).

CI/IMMeTpI/I‘ieCKI/Ie MHOI'OYJIeHBbI.

OBPA3IBI 3ATAY

Ppu genernn muorowaena P(x) Ha £ — | moaydaeTcs 0CTATOK 2, & IPH JleIeHIH
Ha & — 3 — ocrarok 1. Paiitu ocrarox npn nexennn P(xz) ma (z — 1)(z — 3).

. okazare, aro PO (2™ — 1, 2" — 1) = GHOAm ) _ (Cm. Takxke 3ama-

4y 4 qactu 1 muceMeHHOTO 5K3aMeHa 3a 1984 rox Ha cTp. 203.)

. Uzectno, uro P(z) < 5(z? + 1) 4+ 1000 npu Becex z. YTo MOKHO cKazaThb O

crenenu P7



Hporpamma «MaTIIKOIEHIKY 195

4.

11.

S R

. Berancauts (1 + 9)

[okazaTh, 9TO cucTeMa

r4+y+z+i=a
z+2y+3z+4t=15%
r4+4y+ 92+ 16t =c
r+8y+2724+ 64t =d

npu abuX @, b, ¢, d IMeeT eINHCTBEHHOE DeIeHIE.

. PapucoBaTh MHOXKeCTBO Tex nap (p, ¢), TpW KOTOPHIX KBaJPaTHBIN TPEXHIEH

22 + pr 4+ ¢ UMeeT 2 TMONOKUTEILHEIX KOPHS.

. [lokazaTh, 9TO ecam 9uca0 /4 PAUMOHATBLHO (A HATYPAAbHBIX ¢ W 1), TO

OHO — IeJoe.

Paiitu MHOTOUeH P () cTenenn 3, Aus KOTOPOTO

P(1)=1, P(2) =5, P(3) =0, P(4) + P(5) = 8.

. Muorowen crenenu 4 mmeer 3 rZ[CI‘/,ICTBI/ITeJII)HbIX KOpHA. Moxet 1m ero opo-

M3BOJHAA UMETH POBHO | MENCTBUTENBLHBIA KOPEHD?

1000

1
. Palitm _—
712:31 nn+1)(n+2)

10.

MNasecTHO, wTO * + Yy + 2, *Yy + Yz + vz, vyz — Ueable unucaa. MoxHO Ju
YTBEPXKAaTh, YTO YUCIO 3+ y3 + 23 — memoe?

MokazaTh, 9To uncaa 1 + \/5 + \/§ n \e/i + \/5 ABJIAIOTCA KOPHAMU HEHYJIEBBIX
MHOT'OYJICHOB C IIEJBIMH KO3 PUAIIeHTaMN.

1.3. IIoJE KOMIJEKCHBIX YUCEJ

KouMnnexkcubie dncia u onepalun Hal HAMHA.
Bo3MoxHOCTD U 0THO3HAYHOCTL JeleHus.
ComnpsKénnble ducia.

OcHoBHas TeopeMa anre6psl (popmyanposka). CirencTBue: BCIKAI MHO-
roaied n3 R[z] pasnaraercs Ha JuHelHBe I KBaIpaTHbIE MHOKHTEIN

B R[z].

. TpI/IFOHOMeTpI/I‘{eCKaﬂ q)opMa KOMIIJIEKCHOT'O 9ncja.

. FeOMeTpI/I‘ieCKI/IfI CMBICJ YMHOZKeHNS.

OBPA3IBI 3ATAY
1001

. Palitu nmpousBefiennie n cyMMy BCeX KODHEN CTENEHN N U3 9HUCIA «.

. Kakoil aprymenT MoxeT UMeThb Hucio z, ecan |z — i < 0,57
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4. Pailmu MHOIOWIeH MUHUMAJABHOU cTenenn uz R[z], nas koroporo 4ducaa 1+ 1,
2m 3 — ¢ 6blu OB KOPHAMU.

5. MokazaTh, 9T0 MHOXKECTBO TeX z, 11 KOTOPHIX Re(1/z) = 1, ecTh OKpyKHOCTH
6e3 TOYKH.

6. Kakme 3raveHns MOXeT IPUHIMATE MIPOU3Be/IeHIEe BCEX PACCTOSHII OT TOYKH
(2,0) g0 BepUINH TPABHIBHOT'O CEMHYTOJBHIKA, BIUCAHHOIO B OKDYKHOCTH
eTMHIYIHOTO pajuyca ¢ meHTpom B 07

7. Pa KOMIUIEKCHON MIOCKOCTH JaHbl TOYKH ¢ u b. T'e HaxoaaTea Te z, Jad Ko-
TophX (z — a)/(z — b) — "mcTo MHEMOE dncaI0?

1.4. KOMBUHATOPHUKA. ['PYIIIA NEPECTAHOBOK

DepecTaHOBKH.

DazMelleHus ¢ MTOBTOPEHUSIMH.
Da3MellleHn.

Coueranusi.

DUHOM JBIOTOHA.

Tpeyronbuuk Dackads.

Dopmyia BKIOIEHIT I NCKIIOYEHNN.
YMHOXKeHIe HepecTaHOBOK.

YeTHEIe T HeUETHBIE epecTaHOBKH.

jeoBNo e RS T =R GRS VR

—_

Das3jloKeHnne nepecTaHOBOK B IIpOU3BeleHle NUKJOB.

OBPA3IBI 3ATAY

1. CkoabKO NATH3HAYHBIX TICEN COoAepkKaT B CBOEH 3ammncu mudpy 8 u He comep-
xat 07

2. CKOJBKO pelleHn B HATYPAJbHBIX UHCIaX UMeeT ypaBHEHIe
ryz=2-3-5-7-117

3. CKOJBKO CYIIeCTBYeT NATH3HAYHBIX HYHCENT, COCTaBIeHHbIX n3 nudp 1, 2, 3, 4,
5 (kaxgad BXOAUT 1O OHOMY pa3sy), B KOTOPHIX OHdpa b He CTOUT Ha MATOM
MecTe?

4. CKoaABKO DEIIeHnl UMeeT ypaBHeHWe X1 + &g + -+ -+ & = | B IeIBIX HEOTPH-
MaTEeMbHBIX TUCIAX T

5. Palitu cyMMy Bcex dHCeJd N-OW CTPOKH TPEYTOAbHUKA PacKads ¢ ETHBIMI
HOMEpaMH.

6. PaiiTu 3HAKONEPEMEHHYIO CYMMY BCEX WHCEX N-0f CTPOKN TPeyrodbHuKa Pa-
ckaag ¢ uérnbiMu Homepamu (C) — C2 + C 4+ .. ).
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,HOKaBaTb, 9TO YHUCI0 pa36HeHHI>i eJaoro IMoJOXKHUTEAbHOI'O YUC/la 1 Ha HeJeT-
HBIE TEABIE IMOJOXKUTEJNBHBIE ClaracMble paBHO YHUCIY €r'0 pa36HeHHI>i Ha pas-
JUYIHBIE TEJAbIEe ITOJOXKUTEJALHBIE Clal'acMble. (POpH,Z[OK cjJaracMbIX CHIHUTaETCsA
HecyIHeCTBeHHbIM.)

CylilecTByeT JH MEPECTAHOBKA 7-2JEMEHTHOT'O MHOXKECTBaA, MMEOIIas MOPS-
nok 347

JlokazaTh, 9TO BCAKas HE€THAd MEPECTAHOBKA MOXKeT OBITH NPENCTABICHA B
BILJl€ TIPOM3BEEHNA MePECTAHOBOK BUAa (4, §, k), IpW KOTOPHIX @ — j, j — k,
k — 1, a ocTadbHBIE YUCAA OCTAIOTCA HA MECTE.

2. AHAJN3
2.1. Teorusg MHO>KECTB

CuéTHble MHOKECTBA.

DpousBejieHlie U CyMMa CIETHBIX MHOYXKECTB.

Ecan A 6eckonewno, a B cuérno, To o0beannenne A n B paBHomoIruo A.
Teopema Kantopa—JepuinTeiina (popMyImpoBKa).

Dpumep HECYETHOTO MHOKECTBA.

Teopema KanTopa (s BCAKOro MHOXKECTBa CYLIECTBYeT MHOMKECTBO
6OJIbIIeN MOIIHOCTH).

QaBHOMOHlHOCTb HpﬂMOfI 1 IIJOCKOCTH.

OBPA3IBI 3ATAY
Kakyio MoITHOCTH MMeeT MHOXKECTBO BCEX HEMPEPBIBHBIX (PYHKIMH Ha OTpPe3-

Ke?

NokasaTh, 9To A X A paHoMomHO A, ecan A — MHOXKeCTBO BCeX 66CKOHETHBIX
MOCJAeI0BATEIBHOCTEN HyMeH U e IWHMIII.

JokazaTh, 9T0 KpyT U KBajpaT (C BHYTPEHHOCTAMN) DaBHOMOIIHBI.

,HOKaBaTb, ITO MHOXXECTBO rZ[eIk/,ICTBI/ITeJII)HbIX qucel paBHOMOIIHO MHOXKECTBY
UPPpaluOHAJBHBIX THUCEJ.

2.2. TIOCJAEAOBATEJLHOCTH U MPEIEILI
Dpejies nocjaer0BaTelEHOCTH.
ErnncTBenHOCTSL Tpeena.
TeopeMa o IBYX MUJTHIHOHEPAX.
Dpejiel CyMMbI, PA3HOCTH, TPOU3BENEHNsS U YaCTHOIO.

Dpejiesl OTHOIIEHHUS TOKa3aTeNhHOW U CTENeHHON (PYHKIIHMU.
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OBPA3IBI 3ATAY
NokaszaThb, 9To ecan 2 + y2 — 0, To T, + yn — 0.

[okazaTh, 9TO eCan MOCAeTOBATEALHOCTE CXOAUTCA K MOMOKNTETHHOMY TUCTY
@, TO MOCTEeOBATENLHOCTD KBaJPATHEIX KODHell 3 €6 WIeHOB CXOMUTCA K +/a.

o 1/n
Paiiru npegeast 1007 /n!, n'/™ n?/27 (2" 4 37 4+ 47) /(5" 4 67)) /n
JokazaTh, 9TO BeAKad MOCAEJOBATEILHOCTD HMEET MOHOTOHHYIO MO NIIOCTE0-
BaTEILHOCTD.

NmeeT am mocaegoBaTenbHOCTD sin 1, sin 2, sin 3, ... mpemgea?

2.3. CBOWUCTBA NENCTBUTEJLHBIX YUCEJ

To4unas BepXHSsA TpaHb.

Broxenutie oTpeskn.

Dpejiell MOHOTOHHOU OTpaHUYEHHOH MOCJIe[0BATEIBHOCTH.
Kpurepun Ko,

DOKPHITHE OTPe3Ka HHTePBaJTaMu.

CylecTBOBaHue HPPANNOHAMBHBIX YHCE.

DeCcYTHOCTh MHOXKECTBA JeHCTBUTENbHBIX YHCE.

OBPA3IBI 3ATAY

Ecin M — 6eckomednoe MHOXKECTBO TOYEK OTPE3Ka, TO CYIIeCTBYET Takas
TOYKA &, ITO JIOOOH HHTEPBAI, COAEPKAIIIN &, COTEPKUT GECKOHETHO MHOTO
TO4YeK U3 MHOXKecTBa M.

JlokazaTh, 9TO ec/u B MHOXKECTBE OTPE3KOB JAI00bIe ABa UMEIOT OBIIYI0 TOYKY,
TO CyIIeCTBYeT TOYKa, IpUHAIIeXKalIad BCeM OTpe3KaM >TOr0 MHOXKECTBA.

Ecan ¢yukuus f TakoBa, 9To Add AIO60H TOYKH OTPe3Ka CYIIECTBYET COfep-
JKAIIIU €€ WHTEepBaJjd, Ha KoTopoM f orpanmdena, To f orpaHmtdeHa Ha BCEM
oTpesKe.

JlokazaTh, 9TO ecal Pa3HOCTEH MEKAY N-M U k-M SIEHAMHN MOCAETOBATENLHOCTH
He MpeBocxoauT 1o Moy 1/n+1/k; To sTa mocieoBaTeALHOCTD CXO MU TCA.
ITo MOXKHO CKa3aTh, €CIN 5Ta PA3HOCTh HE MPEBOCXOANT 1o Moy 1/(nk)?

2.4. YUCJIOBBIE Ps/bLI

CxoumMocThb 1 abCOJTHAS CXOTUMOCTb.
CyMMa u mpousBejieHue psIoB.
DpuzHak CpaBHEHUS.

WNuTerpaibhbiil Tpu3HaK.
TeomeTpuyeckas mporpeccus.
Tapmonuyeckuit psi.
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. llokazaTh, 9TO eCau PAALI C UJIeHAMU L

OBPA3IBI 3ATAY

? 1 y? cxXomaTed, TO U PAJ ¢ WICHAMI

ZTpYn CXOMUTCA.

. Ppu xakmx z cxoamrea paj ¢ wieHaMm nZz”?

. [lokazarh, aro pyuknusa f(x), paBHas cymme pajga x” /n!, n — 1emoe HeoTpH-
) y » P Y pan ) p

HaTeabHOe, onpejeneHa npn Beex « u f(x 4+ y) = f(2) f(y).

Ppu xaxkux p cxogurca paj ¢ aieHamu 1/(n? 4+ n)?

. BeraucinTs cymmy paga y 1/n3 ¢ TounocTrio g0 0,01.

2.5. IIENPEPBLIBHOCTL HA IPAMOMN
DazjluYdHbIe ONpeleleHnsi HeIPEePbIBHOU (DYHKIUE Ha TPAMOM.
,HOCTH)KGHHG MaKCUMyMa.
D POXOXK IeHIe HY.JIS.
DaBHOMEpHasA HEIPEPBIBHOCTb.

DenpepLBHOCTH 3JeMEeHTAPHBIX (PYHKINH (MHOTOWIEHBI, TPHTOHOMET-
pudeckune QYHKINN, JOTapudM).

OBPA3IBI 3ATAY

. JlokazaTk, 9T0 ecanm f — HempepbiBHas (QYHKINA, OTOGpaKAIIAs OTPE30K

[0;1] B cebs1, To cymecTBYeT Takoe x, aTo f(r) = x.

. PocTpouts pyHKIINO HA NeNCTBUTETHHON MPAMON, MHOXKECTBO TOYEK Pa3PHIBA

KOTOpOf/i COCTOUT M3 BCE€X TOYEK BHUOa 1/71 opn OeJablX IMOJOXKUTEIBHBIX 7.

. dynkuua f onpeneneHa npu HeoTpuuaTeabHbix r Tak: f(z) = (1 + x3)/27.

PymeT au ona paBHOMEPHO HETIPEPHIBHON T

. Kakwue mmoxecTna MOryT OBLITH MHOXKeCTBaMU 3HAYeHII HEMNPEPBIBHBIX Ha WH-

Teppade (0; 1) gyuxumit?

. lokazaTh HenmpepwBHOCTH hynkmun f(z) = > n’z" ma orpesxe [0;0,5].

. PepBrIll 4ieH mOCIeOBATEILHOCTH PaBeH |, a KaXKIBIH CAeTVIOUINN — KBa-

IpaTHOMY KODHIO W3 CYMMBI TpeAbIAyINero wieHa u umcaa 2. UmeeT am sTa
MOCAENOBATENBHOCTD MpeIea’

2.6. /UPPEPEHINPOBAHUE HA TTPAMON
Omnpejenenne TpoOU3BOTHOMN.
DPOU3BOIHBIE CYMMEI, IPOU3BEJIeHNS, YaCTHOTO.
DPpOU3BOIHAS CAOKHOU PYHKIIHH.

DPOU3BOIHEIE DIEMEHTAPHBIX (PYHKIIHIH.
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. PaiTu 9mcio perennii ypaBHeHHUA T

Teopembr Doais u Jlarpanxa.

MOHOTOHHOCTb U NepBasi HPOU3BOTHAS.

BrinykaocTb u BTOpas npoOu3BOIHAS.

DpuMeHeHle BEIMYKJIOCTH K [OKa3aTelbCTBY HEPABEHCTB.

Dopmy.aa Tenropa.

OBPA3IBI 3ATAY

. MaBecTro, uTO ypapHeHne f(#) = a uMeeT n peinennil. Kakoe 9HCIO pellleHnH

MOXKeT HMeTh ypasHenue f'(z) = 07

. MoxkeT an npomzBoaHas Bcrony audpepeHmpyeMon pyHKINN He 6BITH Hepe-

PBIBHOT?

. Uzeectno, uro |f(y) — f(z)] < (y — #)?. NokazaTh, uyTo f — KOHCTaHTa.

MssectHo, uto h(x) = f(f(x)), f(2) = 2, npoussonnas h'(2) pasra 3. Temy
MOXKeT OBITH paBHO f/(2)7

3 _ r+a= 0 B 3aBHCEMOCTH OT d.

. Paiitn xacareabnyto x kpusoli 23 + x + y® + y = 2 B Touxe (1, 0).

MokazaTh, 9TO cpelHee TeOMeTpHUYeCcKOe He GOJBITE CpeIHero apudMeTHIe-
CKOT'O, TIOJB3YACH BBITYKJIOCTBIO JoTapudma.

. Paiitn npenea ornowenus (sinz — tgz)/23 npu x — 0.

2.7. NHTEIPAJ
WNuTerpan HenpephIBHON PYHKIUH O OTPE3KY.
DepBooOpazHad HEIPEPLIBHON (DYHKIIHH.
Teopema Ibiorona—JlenbHua.

I/IHTerI/IpOBaHI/Ie 10 9acTAM U 3aMeHa HepeMeHHOfI.

OBPA3IBI 3ATAY

2

. Paiitn ¢'(1) n ¢'(2), ecim g(x) = f; (sint)/t dt

o 1
. PaiTu ToUHYIO BEPXHIO T'DaHb YNCET fo zf(x) de 1o BceM HeTpEPHIBHBIM Ha

[0; 1] pyHKUMAM, MIA KOTOPBIX fol flx)de < 2.

. ®ynkuus f HenpepwiBia Ha [0;1]. Jokasarh, uTo fol f(z)sinnede — 0

npu n — oo.

Broraucauts f zlnzdx.

. HokazarThb, 4To nocaegoBareibiocts 1 + 1/2 4 -+ 1/n — Inn mMonoTonHa u

OrpaHMYcHa.
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3. 'EOMETPUS

3.1. I'PyOObBl IPEOBPA3OBAHUN NJIOCKOCTHU U UX KOMILJIEKCHBIN

10.

11.

A S e

CMBICJI

JIBIKeHusA: mepeHoc, IOBOPOT, CHMMETPHIL.

Borincienne KOMIOBUNNN pas3iuIHbIX BUJIOB IBUKEHHH.
Dopmyauposka Teopembl Hlans o kraccupukanum IBUKEHAN.
DpeobpazoBanus 10g1006us.

KoMmnosunun roMoTeTHi U IBHKCHNH.

Jlpobro-n1nHenHbe Tpeobpa30BaHnsd KOMILIEKCHOH IJIOCKOCTH.

NuBepcus.

OBPA3IBI 3ATAY

Ecan durypa mmeeT aBa 1eHTpa CHMMETPHH, TO OHA MMEET M TPETHH.

Bo 9To0 nepexoanT TpeyroabHuK ¢ BepmmHaMu 1+, 2 — 3¢, 4 — ¢ Tpu MOBOPOTE
una 120° Bokpyr 2 — 2¢7

PatiTu Bce nBUMIKeHWs, epecTaHOBOYHBIE ¢ MOBOpOoTOM Ha 90° BOKpYTr HaHHOM
TOYKH.

Ppu xkaxux a, b npeobpazoBanmne z — az + b ABAsIeTCA CHUMMETpHER?
Ppu xkaxkux a, b npeobpazoBanne z — az + b ABIAETCI TOMOTETHER?

JlBe KapThHI OMHOW MECTHOCTH Pa3HBIX MAcCIITabOB MOJOKEHBI APYT Ha APYTa.
JlokazaTh, 9TO WX MOXKHO MPOKOJOTH UTJIOW, OTMETUB Ha 00enX KapTax OJIHY
U TY e TOYKY MEeCTHOCTH.

[laHBI TpU OKPYKHOCTH PAa3HBIX pagnycoB. K Kax 0l mape MpoBeeHbI BHEIII-
HHe KacaTelbHble W B3fATa TOYKa WX TepecedeHus. J/lokazaTh, 9ToO TpHU 5THX
TOYKH JeKAT Ha OJHOU HPAMOIL.

JokasaTh, 9T0 KOMILIEKCHBIE 9ucaa @, b, ¢, d JexaT Ha OJHOW MPAMOH WIN
a—c b—c
—— NEHCTBUTENBHO.

a—d b—d

OKPY2KHOCTH, €C/Iu

P atitu Bce apobHO-auHelHBIE TPeo6pazoBaHtiisa, OTOOPAKAIOIINE BEPXHIOK O~
JAYTIOCKOCTH Ha cebd.

JlokazaTh, YTO MeHTPHLI TPABUABHBIX TPEYTOJLHIKOB, MOCTPOEHHBIX HA CTOPO-
HaX MPOM3BOJBLHOTO TPEYTOMBHUKA, 0OPa3yIOT TPABIILHBIA TPEYT OMbHUK.

Mana Touka 1 NBe OKPYXKHOCTH. POCTpONTH OKPYKHOCTD, TPOXOAAIYIO depes
JAaHHYIO TOYKY M KaCaIOMIYICs TaHHBIX OKPYXKHOCTEH.
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3.2. 'EOMETPUA BEKTOPHBLIX IIPOCTPAHCTB

1. KoopannaTHoe TpOCTPAHCTBO W €0 MOANPOCTPAHCTBA.

2. CucreMbl JUHEHHBIX YPABHEHUN U WX MeOMeTPUYECKHH CMBICI.

w

Teopema: ogHOpOIHAS CHCTEMA, B KOTOPOU HEM3BECTHBIX OOJbIIE, YeM
YpaBHEHUI, UMeeT HeHYJeBOe pellleHle.

JluHellHast 3aBUCUMOCTb.

Da3uChl. Ja3MepPHOCTh.

DepecedeHne U CYMMa MOAIPOCTPAHCTB: COOTHOIIEHHE Pa3MepHOCTEN.
CkaJisipHOe TIpOu3BeeHIe.

DepaBeHcTBO Koln—2JyHAKOBCKOTO.

DepaBeHCTBO TPEYTrONBHUKA.

SN A

YToa MexX Ty BeKTOpaMu.

OBPA3IBI 3ATAY

1. PaiTn pasMepHOCTH MEUHHMAJBHOT'O MOAMPOCTPAHCTBA B IATHMEDHOM IMIPO-
CTPaHCTBE, COJEPKAIIEr0 BEKTOPa

(1,1,5,1,1), (0,2,4,2,1), (0,3,3,3,1), (0,4,2,4,1), (0,5,1,6,2).

2. NokazaTh, uTo BekTophl (1,2, n) (12,22 p?) ... (1" 2" . n") auneiino
HE3aBICHMEL.

3. [oxazaTh, 4To J106as MOCAEOBATENBHOCTD, Y IOBAETBOPSAIONIAA COOTHOIIEHIIO
dpt2 = dnt1 + 2a,, uMeeT BUF an, = A2" + B(—1)" npn HexoTophix A u B.

4. Ppu Kakux ycloBHAX Ha 9Hcaa a, b, ¢, d MOXKHO HaliTH BEKTOpa u M v B IIPO-
CTPaHCTBE, JiA KOTOPHIX (4, u) = a, (u,v) = b, (v,u) = ¢, (v,v) =d?

5. Pailitu nuomnia b TpeyrodbHUKA, 3aJaHHOTO KOOPANHATAME €0 BEPIINH B ITPO-
CTpaHCTBe.

6. Paiitu paccTodgHme 0T TOYKH MPOCTPAHCTBA, 3aTaHHON €€ KOOpAWHATAMH, 1O
MJIOCKOCTH, 3aJaHHON KO3(PPUIMEHTAMI OTPEIEISAIONEr0 e€ JHHEHHOTO YPaB-
HEHUA.

7. JlaumHa KaXJI0ro m3 TPEX BEKTOPOB MPOCTPAaHCTBa paBHA 1, a CKaJdspHOE TPO-
u3BeeHne 0601 mapel BekTOpoB paBHo —0,5. /lokazaTk, 9T0 5TH BeKTOpa
JUHETHO 3aBUCHMEL.

4. IIUCbMEHHBIA 5K3AMEH 1984 roaa

DUCBMEHHBIH dK3aMeH 10 nporpamme «MaTHIKOABHUKY, TPOXOMUBIIHNT B
koHie 1983/84 y4ebHOro rofma, COCTOSA U3 ABYX 9YacTell: MO apudMeTHKe
ajqrebpe u Mo aHau3y. Da ob6e 4acT BMecTe ObLIO MperocTaBieHo 6 4acoB.
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10.

11.

12.

YacTb 1. APUDPMETHUKA U AJTEBPA

DellNThL B OeJqblX MOJOKUTEeJNbHBIX Y1C/HIaX YpaBHEeHNe
1 7

t+ —

CyIecTByeT 1 9UCA0, 3AMACEBAEMOe N eINHATAMI TOAPST W JesIiee-
cs Ha 49, ecain 0 < n < 457

Da MIOCKOCTH H300paKeHbl MPABUALHBIN M-YTOALHUK U TPABUILHBIT
n-yroabunk. JlokazaTh, 9TO ecam m W N B3aWMHO TPOCTHI, TO MOKHO
MOCTPONUTH € TTOMOIIBIO TUPKYAS 1 INHEHKN MPaBUALHBIN MN-YTOIbHUK.
DaliTn HanGOIBIINI OGN TednTelb MEOrodteHoB 2480 — 1 1 236 4 1.
Muorounen P(z) ymosrerBopsier ToxgectBy P(z) = P(1 — ). /loka-
3aTh, 9TO ecTh Takoii MEHorowien M (y), ato P(z) = M((z — 0,5)?).
NzBecTHO, 9TO 2 + 1/2 = 2cosa. /[lokazaTh, 910 2™ + 1/2” = 2cosnda.
DalThH cyMMy KBaIpaTOB CTOPOH W AHAroHaded TpaBUIbHOTO 7-yTOdb-
HIKa, BONCAHHOTO B eUHUIHYIO OKPYKHOCTH Ha, KOMTJIEKCHON TJIOCKO-
CTH.

DalThH Pa3zMepHOCTh MUHNMAJILHOTO MOATPOCTPAHCTBA, COMEPKAIIETO
crpokn (1,a,—1,2),(2,—1,a,5),(1,10,—-6,1) (a — mapameTp).
Matpumy 2 X 2 6yjeM 3alHCHIBATH CTPOIKON M3 TeTHIPEX BXOIAMINX
B Heé umcen. [lokazaTh, 9To oToGpakenne, nepeBogainiee MaTpuny X
B MaTpuily AX sBAfeTCA JUHEHHBIM ONEPATOPOM U HAUTH €r0o MaTph-
ny (pasmepa 4 X 4). 3mech A — HekoTOpas (PUKCHPOBAHHAS MaTpHIa
pasMepa 2 X 2.

[Dpumedanne. B BapuaHT mporpaMMbl, IO KOTOPOI TMPOBOIUICS DK3a-
MeH, BXO/IIIO MOHSATIE MATPUIBI U JUHEHHOTO OmepaTopa. |

KakoBa BeposTHOCTL yragaTh poBHO 4 HoMmepa B urpe «CnopTaoTo
6 u3 49»7 [B ool urpe Hago BeIGpaTh 6 Wncen cpean 1,2,...,49; Bo
BpeMS PO3BITPHIIA BHIGUPAIOTCA APYTHE MIECTh TNCea N CINTaeTCA KO-
JUYeCTBO OGIINX 9HCEeJ B DTHX JIBYX IIECTEPKaX.]

CKoJIbKO pellieHHIl uMeeT ypaBHeHue i + zg + -+ + 210 = 100, rje
nepeMeHHble MPAHNMAOT HAaTYpalbHbie 3HATeHNsA, Goabime 27
JlokazaTh, 9TO HeAb3s, MOBOPAtdNBasa MpaHn KyOnka Jy6HuKa, TOOUTHCS
TOro, YTOOHI

(a) omun pébepHbIil (Ha cepenHe pebpa) KyOUK NePeBePHY.ICH, a OCTANb-
HBIE OCTAJINCh B MPEKHEM MOJOKEHUN U MO-CTAPOMY OPUEHTHPOBAHHBI-
MT;
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10.

(6) yruaoBble KyOHKH OHOU U3 I'paHeH IHKINYECKH epecTaBHINCH, &
OCTalbHBEE OCTAINCh HA CBOUX MecTaX (OpHeHTANs KyOUKOB MOXKET
TOMEHSATHCH).

YHacTb 2. MATEMATUYECKHNI AHAJU3

DauTn npenea nmocjieqoBaTeJlbHOCTH, Sa,Z[aHHOfI COOTHOLIEHUAMHA A1 = 17
Apy1 = 0,5(an + Q/Qn)

. [lokazaTh, YTO MOYXKHO BHI6PATh 3HAKH TaK, ITOOLI paBeHCTBO 1 + % +

:I:% 4 ... =5 cTano BepHHIM.

. SBasleTcs au paBHOMEpPHO HEMPEPLIBHOU HA, [eUCTBUTEIBHOU OCU (PYHK-

unsi (a) e”*; (6) 1—|——962?

MokazaTh, uTo sinz > x — 2°/6 npn 0 < x < 7/2.

. JokazaTb, 9TO MHOXKECTBO TOYeK pazpblBa MOHOTOHHOU (PYHKIHH He

6oJiee, 9eM CYETHO.

P(z) — MHOro4IeH, pa3/iaraolInics Ha JNHeHHbe MHOKITENN ¢ [efi-
CTBHTEIbHBIME Kod(duunentamu, npuiem F/(0) = P”(0) = 0. [Joxa-
3aTh, uTo P(0) = 0.

Cxomures au pag » . 1/(nlnn)?

. JokazaTb, 4TO Hpejes HHTErPAJOB MO JHOOMY OTPE3KY OT (PYHKIUY

xr

2
e’ cosnx npu n, cTpeMilleMca K 6eckoHedHOCTH, paBeH (.

Dyukuus onpepeneHa Ha BCell YHCAOBOU OCH, IPUYEM Y KaXKI0W TOYKH
€CTh OKPECTHOCTh, B KOTOPOU (PYHKIUS MOHOTOHHO BozpacTaeT. /[Joka-
3aTh, 4TO (DYHKIUA MOHOTOHHO BO3PACTaeT Ha BCEH YUCJIOBOU OCH.

CyiecTByeT Ju (PYHKIUS, HEMpePLIBHAS BO BCEX UPPANHOHAIBHBIX TOY-
KaX U pa3pbIBHAs BO BCEX PalMOHATBHBIX?

5. IIUCbMEHHBIN 3K3AMEH, MAW 1985
HacTh 1. APUGMETUKA U AJTEBPA

(a) Yucaa p u ¢ npocthie. JlokazaTh, 4To ecau 2P — 1 geaurcs Ha ¢, TO
q — 1 meaurcs ma 2p; (6) npocro au wucao 213 — 17

. Yucjao = HasniBaeTcs KBaApaTUIHBIM BbI9€TOM IIO IIPOCTOMY MOIOYJIIO

P, €CIH OHO CPABHEMO ¢ HEKOTOPBIM TOYHBIM KBAJPAaTOM IO DTOMY MO-
ayao. [lokazaTh, 9TO IpoH3BeleHNe BEIYETa, He [IeIALIErOci Ha p, |
HeBLIYeTa ABISETCS HEBEIYETOM IO MOIYIIO P.

Detuth ypashenue (z + iy)® = 2 — iy.

(a) Dairu cymmy sin(mk/2n) mo Bcem k = 1,...,2n; (6) DaliTu npons-
Benenwe sin(wk/2n) mo Bcem k=1,...,n.
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DaiTn cyMmmy KoxhdunmenToB Muorodiena (z2 — z + 1)109,
YMMY

Jpu KaKOM n MHOro4wieH a” + a" b+ ...+ ab™ ! + b geamres na
a® + ab + b2 (xak mMuHOTOUIeH Haxy C)7

7. DalTH MaKCHMaJbHBIH TOPATOK epecTaHoBKH 10-3/1eMeHTHOT'O MHOYKe-
CTBA.

YacTb 2. AHATIN3
Danrn nperen cymmsr 1/n+1/(n+1)+---+1/2n npn n — oo.
2. DailT TOYHYIO BEPXHIO I'Palb BCEX THCe] BH A Sin & + cos 1/T Mo Beem
TeHCTBATENBHBIM X.
3. Yro 6oubiie: 7° win "7

4. Kax B CIeIyoNni 1Ied Tocaef0BaTeIEHOCTH PaBeH CUHYCY TPeIbl-

IYIIero. DauTH eé mpered.

DaliTn nepBoo6pasuyio (pyukinm 1/sin x.

Jlana orpanndennas BRMyKaas purypa mioma n S. JokasaTh, 1T0 MOXK-
HO TIPOBECTH [Be MepleHIuKYIIpHEe MpAMble, JTelAllne eé Ha dacTh
notmaan S/4.

7. JBaxan1 aupdepernupyeMas Ha TOMOKATETHHON TOAYOCH PYHKIASA P
x — oo crpemuTcs K 0 u uMeeT OrpaHUYEHHYIO BTOPYIO TPOUBBOAHYIO.
JlokazaTh, 9TO eé TepBas MPOU3BOAHAS CTpeMuTes K 0.

8. HokazaTb, 9TO MHOXKECTBO 3HAYeHHU JTeUCTBUTENbHOU (PYHKIHH Teil-
CTBHTEIBHOT'O aPIYMEHTA B TOYKaX (HECTPOTHX) MAaKCHMyMOB He GoJee,

9eM CIETHO.

9. Cxomures aun pag y, n(sinn)/2"7?

YacTb 3. 'EOMETPUSA

1. Owln IIATHYTOJNBbHUK. Da ero CTOPOHaX MOCTPOWJM BOBHE€ IIpaBHUJbHBIE
TpeyroJbHUKN U OTMeTHJN UX OeHTPbI, a BCE OCTaJbLHOE crepJn. Boc-
CTaHOBUTH IIATHYTI'OJNBbHUK.

2. DaillTh Bce Mpeobpa3oBaHus NOJOOUSA, MePECTAHOBOYHBIE ¢ OCEBON CHM-
MeTpHel.

3. Onna OKPYKHOCTH Je:KUT BHYTpH Apyroi. /JlokazaThk, 9TO cylIecTByeT
HHBEpCHs, TTepeBoAAllas OKPYKHOCTH B KOHIEHTpHYeCKHe.

4. Dpu KaKnX KOMILUIEKCHHIX &, b, ¢, d npeobpaszoBanme z — (az+b)/(cz+d)
— unBepcus’

5. Cymma Tpéx yrioB paBHa 27. /lokazaTh, 94TO cyMMa UX KOCHHYCOB He
MeHble —3/2.
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6. B 4eThIpéxMepHOM MPOCTPAHCTBE PACCMOTPHM JHHEHHYIO 060J0YKY Bek-
topoB (1,2,0,1) u (1,1,1,0), a Tak:Ke JNHENHYIO 06OJOUKY BEKTOPOB
(1,0,1,0) m (1, 3,0, 1). DaiiTH pa3sMepHOCTH CYMMBEI I IepecevdeHns STHX
IO POCTPAHCTB.

6. 3AJAYN YCTHBIX DK3AMEHOB

6.1. AJITEBPA

1. (a) PafiTn MakCHMaJbHBIA MOPALOK YE€THON MepecTaHOBKEM MHOXKeCTBa W3 12
s1eMeHTOB. (6) CKOIBKO CYIIECTBYeT YETHBIX MEPECTAHOBOK HTOT'0 MHOXKECT-
Ba? (B) To xe pas muOXKecTB 13 30 n 10 saeMeHTOB.

2. Paitrtu koacpbumment mpu 170 B (1 — z + 2*)59(1 4+ = + 24)50.

3. CoronomoTaM XoAUT MO 6€CKOHETHON MIAXMAaTHOU JOCKe, KAK KOHb, TOJIBKO He
Ha (1,2), a Ha (m,n). Ppu Kakux m W n CIOHOTIOTAM MOXKET MONACTh W3 Ha-
HaJbHON KJIETKH B COCETHION?

4. (a) Ypasnennsa x> —a = yp u x? — b = yp (a, b, p bukcupopanwl, p — npocroe

YUCI0) Hepa3pelIIMbl B LeabIX Ynciax. /JokazaTh, 4To ypaBHenue 2 —ab = yp
paspemmMo B Uedbix quciaax. (6) CKOIbKO BBIYETOB TTO MOJYJI P ABIATCH
KBapaTaMmn !

5. (a) JlokazaTh, 9TO MHOT O'JIeH, SBIAIOMINNCS HEMPUBOANMBIM B KOJbIIE MHOTO-
JIEHOB C PAlMOHATBLHBIME KO3(MPUIHEHTAME, He IMeeT KPATHBIX KOPHEN.
(6) NokazaTh HeIpUBOANUMOCTE Ha g () MHOTOWIeHA e+ e+ .+ 1.

6. Paiitn Z:ffl (cosnx)/2".

7. (a) Mlokasarhb, uTo MHOrouwneH P(z) = (# —a1)(z —as)...(x — as) — 1 He
pasaraeTcd Ha MHOXITEIN ¢ PAIHOHAILHBEIMI KO3 (QUIHEHTAMIE.
(6) ToT xe BompoOC AAd MHOTOUIEHA (¥ — a1)® (x —az)*? ... (r —a,)* — 1, T e
«v; B3AMMHO IPOCTHL.

8. MHorowien ¢ nedcTBHTENLHLIME KO>(p(pUIHEHTAMI TPUHAMAET B HEALIX TOY-
Kax Ieable 3HadeHnA. /JJoKkazaTh, 9TO OH NPeNCTABIACTCA B BHAE CYMMBI MHO-
roanenos ¢;(¢) = x(x —1)(x —2) ... (x —i+1)/i! c yenbiMu Ko PUITEHTAMI.

o -1 .
9. Pautn Zle i* mod p paa npousBOABLHOrO k M IPOCTOrO p.

10. (a) Kaxjaa n3 rpaHeil Kyba packpallleHa B OWH 13 9eTHIPEX BeToB. CKOMBKO
CYIIECTBYET PasamvHBIX packpacok? (Packpackm, oTamvaiommecs MOBOPOTOM
KyGa, canratorcsa oanHakoBeiMu.) (6) ToT ke Bompoc aas 6 musetos. (B) Tor
JKe BOTIPOC IS 3 IIBETOB.

11. (a) Paiirn 1985190 no monyaio 77. (6) Paiitu e mocaeguue undpbi Hic-
Ja 771000,
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12.

13.

14.

15.
16.

17.

18.

19.
20.

21.

22.
23.

(a) [oxasaTh, 9TO KOPHH NMPOM3BOIHON KOMIUIEKCHOT'O MHOTOJICHA J€KAT B
M060IT BBITYKJION (pHUrype, coflepiKallell KOPHHI HCXOJHOI'O MHOTOW/ICHA.

(6) MlokasaTh, 9TO eCau dy,...,d, W Z — KOMIUIEKCHBIE 9HCAA, MPHIEM
> 1/(#—a;) =0, To z 1exKUT B m060H BHIIYKIOH (PUIYPe, CONePIKAIIEH BCE d;.

JokazaTh, 9T0 114 JOOLIX ABYX MHOTOIeHOB P(t) n (1) cyllecTBYeT HeHYIe-
BOI MHOTOH/IEH OT ABYX mepeMeHHBIX R(#,y), Aas koTtoporo R(P(1),Q(t)) =0
npu Bcex ¢.

Pycte z + 1/z = 2cosy. Paiitu 2" + 1/2". (Cm. Takxke zagadqy 6 gactn 1
MUCBMEHHOTO dK3aMeHa 3a 1984 rox.)

Paiiti ocTaTok oT mefenus 22 4% 42?7 4 2% 4+ 2% 4+ max? — 1.

MoxXHO 1 33 HEIETHOE YHCIO TEPECTAHOBOK [BYX COCETHUX THCE TOIY 9N Th I3
nmocaegoBaTeabrocTn 1,2, 3, ..., 101 mocregopaTeasrocTs 101,100,99, ... ,2,17

(a) CKOJIBKO CYIIECTBYeT diced, B3aUMHO MpocTHX ¢ 2400 n Menbimx 24007
. Qq o L
(O6oznadenne: ¢(2400).) (6) To ke paa wmcaa pi* - ... p&™ (p; — TPOCTHIE).
(B) Mlokaszatrh, 410 @(ab) = ¢(a)e(b) nasa BzauMHO MPOCTHIX a 1 b.
(a) JlokasaTh, 9TO MHOTOWIEH, HHBAPHAHTHHIN OTHOCHTENBHO YETHHIX IHepe-
CTaHOBOK NMEPEMEHHDIX, ABAAETCA CYMMON CHMMETPHIECKOT'O N KOCOCHMMETPH-
geckoro. (6) PailTn pasMepHOCTH MPOCTPAHCTBA KOCOCHMMETPHYECKIX MHO-
TOYIEHOB CTENMEHH 5 OT 3 NepeMeHHBIX. (B) PaiTn pasMepHOCTE IPOCTPaHCTBA
MHOTO4/eHOB 0T 10 TepeMeHHEIX, BCe OJHOWIEHBI KOTOPHIX NMEIOT CyMMAapHYIO
crenets 4. (1) Joka3aTh OCHOBHYIO TEOPEMY O CHMMETPHYECKIX MHOTOUIEHAX.
(m) JokazaTk, 9T0 eCIl X1, ..., &, — CHUCOK KOPHEH MHOTOU/IeHA P cTemeHn
n, To npousseenne [[; . (; — z;) noIMHOMHANLHO BEIDAaXKaeTCA depes Kood-
dunuenTer MHOTOUIEHA P.

(a) Pafitn gauny mepnojga B gecatmyanon sammcu 1/41. (6) Cwm. zagagy 1.1.6.

(a) /lokazaTh, 9TO 3HAYEHNE KOMILIEKCHOIO MHOTOWIEHA CTENeHH MEeHBIIe 7l
B IeHTpe IPaBUILHOIO N-yrOJIbHIKA PABHO CPeJHEMY AapH(PMETHIECKOMY €ro
3HAYEHWH B BepumHax. (6) /lokazaTh, 9TO ecin KOPHM MHOTOWJICHA CTENeHN
7 paclloJokKeHbl B BepIIHHAX IPaBIILHOIO N-yTOJIBHIKA, TO €r0 IPOU3BOIHAA
B ueHTpe papra 0. Paifitu sToT MHOrouaeH. (B) JlokasaTh €IMHCTBEHHOCTH
pasaoxkenus gpobu 1/P(z), rage P(x) nMeeT aWlb AeACTBHTEABHBIE KOPHH, HA
npocTeiimme Apo6u.

11

CKONBKO pellleHn MMeeT CpaBHEHUE & 23 (mod 23) (cpean umncen ot 0

1o 22)7
Hoxazath, ato (p — 1)! 4+ 1 geanTea Ha p IpH IPOCTOM p.

(a) BripasuTh cos 77z 4depes cosz. (6) PaliTn MHOTOWIEH ¢ HeabIME Koadh -
[UEeHTaMN, y KoToporo dncaa sin(r/99), sin(27/99), ... ,sin(987/99) asastorcs
KOPHAMIL.
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24.

25.

26.

27.

28.

29.

30.
31.

32.

33.

34.

35.
36.

(a) 1+1/241/3+ ...+ 1/(p—1) = m/n, vae p npoctoe. [JokazaTh, 9TO m
geantca Ha p. (6) /lokazaTh, 9TO 9aCTHBIE CYyMMBI MapMOHHYECKOTO pAja He
ABAAIOTCA TEJLIMI THCIaMH.

(a) Ecim cpasmrenne z2 + 1 = () pazpemmMo 1o TPOCTOMY MOTYJIO p, TO p AadT
ocraTok 1 npu geaenun Ha 4. (6) [JokasaTh, 9TO BepHO W 0GpaTHOE.

(B) MlokasaThb, uTo cpaphenue r’> — 1 = 0 (mod p) Beerjja umeeT poBHO 2 pe-
wennd (cpean gmncen 0,...,p—1).

Moxuo am, Bpamias kKy6uxk Pybuka, mOBepHYTH yIVIOBOU Ky6WK, OCTaBUB OC-
TaJbHBIE B MCXOJTHOM TIOJOXKEHUIH !

(a) Yucao p — mpoctoe. [lokazaTh, 9TO HAIyTCA TPH TUCAA T,Y, Z, HE BCe
JeJAUINeCs Ha P, CyMMa KBaApaTOB KOTOPBIX gAeanTcda Ha p. (6) MHOrowien
P(z,y,z) — cyMMa OIHOYIEHOB CyMMApDHOW CTeNmeHH 2 C UeJbIMH Kodhu-
nueAaTaMu. JJoKazaTh, 9TO CYMIECTBYIOT Z,Y,Z, He BCe NEIAIIHECA Ha P, MpH
KoTOpHIX P(x,y, z) nemurcs Ha p. (Hucao p — mpocroe.)

MoXHO /i BEpHYTH B MCXO THOE TIOJOKEHNE (PUITKN UTPH B 15, TpeaBapuTeabHO
mepectaBuB 14 u 157

(a) /lokasaTh, 9TO ecanm pacummpenue moid () KOHETHOMEPHO KaK BEKTODHOE
npocTpancTso Haj (), To BCce bIeMEHTHl paclIpeHnd — aareSpandecKe.

3
(6) Mokazate KoneanomeprocTh Q(V/2,1/5). (B) TokazaTh, 9T0 cymMMa, Mpo-
H3BeJeHHe W 9acTHOE aareSpalvdecKnX 9ucel — alrebpamdecKne.

PazqoxnTs Ha MEOXHTean £P~! — 1 B Ioe BEIYETOB II0 IPOCTOMY MOJIYJIIO P.

Pafitu cymmy ), |M A2, ectt M — To4YKa OKPYKHOCTH eIHHUIHOTO Pajii-
yca, a A; — BepIINMHBI BOUCAHHOTO B HEE MPABUIBLHOTO N-yTOJBHUKA.
Yucaa p1, ..., pn — PA3IUYHBIE IPOCTHIE, A1, . .. ,d; — IPOM3BOJbHBIE TETHIE.

JokazaTh, 9TO CYHMIECTBYET IEM0€ THCAO ¢, CPABHUMOE C d; 110 MOIYIIO p; I
J1000T0 1.

[okazaTh, 9TO cucTeMa

1+ X+ ...+ ri0=a1
x1—|—21‘2—|—...—|—10x10:a2

1+ 29l‘2 + ...+ 1099010 = a1o

paspelMa pu TOCHX a1, d, . .. , a1g. (CM. Takxe 3agaqy 1.2.4.)
Muorounensr P(xz,y) u Q(z,y) TakoBsl, uro P(ab,a 4+ b) = Q(ab,a + b) ans
Bcex a u b. [lokaszaTh, 110 P = ().

Pa’f/iTH (a’) ZZ:O(Cﬁ)z’ (6) ZZ:O kcﬁ

Cemb 6eabIX min YEPHBIX OYCHHOK HAHM3BIBAIOT Ha OKPYKHOCTE. CKOIBKO pas-
JUYIHBIX OXKePEeTni MOXKHO MOMYIUTh |
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37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

CymrectByeT am MHOTOWIeH P ¢ meabiMu Kos(UUmeHTAMI, IS KOTOPOro

P(5) =13, P(10) = 8, P(13) = 217

PazjgoxuTh Ha HENPUBOAUMBIE METOTNCAEHHBIE MHOKUTEMN MHOT OXICHBI
22— 1, 2+ 4.

Ppu xKakux JeHCTBHTEJIBHEIX p U ¢ MHOTOWICH ° + px + ¢ HMeeT POBHO IBa
Pa3JUYIHBIX BEIeCTBEHHBIX KODPHSA?!

Paittun makcumym |z| npu |(z + 1)/z] = a.

Pynkuus P(x,y) ABYX BElIECTBEHHBEIX MEPEMEHHBIX C BEIECTBEHHBIME 3Hade-
HUAMU — MHOTOWJIeH OT & NpH M1060M (GUKCUPOBAHHOM Y U MHOTOHICH OT Y
nipu Jai060oM GuKcupoBanHoM z. JlokazaTk, 9T0 P — MHOT OMJIEH.

(a) JoxazaTk, 9T0 Bee KodppuumeHTH MHOTOIeHa (2 — 1)(x — 2) - ... (x—
—99)(x — 100) geaarcs Ha 101 (kpome crapiero KosdduuneHTa, paBHOTO 1, I
cBoboHOTO wieHa). (6) PaliTn ocTaTok 0T fAefeHus cBOGOAHOTO daeHa Ha 101.

MHuorotiaen ¢ QelCTBUTEMBHBEIME KO3(OUIIMeHTAMI HEOTPUIIATENEH TPH BCEX
JeACTBUTENBHBIX apryMenTax. [lokazaTh, 9TO ero MOXKHO MPEICTABUTE B BH/IE
CYMMBI KBaJIpaTOB ABYX MHOTOWJIEHOB C MeHCTBUTEMALHBIMEI KO3 QUImeHTaMN.

JlokazaThk, 1TO rpynna BpallleHni Kyba m3oMopgHa TPYIITe TTepeCTaHOBOK MHO-
KecTBa M3 4 dJeMEHTOB.

Paittu cymmy ¢(d) mo Bcem gemutensam d TaHHOTO HATypajibHOTO n. (31ech
(k) — KommgecTBO wHCcen oT 1 10 k, B3aNMHO TIPOCTHIX ¢ k.)

Yucao p — mpocToe, oTantdnoe oT 2 1 5. /lokasaTh, 9TO CYIIECTBYET JelslIeecs
Ha p 4UCIO, NeCATUYHAA 3aIUCh KOTOPOI'O COCTOUT U3 OMHUX €TUHMUI.

JlokazaTh, 9TO eCJAN HEYETHOE HATYPaJbHOE WHCJAO €INHCTBEHHBIM 00pazoM
pasJjaraeTca B CYMMY ABYX KBaIpPaTOB, TO OHO IIPOCTOE.

Muorowien c rZ[CI‘/,ICTBI/ITeJII)HbIMI/I KOBdI’)dI’)I/IHI/IeHTaMI/I OpUHNMAaET LeJble 3Ha9e-
HHA B OeJAbIX TOYKaX. MOFyT JI BCe >TU 3HaYeHUA OBITH HpOCTbIMI/I?

6.2. AHAJIW3
PepBrbinn wien mocae10BaTENBHOCTH ¢, PaBeH 1, a KaX BN CASTYIONMA — CH-
HyCy mpeiplayiiero. Pafitu Takoe A, wro mpeger limnta, cylmecTByeT u me
paBen 0.

(a) Pycre M — MakCHUMyM MOJYJA TPOW3BOJHON (PYHKUHE f Ha OTpe3Ke

[0; 27]. JokasaTh, 4TO fozﬂ f(x) cos nx dx‘ < 2rM/n.

(a) ®Pynxums f HempepbIBHA Ha TpaAMONW. M3BecTHO, 9TO TpH JM1060M T Tpe-
Jea mocaegoBaTelbHOCTN dy, = f(nz) paBen 0. MoXHO JH yTBEpXK AaTh, 4TO
f(z) = 0 opu & = oo? (6) Tor ke Bonpoc gasa f(n + x) BMecTo f(nz).

Cxogures au pag y ., (cosn)/n?
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11.

12.

13.

14.

15.
16.

(a) Pafitn mpegen nociegoBaTeabHocT ap = 1/(1+ 1/(1+...(14+1/1)...))
(n npobeit). (6) lokasaTh CyIeCTBOBAaHHUE MPeea MOCAeJOBATENBHOCTH Gy =
=1/(e1+ /(w24 ... (xn_1+ 1/2n)...)) (#; — mr06as mocie 0BaTEIBHOCTD
MOJOKNTENBHBIX TEIBIX THCE).

MseectHo, uTo f(2) = o(2”) npn # — 0 (7. e. mpegen f(z)/x™ npn z — 0
pasen 0). Caegyer au otciofa, aro f)(0) cymectsyer n pasuo 07 (6) Tor xe
BOIIPOC, €C/IH W3BECTHO, YTO BCEe NPON3BOAHBIE B Tokke (), BILIOTH 10 (n— 1)-o0i1,
cymecTByioT. (B) ToT e BONpOC, €cau 5>TH MPOU3BOAHBIE HEMPEDPBIBHEL.

Pynkuun f, HenpepwiBabl Ha [0; 1] w aaa moboro x ma [0;1] npegen f,(x)
paser f(x). Moxer iu ¢yukims f GBITH (&) paspBIBHOH XOTdA GBI B OJTHOMN
Touke? (6) paspbiBHON BCIOAY? (B) paspbIBHON XOTA GBI B OHON TOYKE, €CIAN
CXOUMOCTDH paBHOMepHa?

Dyuxuus f : R — R 6eckonedno auddepeHnpyeMa, n B KaXk I0H TOYKE XOTS
6Bl oHA W3 Mpom3BOAHEIXK paBHa 0. (a) JokazaTh, 9TO CYHIECTBYET OTPE3OK,
Ha KoTopoM f — MHOro4IeH. (6) JokasaTk, 9To f — MHOTOWIEH.

HokazaTh, uro & > sina > 2z /7 npu 0 < 2 < 7/2.

Psag ua melicTBUTEABHBIX 9HceN cXOAuTCA. MoxeT qu pag u3 ux Ky6oB pacxo-
OUTHCA?!

Pynkima f Ha oTpesKe [a; b] HazbIBaeTCA XOPOIIel, eCan MHOXKECTBO CyMM BHIa
ST1f(xig1) — f(2i)] (#; — BozpacTaiomas KOHeYHadA MOCIENOBATEILHOCTE TO-
ek oTpeska [a;b]) orpanndeno. (a) Beakad au anddepenuupyemasn (QyHKIHA
— xopoman? (6) /lokazaTh, 9To nuddepenunpyemas GYHKINA C OrpaHTTeH-
HOW Mpom3BoAHON — xopomasd. (B) /[okasaTh, ITO XOPOUINMHA ABIAOTCA T U
TOJIBKO Te (PYHKINH, KOTOPLIE MOI'YT OBITH IpeJCTaBAeHbl B BHIe Pa3HOCTH
IBYX HeyOLIBAIOMINX (pyHKIIAI.

(a) PriBaeT am Ha npAMoi He paHas 0 GeckoredHo anddepeHiupyemas (yHK-
A, paBHad 0 BHe HekoTOporo oTpeska? (6) CyimecTByeT u GeCKOHETHO And-
epennmpyeMad (GpyHKINA [ Ha IpAMOI, He paBHAd TOXAECTBEHHO 1, MIA Ko-
Topoit f(f(x)) = 1 npu Beex x?

(a) JokazaTk, aro ecan lima, = a, 70 s, = (a1 +. ..+ ap)/n TakKe CXOAUTCH
K a. (6) BepHo au obparHoe?

(a) MoxeT an Q 6BITE MHOXKECTBOM TOYEK HEMPEPHIBHOCTH HEKOTOPON (PyHK-
mnu f?7 (6) JokasaTk, 9T0 M060e 3aMKHYTOE MHOXKECTBO ABIAETCA MHOXKECT-
BOM TOYeK pa3pbiBa HEKOTOPOU (PYyHKIUH.

Moxet jqu R\ @ 6bITh 06beuHEHTEM CHETHOIO YUCAA 3aAMKHY THIX MHOXKECTB?

(a) /TokasaTh, 9TO BCAKYIO (DYHKINIO, HEMPEPHIBHYIO Ha 3aMKHYTOM MOJIMHO-
JKeCTBe BEIIECTBEHHOW MPAMON, MOXKHO TPOJOIKUTH 10 BCIOAY HEMPEPHIBHON
dysakunn. (6) MuoxecTBa X H Y — 3aMKHYTEE HElEPECEKAOIINECA TOIMHO-
xKectBa R. [lokazaTh, 9T0 cyiiecTByeT auddepeHIupyeMas Ha IPAMON (PYHK-
uust, s koropon X m Y saBasioTcsa npoobpazamu 0 m 1.
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18.

19.

20.

21.

22.

23.
24.
25.

26.

27.
28.

29.
30.

31.
32.

33.

34.

PaccmoTpum MHOXecTBo M Bcex gBaxabl AuddepeHNUpyeMEIX (GYHKIII [
g koropwix f(0) = f(1) = 0m |f(x)] < C gas awboro z. Pairu sup{|f(z)|}
noeceM # € {0, 1} u f € M.

(a) Mokasark, 9to n! > (n/3)". (6) Mokasark, ato In(n!)/In((n/e)”) — 1
npu 7 — oo.

JlokazaTh, 9T0 QYyHKIUA, HMEOIIAs CIETHOE YHCA0 TOYEK Pa3pBIBa HA OTPE3KE,
WHTeTpupyeMa o Pumany.

JloKazaTh, 9TO MIA MOOHIX A1, . . .,y Wby, ... b, ypaBHerne >, _, (a cos kz+
+ bisinkx) = 0 mMeeT perneHme.

Moxet an psag Teiaopa GyHKOIUE CXOAUTHCA B HEKOTOPOHW TOYKE K SHCIY,
OTIMYHOMY OT 3HAYEHUsT (PYHKIWH B 3TOH TOYKe?

JlokazaThk, 1To mpon3BoaHas AuddepeHINpPYEeMON Ha HHTepBae QYHKINHT BMe-
cTe ¢ JI0OBIMU IBYMA 3HAYEHUAMU IMPUHUMAET U BCe MPOMEXKYTOYHHIE.

Pyctb g(x) = # +sin z. Paiiru npegen g(g(g...¢(x)...)) (n pas) npu n — co.
Bceakoe /M 3aMKHYTOE MHOXKECTBO MOITHOCTH KOHTHHYYM COJEPKAT HHTEPBAL’?

Pynkuua f : R — R venpepoisaa un f(f(z)) = # npu Beex z. /lokazaTh, 4T0
cylecTByeT Takoe &, 9To f(x) = .

,HOKaBaTb, 970 Jrobasd IOCJAE1OBATEABHOCTDE CONEPKUT MOHOTOHHYIO ITOAITIOC/IE-
AOBATEJIBHOCTD.

Ppu xakux & cxoaurcs psnm 220:1 n3gn?

(a) JokaszaTh, 9TO paBHOMEPHO HEMPEPHIBHAA HAa HHTepBale (GYHKINA OTPAHH-
veHa. (6) BepHo m o6paTHoe?

Pynkuua f auddepennupyema Ha (0;1) u f/ = f. Paiitn Bce Taxue f.

(a) Pafitn Bce HenpepriBHEEe f : R — R naa koropwix f(a +b) = f(a) + f(b)
u f(ab) = f(a)f(b). (6) Ta xe 3agada 6e3 TpeGOBaHHA HETIPEPHIBHOCTI.

Jlist Kakux & MocaejoBaTeNbHOCTS sin na cxoquresa? (CM. Takxke zagady 2.2.5.)

PocaegoBarenprocTh 3a1ata hopMyaamu ¢y = | 0 ant1 = (an +2/ay)/2. Jo-
Ka3aTh, 9TO Tpejel MOCIefoBaTeILHOCTH paBeH /2. OUeHNTh CKOPOCTE CXO-
aumoctr. (CM. Takxke 3ajgady | 9acTh 2 MHCbMEHHOTO sKzaMeHa 3a 1984 ron
Ha cTp. 204.)

POCTpOI/ITb B3aMMHOOTHO3HATHOE COOTBETCTBHE MEXK Y MHOXKECTBOM Q pann-
OHAJBHBIX 9HUCEJ U MHOXKECTBOM HYHCEJ BHIA m/2” A DeJbIX m U n, coXpa-
HiOmIee mops oK.

Pocrpouth dpyEKINIO f, ABAAONYIOCA OTHOIIEHUEM [BYX MHOTOYJIEHOB C Pa-
MUOHATBHBIME KO3(PPUIMEHTAMHT, I KOTOPOU MOCAEI0BATENBHOCT &1 = 1,

Tyt = fl2n) cxomures x /2.
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36.

37.

38.
39.
40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.
52.

M3BecTHO, 9TO Zpys = Zn + Znt1, €1 = D, @2 = 7. Palitu 21001/21000 ¢
To4urocThIO 7o (,001.

Ppu xakux «, 3,y Toukn ({an}, {fn}, {yn}) (opu n = 1,2,3,...) mioTHH B
eMHIIHOM Ky6e? ({s} — apoGHasd 4acTh s.)

Paittu Bce HenpepriBHBIe Ha (0; +00) Gyukunn f, gua koropuix f(2z) = 2f(z),
f(3z) = 3f(x) upn Bcex MOMOKNTENBLHBIX .

PailTi TOYHYIO BEPXHIOW0 [paHb MHOKECTBA 3HAYeHNUI (PyHKINN sin 24-sin /22
Pepuoanuna au GyHKUNA sin  + sin v/2x7

JokazaTh, 9TO MHOKECTBO TOYEK pasphiBa MEPBOro pofa (Korja cylecTBYIOT
ONIHOCTOPOHHIE TIPeIentl) 060N (PYHKINN He Golee, 9eM CIETHO.

Patitu pyHKUMIO, TPUHUMAIOIIYIO BCe PAIlMOHAJBHBIE 3HAYEHNA Ha MIO00M MH-
TepBaJe ¢ pallOHAJIBHBIMI KOHIIAMU.

JokazaTh, 9T0 BHIIyKAad QYHKINA (¥ KOTOPOI M0G0 KyCOK T'DaduKa JEKIT
MO/ CTATHBAOIIEN €r0 XOPI0i) HelpepHIBHA.

Pynxmusa [ : R — R apaxabl muddepernmupyeMa BCOAy, TOJOKUTENbHA Ha
uaTepBade (a;b); fla) = f(b) =0, f(x)+ f'(x) < 0npu a < & < b. JoxazaTs,
gro |b—a| < 7.

Paittu npouspognyto gyukunn f(z) = z*.

NoxazaTh, aTo bynxmus f(r) = x — z?/2+ 2%/3 — x*/4+ ... onpenerena u
audgdepennnpyema Ha uHTepBate (—1;1). Painrtn f/.

Paiitn 6eckoneuHo gudpepeRmEpyeMble (GYHKINA f, g Ha MPAMOI, MJIA KOTO-
PBIX MHOXKeCTBO Beex Todek (f(t), ¢(t)) ecTh rpanHnma TpeyroabHUKA.

Pomoxnrenbuas HenpepbiBHO AnddepennupyemMas Ha NpAMol GyHKIuA [ Ta-
koBa, uto |f'(z)] < |f(z)]. dokasats, aro |f(100)| < €% F(0)].

Peckonedno muddepenunpyemas pyuxumsa f Ha npAMoll Takosa, uTo f(z) +
f(2z) + f(3z) = 0 npu Bcex x. MOXHO I yTBEPK AaTh, 9TO f TOXKJECTBEHHO
pasua 07

Pynkupa f nBaxIbl HelpepbiBHO AuddepeHnupyemMa Ha mpAMoil. /JokaszaTh,
aro npegen limy_o[f(x+h)+ f(z —h)—2f(x)]/h? cymecTByeT u pasen f'(z).
MoxeT n 6ecKoHeqHO muddepeHInpyeMad Ha OpAMOH (DYHKIHA HMeTh Gec-

KOHEYHO MHOTO KopHell Ha naTepBade (0; 1) u He paBHATHCA 0 TOXK TeCTBEHHO?
ToT e BOMPOC A CYMMBI CTENIEHHOTO pAa (CXONAMETOCH IPH BCEX ).

Paiitu nepsoo6pasubie dbynkunii 1/(2+ 3z), 1/(z? + 3z + 2), Inz.

Peckonedno guddepennupyemMad Ha OpaMoll ¢pyHKInA uMmeeT nepuod 1. [o-
Ka3aThb, 9TO Ipejea CpeJHEro apiupMeTHIeCKOr o 3HadeHnl (GyHKINA f B TOY-
kax 0,1/n,2/n,...,(n—1)/n paBen fol f(t) dt. OueHUTBH CKOPOCTH CXOANMOCTH
(oTBeT: o(1/n*) npu mo6om k).
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54.
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57.

58.

59.

60.
61.

62.

PocTpouTh mocienoBaTenbHOCTE GecKOHETHO AUMPGEPEHIUPYEMBIX (PYHKIHT
Ji ma [—1; 1] Takyro, 9To pas 110600 HEMPEPLIBHON HA 3TOM OTpe3Ke (pyHKINK

¢ BEIOMHAETCA paBeHcTBO ¢(0) = limg o0 f_ll Tu()g(t) dt.

Psaa ) a; ¢ MOMOKATENABEHBIMNI SIEHAME PACXOJUTCA, S; — TOCIE0BATENBHOCTD
ero 9acTHYHEIX cyMM. (a) Jlokasarsk, 9To pax » . a;/S; pacxoaurcs. (6) loka-
3aTh, 4TO pAl Y a;/S? cxoguTes.

Koneuna au cymma 1/n 110 BceM HaTYpPAJIbHBIM N, JeCATHYHAA 3AMHCH KOTOPBIX
He COAEPKUT BOCHMEPOK?

inenHbl pAga Y | a; HEOTPHUATEIBHEL U yObIBatOT. [JoKa3aTh, ITO OH CXOAHTCA
WIN PACXOAUTCA OTHOBPEMEHHO C PAJAOM a1 + 2as + 4a4 + 8ag + . ..

Koneunsr au cymmbt (a) 1/(m? 4+ n?), (6) 1/POK(m,n) mo Bcem napam HaTy-
PAIbHEIX 9HCeT M, N7

HokazaTk, 4ro cymwecrsyior Takue A, B,C' aro 1 +1/24+1/3+ ...+ 1/n=
=C+Inn+ A/n+ B/n?+ o(1/n?). Paiitu A, B.

Konewna au cymma 1/p no Bcem npocTbiM p?
NokazaThk, 9T0 f;“ sint?dt < 2/x npu x > 0.

Ecan f((z + y)/2) < (f(z) + f(y))/2 nna HenpepwiBHOH QyHKUmIH f, TO 5Ta
(PYHKIHIA BHIIYKIIA.

JlokazaThk, 9T0 BhIIYKIasg hyHKINA HruddepeHInpyeMa BCIOIY, KPOMe CIETHO-
'O MHOXeCTBa TOYeEK.

6.3. 'EOMETPUSA

JlokazaTh, 9TO B3aNMHOOTHO3HAYHOE OTOOPaKeHE KOOP INHATHON MIOCKOCTH
B cebs JUHEWHO TOTa W TOABKO TOrja, Koraa oHo nepesoauT 0 B 0 u a06yio
IPAMYIO — B IPAMYIO.

Pa kakme oTpe3kn geqsaT AmaroHaJdb N-MEPHOTO Ky6a MPOEKINH €TI0 BEPIINH?

B R* nmeroTca n BEKTOPOB, BCe yTJIbl MeXK Ty KOTOPBIME — Tymhie. /lokazaTh,
gyron < k+ 1.

Cdepa crepeorpaduyeckn MPOEKTUPYETCA HA IIOCKOCTH U MPH 3TOM MOXKET
BpalllaThCA BOKPYT HEMOJABUKHOTO IeHTpa. Bo3ANKaioT 0To6pakeHNs MIOCKO-
ctu B cebsa. JlokazaTh, 9TO 3TO — APOOHO-INHENHBIE TPeo6Pa3OBAHNA.

Ecan y orpanmdentroll GpUrypel €CTh HECKOJABKO OCEHl CHMMETPHH, TO BCe OHHU
MePeceKaoTCsA B OHOW TOYKeE.

Onucatk Bce KOHEYHBIE TOATPYINEl TPYINBL MTO06UH TLIOCKOCTH.

Patitu saBuyto popmyay aas ducea Pubonaddn.
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11.
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15.
16.

17.

18.

19.

20.

21.

BekToptl €1, ..., e, 06pa3yloT 6a3lC eBKJINA0Ba IPOCTPAHCTBA, 1, . .. , oy —
OpousBoabHLIe 4ucaa. JoKazaTh, 9TO CYHIECTBYeT BEKTOD I, MIf KOTOPOTO
(z,€) = a;.

JokazaThk, 9TO B TPEYrOAbLHIKE CO CTOPOHAME &, b, ¢ H pajiycoM ONHCAHHOI
OKpyX)HOCTH R paccTosiHne MeXay IeHTPOM ONMCAHHON OKPYKHOCTH W OPTO-
eHTpoM paBHO VIRZ — a2 — b2 — 2.

B mocaemoBaTeqbHOCTH BEKTOPOB CKAJSAPHBIN KBaJpaT KaXJgoro paBeH 2, a
CKaJAPHOE TPOU3BEJEHNE COCEMHMX, a TakXkKe IEPBOTO M IMOCACTHErO, PAaBHO
—1. MoryT a1 BeKTOPHI OBITH IHHENHO HE3ABUCHMEBI?

Ppu xakmx ycJIoBHAX KOMIIOZUINS TPEX MOBOPOTOB IIOCKOCTHU C 3aJaHHBIMI
[MEHTPAMU U yIJIaMH PaBHA TOXKIECTBEHHOMY MpeoGpa3oBaHmio?

PocTponTh OKpYyKHOCTD, MPOXOAANIYIO Uepe3 Be NaHHbIe TOYKN W TepeceKa-
OUIYIO JaHHYIO OKPYXKHOCTB TOJ JaHHBIM YTJIOM.

Pa xaTeTax TpeyroabHUKa TOCTPOeHHI KBaApaThl. /lokazaTh, 9TO HeHTPHI
3THUX KBaIPaTOB U cepeIHa IMIOTEHY3bl ABIAIOTCA BEPIINHAMHI TIPAMOYT OJlb-
HOI'O paBHOOENPEHHOI'O TPEYTOJbHUKA.

PatiTu paccTosinme OT TOYKH N-MEPHOT'O MPOCTPAHCTBA [0 THIEPILIOCKOCTH B
3TOM NMPOCTPAHCTBE, €CIN TOYKA 3a/aHa KOOPANHATAMHU, & TUIEPIVIOCKOCTD —
ypaBHEHHUEM.

JokazaTh, 9TO cyMMa KOCHHYCOB IBYTDAHHBIX YTJIOB TeTpadapa He 6oablie 2.

(a) Pairtu Bce gpoGHO-TMHENHBIE TPE0OPa3OBaHusA, 0TOOPAKAIOUINE €MHE -
HBIH KpYT |2| < 1 Ha ceba. (6) To ke mas noaymaockoctn Im z > 0.

az+b
cz+d

CormocTaBuM Kax oMy ApOGHO-IUHEHHOMY MpPeoGpa3oBaHIIo z — MaT-

a b "
puy 4l JlokazaTh, 9T0 KOMIO3UINHA Ipeobpa3oBaHiil COOTBETCTBYET
c

pousBeleHNe MaTPHII.

MokazaTh, 9TO ecan HEKOTOPOe MOAIPOCTPAaHCTBO B R”™ MpencTaBIeHO B BUe
06beIUHEHNA KOHEYTHOI'O YHc/Aa MOANPOCTPAHCTB, TO OHO COBHAjaeT C OJTHUM
U3 HUX.

,HOKaBaTb, 9TO BBITYKJIAaA o60om049Ka JI060r0 KOHEIHOI O MHOXKecTBa B R™ Mo-
KeT OBITH opeacTaBJcHa KaK IIEpeCECICHNE KOHETHOT'O YUCaa FI/IHCpHJIOCKOCTCﬁ.

JokazaTh, 9T0 NpH Npeobpa3soBaHnu MIOCKOCTH (X, y) — (& + y,y) Kpyr me-
PEXOAUT B (PUTYPY, HMEIOIIYIO OCH CHMMETPHH, I HAUTH HX.

P afiT opTOr OHAIBHYIO IPOEKINIO BEKTOPa, f 1 & — & B IPOCTPAHCTBe (DYHK-
. 1

umit co ckaxApHbIM npomssegerne (f, g) = [, f(x)g(x) dz ma miockocTs, mo-

POXAEHHYIO BEKTOPaMHI &, SN &.
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23.

24.

25.

26.

27.

28.

29.

30.

Boxpyr maHHOTO 3JAAWNCOMIA ONMUCHIBAIOTCA BCEBO3MOXKHBIE TPAMOYTOJbLHLIE
napaigesenunedtl. /lokaszaTh, 9TO NUATOHAIN BCEX DTUX TAPAIIeTeNUIenoB
PaBHBEL.

P aliTn mocrefoBaTeEHOCTE MHOT OIeHOB cTenenn 0, 1, ..., n, OpTOroHATBHBIX
1

OTHOCHTEIBHO CKATAPHOTO IponsBeaernd {(f, ¢) = fo f(x)g(z) dx

(a) mpu n = 4; (6) IpH TPOU3BOIBLHOM 7.

Ppu xakmx ycaoBmsAX 3ajaHHBIA DJINIC MOXET OBITH MOAYyYeH KaK CedeHIe
3aJaHHOT O BILIUIICON [a”

,HOKaBaTb, 9TO IIATadA 110 BEJIUYINHE (C‘H/IT&H oT MaKCHMaJIbHOﬁ) OCh N-MEPHOT'O
DJIHUIICON Oa €CTh MaKCHUMYM MAaJIOl OCH BCexX IATHUMEPHBIX SJIJIUIICOU 0B, ABJIA-
IOIINXCA €0 CEYCHUAMU.

leHTPH TPaBUABLHBIX TPEYTOMLHUKOB, TIOCTPOEHHLIX HA CTOPOHAX TTPON3BOIb-
HOT'O TPEYTOMbHUKA, 0OPa3yIOT TPABIILHBIA TPEYT OMbHUK.

[lokazaTh, 9TO MIOMIATE TPEYTOJBHOTO CEYEHNA TeTpadApa He MPEeBOCXOJUT
TJIOITA T HEKOTOPOR M3 ero IpaHel.

Tpu KopHSA KyObUdeCcKOT 0 MHOT OW/IeHA C KOMIIJIEKCHBIME Ko3hdunmenTamMu o6pa-
3yIOT TPeyToabHuK. /loka3aTh, 9TO B 3TOT TPEYTOJbHUK MOXKHO BIUCATH -
aunc, POKYCH KOTOPOT O HAXOAATCA B KOPHAX MIPOW3BO THONW 3TOT0 MHOT OHJIEHA.

Tpu BekTOpa B IpocTpaHcTBe 06pa3yloT apyT ¢ Apyrom yrisl A, B, C. loxa-
3aTh, 9T0 cos A + cos B+ cos C' > —3/2.

NokazaTh, 9To paccTogume d MeXAy MeHTpaMH BIHCAHHOW B TPEyrOJLHUK
OKPYXKHOCTH U OMUCAHHOW OKOJO HEr0 OKPYXKHOCTH CBA3AHO C UX paJHyCcaMu
r u R coorromennem d? = R? — 2Rr.



3aJadHbIU pa3JeJl

B sToMm paszgese BHUMAHUIO GHTATeNeH MpeaaracTcs MOAGOPKa 3ajad pasHou
CTeMNeHH CAOKHOCTH, B OCHOBHOM TPy AHBIX. IleKoTopbIe 03 5THX 3a1a4 (He 06A3aTenb-
HO caMble CITOXKHBIE!) TpeGyIoT 3HAHNA «HeMeMEeHTAPHOY MaTeMaTHKN — aHAIN3a,
JUHERHON aareGphl U T. II.

CocraBuTesM 3Tol MOAGOPKN KaXKeTCsd, ITO MpelJaraeMble HIKE 3aTa9dl OKa-
KYTCA MHTEPECHBIMU KaK [ CAALHBIX IMKOJLHUKOB, WHTEPECYIOMNXCA MaTeMaTH-
KO, TaK W JUIsA CTYJeHTOB-MaTeMATHKOB.

[Momumo pewenus 3amad, B BBHICIIEH CTENEHH TOJE3HO YIPAKHATHCA B UZAONCE-
Huu peuenutd. MbI coBeTyeM BceM, PEIUBITAM KaKyio-Tu6o U3 3a1ad, TOCTApAThCA
3aMucaTh €€ pelleHne B MaKCUMAJBHO MTPOCTOM U TOHATHOM BHJE W MPUCIATH B pPe-
maknuio. B mocaeayonmx HoMepax MBI OMyOINKYeM caMble H3AMIHBIE W3 MTOAYIeHHBIX
PEIeHn.

K coxamennio, HaM M3BECTHBI aBTOPHI JAJeKO HE BCEX MpejiaraeMblX HUXKe 3a-
nad. Muorme m3 HUX M3BECTHBI AeCATUACTHAMHI W CTAIN 9aCTHIO (MATEMATHIECKOTO
doabkmopay. O 1HA U3 Medel, TpecaefyeMbIX COCTaBUTEIAMI TAHHOT O a3 feaa, — 3a-
MHCATE 3TOT «POABKIOPY, MHOTHE 9aCTH KOTOPOT'O CTPEMUTEIBLHO UCUE3aI0T B HaIlle
BpeM1.

Mger ofpaltaeMcs ¢ TPpOChOON KO BCeM UHTATENAM, HMEIOIINM CBOU COGCTBEHHBIE
moAGOPKH TaKWX 3a4ad, OPUCHIIaTh UX B pejaknuio. U, pazymeeTcs, MBI C YIOBOIh-
cTBUeM 6yjeM TMyOGINKOBATH CBEXKME aBTOPCKHe 3anadu. A< 1eM Baliux mMuceM.

B ckofkax mocie ycaoBusA 3ajadn MPUBOANTCA daMuInd aBTopa (yTOIHEHHA CO
CTODOHBI YNTaTe]el MPUBETCTBYIOTCA). Ecin aBTop 3a1a4n HEM3BECTEH, MBI yKa3bl-
BaeM TOTO, KTO TMPEIOKIT 3Ty 3aTady.

1. Mana Bospacratomnas ¢pyukuus f(x) raxas, 9ro f(0) > 0, f(1) < 1.
MokaxkuTe, 9TO CyllecTByeT Takoe , 4To f(z) = & u, Kpome TOroO,
T — TOYKa HelpepLIBHOCTH (pYHKIUH f.

2. Ilycrs P(z) n Q(z) — muorowrenst, npudem Q(0) = 0. Jokaxkure, 410
ecin P(Q(z)) — 4éruas pyukuus, To Q(z) — 4éTHAS minm HedETHAA

dpyHKUNA.
(0. @. Kpuscanoscruii)

3. llycts a9 = @, ay41 = a®*, ¢ — NPOU3BOIBHOE HATYDAIbHOE HHCIO,
Goabiee 1. [JokakuTe, 9TO MOCIELOBATEILHOCTE OCTATKOB OT Je/eHNs
a, Ha ¢ crabmimsupyercs (T. e. BCe OCTATKI, HAYHHAA ¢ HEKOTODPOLO,
PaBHBI).
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10.

MozkHo a1 dncna ot 1 1o 21090

pacKpacuTh B IBa IIBeTa Tak, 9TOOLI He
CyIIeCTBOBaJO apudMerndeckux nporpeccuin miunabl 2000, cocrapies-

HBIX U3 91CeJ OJHOT'O HBeTa?

[aHo BHIIIyKIoe Telo B npocTpaHcTBe. JokaykuTe, 4TO MOXKHO OTMe-
TATH 4 TOYKNM Ha €ro MOBEPXHOCTH Tak, YTOOHI KacaTelbHas (T. e.
OTIOpHAs MJIOCKOCTH) B KaiK/IOH OTMEeYeHHOH TOUYKe OblIa TMapasiesbHa
IIOCKOCTH, IPOXOIAIIeNl depe3 ocTalbHble TPU. (A. A. Henos)

Wz mpousBoabHoUl TOYkH P BHe 3JLIHICA TPOBEJIEHBI [Ba KacaTelbHbIX
K sanuncy Jayda [y u ly. Kpome Toro, uz P npoBejieHbl Jydn S; U So
yepes Pokychl sainnca. Jokaxure, 4T0 yroa Mexay [y U §; paBeH yruy

MexK Iy I3 U Sg. (B. B. Ilpou360.106)

Koneuno nin 6eckoHedHo MHOXKECTBO MHOT'OWIEHOB 663 KPATHEX KOP-
HeHd, CO cTapiinM KoddduuueHToM 1, Bce KOd(pPUITEHTH KOTOPHIX Ie-
Jible, a BCe KOPHN BeIleCTBEHHBI I MpHUHAIIeKaT oTpesky [—1,99; +1,99]7

(A. A. Kaneav)
BrisicuuTh, paBHoMepHO an cxoguTcs ma orpeske [0; 1] psai

n

2Ty

Jauer maTpunbt Ay, ..., Ay pazmepa n X n. UsBecTHO, 4TO BCe npous-
Befenns Bujga A; -...-A;,, rae h < n HuabnoredTHsl. [JokaxuTe, 4TO
ro6oe pou3Betenne Buga A; -...- A; , paBHO HY.IO.

n

(U. 1I. Hlecmaxos u H. B. Jlveoe)

(A. A. Coaoevée)

BuyTpu Brinykioro dersipéxyroiabiunka ABC D Bagra Takas Touka O,
yro LZAOP = ZCOQ), rie P u () — TOYKHU TepecedeHus IPOI0JIKEHNH
croporn AB,CD u BC, AD coorBercrBento. /lokaxure, 410 OUCCEK-
rpuckl yraos AOC u BC'D neprneHuKyJdsipHbl IpyD APYLY.
(C.Maprenos)
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