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Nrope denopopudu lapuirun
(1937-2004)

B mpegwigymem HOMepe «MaTeMaTUIeckoro MpOoCBEIIeHu » ObLTIa TOMEIIEHa CTa-
Toa U, ®@. Mapriruna «Hyxua au B mkore 21-ro Beka reoMeTpua?» JTO — OIHA U3
IOC/IEIHUX €ro PaboT, KOTOPYIO eMy AOBeIOCh yBuaeTh: 12 mapra 2004 roga B pac-
I[BETE CBOErO APYAUIIErO TATAHTA YIIEJ U3 KU3HU OJUH U3 3aMEYATENLHEUIINX TBOP-
1oB 'eomeTpun u 60pIOB 3a pacuser maremaruieckoro IIpocsemmenus. JTa yrpara
HEBOCITOTHAMA..

Cratea lapeiruaa B HAIIEM XKypHAJE 0OPAIIEHA KO BCEMY U€IOBEYECTBY, U OHO
CaMO BBICTYIIAET B HEM, KaK JEUCTBYyOIee Juio. I[Ipusery oco60 mMOpa3vBUINT MEHS
orpeBoK: «McTopus denoBedecTBa mumeTcs B Tpex KHUrax. Jro Mcropus Bpax awr,
HCTOPUA BOWH, PEBONIONMN, MATexRer n OyHTOB. V3 HMX GOJBIIEN Y9acThI0 CKJA LI
Baetca Mcropusa Tocynapcra. Ito Ucropus Jlw6su. Fe numer Uckyccrso. U sTo
Ncropus meicin genosedeckon. Mctopus ['eomeTpun He TOIBKO OTPAXKAET UCTOPUIO

MaTemaTu4eckoe npocseyeHue, cep. 3, sbin. 9, 2005(5-10)



PA3BUTHA YEJOBEICCKON MBICTY. ['€OMETPUA U3 TaBHA ABIACTCA OJHUM U3 CAMBIX MOII-
HBEIX MOTOPOB, ABUTAOIINX 3TY MBICIb.)

...51 monro yroeapusan Urops déropoButia HanucaTh pabOTy MIA KYpHAIA, &
OH BCE OTKAa3BIBAJICS, CCHLIASACH HA HEMMOBEDHYIO 3aHATOCTH. U BCE e OH HAmmcas
ee. Korpa o ee mpusec, Bce MbI MOHAIN, YTO HE TOKHBI MEHATH B HEW HU OJHOTO
CJIOBa, OCTABUB €€ HEeMPUKOCHOBeHHOU. I mpermonaran 06Cy ) IaTh C aBTOPOM DTOTO
CTPACTHOTO TEKCTa MHOTHME W MHOTHE MPOOIeMbl U HAIIEU HAYKU, U CAMOU HAIIen
JKU3HU, U CTAT MOTOBUTH MUCHLMEHHLIM TEKCT KAaK 3aHAYKY I OYPHOU TUCKYCCUM
¢ HEUM 1O BceM »>TuM mpobaemam. Ho o6cyauThs BCE 3TO Tak U HE yAAJIOCh. 3IECh
HEYMECTHO BCTYIIATh B CIIOPHI, CKAXKY TOJBKO 00 OIHOM, X IYMAaeTCs, 31eChb s MO ObI
HAUTU COTJIACHE C ABTOPOM, KOTOPBIN BCEra TOPAI0 OTCTAUBAI CBOIO TOUKY 3DEHUA:
A TpefIaran B CBOEM THUCbME PACIIMPUTL paMKu «iepou Mcropun YeroseuecTBay,
3amenuB ciaoBa «Acropusa Bpaxabny croBamu «(Actopus Bophowiy.

Takas 3amena mospossgeT Ha3BaTh camoro Urops PEmopoButda TeMm UIeIOBEKOM,
KOTOPLIU BIKCAJI He3a0LIBaeMbIe CTPAHMIEL B JeTomucu Kaxaoun u3 «Mcropun Hemo-
BEYECTBAY.

Omn 6BL1 cTpacTHBIM BOpIIOM, ¥ TOMY MOXHO IPUBOIUTEH HEUCIUCIUMEIE TIOITBED-
xkpenus. Bor oqun Torpko mpumep. B centabpe 1997 roga Ilapeirus numeT apocT-
Hoe niucbMo «lIpesunenty Poccun Enpuimny B. H.y, roe on genraet nonwsITKy 06paTuTh
Enbpmuna B cBoto Bepy. [Tucemo coxpaununocs B MmoeM apxuse. OHO HAMUHAETCA CJIOBA-
mu: «I[Ipobrema, 0 KOTOPOU IOBOPUTCA B MOEM IHUCHME, MOXKET MOKa3aThCa BaM He-
3HAYUTEILHON, HO A TNIYOOKO YOEXK IeH, ITO 6€3 ee PEIIeHUs HeBO3MOXKHO NaTbHENIIee
passutue Poccuu. Peus uger 0 pou MaTeMaTuieckoro 06pa30oBaHUS, MATEMATHAYE-
CKOM KyJAbTYDHI [. ..] B coBpemenHon Poccun.» B mucbMe MHOXECTBO BHICKA3bIBAHUI,
HANMCAHHBIX HA KPAWHEW CTAJUU SMOIMOHAILHOIO HANPIKEHWUS: (CHUXKEHUE YPOB-
HA MATEMATUIECKOTO 00PA30BAHUA — MPAMAs YI'PO3a HAIMOHAILHOU OEe30MaCHOCTH,
SKOHOMUYECKOW, BOEHHON U MpOYer; ceroiusa B Poccuu mposomnKaeTcs, HadaBIIaicsa
eme B KOHIE 70-X TOOOB AErpajalus MaTEMATUIECKOTO OOPA3OBAHUA, MIPUYEM HA,
BCEX DTAXKAX U BO BCEX HANPABICHUAX; HEKOTOPHIE U3 U3BECTHLIX MHE YIEOHUKOB IS
HAYAJIBHOU IIKOJBI JOCTATOYHO TOYHO XapPAKTEPU3YIOTCA CIOBOM ,,6pen”; B cpeaHen
IIIKOJIE TI0 ] IO3YHIaMU 'y MAHU3AIMY K Iy MAHATAPU3AINH AT HACTOSAIIEE HACTYILIe-
HUE HA TOYHBIE HAYKU; UIET PA3PYIIEHUE TPALUIUN POCCUACKOTO MATEMATUAYIECKOTO
o6pasoBanusa.y Urops PETOPOBUY CTApaaCsA BHICTYIATH 3AIIUTHUKOM MaTeMaTude-
CKOTr'O MPOCBEIIEHUs BCEMU NOCTYIHBIMUA €My CPEICTBAMU.

B UcTopuio Jlio6Bu HlapLIrnHEIM BOUCAHLI €0 TOPA3UTENbHLIE KHUTH, TI€ IIaB-
HOU MepOUHEN, MPEIMETOM BOCXUIIEHUA U BOCTOPra asiasgercs [eomerpus. Bor cTpo-
KU, OpoCIaBasgomue ero Jaobumbin npeamer: «leomerpus ects deHoMen obieue-
JIOBEYECKOU KYJbTYPhI; HEKOTOPEIE TEOPEMBI DeOMeTpun cTapire, dem bubmus, oHu
ABIAIOTCA OMHUMY U3 TPEBHEUIINX MAaMATHUKOB MUPOBOU KYJIbLTYPHI; IEIOBEK HE MO-
JKeT TO-HACTOSAIIEMY PA3BUBATHCA KYJILTYPHO U TYXOBHO, €CJIU OH HE M3YYaJ B IIIKOJIE
CEeOMETPUIO; FeOMeTpU [. .. ] mpeacrasiseT cOOOU NENCTBEHHOE CPEICTBO A HPAB-
CTBEHHOI'O BOCIIATAHUS IEIOBEKA» — TAKUMU BOCTOPKEHHBLIMU CJIOBAMIU HAITOTHEHBI
TEKCTHI MAPBITMHCKAX CTATEN U KHUT.

OTaerbHas Tema, 0O KOTOPOU MHOrO OyaeT Hammcano, — lllapeirun — TBOpeIr
TeomeTpun, nHecpaBHeHHbn KOMIO3UTOP, CO3AaTENEL 3aMEIATENLHEIX 3a1aM.
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Mur 6bLTH IPY3BLAMEA HA MPOTAXKEHUN TATULECATH JET, U s O9€HbL MHOTUM O0OA3aH
eMy. B 9aCTHOCTH, OT HEro s BIEPBBIE YCIBIIIAT TPEKPACHOE BhICKa3biBaHUe Bpoa-
CKOT'O O CMBICJIE CaMOU KU3HU: «He B TOM CyTh XKU3HU, YTO B HEU €CTh, & B BEPE B TO,
YTO B HEW JOJIKHO OBITH.» DTOU BepOoU ObLIa HAMOJIHEHA X)u3Hb Urops DEnopoBuua
[MMapeiruna.

B. M. TuxomuposB



HECKOJBKO ¢cJIOB OB U. ®. IIIAPBITVHE

Oguu myzapen ckasan: «Boiciee mposBreHre gyxa — 5TO pasyM. Bricuiee mpo-
sABJIeHUE paszyma — >T0 reomerpusa. Kiuerka reomerpun — tpeyroabhnk. OH Tak
Ke HemcuepmaeM, kKak u Bcemennas. OKpyX)HOCTH — nayima reoMmeTpuu. lloznaure
OKPYHOCTh, ¥ BBl HE TOJBKO MO3HAETE AYIIy F€OMETPUN, HO M BO3BBICUTE CBOIO IY-
ury.» dtumu caoBamu Urops @enoposud [apeirun Hadan cBOU Kypce sIeMEHTAPHOU
PEOMETPUM [JIs MIKOJBI, MOCAEIHAN N0 KOHIIA 3aBEPIIEHHBIN KPYIHLIN TPOEKT B CBO-
en xu3Hu. [loTOM MO cexpeTy TOBOPWI, CMeACh: «oaro uckan snurpad, 1 He HAIIET
Hudero moaxogsmero. [Ipunuock 3amuceiBaTh cebs B Mmyapensl.y CamoupoHus, 3a
KOTOPOU Ha, CAMOM [efe CKPBIBAJIOCH MOHUMAHWE CBOEM POIUA M CBOErO UCTUHHOTO
mvacmrraba. HelHe xus3Hb BCE paccTaBmiIa IO MECTAM UM CJIOBA «OOUH MYZAPel CKa3asn
MOXKHO IHCATH 03 KABBIYEK. YBHL. . .

Nuorpa xasanoch, 9TO OH MPUIET B HAIIY XW3Hb maxe He m3 XIX Beka, a u3
BpeMeH eBporenckoro Peneccanca, u3 uranbaackoro KsaTpadueHTo, u3 mpekpacHO-
O BPEMEHU DHIMKJIONEIUCTOB U yIeHBIX-yHUBEPCcaIoB. Ka3anock, 9T0 BOT cenvyac on
pasroBapuBaeT ¢ TOOOU, 4 MUHYTY Ha3a TaK JKe 3aPOCTO 0OCY K AT KAKyH-HUOY Ih
npobaemy co Crnunozon wiu ¢ [ezaprom. [eoMeTpuio OH BOCIPUHUMAT HE UHAYE, KAK
COCTABHYIO YaCTh MUPOBOU KYJIbTYPHI, KAK MIABHLIA CTEPXKEHb U (PYHIAMEHT IPEB-
Hel u coppeMenHon Hayku. «B. . ApHoaba roBopur, 4TO MaTeMaTUKa — 3TO 9acTh
dusuku. A g gononusAw: GU3NKA — YACTH reoMeTpuuly DTO ero UAesM O CBA3U I'eo-
METPUN U YEI0BEYECKOU KYJIbTYPHI AIIOANPOBAI HEJABHO KOMEHIarHCKUN KOHIPECC
O MaTeMaTUIeCKOMy 00pa3oBaHuio: «[eoMeTpusa — HEOTHEMIEMAas IacCTh MUPOBOU
COKPOBUIIHUIILL IETOBEUECKON MEICTU. HEKOTOPBIE TEOPEMBI TE€OMETPUN CTAPIIE, IeM
Bubaus. Ecau genosex ue casrman o Mowne Jluse, niu ve 3uaer, rae naxogurcs [lapde-
HOH, MOXET JI1 OH CIATATLCSA KyJIbTYPHBIM Y€I0BEKOM? A eciu OH He 3HAeT TeOPEeMbI
IMudaropa, wiu npobaeMbl KBagpaTypsl Kpyra?y CBOM KHMKKM U CTATBUA O TAKOM
«CYXOM» U aKAJEMUTIHOM IIKOJBLHOM TpeaMeTe, Kak reomerpus, Urops denopoBud
HEU3MEHHO HAIOJIHAI MBICAAMU BeIUKUX (PUIOCO(POB MPOILIOrO, MATATAMUA U3 BhI-
COKOU TIOD3UU, PEMPOAYKIVAMU KAPTUH UTAMLAHCKAX W TOIAHICKUX KUBOMUCIEB.
N 510, moBepbTe, HE OLLIO HU CAMOPEKIAMOU, HU BHINAYUBAHUEM CBOEU DPYIUIAA
(B ®TOM ero MHOruMe OOBHHATH (3a Ii1asa, ecrecTBeHHO). CkaxkeM: pabGodas TeTpajb
o reomerpun 1A 6 knacca — npu vem TyT ctuxu Ceeepsuuua, Bpoackoro u kap-
tuaer Kapam6oaa?!). Ho o mpocto 6611 y6ex 1eH, 9T0 UMEHHO TaK HYXKHO MUCATH O
reoMeTpun, u mo-Apyromy Heab3s. [loromy aTo ona — [eomerpus — Te xe cTuxu u
KAPTUHBI, TOJbKO BBIPAKEHHBIE CPEACTBAMU IEPTEXKEN U JOTMIECKUX PACCY K ACHU.

OTOT TEKCT S MEPENUCHIBAT TPUKILL. U BCE paBHO MOJy9aeTCsA CyMOyp, HAOOD
OTPBIBOYHBIX BocnoMuHaHuu. HasepHoe, 310 Hensbexuo. Ecau 6v1 Bac monpocmiu Ha
OIHOU CTPAHUIE U3JOXKUTH CBOM BOCIOMMHAHUA O OOJBLIION M CAaMOOLITHOU CTPAHE,
r'ie BBl [IPOBEJIN MHOI'ME T'OJABI, TO, BAAUAMO, TOXE MOJYIHICA Obl «CyMOyp BMeCTO
My3bIkmy. [loaToMy s 3apamHee MpoIly NPOIIEHUSA y IUTATENS U HAYHY BCIOMUHATH.

1997 roa. [uckyccus cpeau yIuTeJed U METOIUCTOB 00 yIeOGHUKAX TeOMETPHUH.
O6cyx gaeTcsa BONPOC, KAK ONPEIeaaTb, 9YTO Takoe reoMmerpudeckas gurypa. Mla-
peirus: «EcTh Bemmuy, KoTopble mydie He onpeneaaTs Boobmme. [loTomy UTo, Kak HA
OMPEeNIlb, BCE PABHO MOJYyIUTCI HEe TO. Ecaum ¢urypa — 3>TO 9aCThb IIOCKOCTH,
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OT'PAHUYEHHAA 3aMKHY TOW HECAMOTIEPECEKAIOIIENCA KPUBOU, TO UTO TAKOe KPUBAA, U
[OYEMY OHA OT'PAHWYUBAET TOJBKO OTHY YaCThb ILIOCKOCTH, a He nBe? Bce sTo yBemer
CJIUIIKOM TAJTEKO B HAYKY O JKOPJAAHOBHIX KPUBKIX. A ecau purypa — 3TO MHOKECTBO
TOYEK, TO MOMYyIAETCS, 9TO KAHTOPOBO MHOXKECTBO — »TO Toxke durypa? U xosep
Ceprnunckoro? Ipennarato aydiie takoe onpegenerue: GUrypa — 3TO TO, 9TO UMEET
durypy!»

1996 ron, xomelr Mas, MBI CTOMM Ha OaJTKOHE €ro KBapTUPBI, O00CYXIaeM Ka-
KYIO-TO T'€OMETPUIECKYIO 3a0a¥Ky. [IATHAAUATEIA dTaxk, MOJ HAMU OYIIyeT paHHee
aeto. Urops degopoButd NPOCUT MEHs ChE3IUTH B U3 AATEILCTBO, IOCMOTPETH I'PAH-
ku kuuru. Pabora 3auMeT nensi geHb. [[BITAIOCH 0TKA3ATHCA, COCAABIINCH HA TO,

9TO (HEOXKU TAHHOY HAYAJIACH CECCHUsl, U Y MEHs [TOCAe3aBTPa dK3ameH. «/la,» — ckaszasu
Nrops PenopoBrd mevambHO: «BCE B HAIIEH KU3HYU TPUXOIUT Heo)kuaanuo. Ceccud. . .
Jlero... Crapocts, mercus, 60Je3HU. . .» OT DTUX CJIOB y MEHA — MOPO3 [0 KOXKE.

1996 rox. logroroska BapuanToB CopocoBckon oaumnua el [lapeirus — riaas-
HBIN KOOP JUHATOP U OTBETCTBEHHBIN 33 cOCTaBJIeHue Bapuanta. Hyxusr 3agaau. Or-
60p y Urops Penoposuda 6uun kecrodaumuu. [Ipenmaraems 10 3agad, on 6epet u3
HUX B Jyd4meM ciaydae 2-3. TpeGoBanusa: 3a1ava JOMKHA OBLITH MHTEPECHA, MaTeMa-
TUYIECKU, JUTEPATYPHO OPOPMJIEHA, & CAMOE IVIABHOE — IOMXKHA OLITH HA HOBYIO
CBEXKYIO UIEI0, KOTOPAsA IO DTOr0 HU B KAKUX OJMMINAIAX HE BCTPEYANACH. 3A1a-
49y, pemaeMble CTAHIAPTHBIMEA OIMMINATHBIME IPUEMaMy, OTMeTaInch cpasy. « e
xke yuaennin! Ilopoucs B cBoen Hayke! Jlydmme 3agadu Bcerga NpuxomsaT U3 HAYKH, &
He MpUIyMbIBafoTCa uckycctBeHHO.» [lopwricsa, mamen. Hecy. «Ilo xpyry pactyT 199
IepeBbEB, BCE — Pa3HOro Bo3pacTa. MOXHO U BEISACHUTEL BO3pacT 12 mepeBbeB Tak,
YTOOLI HABEPHAKA HAUTHU JEPEBO, CTapiiee 060UX CBOUX COCenen (CleBa U CIpaBa)y.
[Taperua goaro wayvara 3agady u pemrenne. Mges okasaaach HOBOU U CBEXKEH. «3a-
medarensuo! Ho aureparypras mogada muxkyga we rogurcsa! Hago 6u1 npugymars
TEKCT nouHTepecHee.» [locae meroro qHsa My9eHun y HAC POAUIACH BEPCUI TPO KOPO-
JIsL, XKUBYIIErO B OJHOM CIab00Pa3BUTOM IIAPCTBE-TOCY JaPCTBE, KOTOPHIN HAYAI OOPb-
0y C KOppYNIUEN U I 3TOTO B3AyMAT HAKA3aTh OMHOrO U3 CBOUX 199 MUHUCTPOB.
['maBHOrO KOPpPyIUMOHEPA PEIININ KCKATH TAaK: yCALATH BCEX MUHUCTPOB 3a KPYT-
JIBIA CTOJI, ¥ BEIACHUTB, Y KOT'O CKOJIBKO JeHer Ha cdeTax B Oamke. Toro, kTo 6Gorade
000MX CBOMX COCEIEH IO CTOLY OOBABIAIOT IVIABHEIM B3ATOIHUKOM-«0O0poTHEM». Ha-
MEKU HA U3BECTHBIX MOMUTUKOB OBLIN HACTOIBKO MPO3padHbl, 9T0 Urops PenopoBud
Iy TWI, IeCKATh, IOCAqAT — He mocanaTr. Ho »To, kaxercsa, TOIBKO ero pas33anopu-
Bas0. [IoTOM OH pacckasbIBAI, KAK B IEHL OJUMIAAILI €My 3BOHWINA U3 IIPOBUHIINMN,
k10 — ¢ BocxuwmernueM («Momoauwt! Cmensie monu, Tak nepxarbly), KTO — ¢ HEro-
poBanueM («Ber uro Tam B Mockse, ¢ yma mocxogumu? [Ipyrux TeMm s 3ajad HE
6uu10? Ecau ryGepraTop ysnaer, Ham oauMnuany npukpoioTh). Hamo ckasars, 5To
65110 He repBoe 030pcTBO [lapuiruua Ha onuMnuagax. 3a rog 40 TOrO S IPUHEC eMy
33484y 0 MAJIbYMKE, TOCTyIaomeM B uHCTUTYT. Urops Pexoposut mpemmoxur: «/la-
Bau caenaeMm nomHTepecHee. HazoBem Manbumka Uropsb, gaguM GaMuimio, CKaxkeM,
Neanmos. U mycTs on nocrynaet B Junmomarudeckyio AkageMuro.» 3a1ada TaK U Ha-
grHanack «Bemyckauk mkonsr Urops UBanoB medran crares gumioMaroM. . .» [lern
OT IYIIM CMESINCH, IPUYUHBL DTOrO OBLIM MHE HE BIOJHE ACHBL. TOIBKO MOTOM 10
MeHsa mgouno, uTo Urops UBanoB — MmunuCTp muoctpanubix gen PD. B caenyromem
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Type Urops PenopoBud mpuIyMBIBAET 33039y O BHIOOPAX B JBOPOBBIM MAPIAMEHT,
rae ObLto 4 dpaxmun: «Ham gom», «Hama ymumas, «Ham gBopy u «Ham moawmesmy.
Bcerga Bocxummana crocobHocTh [lapeirusa caenats 3aqady u3 000U KI3HEHHOU
curyanuu. Kak TyT He BCIOMHUTE €ro 3a1a4y OpO PaJUOAKTUBHEIE MIAPHI, IPO TPU
mkaTyaku B nporpamme «Ilome gymecy, wam npo mumiuonepa Tapaca Aprémosa, Ko-
TOpLIN TIpU 0OMeHe AeHer npuHec B coepkaccy 1991 kymopy. 1o ero 3amzadam MOXHO
M3ydJaTh HOBEUITYIO UcTOpuo Poccun.

2000 rog. YacTHasa 6ecena. «3HACNL, B UeM TVIABHOE OTINYNE ILIAHUMETPUU OT
crepeomerpun?! He B MeTonax m He B o0bekTax ucciaenosauusa. A B gyxe! yx mia-
HUMEeTpUM — dcTeTudeckuil. [VIaBHOE B HE — MCKYCCTBO M KPacoTa. A nyX crepeo-
MEeTpUU — MHXKEHEepHBIA. B Hel riaBHOe — KOHCTPyKIUs!y

2001 rox. Yactuasa Gecena. «XOpOIUKA yIUTETL — DTO HE TOT, KTO BCE 3HAET, 4
TOT, KTO HE CTECHACTCA CBOErO HEe3HAHUA. [I03TOMY y XODPOINIUX YUUTENEN YICHUKA
7X IIePepacTaioT.»

2001 rog. Yacrran 6ecena. «fI monnMaro, 9T0 TEI XOYelllb 3aHUMATLC CEPHLE3HON
HAyKOW, U 5Ta IIKOJbHAA epyHaa Tebe HemHTepecHa. Ho Beib Hayka — Bellb Omac-
Hafg U XKECTOKAA, MOXKHO BCIO KU3Hb MPOXUTL 3ps. [l0dTOMY HAIO 3aHUMATHCS EIe
YeM-TO, PO 3amac. ITobsr nocae Tebs ITO-TO OCTATOCH, ECIU HE BEINKNE TEOPEMEI,
TO XOTb KHUKKW [JIS MIKOJBHUKOB.»

B. FO. IIporacos



ITamaru Bewnrbr A6paMoOBHEI
Cy660T0BCKOM

(1938-1982)
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O mayunoMm Bk1age b. A. Cyb660oToBCcKOM

A. A. Pas6opos

Ecan cmorpers Ha 4mciao myOnuKamuyu, UX CyMMAapPHBEIA OOBEM M T. ., HAy9IHOE
Hacaeare Bemnsl AGPaMOBHBI MOKAXETCSA CPABHUTENLHO HeOGoabmuM. OHO BKIIOYA-
et nBe kparkue 3ameTku B «[Joknagax AH CCCP» [1,2] (cocraBusiune, HaCKOIBKO
MHE U3BECTHO, OCHOBY €€ KaHIUIATCKON IUCCEPTALUN) U APy CTATEN, Oy OInKOBAH-
HBIX B KOHIE 1960-x yxke mon dpammmmen Mywnnk. OgHAKO, KaK DTO YaCTO OLIBAET
B MaTEMAaTHKe, HeHHOCTh paboT Cy660TOBCKOU OMpPeNenseTcsa JAIeKO He UX KOIUde-
CTBOM.

Mos 3amada BecbMa, obaerdaeTcsa TeM 0O6CTOATETHCTBOM, ITO O TEOPUU BBIMUCIN-
TEJILHOU CJI0KHOCTHU (K KOTOPOU U OTHOCATCS paboThl Bemibl AGpaMOBHBI) XKypHAT
yX)e mogpobHO mucaa B HemaBHeM mnpouuioM [3-5,9]. Boaee toro, [4, c. 80] conep-
KUT KPATKOE M3IOXKEHue TIaBHOro pesyabrara Cy660ToOBCKON, U faxke ¢ HAGPOCKOM
IOKa3aTeabCTBa. [103TOMY s MIPOCTO MOCTApalCh AATh HEKOTOPOE MPENCTABIEHUE O
MeCTe, 3aHIMaEMOM ee HAYIHBIMU NOCTIKEHUSAME B OOIIEN KAPTUHE.

IIpexge Bcero creayer HANOMHUTH, O YéM BOOOIIE uaeT pedb. Beugy Hammuwus
BBIIIEYTIOMAHY THIX cTaTen [3-5,9] a 6yay mpeieapHO KPATOK: MOYTH BECh MATEPUAT,
TMIPUBOAUMEIN 3MECH B CKATOU POPME, MOKHO HAUTH B DTUX CTATHAX.

Teopus BEIYUCIUTEIBLHON CAOKHOCTU 3AHAMACTCA U3y IEHUEM AITOPUTMOB I Pe-
[IEHUA ATTOPUTMUIECKUX 3A0a4 C TOYKY 3peHusd uX d3PPeKTUBHOCTU. BOAbIMHCTBO
DTUX 331249 MOXKHO 0€3 OrDAHUYEHUS OOIIHOCTHU MPEACTABATH KAK 33149y BBIMUCIE-
Hus HekoToporo orobpaxenus f: {0,1}* — {0,1} u3 MHOXecTBa KOHEUHBIX OBO-
munbix caoB B {0,1}. Besakoe rakoe oroGpaxenue f MOXKHO albTePHATUBHBIM 0Opa-
30M paccMaTpUBaTh Kak mocregosarenbHocTs { fr: {0,1}" — {0,1} |n=1,2,...}
OyJaeBbIX (pyHKIMN. Boraucaurensusie Mo genu 6eBaOT 0010podubimy (Mamuabl Teio-
PUHTA, MAIIAHEL C TPOU3BOALHEIM JOCTYmoM K maMaTu (RAM) u 1. 1.) u neodnopoo-
HotMu. B OMHOPOMHBIX MOTENAX OJHO U TO ke (KOHEYHOE) YCTPOUCTBO M mOMKHO
BLIUKCJAATL f(%) @A BCEX CJAOB X BOOOLIE, & B HEOJHOPOHBIX — A KayKIOrO 7
MMEeeTCs CBOE OTAEIbLHOE yCTPOUCTBO M,,, Buraucasaomee 0yaeBy (pyHKIuo f,. Airo-
PUTMBI B OJHOPOIHBIX U HEOJHOPOMHBIX MOIEMAX HACTOABKO XOPOIIO U €CTECTBEHHO
TPAHCIUPYIOTCA APYT B IPYTra ¢ COXpaHEHWEM X >(PQPEKTUBHOCTHU, ITO B GOIBIIOM
YUCIe CIYYaeB dTH [Ba KIACCa MOIETEN MOXKHO BOOOIIE He PA3IndaTh MEXKIY CO-
6ou. C TOYKM 3pEHUS TAKOTO COOTBETCTBUA HAMOOJIEE BAXKHBIMU HEOJIHODOIHBIMU
MOJEIAME ABIAIOTCA CLEMbL U3 PYHKYUOHAADHBIT IACMEHMOE U ao2uueckue Hopmy-
Abl, a HauOOJIee BaXKHOU MePOU d(PPEKTUBHOCTY — PaA3MED, ONPENeIAeMEIN KAK IUCIO0
UCIOJB30BAHHBIX D1eMeHTOB. CXeMBI O TIHYIAI0TCA OT (POPMYJI TEM, IYTO B HUX PE3YJib-
TATHl IPOMEKYTOUYHBIX BHIUUCAEHUN PA3PENIAeTCs UCIOAb30BATE 60Iee O THOTO Pa3a.
BaxkHOU COCTABHOU YACTBIO OMPENENEHUA KAK CXeM TaK U (POPMY.JI ABIAETCA KOHEIHOE

MaTemaTu4eckoe npoceewerune, cep. 3, Bein. 9, 2005(12-15)
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MHOXKECTBO B MOIMyCTUMBIX B HUX DJIEMEHTOB, HA3LIBAEMOE 0a3ucom; 6asuc B momoH,
ecau mo6as OynaeBa (PYHKIUA B MPUHIUIE MPEICTABUMA B BUJAE CYIEPIO3UINYN €0
saeMeHTOB. Cmandapmuwili 6a3uc — st0 6asuc By = {V, &, —}. Or 3ameHsr ogHOrO
HOMHOrO 6a3uca APYTUM MUHUMAILHBIN pasmep sizeg (f) cxeMbl u3 QyHKINOHAIBLHBIX
ameMeHTOB B Oasuce B, Beraucasiomen OyiaeBy GyHKUMO f MOXET MU3MEHUTHCI HE
60Jee, YeM Ha MOCTOSHHBIN MHOXUTERb [4, Teopema 7]. IlouTu oueBmgHOE NOKa3a-
TEILCTBO TOr0 (HaKTa, OJHAKO, HE MPOXOAUT IS CAYYas JOTMIECKUX (DOPMYJI, U
Ui HUX MHBAPUAHTHOCTH MUHUMAIBLHOTO Pa3Mepa TMPenCTaBIAIIIEN (GOPMYIBEl OT
BLIOOpa 6a3uca yIaeTcsa yCTAHOBUTS JUIIbL C TOYHOCTBIO 40 moauHoMma [4, 3agaga 17],
IpUYeM [OKa3aTEeIbCTBO YK€ JATeKO He HACTOIBKO TPUBUAILHO.

HenTpansusin pesyabtar Cy660ToBCKON [1] KAK pas U COCTOUT B TOM, ITO TAKOE
pa3IuvmMe B MOBEIEHUN MEXKIy CXEMaMU U (POPMYJIAME HECAYYAWHO U C TOIKH 3Pe-
HUA OPEencTaBUMOCTH (POPMYJIAMEA OTHM MOJHBEIE OA3MCHI MOT'YT OBITH CYIIECTBEHHO
Jydiie gpyrux (T.e. pasMep MUHUMAJIBHOTO IPEACTABICHUS OJHOU U TOU ke OyJIeBOn
DYHKIUE MOXKET OTINIATHCA 6OIEE, IeM HA MOCTOAHHBIN MHOXUTENb). IMEHHO, ecau
106aBuTh K By QyHKIUIO = @ Yy cioxkeHus B moie Fy (T.e. «mo MOLyaro 2»), TO TO-
rIa, KOHEYHO, JUHENHYIO POPMY 1 D ... D Ty OT N NEPEMEHHBIX MOXKHO BBIYUCIUTD
dopmyaon pazmepa O(n). Cy66oToBCcKas gokaszana, 9To 6e3 pacmupeHus 6a3uca cu-
Tyanus MEHAETCA NPUHIWITUAILHO, U BCAKaA GOPMyJaa B CTaHIapTHOM Gasuce By,
BBIMUCIAOWAL 1 @ ... D T, 00f3aHa uMeTb pasmep en®/2, rae € > 0 — HEKOTO-
pas koHcTaHTa. Pa3BuBas 5Tu ugen, B [2] 10 GBLT YCTAHOBIEH MOPa3 o 60Jee OOIIn
daxT. Umenno, JlynaHos paree [0Ka3an, YTO B KOHTEKCTE MTPEACTABUMOCTY OYIEBHIX
dyakmun ¢popmyaamu 6asuc By BooOIIe ABIAETCA CAMBIM INIOXUM U BCAKUKU IPYTOU
nonub 6asuc B aubo skeuBatenTen By aubo (kak, manpumep, B U {®}) asasercs
cTporo 6omee cuabHEIM. Bemte AGpaMOBHON yIaMI0Ch OMLYYATE HOMHYIO, SJIEraHTHY IO
U YUCTO KOMOWHATOPHYIO XapaKTePU3aluio TeX MOJHLIX 0a3MCOB, KOTOPhLIE DKBUBA-
JeHTHB By.

Bcé, uTo HAnMCAHO BHINIE PO TEOPUIO BBIYUCIUTEIBHOU CI0XKHOCTH, OTHOCUTCS
K xaHpy «Barmag u3 21 Bekay. B magane 1960-x rogoB xkapTUHA BBITVIAIEIA COBCEM
no-IpyroMy. XOTsA OJHOPOIHBIE MOAEIN (B OCHOBHOM MAIIWHLI ThIOPUHTa) OBLIA W3-
BECTHBI YK€ TOBOJBHO TaBHO, KOHIEIIIUA CAOHCHOCTY AITOPUTMOB TOMIHKO HAYNHAIA,
3apOXKAATHCSA, M OO PA0OT, B KOTOPHIX OBLIA 3AJ0XKEHBI MATEMATHIECKAE OCHOBHI
TEOpUY BLIUUCIUTEIHHON CI0KHOCTH, OCTABAJIOCH €IIe NOOPHIX HIATH JeT (a g0 Gop-

MYJIMPOBKU KJIIOUEBOU B 3TOU 06IACTH «(IpobieMbl P Z NP»— mnce necats). Teope-
TUYECKOE 3HAYEHUE HEOTHOPOLHBIX MOAeeN (TaKuX, KaK CXeMbl, (DOPMYJIBL U BECHMA
HOIYJIAPHEIE B TO BPEMs «(KOHTAKTHHIE CXEMBD)) eIl He OBLIO OCO3HAHO, U JaXKe CaM
TEPMUH «HEOTHOPOAHEIE» (non-uniform) nossuaca mamuoro moszauee. CxeMsur u Gop-
MYJIBl PACCMATPUBAINCH B OCHOBHOM C WHYKEHEPHOU TOYKU 3PEHUs, KAK MPOTOTHUI
PEATBHBIX YCTPOUCTB, UCIOAB3YEMBIX B DJIEKTPOHHOU MPOMBIILIEHHOCTH.

Tem yauBuTenpHee mospireHue Ha >TOM QoHe B Hadauxe u cepenure 1960-x romos
APKUX PE3YJIbTATOB B MEOPUY CIOKHOCTHU OyJIAeBHIX (DYHKIUU, MO CYIIECTBY 3aJ0-
JKUBIIUX OCHOBHI s ee Oypuoro passutus B 1980-e roasr. PaGorer Cy660TOBCKON
3aHUMAIOT BECHMA JOCTOMHOE MECTO B PSANY STUX PE3YJIbTATOB, U MO 3HAINMOCTHU OHU
BIIOJIHE CPABHUMEI C KJIACCUYIeCKUMHU pesyabTaramu Mapkosa [6] u Heunnopyxa [7].
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B xaxon-to cremenu paboram CyGO0TOBCKOU «IOBE3NT0» MEHBINE, YeM PabOTaM
Mapxkosa n Heunnopyka, — ee OCHOBHOU pe3yTbTAT OBLT BIOCICACTBAN yCATEH X parl-
4YeHKO [8], M ceMdYac HUKHAA OUEHKa (POPMYIBHOU CAOKHOCTU OIS (QYHKIAU
1 @ ... D T, aACCOMUUPYETCA B OCHOBHOM ¢ TMocaenHen paboroun. Ects, ogako, 1Ba
BaXKHBIX XapPaKTEPHEIX MOMEHTA, KACAIOMIUXCA UMEHHO paboT Bemwrsl A6paMOBHEI,
KOTOPLIMI MHE OBl I XOTEMOCh 3aKOHIATEL CBOIO 3AMETKY.

Bo-nepBeIx, creayeT 0co60 OTMETUTE UCHONBL30BAHHEIN €10 CIOCO6 MOKA3ATEIb-
CTBa, MOJYIUBIINE BIOCJACICTBAN Ha3BaHUE (METOJ CAYUalHEIX MoAcTaHoBOKy. Cero-
IOHA 3TOT METO[ ABJIACTCA OTHUM U3 HaubOOJIee BaXKHBIX, MOITHEIX U MIXPOKO PACIPO-
CTPAHEHHLIX B TEOPUM CJIOKHOCTHU OyJaeBLIX (QYHKIWUA (& B MOCJACIHUE COILI — U B
PONCTBEHHOU TEOPUM CIOKHOCTH NOKA3aTeabCTB). HacKOMbKO MHE M3BECTHO, BIEp-
BLIE DTOT METOJ BCTPETWICA UMEHHO B [1].

BTopoe u mocaearee 3aMedaHne KACACTCA BCEU TTPOTPAMMEI KIACCU(DUKAIIAN O
HBLIX 0A3MCOB C TOYKM 3peHUA UX dPPEKTUBHOCTH, HAYATOU JIyMaHOBEIM U CpaB-
HUTETHHO HemaBHO npoxomxkenHon Cremenko, Yepyxunabim u [lepaseBbiv. DTa mpo-
rpaMMa B KaKOU-TO CTEHNEeHHd IPeIyrafata COBPEMEHHYIO TEeHICHINI0, KOMIa BMECTO
HCCIENOBAHNA CIOKHOCTHU U30IMPOBAHHEIX AITOPUTMIYECKAX 320449 U3y IaI0T TAaK Ha-
3BIBAEMBIE KAGCCHL CA0HcHocmy (cM., Hampumep, [3,5]) u 0cob60e BHUMAHUE yIEIAI0T
CTMPYKIYPHBIM BOIPOCAM 00 3TUX KIACCAX.
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Bcenovunas Beary A6pamoBay

I.Bb. dykc

Jlerom 1980-ro roga s npuHAMAI IOMa ABYX [OCTEH, C KOTOPBIMUI He OBLI 10 TOT'O
snakoM. Basepa Cengepos u Bops Kanesckuu, Torga eme o6a Ha cBO6OIE, TPUIILINA
KO MHE JOTOBOPUTBHCA O MOEM YIACTUU B MPEANPUATUNA, KOTOPOE BECHMA, YCIIEIIHO CY-
MIECTBOBAJIO yKe IBA [OJa: Mapa/IeIbHBIE JEKIMU 110 IPOrPAMMe MEXMAaTa, /I MOJIO-
IBIX JIOJEU, HECTPABEIINBO OTBEPTHY THIX YHUBEPCUTETCKON MPUEMHOUN KOMUCCUEN.
Haspanna «Haponuoin Yuusepcurery, «EBpenckun Hapoauemn YausepcureT» mosasu-
auck mozxkel) | XoTa 9To mpaBga, TO IpaBIa: GOIBIIMHCTBO KEPTB SK3AMEHALNOHHON
u npuemuon xomuccuu MI'Y corpemmiu mvenno B marom myukrTe. (Co6CTBEHHO,
cTyaeHTH Habopa 80-ro roga, KOTOPLIM S IIPENoNaBall, ObLIN KEPTBAMHI TOJBKO KOC-
BEHHO: TO OBLT roq OAMMMIUALR, U JbIOTHLIE UIOILCKAE DK3AMEHLI B Y HUBEPCUTET
u npoune Pusrexun 1 MUDPHU 6buin OTMEHEHBI, B PE3yJIbTAaTe Yero MOTEHINAILHELIE
JKEPTBBI OLUIN JIUIIEHB BO3MOXHOCTY TOCTYILUIEHUs B 3AMACHBIE UHCTUTYTHI MOCHE
MPOBAJIA HA MEXMAaTe; U OHU, 0OX0A1 YHUBEPCUTET, UK NOCTynarh B Hedrauon un-
crutyT («Kepocuuky») mmm MUNT (kyga «Gpaam») — HUKTO HE XOTelT PUCKOBATH
ornpaskon B Adranncras.)

dIpodeccopckuim» cocrap ObLI OLICTPO YKOMILIEKTOBaH. KoManga momoOpasiach
crosmas: Anéma CocuHCcKUN npenogasai aire6py (ero cmenwmn BmociencTsuu Bops
®enrun), AHAPEn 3eIeBUHCKUY BeJ YPOKH aHAIU3A, & MHE JOCTAJIACh AHAJUTHIECKAS
reomeTpus u JuHenHas anrrebpa. [lomMHIO mepByio JTekumo AHOpes: OH HAMUCAT HA
IOCKe (popMy.Iy

[e )

/ e~ dr = NZ3

— 00
M CKA3aJT, 9TO B 3TOU (POPMYJIE COCPEIOTOICHA BCA MATEMATHICCKAS TIPEMYIPOCTh!
uHTerpal, muddepernual, paakal, e, T 1 6eCKoHedHOCTh. Boobme Argpeil, He uMes
OIILITA HU IPenojaBaHWis aHAIM3A, HU 3aHATUA OHEIM, IpoYel OJecTAIIUN Kypc; 3a-
HOMHIIACH ACUMITOTHYECKNE PAIEL ¢ CEKTOPAMHI CXOIUMOCTH, O KOTOPKIX A Ipexk e
He UMeT HUKAKOrO MOHATHAA. Mol Kypc 6bLI 60/Iee CTaHIAPTHLIM, XOTA (PyHKTOPHI A
BBEJ, IOMHIO, HA TPETHEM WM I€TBEPTOM 3AHATUU (A TMLITAICA OOBACHATD TO, IE€T0
He MOHMMAI0 OO CUX TIOP, XOTA DTO W HAIMMCAHO BO BCEX YyIEOHUKAX: M3OMOP(HU3M
MeXK Iy KOHeYHOMEPHBLIM BEKTOPHBIM HPOCTPAHCTBOM U €0 CONPSKEHHBIM 3aBUCHT

1) (O punmansaoer HasBanue cymecTBoBano: «KypCEl MOBLIMEHNA KBATA(BUKAII IPeIo[aBaTe ek
BMIII», HO, KOHEYHO, HE MCIOJIb30BAJIOCh ydacTHUKamu. — Peg.

MaTemaTu4eckoe npoceewerune, cep. 3, Bein. 9, 2005(16-29)
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oT Gazuca, a ©30MOP(MU3M C BTOPLIM CONMPAKEHHBIM HU OT 9Yero He 3aBUCUT). Beemy
DTOMY IPEANIIECTBOBAIO OPraHU3ANUOHHOE cobpanue Ha kBapTupe y bemwrsr Cy660-
TOBCKOM.

O Bemre 0co060. MBI yIWIncs ¢ HeU Ha, MEXMATE B OJHOU TPYIINE, 3HAIA APYT APY-
ra ¢ 1955 roga. Ocobenno He Apy)uim: ApyRuTh ¢ Bearon 66110 Hemerko. Heprosuas,
Iy MHAs1, HEOOBIKHOBEHHO TpeOOBATEIbHAA KO BCEM, OHA, HE BIUCHIBAIACH HU B KAKUE
kommnanuu. Ham xypc 6e11 ouens cuibabiM (Cepéxa Hosukos, Bursa Haramonos, a-
as Tropuna, Cama Ouaesckuu, Bomogs 3opud, Cama Bunorpamgos — Bce ¢ Hamero
KypCa,), Mbl BEIIEHIPUBAIUCH OPYT TEpen IPYTIOM U He MOI03PEBAIHN, UTO YIVIOBATAA,
cyerauBas bemra ObLia cpequ JIydmx MaTeMATUKOB KypCa. BCIOMMHAIOTCSA BCAKUE
cMmerasie uctopuu. Jlero 1957 roga. B ToBapHBIX BaroHax HECKOJBLKO COTEH YHU-
BEPCUTETCKUX CTYEHTOB OTIPAB/IOTCA PAO0OTATh HA 1eauHy. lIpoBoasr, Bce BO36y-
XKJEHBI, U BAPYT — KTO T0?! — Tak 570 ke Bewia, Bepure win HET, OCTPUKEHHAA
uarouo. C men mama, Pebekka Enceesna (oren Bemrsr moru6 ua soune). Hy, Maorux
TIPOBOXKAJMM MaMBI, U MeHs Toxke, HO Pebekka EBceeBna me mposoxkana Bemwry, oma
exana ¢ Hamu Ha HeauHy! Ha kakoMm-TO mosycTaHke K HAIleMy BArOHY TOAOIIEN CY-
MPAYHBIN KOMCOMOMBLCKUU PabOTHUK: «A mouemy mama ener?» Ha sTo Pebexka Ence-
€BHA NOCTAET U3 CyMOYKN KOMCOMOJIBCKYO Iy TEBKY, BCE IPOMUCAHO: €AeT HA HEINHY
o 30By cepaua. Paboruuk orBasancs. Ha menune MBI OKa3aiuch B PA3HBIX MECTAX,
A TOJIBKO Pa3 BCTPETUWICA C BeIION 1 MOMydIna OT Hee BHINOBOD 3& YCTPOECHHYIO HAMU
3abacToBKy. Pebsara xe, kKoTopsie 6bLH ¢ MaTepbio u no4uepbio Cyb660TOBCKUMU B
OmHOU GpuUraje, ¢ yIOeHNEeM PaCcCKa3BIBAIN O MPUTOTORICHHLX Pebekkon EBceeBnon
obegax.

MubI KOHYWIN YHUBEPCUTET, U HAIMM ¢ Beston myTu pasomuiuck. [losxe 1 y3HAT,
YTO OHA ObLTA ACTUPAHTKOU y JIymaHoBa, BHINLIA 3aMy¥X, POAUIA TOYKY, OMYOIUKO-
Basa (mox damunuen My9HUK) HECKOIBKO BBLAIOLMXCA PABOT, 3AILUTUIA TUCCEP-
Tanmo. IJoToM — Kakou-TO CJIOM, s He 3Haw moapobHocTen. PasBon ¢ oGpaTHON
cMeHon (paMmiany, GOJE3Hb, BO3BPAIICHUE K XKU3HU B KAYECTBE YIUTENA HAYAIBHBIX
KJTACCOB B OOBIKHOBEHHOU MOCKOBCKOU MTKOJE. EIMHCTBEHHOE, YTO OCTAMOCH OT TIPEK-
HEW XW3HU — 3TO KamepHbn opkectp MI'Y | B koTopom Bemna urpana Ha ansTe 10
TMOCJAeTHUX THEeUN Xu3Hu. B HameMm yHusepcuTeTe Bera HUKOra He mpernogasaia, ee
$yHKIIKU OB 9UCTO OPTaHU3AIUOHHBIE, TAKOB OBLT €€ BEIOOD.

Mgl 3aHUMANINCHL C HAIMUMEU CTYIEHTAMU CAMOOTBEDMKEHHO, MUCAIN KOHCIEKTHI
CBOMX JeKIuil (IX Ie-TO PAa3MHOKAIM Ha KCEPOKCe?)), yCTPaMBAIN KOHCY.IbTAIII
Ha goMmy. PeGsitam OBLIO TPYAHO: YepUEHUE, TEXHUYECKUE IUCHUILINHLI, BCAKUE CO-
OpOMATHL JHEM — UM MaTeMaTH9IecKas 3ayMb BedepoM. V3 Hammx yveHukoB (a ux
YUCJIO TOPOU BALIKATIUBAJO 34 70)3) eIuHUIEL cTantu MaremaTukamu: Butsa Duasbypr,
Anéma Kauens, @exa Manukos, Cama Ogxecckun, Augpen Pesuukos, Bops u Murma,
[Tanupo, — ko eme? Ho noab3y 3aHATUA NPUHECIN MHOTUM, S YBEpeH. VMBI MEHSII
MecTO BCTped, cobupanuch B mkoie y Bemwrer, 8 Hedpranom uncruryre («Kepocun-
Ke»), B 'YMaHUTAPHOM Kopiyce u noroM Ha xumbake MIY. B GonpmuncTBe caydaes

2)KOHI/IpOBaHI/Ie, COBEPIIEHHO HEBO3MOXHOE II0 TeM BPeMeHaM, yJIaJoch opranm3oBaTh b. U. Ka-
HeBcKOMY. — Per.
3)A na mepBoe 3aHATre npumuio 120 crygenTos! — Peg.
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HAIIl «CEMUHAP» OBLT GOJIee WM MEHee Jerain30BaH (Ha XuMQaKe A caM XOIUI 33 Pas-
peIeHneM K 3aMIeKaHa, a B «KepocuHkey, He MOT'Y MOPYYIUTHCA, HO CIBIIIAM, KTO-TO
U3 CTYIEHTOB MOJIYYUT HATOHAN OT KOMCOMOTLCKOT'O OI0PO 38 TO, UTO MPOIYCKAT Ha-
mu Jgexnun). Beasa cobupana naTepKku U IPUHOCKHIA rOpBL Oy TepOpO 0B (IOTOM TH
IAITEPKY el MBITAIACH IOCTABUTH B BUHY Oxsamue oprassl). [a, Ha OQHO U3 IEPBBIX
sauaTun npunuin Bopsa ¢ Bamepou, gompocunu pebAT, KTO U3 HUX U UX OJHOKIACC-
HUKOB Ky[a MOCTYIAX U TMOCTYNWI (OHM COOMDATM NAHHBIE MJIA HEOMPOBEPKUMOIO
IOKA3aTEIbLCTBA, TOrO, YTO BCE U TAK 3HAIM, HO MHOT'ME NEJIAJN BUI, YTO HE 3HAIOT:
aHTUeBpencKon auckpuMuHauuu npu npueme 8 MI'Y). IIpowen rog, u Mer nepemwiu
Ha BTOPOU Kypc, a Bopsa ¢ Bauepon Basnuce TanyTs caegyiommui Hao6op. (Barepa —
[PEenogaBaTe b BbICOYANIIEr0 KIacca, MexAy npoduuM.) S mepexmioumncs Ha nud-
depennmansuyio reomerpuo, Bopsa Denrun pacckasuiBaa 9To-To 06 anredpax Jlu u
D-monyasax, y Hac paboTan cemunap. B mapte 1982 roga B MockBy mpuexanu, Kax
Tenepb TOBOPAT, C YACTHLEIM Bu3uToM, xex Muiaop, Auape Xedumrep, Bo6 Maxk-
depcon u Hyza Makayd. MuiHOp, BeIMKNN MATEMATUK U BEJUKUHU JEKTOD, IPOIesn
JEKIUIO CHEeNUAIbHO 1A HAmuX cTyneHToB, Aunéma Cocunckuu nepeBoami. MHOTO
TIPUIILUIO HAPOJA U «HAIIEr0», U He HAIIErO, MbI OBLIN PAILI BCEM.

SaKOHYIWICA YIEOHBIN IO — U TYT TPAHYJ HACTOAIMEA rpoM. [locTapaioch BOC-
CTAHOBUTH MOCIEIOBATEIBHOCTD APAMATUIECKAX COOBITUN.

B wurone 1982 roga B Jlaboparopusiu kopyc MI'Y, rae g paborad, 3amen Cepéxa
JIbBoBCKUU (MHE TOra HE 3HAKOMBIN). BriBen Mena na yauiy. HoBocTs: apecToBanb
Cengepos n Kanerckmit (u eme crygent u3 nx mapawtemn)®). OObacCHIET Tpuauny
apecTa: B ampesie PACIPOCTPAHAIN JUCTOBKY C ArUTAINEN IPOTUB CyOOOTHUKOB (BO-
obpasure cebe — cy660oTHuKOB!). OcTaBIInecs IUCTOBKY HE BEIGPOCUIN, & OCTABUIN
nust 6y pytero roga (o, Boxke!). Ux u makpbuiu npu o6bicke ([JOHOCINKOB XBATAJO BCE-
raa), 3a04H0 3abpauu cnucok ux kaacca B «<Hapoxnom Yuusepcurerer. Napopmanuu
0 HacC, Kax 6yaTo OBI, HET, XOTHA, KTO 3HAET. . .

Berpermiucs ¢ AugpeeM, yCIOBUINACH, YTO TOBOPUTD, €CIM BBI3OBYT Ha TOMPOC
(ze BoBauum). Cosponmmucs ¢ Bemwmon. Pemmnn ocenbio 3ansaTus He BO30GHOBIATH
(MBI MeaTamm o Tpersem Kypce)®) . Il Tpesoxasie Mecaner. W BOT, yixe B aBrycre
(BpexHeBy 0CTAaBAIOCH HECKOIBLKO MecAueB xku3nu), Beary soieaau 8 KI'B. [ocae
nocemerus ero KI'B Mbl BeTperwiucs (3T0 6bLTa HALIA TIOCJAEIHAA BCTPEYA, MBI IIOTOM
ele pas3 ropopuin no reaedony). [IpuBoxy ee pacckas, Kak MTOMHIO.

YTpoM TOro AHA y Hee B KBAPTHUPE 3BOHUT TeIe(OH, MykcKou rogaoc: «bemra
A6pamoBHa, 1 — Takou-To (HepazbopuuBo), X041y ¢ Bamu BcTperurhes.y Bemwra ero
34 KOT'O-TO APYTOro MPUHANA, € KTO-TO JOJKEH OBLT TIO3BOHUTL. fI, roBOpUT, OUeHD
3aHATA CETOAHA, OyIy €3MUTH MO PA3HBIM MeCTaM, JaBalUTe B METPO BCTPETUMCA,
craumua «KogoMeHckasy, TEepBLIM BACOH K IEHTPY. B HasHaveHHbn vac Bemra —
taMm. CmoTputr — HEKOro. To ecTh, CTOUT KAKOU-TO IIUPOKOILIEIUN IeI0BEK C Obl-
YLen IIeed — «IBHO [ePOU He MOero poMaHas, ckasauaa Mae Bera. I[IpoxoquT moesq,
apyron, Bemia xaer, u BIPyr — STOT 4YeJOBeK moaxoauT K Hed: «Bemwra A6pamos-
ua?y Bemra — ¢ ynwibkon — «Tak 70 Ber mens xaere? Mue cenm 9ac HYXHO Ha

4) Cengepos u Dexbuep 6bu1n apecroBannl 17 mioms, Kanesckuit — 21-ro. — Pey.
5)3aHATH, XOTA ¥ B IPYroil pOpMe, MPOCYIECTBOBAIM 40 BecHE! 1983-r0. — Peg.
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Kysuenkuu Moct, moexanu Bmecte.» «HeT, — OTBeYaeT,— MBI MOENEM MO APYTO-
My azapecy.» U 6eper Bemrry mon pyxy. IlogHuMmaioTcsa HaBepx, TaM XKAET MAaIIUHA.
Enyt — ume ma Jlybsuky, kyna-To eme, MHe Bemrna HaswiBana agpec, ga g He TOMHIO.
IIpoBogsaT B KabUHET K KAKOMY-TO MOJOIOMY YEIOBEKY B MOTOHAX — CTAPIIUY JEU-
TeHaHT win Kanutad. B Mockse, roBopur, opyayer 6aH1a «pEIeTuTOPOB), KOTOPHIE
rpabAT JMIOJeN MOL BULOM MOATOTOBKHU K dK3aMeHaM. Y Gall — CEeHIEPOBCKUU CIUCOK
Ha cTo1. Bemrta, KOHEUHO ke, HavaJa ¢ HUM KOKeTHUYATh (HeuCTpeOuMas KeHCKAas
cyTs!). Hy uro Ber, rOBOpUT, 3TH JIOAM YKE CTYIEHTHI, MBI C HUMU 3aHUMAEMCS Ma-
TeMaTUKON 6eCIIATHO (a naTepKu? — u 6all — eIIe CIIUCOK, KTO IIATEPKHU CAaJ, TOXKE
B CEHIEPOBCKOM KJIACCe — Hy, IATEPKU 411 nepekyca). Bor u Bl npuxogure — Beanb
Bam, maBepHOe, HPABUTCA MATEMATUKA. BBLIO ACHO, YTO M0RIIHUK €U TOHPABUIC.
Morosopuau o ToM, 0 cem; 0 maremaruke. Hy, no ceunanua, Bor Bam nponyck (Ha
BLIXO[, 0€3 HEero He BBIMYCTAT), 8 BOT — OPOTOKOJ, MOANUIIATE. Bejuia auraeT mpo-
TOKOJI — HET, 51 DTOr'0 He IOBOPWIA, HE HOANUIIY. 10T HAYMHAET yHIPAIINBATH, STO
xKe (POPMATBHOCTE, C HET'O CIPOCAT; HET, 3aapTaduiach (Bcerga Obuia yopsaMas). Hy
XOPOIIIO, HEe MOANKUCHLIBANTE, HO HOLYMAUTE eIlle, U eCJIU MeperyMaeTe, IPUXOIUTe K
HAM OMATH, a1 UMsA, TeaedOH BHYTPEHHUN — BCE.

PacckaspiBaeT MHe Bcé »T0 Bemna u BAPYr rOBOPUT: s pemmia OMATL K HEMY
mouTH, OH Xke 3Bau. fl: «um B KOem caydae me xoxumly Hy, romopur, s ¢ HUM erre
nobecefyio, OH, Bpoae Obl, BCE MOHUMAET, STO MOXKET pebsaraM (apecTOBAHHBIM) HA
nonb3y noutu. Ilonpobyn ee orrosopu!

Ha gpyrom mens — mocmenuuu 3BoHOK 0T Bemnwr. Hy uro, xomuna? [a, HO oH
mens He nprHaa. Cyxo Tak ckasanr: 60mblre Hudero or Bac He Hamo.

Ewe uepes napy uein® Beta morn6ma mox KomecaMu DPY30BUKa B TUXOM, 6e3-
JIIOTHOM TIEPeyJIKe, Te U BeIOCUIEI-TO He KaXK BN Jac npoepet. Pacckas odeBuana:
I'PY30BUK BUXPEM IIPOHECCs IO Hepeyiky, ciunb Besry, koTopas ObLia HA TpOoTyape
WIN PSALOM C TPOTYapoM, u ucyes u3 Buga. bemry gocraBmiu npsmo B mopr. B rpoby
ee TPyIHO OBLIO Y3HAThH: M3YPOMOBAHHYIO TOJOBY KOE-KaK 3aJEIUIN B MOPTe ILIACTH-
auaoM. Ha moxoponax 6bLma Macca HapoJa, HO pa3roBOpPHI 00 0OCTOATEILCTBAX ee
rubein IpeceKaInch: He BpeMs. Sl He 3HAIO, NPUNLIO JU BpPEMs, HALLIA JU T'Py30-
BUK U €0 BOAUTE/SA, BOCCTAHOBUIN JIM IEIOYKY COOBLITUN C TOU, MOSIIHON CTOPOHHL.
«Haponuoizn YrusepcuTeT» ImepecTan CyIlecTBOBATh, & C [IEPECTPOUKON, MACCOBLIM
OTHE3IOM U CHATUEM eBPEUCKUX orpaHudenuu mpu npueme B MY mepecrana cyime-
CTBOBATHL U CaMa TMPOOIeMa. 30eCh KOHIYACTCA U MO PACCKa3.

8)Housio 23 cenTsa6psa 1982 roxa B Bo3pacte 44 mer. — Pen.
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A. M. BUHOTPAZIOB

C Besuron A6pamosron Cy660TOBCKON MBI OBLIM «COMPYIHUKAMU» Ha 1 1 2-M Kyp-
cax mexmaTa. [lopToMy u 3HaKOMBI. MHOrO MO3Ke HAIN NETU OKA3AIUCH «COKJIACC-
uukammy B MaTkaacce Bb. I1. lemamana B 19-1 mIkoie M MBI B CBA3U C DTUM UHOTIA
Berpedaanck. O qHaxk 161 Bera AGpaMOBHA € XapaKTepHOU LI Hee HaCTOMIMBOCTHIO
MPUMIACKIA MEHS B TOCTH, O0elIas «O4YeHb MHTEPECHBIU clopmpusy. Korga s mpu-
e, To OGHAPY KU Y HEe MOJHYI0 KBADTUPY OTBEPKEHHBIX TPUEMHBIMU KOMUCCUAAMU
espenckux geren, CeHaepoBa U BTOPOKYpPCHUKA (pusTexa Kumxuuka. UTo gemath B
sraxkou Hanactu?! [loHadany pemmiu yCTPOUTDH [IA HAX MATJIEKTOPUN, UTO A U CHE-
JIaT Ha CAEOYIOIIEN BCTpede, PAacCKasaB mo npocbbe CeHpepoBa TEOpEMY O CKATBIX
oTrobpaxenusnx. He ycnes, 0IHAKO, UX KaK CAEIYET HOKATH AO KOHI@A, S MOHAI, ITO
BCE DTO IOJIHLIA aOCypI, TeM 0oee, 9TO SCHOrO IUIaHa NEeUCTBUN HU Y KOI'O He ObI-
J0. ITo HEKOTOPOMY PA3MBINLICHUIO, S MPEIJIOKUI OPraHU30BATH CUCTEMATHIECKUN
KypC MaTeMaTUKM MEXMATCKOrO YPOBHA MJA dTou Tpynnsl. S morosopur ¢ Agek-
ceem Bponucrtasosudem CoCHHCKUM, MOUME yueHUKamMu Bamentunom Bacuibesudem
Jergaarunsiv, Mocudpom Cemenosuuem Kpacunbummkom, Arekceem Bacuasesuuem Ca-
MOXWHBIM U MOuMHK TorgamuuMu acmupaaTamu Cepreem Bacuibesudem [y xuHbiM 1
Anexceem Bagumosuyuem Bodapospiv. U Mul pemuiu nmonpo6osars. HesaBucumo ot
Hac ¢usuxy Basiaca sectu Muxann CamywioBud MapuHoB.

Hapmo mpusHaTBCS, 9TO B 3TOM [Aee y MEHS MOMUMO 'yMaHUCTUIECKOTO ObLI U
YUCTO «IIKYPHBIMY UHTEPEC, PA3IeJAeMbIl U OCTAJBHBLIMU BHIIEYKA3AHHBIMU JUIIA-
M. OH COCTOAT B TOM, YTOOLI MPOUUTATEL [JIA MPOABUHYTON Ay IUTOPUYA KOHIIETITY-
ATBHO DIETAHTHBIN, «€IUHBINY KYPC OCHOB MATEMATUKH, T.€. TO, YTO BPAI JU OLLIO
BO3MOXHO CIEeJaTh Ha MexMaTe B 0603pumom Oyaymem. Ilpu 3ToM A mocTaBui Of-
HO YCJOBUE: 33 DTUM HE JOJKHO OBLIO OBITH HUKAKOU MOJIUTUKE. S cauran Torga u
TeM 60Jiee CUMTAI Temepb, 9TO He MOr MOJBEPraTh PUCKY TeX, KOI'O BOBJIEK B DTO
TIpeANpPUATHE.

Cue 6110 06€IAHO, U MBI HAYAIN. B mOpsAAKe ABTOUPOHUH A MPEIIOK AT HA3BIBATH
conessuaoe «Hapomuwsim Yuuepcuterom KyabTypwsy. Tak B TO BpeMsa HA3BIBAIUCH
0COOBIE YUEOHBIEC 3aBEICHUA, OCHOBHOU IEIBI0 KOTOPHIX ObLIA BLILAYA AUILIOMOB O
BRICIIIEM O0OPa30BAHUM KOMCOMOMLCKUM W TAPTUUHBIM BLIIBUXKEHIIAM U IPYTUM TTy0-
Ju9HBIM durypam Tou smoxu. W cerndac cpequ m3BeCTHBIX MOIUTUKOB MOXKHO HAUTHI
BJIAAEIBIEB TAKOrO MUILIOMA. JTO HA3BAHUE MPUKWIOCH, HO B COKPAIIEHHOU (hopMe:
U3 HErO UCYE3JI0 BCAKOE YIOMUHAHUE O KYJIbTYPE.

Ecau s npaBuibHO moMHIO, TO, KpoMme Mensa, Kypcel uutaaun A. B. Cocunckun,
. C. Kpacuibimuk u B. B. JIergarun, a ocTadbHbIe BeJu YIPAXKHEHUA. SAHATUAA MO~
HAYATy TPOUCXOIUIN HA KBApTUpe Yy Bemnsr AGpaMOBHBI, a TO3¥Ke yIAI0Ch mepe-
oparhea B Hedraaon uucturyT, koTophin Bee 3Banu «Kepocuuakony. Ilogroroska u
YTEHUE JEKIUA OTHUMAIO ¥ BCEX HAC MOPATOTHO BPEMEHU, TOCKOILKY MBI BCE Iema-
JIZ 10 HOBOM COOCTBEHHOU mporpamme. Hac, omHako, XOpoIo noaaepKuBa ropaaun
van ¢ 6yrepoponamu u3 «OTaeJbHON» KOJIOACHL M IyBCTBO, 9YTO MBI HE CHIUM CJI0XKA,
PyKu mepen auoM TBopsaierocs 6e3obpasusa. U To, u npyroe 6bLIO COBEPIIEHHO Gec-
mraTHO. [o-BUAMMOMY, TPOTPAMMEL U KPATKUE 3AMUCKU TEX HAINUX JEKINU Ternepb
IOTEPSAIUCH OKOHYATEIBHO.
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A cemvac TOYHO HE TOMHIO, HO BCE DTO MPONOTKAIOCH TUXO U MUPHO TOX WIN
moaTopa. Bewra AGpaMOBHA 3AMOMHMIACH CBOGM HEMMOBEPHOU aKTUBHOCTBIO U BE3-
IECYIIHOCTHIO, B3AB HA Ce0A YCTPOUCTBO BCEX OPTAaHU3ANUOHHLIX MpobaeM. Kak mue
KaXXeTCsI, U CTYLEHTHI, U [PENOJaABATENN [OIYYaAId YIOBOJLCTBUE APy OT APYyra.
K coxanenuto, curyanuio Bokpyr Haponuoro Yuusepcurera He yaajloch yaepXKaTb
B PAMKaX Pa3yMHOU BHEIIHEN AMOJUTUIHOCTU. Hampumep, KOTIa ONUH U3 «BPaKeE-
CKUX T'OJOCOB» yIIOMAHYI 0 «HapomaHoMm YHUBepCUTETE», KO MHE CTaIN OOPAIATHCA
00ECIIOKOEHHBIE POQUTENN HAIUX CTYIEHTOB. Sl CTapaicsa ux yCrIoOKOUTh, MOJHOCTHIO
[Io/Iarasch Ha NAHHOE MHE CJIOBO, HO, TeM He MeHee, HEKOTOPBIE CTYIEHTHI HAC IIO-
xuuyau. BroocaexcrBun nonutudeckue crpactu BOokpyr Hapomuoro Yuusepcurera
HAKAJIWINACH elne 6oee W HAIl TAKT O HEUTPAIUTETEe pacchmaica cam cobou. lpu
TAKUX 0OCTOATENBCTBAX S CYEJ CJAUINIKOM PUCKOBAHHBIM KAaK s ceOs, Tak W s
MOUX YYEHUKOB U APY3eH, KOTOPBLIX TMPUBIEK, NATbHENIee B HEM yJacTHe U TMOYTH
BCSI IEpBasi MPO(eccopCcKo-mpenoaapaTenbckas opuraga «Hapoguaoro Yuusepcure-
Tay, (YBOJIWIACH IO COOCTBEHHOMY XKeiranuioy. Jlumb 6omee orBaxkubsie COCUHCKUNT 1
MapuHOB pemmim 0CTaThbCA.

Mgt He paccmaTpuBaau ydactue B «HapomHoM YHUBepcuUTeTe», KaK CPEICTBO 3a-
paboTaAThL MOJUTUIECKUN KAIIUTAI 1 06pa3 OOPIOB ¢ COBETCKOU BIACThI0. Hamma mers
OBLTA, COBEPIIEHHO B MHOM — JaTh TOCTOWHOE 0OPA30BAHUE JOCTOUHBIM TOT'O MOJO-
IBIM JIFOISIM, U Y MEHs HET HUKAKUX OCHOBAHUU COMHEBATLCSA B TOM, UTO DT Ke IeThb
6buta u 'y Bewnsr A6pamoBubr Cy660TOBCKOM.
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A. B. 3EJIEBUHCKUN

C Bemwroun A6pamosuou Cy660oToBCcKOU MeHs mosnakomua [Imurpun Bopucosuu
®dyxkc. [Ipousorwio 3To, mo-BUIUMOMY , JETOM UIu panuen ocenbo 1980-ro roga. Oua
IpeIJIOXKUIa MHE yIaCcTBOBATE B paboTe co3aaHuoro e «HapogHoro Yausepcureray,
U 51 IOMHIO, 9TO COTVIACWICS, MO0 HE PA3IYMBIBAasA. PUCKOBAHHOCTE 3TOrO MIpEqIpu-
sTusa OblIa 09eBUAHA (gaxe MHe, IPU MOeH TOTIALIHEN MOJIOLOCTH U JErKOMBICINN),
TaK 9TO CTOJL OBICTPOE COIVIACHE OBLIO HE COBCEM TPUBUANLHEIM. IIpuyaunn ObLTO aBE:
OLIYIIIEHNE (TPABAILHOCTUY BCEUM 3A4TEU, U IYBCTBO abCOJIOTHOrO JOBEPU, KOTOPOE
cpa3y ke BeI3BaJIa y MeHsa Bemrra AGpaMoBHA, 1 KOTOPOE HUKOTIA HE TOKUIATO MEHS
B TeYeHMEe HAIero (K COXAICHWIO, HEIOATOr0) 3HAKOMCTBA, 1 OOIICHUA.

Heckonrko cmoB o mogomneke. B Te roawr, o6cTanoBka NIy6OKOTO MapasMa, 1Ia-
PUBIIErO B COBETCKOM OOIIECTBE, OBLIA HACTOIBLKO OYEBUIHA JIOIAAM MOErO Kpyra
OOIIeHNsI, ITO U B OOCYXKIEHUSIX He HyX)7gamachk. CaMmble JTOJ0€ICKUIE BpPEMeHa CO-
BETCKOI'O PEXKUMA OCTAIUCH 103314, ODUINATLHYIO UAEOIOI M0 MAJIO KTO IPUHUMAI
BCEPBbE3, HO OTKPBITOE MHAKOMBICJINE TO-TIPEXHEMY Kapaiochk. OQuuuanibHBIN aHTH-
CEMUTHU3M MPOIBETAT U HAKJIAILIBAJICA HA HACAKIABIINECA HA BCEX YPOBHAX MOIO-
3PUTEIBHOCTh U HEJOBEPUE K UHTEIUTEHINN U KyIAbType. [[0CKOIbKy OOMBIMHCTBO
HaceaeHus chpOPMUPOBANOCH YKe IIPU COBETCKOU BJIACTU, PEXKUM KA3AJICI HE3BIOIE-
MBIM ¥ BEYHBIM, & AKTUBHBIE AWCCHALEHTHI — NOHKUXOTCTBYIOMIMMU W ICAJTACTAMI
(xaK mOKa3aJ10 JalbHenIee Pa3BUTUe COOBITUN, Ha CAMOM [eJie, OHU OKa3aJIUCh IIPO-
30pJUBEE MEHs U MOUX [DY3€H).

Oguaxo 6nmxke K geny. B Havage BOCBMUAECATHIX TOIOB MAJEUIIETO O 03D EHUS
HA €BPEUCKOe MPOUCXOXK IEHUE ObLIO NOCTATOYHO, YTOOBI YEIOBEK MPAKTUYECKU JI-
IIAJICA AHCOB HA, MOCTYILUICHNE HA MeXMaT. A 3a01HO, 1A mymiero abcypaa, MHOTUM
CUIBHBIM BBIMTYCKHUKAM BEIYIIAX MATEMATUYECKUX IIKOJ, 3Q9ACTYIO TaXKe OTIMINB-
MIUMCA HA MATEMATUIECKUX OJUMIINAIAX PA3HLIX YPOBHEN, TAKXKE CTABWINCH TMATKY
B KOJIECA, HE3aBUCAMO OT HALMOHAILHOCTH. IIpy 5TOM, XOTSI B pe3yJabTaTe OCHOBAH-
HOH Ha TeX XKe IMPUHIWIIAX KaIPOBOU IMOJUTUKN, YPOBEHL IPEIOoIaBaTelell MeXMaTa
K TOMY BPEMEHU CUJIHHO CHU3WICSA, OT MPEXHUX BPEMEH TaM BCE eIle OCTaBajIOCh
JOCTATOYHO MHOTI'O MATEMATUKOB UM MEIaroroB BEICOKOrO Kiacca. OmIHUM M3 CaMbIX
BAJKHBIX JOCTOMHCTB MEXMAaTa OCTABAMACH TPAMAUIMOHHAA CUCTEMA, (DYHIAMEHTAIb-
HOI'0 MATEMAaTUIEeCKOr0 O0Pa3oBaHUsA HA MIAAUIMX Kypcax. He morydwme gocryma K
DTOU CUCTEMe, [JIs MHOTUX U3 CAMBIX CIOCOOHBIX U BCEPbE3 YBJIEUYECHHBIX MATEMATH-
KOU pebAT nopora K npodeCCUu MaTeMaTUKa ObLIA €CIM He MOJHOCTHIO MEPEKPHITA,
TO, TIO KPAUHEN Mepe, CUIBHO YCAOKHEHA.

Wnea Bemrnnt AGpaMOBHEL 1 €€ e IMHOMEBIILIEHHUKOB ObLIa OJaropogHa U IIPOCTA:
TIOMBITATHCA XOTSA ObI YACTUYHO BOCCTAHOBUTD CIPABEINBOCTD, IPEIOCTABUB PeOs-
TaM, CepbE3HO MHTEPECYIOUINMCA MATEMATUKON, BO3MOXHOCTD TIOIYIAThL TO (DyHIA-
MEHTaJIbHOE MaTeMaTHIecKoe O0pa3oBaHme, B KOTOPOM UM OBLTO OTKA3aHO. Y MEHs:
9Ta uIes He MOIVIA He BBI3BATH OTKJINWKA, HE TOJBKO U3 OYEBUIHBIX MOPAJILHBIX CO-
00pakKeHu, HO U IIOTOMY, 9TO, Oy Iy4M €BPEEM U BBIILYCKHUKOM U3BECTHOU B T€ OB
CBOUM BOJIBHOIYMCTBOM MOCKOBCKOU MATEMATUIECKOU MIKOABI Ne2, MHE GBLIO JEerKo
OTOX IECTBUTH Ce6sA ¢ MOMME Oy IyIIMMHA CTYIEHTaMU (XOTA MHE ITOBE3JIO, U Ha MOEM
OyTH K MATEMATUKE OBLIO HAMHOTO MEHBINE TIPEIATCTBUN).
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N3 opranmsaropos Haponuoro Yausepcurera (0OMIENPUHATOIO UMEHU, MHE Ka-
JKETCA, Y HEr0 He OBbLIO; U3 APYTUX OLITOBABIIMX WUMEH, MOMHI) OTKPBITHIN YHU-
BepcureT u EBpenckun Yuusepcurer), kpome Bemrb AGpaMOBHBL, A BCTpEUA €IIe
Bopuca Kanesckoro u Banepus CengepoBa. Y MeHs He BBI3BIBAJIO COMHEHUU, ITO BCE
OHM, TOMUMO OPTAHU3ALNU HAINUX 3AHATUN, 3AHUMAIUCH U IPYTUMEI «KPAMOJIbHBIMIT
Bemamu. 110 HEMMCAHOMY COTVIAIIIEHWIO, S HAKOTIA HE PA3rOBAPUBAT C HUMU HA, DTHU
TeMBI, TToJIaras (Mo BCeU BUAMMOCTY, HAUBHO), YTO DTO MOKET MOCIYKUThb 3AIUTON B
caydae uaTEpeca K Moen ocobe co croporsl KI'B (Komurera Tocynapcreennon Be-
30MACHOCTHY; MOACHA) IS TeX CYACTIUBIEB, KOTOPBIM STOT 3JOBEIIUU AKPOHUM yIKe
HIYEro He T'OBOPUT): MOJ, 3HATH HIUYErO He 3HAIO, OMPOCUIA IPOIECTh APy JeKIUN
[0 MATEMATUKE UHTEPECYIOMUMCA MOJIOIBIM JIOIAM, a 3349€M U MOYeMy, TOHATUA He
nmero. [logozpeBaro, 9TO TOTOOHYIO «CTPAYCUHYO» TTO3UINIO PA3IEJAIN U MHOTUE MOU
xoJteru mo npenogasauuio B Hapoguom Yuusepcurere. Cornarnenue 3To COOJII0 1A~
JIOCH C OOJBIIMM TAaKTOM €O cTOpOHEI Bemwnsr A6pamorusr u Bopuca Kanesckoro, ¢
KOTODPHIMHU 51 B OCHOBHOM mMes feo (CeHgepoB, HACKOIBKO A MOMHIO, MOABJSICA HA
HAIIUX 3aHATUAX HEIACTO U OCOOOT0 YIACTUA B UX OPraHU3AIMY HE IPUHAMAI; MOXKET
OLITH, 3TO OTHOCUIOCH TONBKO K HAIIEMY MOTOKY ). E TMHCTBEHHBIM UCKIHOYEHUEM, KO-
TOpOE A Cemvac MOT'y TPUMOMHUTE, OLLT Bevdep Oapaa-auccuaenta [lerpa Crapunka,
Ha kBapTupe Bemrnt AGpaMOBHEI, HA KOTOPLIM OHA MPUTVIACUIA MO JKEHY U MEHA
BMECTE C HEKOTOPBIMU CTYIEHTAMHU U IpenojaBareasMu HapomHoro YHuBepcute-
ta. Bedep, kcraTu, ObLI 3aMedaTeNbHBIN; ¢ Ouorpaduen u TBopuecTBoM CTapumka
MOXKHO O3HAKOMUTBLCS, HAIIPUMED, HA, CTPpAHUYKe http://www.bard.ru/.

Heckoabko 108 06 opranusanuy 3aaaTui B Te 183 roga (1980-81 u 1981-82), ko-
raa s npenogasai B Hapoguom Yuusepcurere. 3aHATUSA IPOXOIWIN PA3 B HELETIO 110
cy660TaM, B pasHBIX MeCTax: Jalle BCero, B I'yOKMHCKOM HEDTAHOM UHCTUTYTE (3HA-
MEHUTOU «(KEPOCUHKE» ), I'e 00y IAI0Ch HEMAJIO HAIIUX CTyAeHTOB. Bopuc Kanescku,
MIOMUMO TPOBENEHUS CEMUHAPOB IO MOEMY KYpCy AHAIU3a, KCEPOKOMMPOBAI U Pa3-
IaBAJT CTYJIEHTAM MOW KOHCIIEKTHI JEKIWU U JUCTOYKU C 3anadaMu (Ceudac moduTu
HEBO3MOXKHO MPENCTABUTEL Ccebe, HACKOILKO CEPBE3HLIM MPECTYILIEHUEM COBETCKAS
BJIACTDH CUMTAIA HECAHKIIMOHUPOBAHHOE UCIOIL30BAHUE KOMUPOBAIBLHBEIX YCTPOUCTB;
B COOTBETCTBUU C YIOMSAHYTHIM BBIIIE COMVIAIIEHUEM, s HUKOT A HE CIPAIIMBAI €ro,
KaK OH TMOJYYWI TOCTYN K KOMUPOBAJBLHOU MAIIUHE, U KAKUE €IIe MeYaTHLIE MaTe-
pUAJEI OH HA HEU U3rOTOBIAN). Bea ocTanibHAA IPAKTUYECKAA OPraHU3anusa paboThL
Jexana Ha mmedax bemrsr AGpaMOBHBI, KOTOPas B MOUX TIa3aX BCETa ObLIA TYIION
Bcero npeanpuATusa. OHA COCTABIAIA COUCOK CTYIEHTOB, BEJIA YIET MOCEIIAEMOCTH,
IOCOBAPUBAIACH O MECTAX 3aHATHUH, OMOBEIIAJA BCEX O BO3MOMXKHBIX M3MEHEHUAX B
PACIIUCAHUY, CTeAWIA 33 TeM, YTOOLI 3aHATUA HAYVMHAIUCH U 3aKAHIUBAINCH BOBPE-
M, IPUHOCUIA BCE HEOOXOAUMOE /I 3aHATUN (HAIPUMED, MeJI), U TaKe NeIaaa 09eHb
BKYCHBIE OyTepOpOIBI, KOTOPBIE MBI BCE BMECTE MOEIATN HA MepeMeHKax. Bco »Ty
HEMaJIyo paboTy OHA Melata ¢ YIABIOKON U 6€3 BUAUMBIX YCIINN; BOOOIIE, MHE BCe-
ra Ka3aJoCh, 9TO OJHO €e MPUCYTCTBUE HA 3AHATUAX U MEPEMEHKAX CO3AABAJIO Y IV~
BUTEIHHO TPUATHYIO, TEIUIYIO U TOMAIIHIO 00cTaHOBKY. [IpenogaBarenu ObLIN €10
OCBOOOXK IEHEL OT BCEX MPAKTUIECKUX 3a00T; IPX 3TOM, CAMO COOOU Pa3dyMeI0Ch, 9TO
IeHer 33 pabOTy HUKTO HUKAKUX He MOIydaa (TOUHO He 3HAID, MOXKET OBITh, CO CTY-
IEHTOB COOUPAIUCH HEGOMBIINE B3HOCH Ha, KCEPOKOMUYU U TOMY MONOOHBIE PACXOIbI).
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3a mom 1gBa roga paborTel B HapomHom YuumepcuTeTe, A MpOUen KypC JEKIUK
10 MATEMATUIECKOMY QHAMUIY C DIEMEHTAMU (PYHKIMOHAILHOrO anaiu3a. O mHOBpe-
MeHHO reoMeTpuio Ben Dykce, a arredpy — cHadanda Anexkcen Bpouucrasosua Co-
CUHCKWH, & 3aT€M — MOU CTApLIA APYr U OJHOKAIIHUK IIO IIKOJE U YHUBEPCUTETY
Bopuc ®enrumn.

Hax BEIGOpOM mpOrpaMMbl MOETO KyPCa TPUILIOCH Tpu3aayMaThea. C oqHon cTo-
POHEI, OOIIUU 3aMBICET COCTOAT B TOM, YTOOBI U3JMOKUTH OCHOBEI MATEMATUIECKOTO
aHaam3a, He BIaBaACh OCOOEHHO B Gosiee MPOABUHYTHIE TeMbl. C APYrou CTOPOHEI,
GOJILIINHCTBO HAIINX CTYAEHTOB B OCHOBHOE BpeMs 00yJaIoCh Ha (paKyIbTeTax mpu-
KJIa,THOU MATEMATUKHU B TOOPOTHBIX TEXHUYIECKUX BY3aX, U HEKOTOPLIMU CBEIEHUAMU
10 aHaIM3y yxKe 00Ja1a10, 0COOEHHO HA «TEeXHOJIOrnIecKoM» ypoBae. IlosTomy cTpo-
UTh KypPC HA OCHOBE CTAHIAPTHOIO MEXMATCKOIO KypCa [JsA MEPBOKYDPCHUKOB MHE
HE XOTEeJIO0Ch: A OOSICA, ITO CTYAEHTHI OBLICTPO YTPATAT MHTEPEC, PEIIUB, UTO g He
COOOMIAKD UM HUYEro HOBOTO. MOU BBIXOM M3 DTOU NUJIEMMBI COCTOSI B TOM, 9TOOBI
MONBITATHCA MOAATH TPAJUIUOHHBIE UAEH B HOBOU yIAKOBKe. B kadecTBe Takou yma-
KOBKW, 51 ICIIOJB30BAJ UAEU M3 HECKOJIbKUX, B OCHOBHOM, (DPAHI[Y3CKUX UCTOYHUKOB:
«OcuoBbr coBpemennoro ananusay K. [Ivenonne, «/[uddepeHimaisaoe ncIucieHmne
un auddepenmmanbubie popmeny A. Kaprana, u gaxke «DyHKIUM IeNCTBATEIHHOTO
nepemennoroy H. Byp6aku (ga mpoctut mens B. U. Apuoasn). Ilpu maxom monxo-
[Ie, DJIEMEHTHI TOMOJOr MY U (PyHKINOHAIBHOIO AHAJIN3A HOABSIIOTCSA JOBOJIBHO PAHO,
9TO JAeT BO3MOXKHOCTBH U3JI0XKUTH OCHOBHI Au(PEPEHINAILHOrO U MHTErPAIBLHOrO
ucuucaeHus, paboras ¢ PYHKIUAMEA CO 3HAYEHUAMI B 0AHAXOBBIX MPOCTPAHCTBAX.
Tem caMbIM, qake 3HAKOMBIE CTAHIAPTHLIE (DAKTHI MOJYIAI0T HEOXKU JAHHOE OCBEIIIEe-
HUE, YTO JAET CTYIEHTAM BO3MOXKHOCTB JIYUIINE OIEHUTh W IMPOIYBCTBOBATH JOTUKY
nokazareabcTB. He MHE cyauTh 00 ycmexe 3TOU MONBITKA. BO BCAKOM Caydae, MHE
Ka3aJ0Ch, 9TO CTYAEHTHI BOCIPUHUMAIN MOU KYPC C MHTEPECOM U MOHUMAHUEM.

A ropxyck TeM, 9TO P CAYHIATEIEN MOErO KypPCa MPeOJI0Iead BCE TIPEnsITCTBUIL
U CTAIM YCHeIHBIMEA MaTeMmaTukamu-npodeccuonanavu: Anexkcen Benos-Kanens,
Apkanun Bepenmrens, Buktop Tuusbypr (tor, uro B Canra Kpys), ®émop Ma-
aukoB, Aunpen Pesuuxos, Muxaun [lanupo. .. (npoity npormenus, ecim KOro-To He
ymomsny.). Hagerocs, 9To B X ycmexax eCTb 1 MOU HeGOJBIION BKJIAJ; HO HECDAB-
HeHHO O0JbIMM OHM 00sa3aHLI Besuie AGpamoBsHe.

Sausatusa Hapoguoro YausepcuTeTa mponomKaIuck 6eCnepe60onHo B TeIeHNe He-
CKOJBKUX JIET, TOKa He HACTYIUIa Oe3:KaT0CTHAA pacnpaBa. HeckoabKko demoBek, CB-
sannbx ¢ Haponuwivm YuusepcurerowMm, Briaouas Kanesckoro u Cenneposa, Obuin ape-
croBanbl B uiore 1982 roga. A 23 cenTabps Toro ke rojga Tparudecku mnorudiaa bea-
aa Abpamosra. Hackonbko MHE U3BeCTHO, 06CTOATEALCTBA ee rubemn (youucrsa?)
HEe BBLACHEHBI MO cUX TOp. Mory TOIhKO CKa3aTh, YTO C KeM OBI g DTO HU 00CYXK AT,
HUKTO U3 MOUX APY3€M M KOJJIEr HUKODJA He TOABEpraa HU MaJeueMy COMHEHUIO,
4uT0 ee youncTso 6bL10 opranmszosano KI'B. 3auem? Eciu BaacTu xoTemu Kak MOXKHO
OvIcTpen u 6e3 JUIIHero MIyMa TPUKPHITL Hapoauen YHUBEpCUTET, TO U30ABUTHCA
ot Bemwter AGpaMOBHEL, BEIIAB €€ CMEPTDL 33 HECIACTHBIN CJIy9al, OLLIO IIPOCTENIIM
CPeacTBOM DTOro 1o6uThCA. Kak s yxke roBOpuI, Ha HEl BCE NepKaaoCh.

K coxanenuio, 1 moYTU HAUYEro O Hed HE 3HAM (M MAJIO YTO y3HAT B TEICHUE
HAIIEr0 HEJIOJATOr0 3HAKOMCTBA), KPOME TOIO, 4TO OHA KOHYAJIA, MEXMAT U ObLIa
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omnuokypcuunen dyxca. Fe Temnora, cepIeIHOCTb U ONTUMU3M CPA3y kK€ PACIOIa-
rajiy K HeW W 3aCTaBIAIN IYBCTBOBATH ce0A C Heu Jerko um mpocto. K crymzentam
Hapoauoro YuusepcureTa OHA OTHOCUIACH MO-MATEPUHCKYU U, HACKOIBKO A MOTY Cy-
[IUTh, BEI3BIBAJIA CTOJb XK€ Temnoe orBeTHoe oTHomenne. Opranusanus Hapomguaoro
YHuBepcurera moTpeboBaia 0T Hee OOJBIIOrO MYKEeCTBA U PENIUMOCTH, a MO IepKa-
HUE ero Ha, TIABY TPeOOBAIO TIOCTOSHHBIX CEPhE3HBIX YCUINN; OJHAKO B €€ MTOBEICHIN
He OBLTO HU CJe[a BaXKHOCTH, TO3KI win pucoBku. Ha (oue BceobInen XaaTypsl, BO-
IIAPUBIIENCA B T€ TOOBI B COBETCKOM OOIIECTBE, caM (hakT IeTKOUN U OecrnepebonHon
paborsr Hapoguoro Yuusepcurera, obecnedennon ycuauamu Bemisr AGpaMoBHEL, fa-
BaJ CcTygeHTaM ([a U OPENOaBaTeIsAM TOXKE) BaXKHBIM yPOK NPOMECCUOHAIAIMA U
OTBETCTBEHHOCTH.

Sl 6rarogapen cyns6e 3a 3HAKOMCTBO U COTPYAHUYIECTBO C dTOU 3aMEYATEABLHOU
Keurmuuon. [[7sa MeHA OHa HaBCEr1a OCTAHETCA HPABCTBEHHBIM KOMIACOM, & MOA Pa-
6ora B Hapognom YuuBepcuTere — mpeaMeToOM FOPAOCTHI U CJAABHBIX BOCIIOMUHAHUY.

[IPUIOXKEHUE

IIPOrPAMMA DK3AMEHA IO MATEMATUYECKOMY AHAJIU3Y
(1 Kkypc, 1 CEMECTP, 1980-1981 v4. I.)

1. fIspik Teopum mMHOXecTB. MHOXeCTBa, (OYHKIUN, O THOIICHU.

2. Moumocts MHOXecTB. Teopembr Kanropa— Bepumrenna u Kanropa. CueTHsie u He-
CYeTHBIE MHOXECTBA.

3. BemecTsenusie yncia. AKCHOMEI U CIeACTBUAA U3 HuxX. [Ipunnun Apxumena. Teopema,
0 BIOXEHHBIX OTPE3KaX.

Kommuaekcunie qucaa. Teopema equucrBenHoCcTH. ['eoMeTpudecKas peaau3aius.

Merpudieckue npocrpascTBa. IIpuMeprr u OCHOBHBIE KOHCTPYKIuH. Pacmmpensas Be-
LIECTBEHHASA IPAMAI.

6. OcuoBHBbIE moHATHUA Teopurm Merpudeckux npocrpancTs. Ilaper, chepwr, guamerp,
OrpaHn4eHHOCTh. OTKPEITEIE U 3aMKHYTBhIE MHOXECTBA, OKPECTHOCTH, 3aMBIKAHUE U
BHYTPEHHOCTD. TOYKN TIPUKOCHOBEHUA U MPEAeIbHBIE TOYKU.

7. HenpepsmBHbIe oTOOpakennsa. Pa3nauyansie onpenenenus. Teopema o kommo3uiuu. Pas-
HOMEDHAs HENPEPBIBHOCTH. ['oMeoMOopdu3M. JKBUBAICHTHBLIE PACCTOLHU.

8. Ilpegen oroGpaxenus mo moaupocrparcTsy. I[Ipesen mocremoBarersrocTu. IIpenens-
HBIE TOYKU MOCJEJOBATEALHOCTH.

9. IMocrenosarenpuoctu Komm. Ilomueie mpocrpancrsa. ['eomerpudeckoe ompenenenue
mOMHOTHIL. IIpuMepst.

10. ITomHOTA MPOCTPAHCTBA OCPAHUYEHHBIX (MYHKINN. TeopeMa O MOMOIHEHNN.

11. IIpegkomMmakTHBIE IPOCTPAHCTBA. [eomerpuaeckoe onpenenrerne. OCHOBHBIE CBOMCTBA.

12. KomnakTusre mpocTpancTBa. OCHOBHBIE CBOUCTBA. DKBUBAIEHTHOCTD TPEX OIpenese-
HUU.

13. IlocrenoBaTeIbHOCTH TOYEK Ha KOMIAKTE CXOAUTCA TOTAA U TOIBKO TOTJd, KOIJa OHA
FMEeT eJUHCTBEHHYIO IPeNeJIbHyI0 TOIYKY. BepXHUI 1 HIDKHUE NPEeAeasl IUCIOBOU MO~

crenoBaTenbHOCTH. VX cBOMCTBA. KpuTepnu X0 [MMOCTH YACIOBOU ITOCIEI0BATEIBLHO-
ctu (COBMAJEHUE BEPXHETO W HUKHETO MPEeoB).
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14.

15.
16.

17.

18.
19.
20.

II.

10.

Teopema o HempepbiBHOM oOpase kommakTa. Cmexcrsusa. Teopema Bemepurrpacca.
IIpumenennsa: HepaBeHCTBO Komum; 0CHOBHAA TeopeMa alreGphl.

HenpepbBHOCTE aareO6pamdecKnx OIMePaIui.

Ceasuele npocrpancrBa. Ceasuele moampocrpancTBa R. Teopema 0 HempepbIBHOM
obpa3se cBA3HOro mpocrpaHcrsa. Teopema Bompmano. Crexcrsus.

Kpurepunn cassoctu. JluHenno cBas3Hble mpocTpaHcTBa. CBA3BHOCTH NPOW3BEACHUA
IOBYX CBA3HBIX pocTpancTB. HeromeomopduocTs oTpeska u kBagpara. CBa3HbIe KOM-
moueHTH. OTKPBITHIE MIOAMHOXECTBA R.

MownoTornse ¢yukmuua. OcHOBHBIE CBOICTBA. KOpEHL N~ cTeneHu.
Jlorapudmuieckas, cTemeHHas U mokazarerbHasa ¢pyHkinuu. OCHOBHBIE CBOUCTBA.

Yucao e. IIpoussoguas dorapudma. VppanmoHaibHOCTD €.

MATEMATUYECKHAN AHAJIN3
(1 Kypc, 2 CEMECTP, 1980-1981 v4. T.)

HopMupoBaHHBIe 1 6aHAXOBBI IPOCTPAHCTBA

Oupenenenne HOpMUPOBAHHBIX U GAHAXOBBIX MPOCTPAHCTB. [IprMephl KOHETHOMEPHBIX
HOPMUPOBaHHLIX IpocTpancTs. HepasencrBa Munkosckoro, ['érsaepa, FOura.

IIpuMeps! GECKOHEYHOMEPHBIX (AHAXOBBEIX IPOCTPAHCTB: IPOCTPAHCTBA IOCIEI0BA-
rensHOCTeR (£, Loo, Co), OPPAHUIEHHBIX (QYHKIWI, OPPAHIUIEHHBIX HEIIPEPHIBHLIX OTO-
Gpaxenunl ([OKa3aTEIBCTBO ero GAHAXOBOCTH).

Kpurepur HenpepuIBHOCTH JIUHEMHOTO onepaTopa. [IpoCTPAHCTBO HEMpEePBIBHBIX /M-
HerHbIX oneparopos. ConpsKeHHoe IPOCTPAHCTEO.

Vzomopdusm HOpMEpOBaHHBEIX HpocTpaHcTB. ONuCaHWE KOHEIHOMEDHBIX HOPMEUPO-
BaHHEBIX TpocTpaHcTB. Teopema P. Pucca: map B 6eCKOHEIHOMEPHOM HOPMUPOBAHHOM
IIPOCTPAHCTBE HEKOMIIAKTEH.

IIpsmas cymma HOpMEUPOBAHHEBEIX HpocTpaHcTB. leopema Bamaxa 06 o6parHOM OTO-
Opaxernun (6€3 JOKA3aTETHLCTBA). [[POCTPAHCTBO HENMPEPHIBHBIX MOMATAHEUHBEIX OTO-
OpakeHu.

Paner

Psager B HOpMupoBaHHOM mpoctpancTse. Kpurepmu Komm. KomMmyraruszas cxoam-
MOCTE. ABGComoTHaA cX0AuUMOCTh. KpuTepuir aGCOIIOTHOR CXOAUMOCTH. AGCOIIOTHO
cyMmMupyeMble cemencTBa. CBOMCTBA KOMMYTATHBHOCTU U aCCOLMUATUBHOCTH. Teope-
Ma 00 YMHOXeHUM abCOTIOTHO CXOAAIMIUXCA PATOB.

IIpusHaky CXOZMMOCTH PALOB C HEOTPUIATEIbHBIME WICHAMH: IPU3HAK CPABHEHN,
sTantoHHble pAAsl Y 1/n®. Ipusnaxu Komn u /I’ Anambepa, nx cpaBHeHUe, BEIYACICHAE

lim /n!/n.

n—r 00

Crenennsie pagsl. Panuyc cxoqumoctu, ¢popmyaa Komm — A gamapa. Hopmaasaas cxo-
OUMOCTH (DYHKIUOHAIBHOIO pAfa. AHamuTudeckue MyHKINU B KPyre, UX HEIPEPHIB-
HOCTb.

KoMmiekcHas SKCIIOHEHTa, ee mpocTenmue cBoucTBa. CHHYC U KOCUHYC, hOpMyIa Ou-
zepa.

Yeaosuo cxogamuecs paawsl. CymmupoBanue mo dactam. [IpusHaku cxogumoctu [u-
puxae u Jlen6uuna. Teopema AbGens. Creacrsus us Hee.
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III
11

12.

13.

14.

15.

IV.
16.

17.

18.

19.
20.

21.

23.

24.

25.

[MuddepeHuarbHOe NCINCTCHTE

[Iuddepernuarsaoe NCINCICHNE 1A BEKTOP-(QYHKIUN YUCIOBOTO apryMeHTa (Berme-
CTBEHHOro mmm KoMmiuekcHoro). [Ipasas u nesas npoussoanas. DopMaibHLIe TPABUAIA
auddepeHnupOBaHAA: TUHENHOCTE, IPOU3BOIHAS IPOU3BEJEHNU, TPOU3BOIHAL CIOK-
HOU 1 06paTHON (hyHKINM.

TeopeMa 0 KOHEYHBIX MPUPALIEHUAX NIA BCIOAY AUPHEPEHINPYEMBIX BEIIECTBEHHO-
sHaHEIX pyrkmur. Teopembr Pomta, Jlarpamxa n Komm n ux caeactsua. [Ipasmmo
Jlomurama. IIpumenenus nud@epeHInATILHOTN0 UCIYNCACHUA K I0KA3aTEIhCTBY HEpa-
BEHCTB: HEPABEHCTBO O B3BEIIEHHOM CPEIHEM.

Teopema 0 KOHEYIHBIX MPUPAIIEHUAX A1 BeKTop-byukuyi. Creacrsusa. Crydan GpyHK-
IMY KOMILTEKCHOI'O apryMeHTa.

Teopema 0 auddepeHnupyeMOCTH npeensa nocIefoBareasnocTu. [Ipomssognans ana-
JIUTAYECKON (PYHKIIUN.

CrOpBEeKTUBHOCTE KOMILIEKCHOM HKCIOHEHTHI. Jucao w. KopHu n-u cremenu ms Kom-
ILUIEKCHBIX IHCeJ.

I[IpumMuTHBHBIE U MHTErPAIBL

ComcTBO «HEmpepBIBHOCTHY npomsBoauou. Ompenenenue mpuMuUTHBHOI. Teopema o
TPUMUTUBHON TIPEeTa MOCIeJOBATEIFHOCTY U €€ CIeACTRUA.

CryneHyaTble W TpABUIbHBIE (DYHKIUN. XapPAKTEPU3AUUA MNPABUILHBIX (DYHKINM.
CregcTBms: omepanuy Hal NPABAILHBIMEA (DYHKIWAMEI, CBOACTBA WX NPUMATHUBHBIX.

Omnpegenenue maTerpasa oT mpasmibHON GyHKnmm Ha orpeske B R. Ceasp ¢ muTe-
rpanom Pumana. Teopema Hruorona— Jlen6unna. CBONCTBA MHTErPATOB: IUHENHOCTD,
MHTErpUPOBAHUE [0 IACTAM, 3AMEHA IePEMEHHOU, TeOPeMa O CPEIHEeM.

[Mauna xpusou. Harypamsuein mapamerp. HaTyparbHbIl mapamMeTp Ha OKPYXKHOCTH.

IIpuMuTHBHAAL AHATATHIECKON (DYHKINAN. DIeMeHTapHble (GyHKIUU U TaOJIAIHbIE HHTE-
o . /2 .

rpaxst. Marerpuposanue ynkmmi e - (sin bz)? - (cos cx)?. Boraucrenue [ 2 gin" z dz.

Dopmyra Barruca.

Pasioxenue panuoOHATBHBIX (YHKIWU Ha IpocTeurmue Apobu. KOMILIEKCHBIU JI0ra-
pudm. TuTerpupoBasue paluoOHAILHBIX (HYHKIIUAN.

Bricime npousBogubie

Bricume npomssoansie. JIuHETHOCTD, hopmyaa Jlenbuuma, GopmyIa HHTETPUPOBAHUA
[0 YaCTAM N-T'0 MOpAAKa. [Ipunoxkenus: npuMuTuBHaa GyHKIUU % - ™, MHOTOWIEHBL
Jlexxauapa.

Brmmykasie GpyHKIUN: OTpegeTeHre U TPOCTENIe CBOMCTBA. KpuTepuil BEITYKJIOCTH.
leoMeTpUIECKU CMBICA BTOPOU NPOU3BOAHOU. BHIMYKIOCTL e” U eme 0gHO JOKa3a-
TETLCTBO HEPABEHCTBA O B3BEIIEHHBLIX CPETHUX.

dopmyna Temnopa: mokaabHaa (GOpPMa, WHTErpaiIbHAA (POPMa OCTATOIHOrO UICHA,
OLEHKM OCTATOYHOrO umeHa. Popmyra Temmopa mia GyHKIUUI KOMILIEKCHOTO apry-
mvenTa. Pag Temnopa. EauacTBeHHOCTD pasaoxennsa GyHKIUU B CTEMEHHON PAL.

Paszaoxenue ¢pyukmuu e, sin z, cosz B pAx Temmopa ¢ OLEHKOW OCTATOYHOTO UICHA.
Bunommambaan dbopmyna. Pasaoxernus In(1 + ), arctg z u arcsin .
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OWIEPOBEL PA3I0KEHNUA

o 1

Direposo pasroxerue ctg 2. [Ipumenenne K BEMMUCICHMIO CyMM )2 | — .
n

Beckoneunsie npoussenerna. Kpurepuu KomMmy TaTUBHOU ¢X0 auMmocTu. Kpurepunu cxo-
AuMocTy npomsseneHus | ., R(n), rae R(z) — pammoHambHas yHKIAA.

OuIepoBo paznoxeHwue sin z. Eme ogHO nokaszareascTBo gopmynsr Bamruca.

I-pyuxoua: popmyna dumepa. Uccaenosanme ['(z) mpu x > 0: mpomssogrsie In ['(z).
Koncranra Dunepa. Berancrenne

o (1+3)(1+%22) ... (14 %)
n=1 (1+%)(1+%)...(1+%) -

Dopmyna gomosneHwUs.

MATEMATUYECKUI AHAJIN3
(2 Kypc, 1 CEMECTP, 1981-1982 y4. T.)

Heco6cTBennsie naTerpassl M MHTErPAILI, 3ABUCALNE OT IapaMeTpa.

Onpegenenus u npocTenmue CBOACTBA HECOOCTBEHHBIX NHTEIPAIOB (3aMEHA II€PEMEeH-
HOU, MHTETPUPOBAHUE TI0 IACTAM).

IIpu3HAKY CXOAUMOCTY HECOOCTBEHHBIX MHTErPAIOB (a6COMIOTHAA CXOAUMOCTD, IPAH-
LUII CPABHEHUs, DTATOHHbIE (DyHKIUNT).

HenpeprBHOCTS, quddepeHnupoBaHue I UHTETPUPOBAHUE COGCTBEHHBIX NHTEI'DAIOB,
3aBUCALINX OT IapamMeTpa.

PaBuomMepras m HOpMaIbHAA CXOAUMOCTH HECOOCTBEHHBIX MHTEPAJIOB IO IapaMeTpy.
HenpeprBHOCTS, quddepeHnupoBanne I NHTErPUPOBAHME HECOOCTBEHHBIX MHTErDa-
JIOB, 3aBHUCAIIAX OT IapaMeTpa.

oo Sin
Boraucnenune narerpana [Jupuxie fo dx

Ouaepos uaTerpan gia [-pynxmum. Marerpan Laycca.

Bera-yrkuus dunepa. Pasiuaasie nHETErpaIbHbe IPEICTABICHI, BEIPAXKEHNIE Tepes
I'-dyuxmuro.

JlokanbHOE uccaegoBaHme QYHKIUN. ACAMITOTUIECKUE PA3I0KEHU.
Jlokanbubie cBoucTBa Gyukiuu. Crabble OTHOIICHUA CPABHEHVS.
CuibHBIE OTHOIIEHUsI CPDABHEHU.

OTHOLIEHN CPABHEHNUs MEXK 1Y MOMOKUTEIbHBIMY dyHKIuAMA. [lopagok ¢pyHKImu oT-
HOCHUTEIBHO HOMOXHUTEeabHON GyHKunu. O- I 0- CUMBOJIMKA.

lxaxer cpaBHeHUA, MIABHBIE YAaCTH M aCUMITOTHYECKMe pasaoxkenua. OupeneneHus,
IpUMepHI U MPOCTENUIINe CBONCTBA.

Cymma, mpowsBeeHne N KOMIO3UINA aCUMITOTUIECKUX PA3TOXKEHNN.
VHTEerpupoBaHNe CUIBHBIX U CIA0BIX OTHOUIEHUU CPABHEHVI.
[IuddepernnrpoBanre OTHOUIEHNU CPDABHEH.

['maBHAA YaCTh B ACHMITOTUYIECKOM DA3I0XKEHUN IPUMUTUBHOU. [Ipmmepsr.
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OTHOIIEHUA CPABHEHUA NIA PALOB C MOJIOKUTEIHLHBIMA TJICHAMU.
Yucaa Beprymmu. Popmyaa cymymmupoBasrusa Juaepa— Makmopena.
CeomcTBa Yucea m MEOrO1IeHOB Beprymmm.

Onenka ocrtaTka B ¢popmyae Durepa— Makmropena. ACUIMIOITOTHKA JaCTUIHOU CYMMBI
TapMOHIYECKOrO PAIA.

Popmyna Crupausra.
Juddepernuarbaoe ucanciene GpyHKINN BEKTOPHOTO apryMeHTa

duddepernupyeMocTs 1 TPOU3BOAHAA AIA OTOOPAXKEHUN GAHAXOBBIX HPOCTPAHCTB.
Omnpegenenre, mpoCTeNIe CBOUCTBA, MPUMepHI, MPOU3BOAHAA CAOKHOU (DYHKINM.

Dyuxuyum co 3HAYEHNAMYU B IPOM3BefeHNN GAHAXOBBIX IPOCTPAHCTB. JacTHBIE MIPOM3-
BOJAHEBIE, MaTpuna fko6m.

CpaBHeHUE BEIIECTBEHHOW U KOMILIEKCHOU nuddepenmupyemoctu. Ycaoua Korm —
Pumamna.

Teopema 0 KOHeuUHBIX mpupaleHuax. [nddepeHnupyeMoCcTs npeaena MoCIeI0BATeIb
HocTu. HempepoiBHasa nuddepeHnupyeMocTs GyHKINN, IMEOIIEN HeIPEePHIBHEIE TaCT-
HBIE IIPOM3BOJHEIE.

[udpdepernrpoanue Mo NapaMeTPy WHTErpaTa ¢ MEPEMEHHLIMA TIPeIeTaMy.
Teopema 06 o6paTaOu GpyHKIUU. [[pUHINAT CKUMAOIIAX OTOOPAKEHUN.
Teopema o HesBHOU GyHKINNA. KOHEYHOMEPHBIN CIydal, TEOPEMa O PAHTE.
Bropasa nmpoussoguas. CBOUCTBO CMMMETPUIHOCTH, KOOPAMHATHOE OMMUCAHUE.
Bricimre mpoussogase. CBONCTBA U TPUMEPHI.

Dopwmyra Tewmaopa.
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O6 ucropun Haponnoro YuusepcureTa

A. Benos-Kanean A. Pe3nukosn

31ech MBI MyOIUKYEeM MATEPUAIBI, OTHOCAIINECT K MATEMATUICCKON KU3HU TI0-
KOJICHUs, POAUBIIETOCA B MIECTUIECATHIE TOMLI, 1 HEKOTOPHIM CIEIUPUICCKUM TPY -
HOCTSIM, HECBOUCTBEHHBIM HAIIEMY BPEMEHHU.

Iox nazsanuem «Hapoguem Yuusepcurer» (wiu «Espenckunn Haponubin Yausep-
CUTET») OLLIN U3BECTHLI HEODUIUATLHBIE MATEMATHIECKIE KYPCHI, CYIIECTBOBABIINE
B Mockse B Hagame 1980-x romos. Kypcowr 6butn ocuoBausl B 1978 rony Bopucom
Nasuaom Kauesckum, Barepuem Auaromsesutuem Cengeposbim u Bemmon AGpamos-
wou Cy660ToBckou. 3auarus B HapoaHom YHuBepcurere ObLIN GECIIATHBIMUA U OT-
KDPBITHIMU /I BCEX JKETAIOMUX (B TOM 9YUC/IE U IJA CTYAEHTOB MEXMATa).

Unes cosmanums Hapoguoro Yuusepcurera mnossuwiachk y B. A. Cy66oToBCcKkon u
B. A. CengepoBa mpu onpoce abUTYPUEHTOB — KEPTB MPUEMHOU KOMUCCUA MEXMa-
Ta. B 1978 rony, npaMo Ha cTyneHax MOCKOBCKOTO YHUBEPCUTETA, U3 HUX XKe ObLT
HAOPaH MEPBLIN TIOTOK, KOTOPLIN COCTABWI 14 YeqoBeK. 3aHATUA TPOXOAWIA B Ma-
JEHBKOU IBYXKOMHATHOU KBapTupe bemrs AGpamoBHbl. Jleknuu mo aHamu3y Hadan
qnrath B. A. Cengepos, a 3arem 6bu1 mpurmamien A. M. Bunorpamos, koropoin B
OCHOBHOM ¥ BeJ 3TOT Habop. Kpome Toro Ha stom moroke untauau jgexkmuu A. B. Co-
cunckuu, W. C. Kpacurbmuk u B. B. JIsraarun, a A.B. Bouapos, C.B. lyxvuu u
A. B. CaMoxun BeIM CEMUHADCKUE 3AHATUL.

Ha6opser 1979-1981 rogos 661 HAMHOTO 60166 MHOTOUYUCIEHHBIMU U COCTABJISIN
6omee 100 wenoBek kaxabin. JIeKmuu, Kak MPABWIO, TPOXOJWIN B PA3TAIHBIX WH-
cTUTyTax ¥ mKoJIaxX MOCKBEL OIVH WIK ABa pasa B Hegeato. [ljia 3akasa ayquTopun
HCIIOJIL30BAIOCHL HasBauue «KypCel MOBLIMeHNA KBaIn(pUKALIUN [IPENoIaBaTelen Be-
YepHUX MATEMAaTUIECKUX MIKOI». Pacoucanue Ha OLUH [eHb 3aHATUHN COCTOMAIO U3
HECKOMBKUX JEKIUA U CEMUHAPCKUX 3AHATUN.

Ha motoxe 1979 roma mabopa Kypc Maremarudeckoro aHammsa uutan A. [lleus
(oH OBLT PaKTUIECKN KYPATOPOM BCETO Kypca), aaredpy uutarn B. A. TuusGypr. [Tos-
xke npucoeanauauck B. B. [llextman u E. C. Boxuyd. OTaeipHble JeKINK YUTAIICH
C.T. Cyuupuoswim, U. H. Bepumrennom u B. T'. Kanoseewm.

Ha6op 1980 roga 6bLT CAMBIM MHOTOYUCIEHHBIM U COCTAB/IAT B Hadame 6omee 120
4eJ0BeK, M3 KOTOPBIX IMOCJAE MEePBOr0 Tofa OCTAJOCH OKoao 60-tu. Jleknuu mo Ju-
menHou aarebpe u reomerpun uutan [. B. Pykc, maTematudeckun anamns A. B. 3e-
JeBuHCKUY, a anrebpy — cuadaaa A. B. Cocuuckun, a 3arem B.JI. @enrun. Cemu-
Hapckue 3aHATua mo aHaaudy Beauch b. WM. Kamesckum, a E. M. Kysuunkum Onira
[IPOBENEHa Cepus 3aHATUN 0 Teopuu [amiya.

B pasnoe BpeMs oTaenbHBIE JEKIINY Ha DTOM MOTOoKe ObLtu npounTansl Y. H. Bepu-
mrenaoM, A. B. Cocunckum, 1. Jleurecom u mocerusium Mocksy /[. Muauopom. Ha

MaTemaTu4eckoe npoceewerue, cep. 3, Bein. 9, 2005(30-31)
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crapmmx Kypcax 6bu1 oprasusosas (/. B. @ykcom, A. B. 3eresunckum u B. JI. den-
CUHBIM) pabOvIull CeMUHAP, KOTOPBIN MTPOCYIIECTBOBAI 10 BecHbl 1983 rona.

IToTok 1981 roga 6BLT HECKOJBKO MEHEE MHOTOUKUCJACHHBIM U COCTABMI OKOI0 100
gemoBek. Ha sTom kypce Jgexuuu no JjunensHou aarebpe uuran A.JI. Ouumuk, mo
obmen anredpe A. I'. Kyaakos, a no anaausy A. [llens.

Kpowme Toro, va kBapTupe Bemmsr AGpaMOBHBI HEKOTOpLIE CTYIEHTHI CTaPIIUX
KYPCOB C pa3HBIX MOTOKOB cryrmanu gexiuu FO. H. Tiopuna mo Teopun BepOATHOCTEN
u M. C. MapunoBa mo ¢pusuke.

IMocae apecra B. A. Cengeposa u B. . Kanesckoro u Tparudeckou rudenu besist
A6pamoBubr ocenbio 1982 rona samarus B Hapoanom YuuBepcuTeTe modTu mpekpa-
TUINCH. 3AHATUA C OCTABIIUMUCA caymareaamu seauchk . M. Kysuuukum 10 BecHbI
1983 roga, emy momoranu B. M. laasnepun u M. P. Comorenyuk.

Corntacuo nHbOpMALINK, KOTOPYIO HAM yAaloch coOpaTh, B pasHoe BpeMs B Ha-
poauom Yuueepcurere npemogasaiu E. C. Boxwu4, A. B. Bouapos, A. M. Bunorpa-
noB, B. M. Tanenepun, B. A. Tuns6ypr, C. B. yxun, A. B. 3eaesunckun, b. 1. Ka-
umesckunr, . C. Kpacuasmuk, E. M. Kysuuukun, A. I'. Kyaaxos, B. B. Jleruarumu,
M. C. Mapuuos, A. JI. Ouumuk, A. B. Camoxun, B. A. Ceungepos, M. P. Conosenvux,
A. B. Cocunckun, 1O. H. Tiopun, B. JI. @eurun, 1. B. Dykc, A. Illews u B. B. lex-
Man. Oprasusanusa 3aHATAN Jexkata B OCHOBHOM Ha bemre A6pamosue Cy660TOB-
ckon, H. E. Coxop u B. . Kanesckom. Mbl mpuHOCHM U3BUHEHUS €CJAU UMEHA He-
KOTOPBIX YYACTHUKAM MBI HE CMODVIM BOCCTAHOBUTH. MBI OyqeM NpPU3HATEMbHBI 33
3aMEYaHUA, BOCTIOMUHAHUA ([aKe OTPLIBOYHBIE) U JHOOLIE IPYTUe MATEPUATLL, UMe-
rormue orHorenue K Hapoauomy Yuusepcurery. [Ipoch6a MPUCHLTATE UX 11 BO3MOXK-
HOU ToCAeAyomen mybmukanun o agpecy: Mocksa, 119002, Boasmon Baachesckun
nepeyaok, noMm 11, <Maremarudeckoe IIpocBeiennes win SIEKTPOHHOU MOYTON HA
aznpeca: kanel@mccme.ru, reznikov@math.biu.ac.il.

Mur moIB3yeMes IPefOCTABUBIIECUCS BO3MOXHOCTBIO BHIPA3UTh MIIyOOKYIO OJaro-
IApHOCTH JEKTOPAM UM OPTraHU3aTOpaM 33 UX CAMOOTBEPKEHHBIA MOCTYMOK, KOTO-
PBIT OCTABUI MIYOOKUU CIEN B MAMATH BCEX yIACTHUKOB HapomgHOTO YHUBEPCUTETA.



HepaBeHcTBa M SKCTpEMAIbHBIE 3aa4N

Teopua skcTpeMyMa B IPOCTHIX ITPUMePax

1. Bpunkxayc B. FO. IIporacos

C zagadaMu Ha, MUHUMYM U MAKCUMYM KaXKIBIM U3 HAC BIEPBBIE CTATKABAECT-
CsA B IIKOJE, & 3aTEM HA OJUMINALAX W BCTYMUTEIHHBIX DK3aMEHAX, I'I€ OHU, MOM-
9ac, MOMUMO OY€HL XOPOIIEH MaTeMaTUIeCKON IMOATOTOBKM U COOOPa3UTEJLHOCTH,
TpeOyIoT IONCKA HECTAHJAPTHLIX IIyTeH PelIeHusa. 30eCh MLl BCTPEIaeM MHOXKECTBO
KpaCUBLIX 33Ja49, U I KaxXKJOU IPUXOJUTCA M300peTaTh CBOM METO[. 3aTeM, B UH-
CTUTYTE, CTYIEHTOB 3HAKOMAT C JIEMEHTAMU TEOPUU DKCTPEMYMa HA BAHATHUAX IO
MATEMATUICCKOMY aHAMu3y. A TyT cuTyalusa o6paTHaA: €CTh METOIBI CTAH AP THOTO
peleHns, HO OYeHb MaJIO KPACUBBLIX IPUMEPOB. BOJBIIMHCTBO 33134, KaK IIPABUIO,
pyTunHble. Kax Iuii mpenonaBaTeab 3HaeT, KaK TPYIHO ObiBaeT yOeouTh CTyIeHTa
(0COBEHHO — YBJIEUEHHOIO MPEIMETOM ) EPEKIIOIUTHCA HA HOBBIE METO LI PEIIeHNs,
U HE THITATHCA PEMIATh HOBBIE 3aJaUN (IIO-TITKOTHHOMYY.

B sTou cTaThe MBI TpeIaraeM SKCKYypC B TEOPUI KOHETHOMEPHBIX DKCTPEMATh-
HEIX 32029 (MMEHHO C HUX HAYMHAIOTCA BCE CTAHIAPTHHIE KypPChl ONTUMU3ALAA B
YHUBEPCUTETAX), UEJIUKOM IOCTPOEHHBIN HA IIPUMEPAX U 33Ja9aX, C MUHAMYMOM TE€O-
peTniecknx oObacHenun. IIpumepsr 1 3a1a41 COOUPAIUCH ABTOPAMU B T€IEHUE MHO-
I'UX JIET, IPYU HOATOTOBKE KyPCOB IJIs CTYIEHTOB MATEMATUIECKUX U DKOHOMUIECKIX
cenuanbHOCTen B yHuBepcuTerax Mockser (MTY u HMY) u Hugepinaunos (yHuBep-
curetsl Porrepnama, leasdra u Yrpexta). [lo HameMy yOex IeHUIO, KAk IBIN YHI-
BEPCUTETCKUN KyPC MOJXKEH BLIIOJIHATEL TPU OCHOBHLIE (DYHKINN: HAYIAThL, YOSIUTH
U 3aMHTEpecoBaThb. I1[03TOoMYy mpUMepH M 3a0a4M JOKHBEL OBITh, BO-IEPBLIX, MHTE-
PECHBIME, BO-BTOPHIX (1 5TO TpyaHee Bcero!) — ybeaurenpubivu. Kax e npumep
IOMKEH MOAIePKUBATE CAIY TOTO WX MHOTO METOAa. A KpoMe TOro — MOKA3LIBATD,
9TO JaXKe OJUMIINATHBIE 33, 0a91, KOTOPHIE UMEIOT KPACUBHIC DIEMEHTAPHBIC PEIeHNs],
MOT'YyT PEeIIaThCSI B PAMKAX CTAHIAPTHBEIX METONOB MPOIE, KPACUBEE U €CTECTBEH-
mee. Bosee Toro, Havama TEOPUU SKCTPEMANBHBIX 33,138 [TO3BOJIAIOT HAXOIUTH HOBLIE
IOKA3aTEIbCTBA CTAPHIX KIACCUIECKAX TEOPEM.

HaumeMm ¢ 3amad, KOTOpPLIE PELMIAIOTCA (IKOJILHLIMA» MeTomamu: npuHmun PDep-
Ma (IpOM3BOAHAA B TOYKE MUHUMYMA, PABHA HYJI0) ILIIOC TEOPEMa CyIIeCTBOBAHUA
(Teopema Bemepmrpacca 0 IOCTURUMOCTA MUHUMYMa HENPEPLIBHOW (DYHKIAU HA

MaTemaTu4eckoe npoceeweHune, cep. 3, Bein. 9, 2005(32-55)
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KOMIIAKTHOM MHOXECTBE) — 3T0 TeMma maparpada 1. Bo Bropom maparpadge o6pa-
TUMCS K BBITYKIBIM 3aJadaM. B TpeThbeM — K 3amadaM € OTDAHUYECHUSIMU, Della-
e€MBIM C TOMOIIBIO TpaBuiIa MHOKUTeaen Jlarpamxka. Cpenu mperIoKeHHBIX TPUMe-
POB — KaK KJIACCAIECKUE TEOPEMEI U3 PA3JMIHBIX O0MACTeN MaTeMaTUKN (OCHOBHASL
TeopeMa aareGpbl, MPUBEIEHNE KBAAPATUYHOU (POPMBI K TUIABHBIM OCAM, TEOPEMa
Bupkroda u T. 1., HEKOTOpBIE KIACCUYECKAE HEPABEHCTBA, 3akoH CHewnyca 0 mpe-
JgoMmieHuu csera, 3agadau Jumonsr, Paubano, Topuuemmu, ceru llrennepa u T.1.),
TaK ¥ OTHOCUTEJNLHO HOBHIE 33,181 TeOMETPUN, aIreOpLI U aHAIN3a, & TaKKe 3aTa41,
[peqIaraBlIInecs HA PA3JUYIHBIX CTYIEHYECKUX U IIKOJLHBIX OMuMInajgax. Heckouanb-
KO TIPUMEPOB U3 MATEMATHYECKON DKOHOMUKHU COODAHBI B OT/AEJIbHBIN maparpad.
Kax e maparpad Mbl HAMHHAEM ¢ KOPOTKOI'O TEOPETUIECKOT'O BBEICHUS.

B craree npegnaraercs 50 3a1ad 4151 cCAMOCTOATEIBHOIO PEIIeHMS, OKOJIO TPEeTH
U3 HUX — OOBOJILHO TpyaHble. HageeMcsa, UTo cTaTha OyAeT WHTEPECHA MPEHOIa-
BATEIAM MATEMATUKU, CTYIEHTAM MIAIIINX KYPCOB W YICHUKAM MATEMATUIECKUX
IIIKOJ.

1. IIpuHIUII PEPMA

DYHKIUM OAHON MTEPEMEHHOM. Meron, nazeiaembin mpuniunoM depma, 06-
mewsBecTen: ecan GyHkusa f quddepeHmupyeMa, TO KaxX Iasg TOYKA €€ JOKAILHOTO
MUHEMYyMa (MAKCUMyMa) ABIACTCA CTAMOHAPHON TOYKOU, T.€. ABIACTCA PEIICHUEM
ypasrenus f'(xz) = 0. O6 sroMm eme 1o Pepma OBLIO CKA3AHO:

«ITo 06e cTopoHBl OT MecTa HAXOOJBIIEr0 3HAYEHUsA yOLIBAHNE BHAYAJIE HEIYB-
creurensuoy (Moramn Kemnep).

O6paTHOE HEBEPHO: CTAIMOHAPHASA TOYKA MOXKET HE OLITH TOYKON JOKAILHOI'O
SKCTPEMYMa, KAK IOKA3BIBAET IPOCTEHIME mpuMep: (pyHKHuA z° B Touke T = 0.
Yro6bl HAUTH DKCTPEMaIbHBIE 3HaYeHusa Gpyukuuu f, pemaem ypasaenue f'(z) = 0,
HAXOJWM BCE CTAIMOHAPHEIE TOYKM, KOTOPLIE Oy IyT (MOA03PATEILHLIMIY HA SKCTPE-
myM. OCTaeTca BOCIOAL30BATECA TEOPEMON CYIIECTBOBAHNUA: HEIPEPLIBHAA (DyHKIAA
Ha oTpe3ke [a,b] mocTUraeT CBOEro HAMGOMBIIErO ¥ HANMEHBIIEro 3HavYeHnsa. Bygem
CYIATATE DTOT (PAKT MEOMETPUICCKNA OUYEBUIHBIM, U TIPUMEM €ro 6e3 JOKa3aTeIbCTBA.
TaxumM 06pa3oM, TOIYKA MAKCUMYMa, ¥ MUHIMYMA, CYIIECTBYIOT, 8 3HAMAT, HAXO IATCA
CPe¥ «IONO3PUTEMLHLIX)Y — JU00 CTAMOHAPHEIX, U060 KOHIEBLIX. 10raa IpOCTEIM
mepe6opoM HAXOAUM TOYKA MUHMMYMAa W MAKCHMYMA.

3ATAYA C IBYMS WK BOJIEE NEPEMEHHBIMUA. IIpuanun depyma pacnpocTpans-
€TCsA Ha DTOT CIydal 0e3 CyIIeCTBeHHBLIX M3MEHeHNN. UTOOL HAUTHU SKCTPEMAILHEIE
suavenus pyukuun f(z), roe ¢ = (1, ...,T,) € R, HAXOAUM CTAIMOHAPHLIE TOYKN
13 ypaBHEHUSA

fl®)=0 & fo(x1,...,2,) =0, 1<j<n.

YpaBHEHUE 31€CH CTOMLKO K€, CKOJIbKO HEM3BECTHLIX. /lamee moib3yeMcs TeopeMon
Benepiirpacca (TeopeMon CylecTBOBAHUA), 3AMEHUB B HEH «OTPE3OK [a, b]y Ha «@KoM-
nakT A B R?» — orpaEMYeHHOE 3AMKHYTOE MHOXKECTBO. (3AMKHYTOE» O3HAYALT, 9TO
MHOKECTBO COAEPKUT BCE CBOU MPENeNbHLIE TOUKH.
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EcTecTBeHHBIN BOMPOC: UTO NEMaTh, €CIA MAHUMYM UIIETCA HA HEOTPAHUICHHOM
muoxecTBe? Hampumep, Ha Bcem R ? A ecir — Ha HE3AMKHYTOM MHOXKECTBE, HATPU-
Mep, Ha OTKPHITOM uHTepBane (a,b)? B sToM cayuae kakue-HUOYIb NOTOMHATEIBHLIE
cBOUCTBA (PYHKIUU f MOI'YT IMOMOYL. 1aCTO UCHOIL3YIOT ABa yTBEPXKIACHN, 10Ka3a-
TEIbCTBA KOTOPBLIX Oy YT HIPOCTHIMY YIPAKHEHUAMA IJIA TATATENA.

JIEMMA 1. Ecau gywxyus f: R® — R nenpepwoisna, u npu amom f(x) — +00 npu
|z] = /& + ...+ 22 = 00, mo ona docmuzaem ceoezo munumyma wa R*.

JIEMMA 2. Ecau dynxyus f : (a,b) = R nenpepwisna u f(z) — +00 npuxz — a
u npu x — b, mo ona docmuzaem ceoe2o MurUMYMa Ha uwmepsase (a,b).

Tak xe HopMyIUPYIOTCA COOTBETCTBYIOIINE YTBEPK AeHUA Ha MakcumyM. Haunem ¢
OHOT'0 W3BECTHOI'O IIPUMeEPA.

[MPuMEP 1. 3AKOH CHEJINYCA. Jlyd cBeTa mepecekaeT mpAMYyIO TPAHUILY IBYX

Cpell, BXOMA MOH YIVIOM (v, U BBIXOAA mox yrioMm (3 (06a yIiia OTCIUTHIBAIOTCA OT

sin « sin 3
HOpMaJu K rpanune). Torga = , TJIe Vg U Vp — CKOPOCTH CBETA B DTUX

Va (U
cpengax.

PEMEHNE. CuntaeM U3BECTHLIM, YTO Jy9 CBETA MPU CBOEM IBUXKEHUU OT O-
HOH TOYKM K IPYIOU BLIOMPAET TAKOU IIyTh, IJIA IPOXOXKIEHUA KOTOPOro Tpebyercs
MUHUMAJIBHOE BPEMs MO CPABHEHUIO C JIOOBIM ADYIHM BO3MOXKHBIM IIyTeM. (DToT
nprHOuD B ontuke Takxke ycradospua Pepma.) Ecau B3aTe Ha ayve Touku A u B mo
pa3HbIe CTOPOHBI OT TPAHUIILL, & CAMY TPAHUIY 0O03HAYUTE Yepe3 [, TOMyIuM 33,039y
HA MUHUMYM:

AM  BM .
= + o — min,
b

f(M)
M el

Touka MUHUMYMa CymIeCTBYeT, 5TO rapantupyeT Jemma 1. O6osnaqamm ee aepes M.
Tenepsb HyKHO BEIMUCIATEL Tpom3Boaayio Gyrkmmu f. Kak aTo crenrars? MoxXHO BbI-
pasuTh camy pyuknuto f mo Teopeme Iludaropa, wim mo TeopeMe KOCUHYCOB, 3aTEM
HAUTHU €€ IPOU3BOAHYIO. Y106HEe, OMHAKO, (I 3TO MOKET MOKA3ATHCA MAPAJOKCATb-
HEIM), PACCMOTDPETH [ HE KaK (PYHKIWIO HA MPAMOU JUHUY, 8 KAK (PYHKINIO HA BCEU
mrockoctu. [Ipowssoguas f' (rpaguent) miumasr orpeska AM B touke M saBiser-

(1)

Va

- —
€Al BEKTOPOM U, €INHATHON IJINHEL, COHAIPABICHHLIM ¢ BeKTopoM AM . Ananormano
ompenessieM BEKTOD Uy, — npousBoguyo gmuasl BM . Urak, f' = u, /v, +up/vp. lpo-
M3BOAHAA PYHKIMK [ BAOIL IPAMOU [ — BTO IPOEKIUA BEKTOpa f' Ha 5Ty mpamylo.
Taxkum o6pazom,

' __ sina __sinf
£ = Sy | - T2y
Ho ecim My — rouka munumyma, T0 f'(Mp) = 0. A mockombky |ug| = |up| = 1,

sin « sin 8
NOJIyYIaeM OKOHIQTETbHO —— = ——
Va Up
SAMEYAHUE 1. Anamorudso, u gaxe HECKOJIBKO MPOIIE, MOXKHO BEIBECTU U3BECT-

HBIU 3aKOH OTPAaXKEHWUA CBETA: YOI MAJCHUA PABEH yIiy oTpaxkeHusa. HyKHO B3ATH
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IIBE TIPOU3BOJILHEIE TOUKA A U B MO OLHY CTOPOHY OT TPAMOU | W PENUThL DKCTPe-
manbHyo 3anady (1) opu v, = vp. Koneuno xe, 5Ty 3agady MOXKHO PEIIUTH 06e3
BCAKUX MPOU3BOMHBIX, YUCTO I'€OMETPUYIECCKU, UCIOJb3ysA CUMMETPUI0 OTHOCUTEIb-
uo npamou [. Qguaxo, y HAIIEro cnocoba ecTh, KAK MUHUMYM, [Ba IPEUMYIIeCTBA.
Bo-mepBrrx, oH (€3 M3AMEHEHUA PACTIPOCTPAHACTCA HA CIydal v, 7 vp (a reomeTpu-
YeCKM DTO chenaThb HempocTo!). Bo-BTOPHIX, U 3TO camoe TIABHOE, OH HAXOIUT He
TOJBKO TOYKN MUHUMYMA, HO U BCE CTanumoHapubie Toyku Gpyukmun f. Tak, MbI 10-
kazaau, 9T0 3a1a4a (1) Bcerga MMeeT eIUHCTBEHHYIO CTAIMOHAPHYIO TOYKY, U DTA
TOYKA XapaKTePU3yeTCsa CBOUCTBOM sin a/v, = sin (3 /vp. Bocmoabayemcsa atum B cre-
IYIOMEM MPUMEPE U3 DPTOAMIECKON TEOPUH.

IIpuMEP 2. TEOPEMA BUPKIO®A. [/ IpOU3BOILHON [VIA KON 3AMKHY TOU KPU-
BOU HA MJIOCKOCTH, OTPAHMYUBAIONIEN BLITYKIYIO (PUCypPy, CyMIECTBYeT OWIIUAPT C
n BepmuHAMU (OUILIHAPAOM HA3LIBAETCSA MHOI'OYTOIBHUK C BEPIIMHAMU HA JAHHOU
KPUBOU, JIOOLIE JBE COCENHME CTOPOHBI KOTOPOT'O OOPAa3ylT C KPUBOU DABHEIE
YTUIBL).

PEMEHUE. PaccMOTpUM MHOXKECTBO BCEX N-yTOJBHUKOB C BEPIINHAMA HA JAHHOU
kpuBou. O9YEeBUIHO, PTO MHOXKECTBO OyI€T KOMIAKTHBEIM, €CIA TOJILKO MBI TO3BOIAM
COCeHUM BepimHaM COBNaaaTh. CleI0BATEIbHO, CPEIN ITUX MHOTOYTOMILHIKOB HAM-
IEeTCA TOT, KOTOPBEIU UMEEeT MAKCUMAMLHLIN mepuMeTp. OH 1 ABIAeTCa OMLIMAP IOM.
[na noKasaTeaLCTBA 3aMETUM CHAYAIA, ITO OH UMEET POBHO N Pa3IMIHEIX BEp-
muH (B IPOTUBHOM CAydae ZOOABAM HECKOUbKO HEIOCTAIOLUIMX BEPIIUH, HEPUMET]D
OT DTOr0 yBeAWdIUTCA). BozbMeM Temepb Tpu cocenuue BepmmHsl Aq, Ay, A3 u 060-
3HAYMM Uepe3 | KacaTenrbHyIo K KpuBou B Touke Ay. Takum obpasom, | = {As + tu,
t € R}, rme u € R?, |u| = 1 — mampaBasomuit BeKTOp mpAMoi. IIpeamosoxumM, oT-
pesku As Ay u Ay Az obpasyror ¢ | He paBHble yrunl. Torga mpousBomaHas (GyHKIIA
fit)y = f(M) = A\M + AsM, rage M = A, + tu, e paBHa Hya0 B Touke t = 0
(sameuanme 1). IIpu t — 0 umeem f(t) = f(0) + f'(0)t + o(t), rme o(t), kak OGBITHO,
0003HAYAET BEIUYIUHY, OECKOHETHO MAIyI TO cpaBHeHuio ¢ t. C Ipyrou CTOPOHHI,
[ — kacaTerbHasg, TOXTOMY JJA TPOU3BOILHON TOYKYM N KPUBOU, OMU3KOU K Ao, mMe-
em f(N) = f(t) +o(t), rge M = Ay + tu — Gimxanmas k N Touxa npsavou [. Urax,
f(N) = f(0) + f'(0)t + o(t). Ho mockoaeky f'(0) # 0, MBI BEAMM, 9TO Ha KPUBOU
cymecTtByor Todku N, gia kotopeix f(N) > f(0) = f(A2), a 5To npoTUBOpEINT
MAKCUMAJIBHOCTY IEPUMETPA, HAIET'O MHOT'OYTOMbHUKA.

3AMEYAHUE 2. B Teopeme Bupkroda rmagkocTs Kpusou cyiecteenna!l Kpusas
NOMKHA, OBITH, KAK MUHUMYM, TUMGMEPEHIIUPYEMOU B KAXKIOU TOYKE, UHAYE OUILIA-
apJa MOXKeT He cymecTBoBaTh. Hampumep, kpuBas, OrpaHUMUBAIONIAA TYIOYTOIh-
HBII TPEYTOJbHUK, HE UMeeT TPeyroabHoro oummmapaa. [lovemy? Ecau Tpeyroasauk
rMeeT OWIMAPI M3 TPEX BEPIIWH, TO STU BEPIIVHEBL JEXKAT B OCHOBAHUAX BBICOT
(mpumep 8), a [/ TYNOYT'OALHOIO TPEYTOJIbHUKA [BA OCHOBAHUA U3 TPEX JEXKAT BHE
TPEyTOJbHUKA.

3AMEYAHUE 3. Brumapab n3ydaloTcs B 5proguvdecKOr TEOPUHM, TEOPUM IUHA-
MUYECKAX CUCTeM, MexaHuke (cM., Hampumep, [11]). Oum npencrasasior co6ou 3a-
MKHYTBIE TPACKTOPWUU IBWKCHUA MEXAHWIECKUX CUCTEM B (PA30BOU ILIOCKOCTH. MBI
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BUIEIW, YTO BIWCAHHBIN 7-yTOJBHUK MAKCAMAJLHOTO TEPUMETPA ABIACTCA OWILIA-
apaoM. OoHAKO IJA OCTPOYTONBHBEIX TPEYTOJbHUKOB OUIIUAPH (TPEeYyrOMbHBIN) CO-
OTBETCTBYET HE MAKCAMAJILHOMY, 3 MUHAMAILHOMY rmepuMerpy (3amada DanbiaHo,
npumep 8). DTO MOXKET MOKa3aThCsA NpoTuBopedneM. Ho 1emo B ToM, 4TO Kak B Mu-
HUMAIBHOM, TaK U B MAKCHMAJIBLHOM CJIydae GUIIADI COOTBETCTBYET CTAIXOHAPHO-
MY TIOJIOKEHUIO BEPIINH, KOT 44 BCE TaCTHEIEC MPOU3BOTHEIE TIEPUMETPA, [0 BEpPIIMHAM
PABHBI HYJI0. DTO OTPAXKAET OJUH U3 OCHOBHBIX MPUHIUIOB KJIACCHIECKON MEXAHU-
ku (mpuniun FaMUIbTOHA): NBUKEHUE MEXAHUIECKOU CUCTEMbI TIPOUCXOIUT BIOJb
CTAIMOHAPHEIX TPACKTOPUH, IAe IPOU3BOIHLIC MEHCTBUA paBHEI Hyawo. Ilpu sTom
caMo JEHCTBHE He 00A3aHO OLITH MUHMMAJIBLHBLIM, KAK IPEANOIaraJoch MaTeMaTuKa-
mu XVIII Beka. Hogpobree 06 sTom cm., mHampumep, [10].

YUPAKHEHUE 1. DOKAJTBHOE CBONCTBO AJIUICA. JIyd cBeTa, BBIXO AR 13 (POKY-
Ca BJLINICA, OTPA3UBIINCH OT €r0 MOBEPXHOCTH, MONAIaeT BO BTOPOU (HOKYC.

YTOPAXKHEHUE 2. [lokaxXuTe, ITO CTOPOHHI JTIOOOT0 N-yrOJIbHOTO OWIIMApAa JAHHOTO
DJLIAIICA KACAIOTCA HEKOTOPOro (pMKCUPOBAHHOrO djurunca. Kak CBA3aH 3TOT /IANC C KC-
XOTHBIM !

YupPAKHEHUE 3. ChopMmymupynTe n J0KaxkuTe POKATLHBIE CBONCTBA TUIEPOOILI U Ma-
pabosL.

I[TpuMEP 3. Yepes gaHHYO TOYKY BHYTPU yIVIA IPOBEAUTE OTPE3OK HAVMEHBIIEH
[NIVHEL C BEPUIMHAME Ha CTOPOHAX yTIa.

PEMEHNE. JlemMa 1 rapanTupyeT CyliecTBOBaHKE HauMeHbIero orpeska. O6o-
3HaYUM ero depes AB, a maHHyo GUKCHPOBAHHYIO TOUKY BHYTPH yriia — depes M.
ITposemem wepes M mpyrou orpesok A’B’' ¢ Bepmmuamu Ha cToporax yriaa. Ilycrs
0 — opuentupoBanubil yroa Mexay A'B' u AB. ®yukuus f(§) = A'B’ mocruraer
cBoero muHuMmyMa B Touke 0 = 0, mosromy f'(0) = 0. Iycre a = . KAB, 8 = ,KBA,
rage K — Bepmmua yria, IIpuMmeHus TeopeMmy cuUHycoB K TpeyroabHukam M BB' u
MAA', noryanm

' sinf r sin &
MB = MBsin(ﬁ +4)’ MA" = MAsin(a -90)’
CJIeI0BATEIBHO
Af=A'B'-AB=MB' + MA' —MB - MA=
_ sin sinaw _
=MB (sin(ﬁ +9) 1) +MA <sin(a —9) 1) a
2singcos(ﬁ+g) ZSingcos(a—g)
=—-MB - +MA -
sin(3 + 9) sin(a — §)
Urak,
Af _2sing cos(ﬂ—l—g) Acos(a—%)

N ) MB sin(3+6) M sin(a — §)
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2 sin 9
IMockonbky —5 — 1 mpu § — 0, u ipu >TOM
cos (ﬂ + g) cos (a — g)
sin(B + 9) —ctgf, sin(a — 4) —ctga,

HOTy9aeM OKOHYATEILHO
f'(0)=—-MBctg 8+ MActga.
Ho rak xax f'(0) =0, To m1a kpardaumero orpeska AB moaysaem
MBctg = MActga.

Kax reomMeTpryeckn 0XapakTepu3oBaTh 5TO cBOUCTBO? OmycTUM Mepres InKy/Iap
K H ua AB. Herpyauo nposeputs, uro HB/H A = ctg 3/ ctga. C gpyrout cTOpOHBIL,
MA/MB = ctg 8/ ctga, mosromy M A= HB, MB = HA. Urak,
kpamuatiwut ompezox AB zrapaxmepusyemca caedyouwum c80Ucmeom:
npoexyus sepuunbt yeaa wa AB cummempuuna mouxe M ommuocumenn-
#o cepedunvt ompeska AB.

3AMEYAHUE 4. [loyeMy MBI OMpaHMYMINCE JUITH TEM, 9TO OXapPAKTEPU3OBAIM
nosoxenne orpeska AB, a He mamm crmocoba ero nmocrpoerua? Mlejgo B TOM, 9TO A
IPOM3BOIBHOIO yIVIA DTOT OTPE30K HE MOKET OBLITH IOCTPOEH € MOMOIILID MUPKYJIA
u guHeuKu. VIMEHHO MOSTOMY 3Ta «IPOCTaA» TEOMETPUYIECKAA 3418498 UMEET CTOJb
rpoMozakoe perenue. [IpUBeIeHHOE PEIIeHNA ABAAETCA CAMBIM KODOTKAM U3 BCEX,
M3BECTHHIX aBTOpaM (cM. Takxke [15]).

Ecau GBI CyHmIeCTBOBATIO TAKOE MOCTPOEHUE, KOTOPOE HAXOAUIO OBl KPATIANIITAN
OTPE3OK MJIA J60r0 yria, TO OHO FOAWIOCH OBl U AJIA IpAMOro yria. Ecim yron K
upsvon, to MA/MB = ctg B/ ctga = ctg(g —a)/ ctga = tg? a. C 1pyro# cTOpoHE,

MA/MB = tgvy/tga, roe v — yroa mexay KM n KA. Urak, tga = §/tg~. Ho-
CTPOUTHL OTPE30K AB o3HaYaeT HAUTK KyOUvecKuu KopeHnb u3 uucaa tg v. [locrequee,
KaK M3BECTHO, HE BBIMOIHAMO C MIOMOIIBIO MUPKYJIS U JUHEUKH.

B skcTpeManbHBIX 3a1adaX TAKOE CAYYaeTCs AOBOJBHO YACTO, KOT'Aa BO3MOXKHO
TOMBKO 0XapaKTEPU30BATH MOJOKEHUE TOIYKM MUHUMYMa, (MAaKCAMyMa), & HE HAUTU
ee KOHCTPYKTUBHO (3ama4du 15-17 u 38-40).

YUPAXKHEHUE 4. IIpaMon, mpoxoadmen 9epe3 JaHHYIO TOYKY BHYTDPH yTua, OTPE3aTh
OT DTOr0 yria TPEYTOJAbHUK HAUMEHBIIEH ILromanun. Hangure Kak TeOMeTPUIECKOe pere-
HUe, TaK U pelleHne, UCIOIb3YIolIee nponsBoguyo. Kakoe n3 Hux mpome?

YOPAXKHEHUE 5. To xe, HO AuA TpeyroabHIKA HAMMEHBIEro nepuMerpa. Hangure kak
reoMeTpUYIeCcKOe pelleHre, TaK U pelleHre, UCIOIb3YIOIee IPON3BOIHYIO.

YOPAXKHEHUE 6. KacaTelbHON K NAaHHOU OKPYXKHOCTH, JeXKAalllel BHYTDPU YT, OTPe-
34Th OT DTOTO YIMIa TPEYTOIbHUK &) MUHAMAIBLHOH ILTOMAAY; ) MUHUMATLHOTO TEPAMETDA.

YNOPAXKHEHUE 7. Yepe3 QaHHYI TOYKY BHYTDH YIVIa IPOBECTU NPAMYIO TaK, ITOOBI
cymma KA + KB 6buia manvensmen (K — Bepmmaa yraa, A m B — TOYKa IepecevIeHus
IPAMOK CO CTOPOHAME YTJIA.)

PaccmoTpum Temepb HECKOTHKO MPUMEPOB U3 AAreOpHLI U aHAIU3A.
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IIPUMEP 4. OCHOBHASI TEOPEMA AJITEBPBI. MHOIO4YICH € KOMILICKCHBIMU
K03 PULIMEHTAMI, OTJIMYHBIA OT TOXKJECTBEHHON KOHCTAHTHI, UMEET KOMILIEKCHBIN
KOpPEHb.

PEMEHUE. BosbMeM NpOM3BONBHBIN MHOTOYWIEH P(z), M PACCMOTPUM BEIUIUHY
|p(2)| xkak yHKOMIO OBYX AEMCTBUTEJIBHLIX IEPEMEHHBIX T U Y, Tge 2z = T + yi.
Ilo memme 1 »ra (QyHKOMA MOCTUTAET CBOErO MUHUMYMa B HEKOTOPOU TOYKE
Z = (%,7). He orpanuuuBas OOIIHOCTHU, C BO3MOXKHBIM CABUIOM apryMEHTa, MOJa-
raem z = 0. IIpegnomoxum, 9TO B 3TOU TOUYKE MHOTOWIEH p(z) HE 06palIaeTcsa B
HOB. [lycTh k — HamMeEHBbIIEE MONOKATETLHOE THUCIO, AIA KOTOPOTO KOI(PPUINEHT
npu z¥ B MEOrOwNeHE P(2) Hemymeson. Torma p(z) = ag + apz® +... +apz®, k> 1mn
ay, # 0. Bozee Toro, ag # 0, nockoasky ag = p(0) = p(2) # 0. Teneps BozbMEM 01HO
u3 pemenuit u € C ypaBHenus ag + arz® = 0, T.e. OJUH U3 KOMILIEKCHEIX KODHeH

k-TOU CTENeHUN U3 IUCIA —aoalzl. IMomygaem
Ip(tw)| = lao + ar(tu)* + o(t*)] = |(1 = t*)ao + o(t*)| < |ao| = |p(0)],

st goctaTrovHo Maasix ¢ > (. [loayvwmniu nporuopeyne: no npeanonoxenuto Z = 0 —
rouka MuHuMyMa s |p(z)|. Teopema nokasama.

YOPAXKHEHUE 8. [TPUHIUI MAKCUMYMA IJI1 AHAJUTUYECKOW OYHKUUU. [Joxaxu-
Te, ITO MAKCAMYM MOAYIl aHAMATHICCKON GyHKmmy (DyHKIUM KOMILUIEKCHOU IEPEMEHHON

o0
2, ABMMIONIENCA CYyMMOU aGCOTIOTHO CXOAMmEroca crenensoro paga f(z) = 3. axz’) B me-
k=0
KOTOPOM KPyTre Ha KOMILIEKCHOH INIOCKOCTH NOCTUTAETCA Ha TPAHMIE DTOrO KPyTa.
PaccymorpuM Teneps HECKOIBKO MIPUMEPOB U3 TEOPUU MPUOIUKEHUN.

YNUPAXKHEHUE 9. IIPUHIUN HAUMEHBLIINX KBAJPATOB. IIpeamonoxumM, HaMu mOIyde-
mel b map umcen (z:,y:),1 < < 5:(1,2), (2,5), (4,7), (6,10), (8,14). Mer xoTr™m nogo6pars
IWHEAHYIO PYHKIUIO Y = ar + b, KoTopas ObI BEIpaXKaia CBA3b MEXAY MEePEMEHHBIMU B DTUX
mapax HawryamuM o6paszom. O 1uH u3 cmoco60B — BHIOPATH (GYHKIUIO, 114 KOTOPOU CyMMa,
xsagparos f(a,b) = Y.0_ (yi — ax; — b)? Gbura 6s1 Haumensmeit. Haitgure sTy dynxumio.

S3AMEYAHUE 5. [IpyHIUN HAMMEHBIMX KBAAPATOB UMEET MHOXKECTBO MPUIOKE-
unn. HampuMmep «pemuTh cucreMy JIMHEMHLIX YPABHEHUN, KOTOPasA HE MMEET pellle-
Hwsy. Bomee TouHO: HamTu TOuky MuHmMyMma GyHkumu f(z) = |Az — b| Ha Bcem
npocrpanctee R”. 3gece A — 3agansas m X n-marpuna, a b € R™ — n1aggnin Bex-

m
TOp; HOpMa eBKIMI0Ba |x| = Y. z7. Jra 3agada Bcerga uMeeT pemenue (demma 1),
IPUIEM €IMHCTBEHHOE. =1

I[TPUMEP 5. MHOTOYJIEH HAWJIYYIIET'O IPUBINYKEHUA. IIprHimn HanMeHbImX
KBAIPATOB MPUOIMKACT (PYHKINIO, 34JAHHYI0 B HECKOMBKUX TOYKAX, MHOTOWICHOM
MEepBOK CTemeHu. A 9TO0, ecau MpUOMMKATL (DYHKIIMI0 MHOTOWICHAMU 60Jee BBICO-
kux creneden? U He Ha KOHEYHOM YUCIE TOYEK, a Ha IeaoM orpeske? Kakou mHOTO-
wien Oy et HamtyImmM? HamomuauM, 1To MEorowien Temmopa npubmmkaeT QyHKIIo
JIWIIB B MAJOU OKPECTHOCTH TOYKH, HAM K€ HY2KHO IpHOJIM3UTE ee Ha oTpeske. K co-
KANEHUIO, KOAX(PPUIUEHTH MHOIMOWIEHOB HAMIYIIIEr0 TPUOMIUKEHAA B TAKOU 333
MOT'YT OBITH OY€HBb BEIUKU. JTO OOCTOATEIHLCTBO EJAET 3a1a9y IYBCTBUTEIHLHOU
IO OTHOIIEHNIO K MAJTHIM U3MeHeHUAM (pyHKIuu. [103TOMy OOBIMHO HeJAl0T TaK: A
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b 2 .
K&K 10ro 1eqaoro k > 0 pemraem sKCTpeMatbHYyIO 3agady [ |p;c (a:)| dr — min, rge
a

P — HEM3BECTHBIM MHOTOWIEH cTemneHu k co crapmuM xodddumuentom 1. Takum
obpazom, mis kaxaoro k > 0 Mbl npubmmkaeM (QYHKIU «TOXIECTBEHHBIU HOJIb)
MHOTOWIEHOM cTernenu k. Hawnydime MHODOYWIEHBI Py, HA3BIBAIOTCA MHOZ0UAEHAMU
Jexcandpa. 3aTeM MBI HAXOAUM [aA NAHHOW (GYHKIUU [ MHOTOUWIEH HAWIYUIIErO
TPUOIVKEHUA B BUIE TUHEUHON KOMOUHAIIUYA MHOTOWICHOB Py -

YnPAXKHEHUE 10. Hamaure muorounen Jlexannpa p2(t) Ha orpeske [—1,1], T. e. pemm-
1,0 2
Te dKCTpeMaIbHYIo 3agady [ (2 + xot + 21)° dt.
Y1OPAXKHEHUE 11. Hampure muorourer Jlexanapa ps(t) ma orpeske [—1,1].

YTOPAYKHEHUE 12. POPMYJIA PONIPUTECA. [Jokaxure, 9T0 MEHOTOUIeH Jlexanapa pr (t)
Ha orpeske [—1, 1] Beramcaserca mo Gopmye

pe(t) = 2 L2 gy, @)
(2n)! (dt)

Iodckasra. PaccMoTpuTe COOTBETCTBYIOUIYIO SKCTPEMAIBHYIO 33129y U JOKAXKUTE, ITO
€€ peIleHre eIUHCTBEHHO U XaPaKTEPU3yeTCA CIeAyIONIM CBOMCTBOM: MHOTOWIEH P OPTO-
POHAJIEH BCEM MHOTOWIEHAM MEHBIIUX CTENEeHeH, TO eCTh

1

/tTpk(t)dtZO, 0<r<k—-1

—1

[anee mo MHAYKOWY MOKAXKWTE, ITO MHOTOWIEHEL (2) STHM CBOUCTBOM OOGIAJAIOT.

2. BBINYKJBIE 3ALAYN

DOYHKINU OTHONW NEPEMEHHON. HenpepriBras Gyakiusa f Ha3EIBAETCA BELIILYK-
JIOU, €CIU [JIA IOOLIX X1, Lo BHIMOJIHEHO HEPABEHCTBO

F(BEEY < 2 fan) + 5 (0):

Ecmu 5T0 HEpaBEHCTBO CTPOrOE WA JIOOBIX L1 7# T2, TO (PYHKIWMA HAZLIBAETCA CTPOTO
BRIMTYyKJIOU. Ecu GyHKIINA 0THOU EPpEeMEHHON ABAXK IB Aud GepeHimpyeMa Ha, 0TPe3-
Ke, TO yOOOHBIM KPUTEPUEM €€ BBLIMYKJIOCTH SABIACTCA HEOTPUIATEILHOCTH BTOPOU
npousBogHon Ha ToM orpeske: f'(z) > 0. Ecau xe Bropas mpouwssognas Besne
CTPOro MOJOKUTENbHA (1K, 60oMee TOUHO, He 0OPAIAETCsA B TOXKICCTBEHHBIM HOIb
HU HAa KAKOM WMHTEPBaje), TO (PYHKOUA CTPOrO BHIMYKJIA. [[1a SKCTPEMAIBLHBIX 3a-
Iad BBITYKILIE (QYHKIWN IPE3BLIYANHO yIOOHBI, 6Arogapsa ABYM CBOMM CBOMCTBAM:

> J:060U JOKAJBHBIN MUHUMYM BBITYKJIOU (GYHKIUA SBIAETCA €€ NIOOATLHBIM MU-
HEMYMOM Ha BCEM OTpPe3Ke.

> Ecau @yukuua f Beimykaa, To yciosue cranuonapuoctu f'(Z) = 0 asaserca ue
TOIBLKO HEOOXOMUMBIM I MUHUMAJIBHOCTH (DYHKIMU B TOYKE T, HO U AOCTa-
TOYHBLIM.

s cTPOTO BHIMYKJIBIX (DYHKIUUA TOOABIACTCA €Ile OTHO 3aMeYaTeILHOE CBOUCTBO:
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> CTporo Buimykaas GyHKIUA UMeeT He 00Jee OTHOU TOUKUA MUHUMYMA.

Bouee TOr'o, OJsA CTPOT'O BBIMYKJIBIX (l)yHKHI/II;’I BBITIOTHACTCA TPUHIINIT MaKCUMYyMa:
TOYKa MaKCUMyMa Ha KOMIIAKTHOM MHOXKECTBE BCer'Ma JCXKUT Ha I'PAaHUIIE 3TOTO MHO-
2XKeCTBa.

DYHKINN MHOTUX MEPEMEHHBIX. OnpegejeHus u CBOUCTBA Te XKe, ITO U B CIy-
9a€ OMHOU MepeMeHHOn. [Ba OTiIn9ms: Be3ne OTPE30K 3aMEHACTCA Ha, BLITYKIOE TEJIO
(BBIMYKJIBIT KOMIAKT), & TaKkKe KPUTEepUd BHykaocTr [ > 0 3aMeHAeTCA HA YCJIO-
BUE HEOTPUIIATETHLHON ONPENENIeHHOCTY KB IPATUIHON (POPMEI, 33 TaHHON MATPUIICH
U3 BTOPHIX TPOU3BOAHLIX. BBUIY MPAKTUYECKOU CIOKHOCTHU DTOTO KPUTEPUS, MBI
He OyJeM ero UCIOAL30BATh, & OyIeM IPOBEPATH BEITYKJIOCTL (DYHKIIUA MHOTHX ITe-
PEMEHHBIX IIPOCTO IO ONPEAEeJeHUIO (9TO B GOJBUIMHCTBE CAY9YaeB [OPa3go MPOILE).
TMogpo6Hee 0 CBONCTBAX BLIMYKIBIX (DYHKIIUYN U O BHIMYKIBIX SKCTPEMATLHBIX 33,1a9aX

eM. [2,3].

ITPUMEP 6. [[aH BHIMYKJIBIN YeTHIPEXYTOJbHUK. [[OKa3aTh, YTO Cpeau BCEX OT-
PE3KOB, MPOXOIAMNX YePe3 TOUKY IePEeCeYeHrs AMATOHAICH U UMEIOIIUX KOHIIBI HA
CPaHUIIE Y€ THIPEXYTOJbHUKA, HAUOOJBIIYIO [IVNHY UMEET OQHA U3 IUArOHAJIECH.

HecMmoTps Ha TAKOU «IIKOJBHBIMY BUI M HA TEOMETPUYIECKYIO OUEBUIHOCTH 3TO-
ro ¢axTa, g0Ka3aTh ero HenpocTo. [loxa3aTenbCcTBa, KOTOPHIE MOXHO BCTPETUATH B
JUTEpAType, UCIONB3YIOT HOBOJBLHO MPOMO3IKue BhruucaeHus. Hauboaee mpocroe u3
M3BECTHBIX HAM DPACCYkIEHUN UCIOIb3YeT BHIMYKJIOCTh. HaduHem ¢ TOro, 9TO ycTa-
HOBUM CJIEAYIOIIAN TONE3HBIN (PAKT, KOTOPHIU NPUCONUTCA U B APYIUX 3a1adax:

JIEMMA 3. Jana npamas a v mouxa P, ne aexrcawasn na wet. Jas npoussosvnot
mouku M € a 0603nauum uepe3 o OPUEHMUPOBAHHBLT Y20a MeHcIY a U OMPe3KOM
PM. Toz2da dauna ompezxa PM ssasemca cmpozo svinykaoli Pynxyuetd yeaa o.

[lnsg 10Ka3aTeabCTBA OMyCTUM MEPHEHAUKYIAp u3 P Ha mpamywo a (mycts h —

ero gauHa) u BhipasuMm MP = f(a) = si:a . YUurarens 6e3 TPya MPOBEPHUT, ITO
f"(a) > 0.

OTMeTHM, 9TO MBI MOTUIU OBI OGO3HAYUTL UEPe3 (¢ YT'OJ, 00Pa3yeMBbIl OTPE3KOM
M P c n106b1M (bUKCUPOBAHHBIM HAIIPABJICHUEM, U Y TBEPK JE€HIE JEMMEL 3 0CTaIOCh ObI
BEPHBIM ([IOCKOJIBKY CABUL API'YMEHTA HE BAUAET HA CTPOrYIO BHILYKIOCTh (QDYHKIIAY).

Bepuemcsa x npumepy 6.

PEMEHUE NPUMEPA 6. [Iycts P — Touka nepecedenus guarosaneun, M u N —
TOYKM HA I'PAHUIE IeTHIPEXyrOJbHUKA, mpuieM oTrpe3ok M N mpoxoaut depes P.
I[Iycts Taxxe a — yroa mexay orpeskoM M P m HEKOTOPHIM (PpUKCUPOBAHHBIM Ha-
TIPABICHUEM. YTUIBI (1] U (s COOTBETCTBYIOT AMATOHAMAM YETHIPEXYTONbHUKA, TAKIM
0bpas3oM « € [aq, as]. Cormacuo gemme 3 o6e Qpyukiuu fi(a) = MP u fy(a) = NP
CTPOrO BBITYKJBLI Ha OTPE3Ke [, g |, 3HAIUT 1 ux cymma f1+ fo = M N Takxke cTpo-
ro Beimykaa. CregoBaTensHo, e MAKCUMYM HOCTUTAETCA HA KOHIIE OTPE3Ka, T. €., Ha
OMHOU U3 MUATOHAJIEU YeTHIPEXYTOILHUKA.

W3 geMMEL 3 MOXKHO «3aJapOM» TIONYIUThH DA UHTEPECHBIX crencTun. Hampumep,
TaKoe:
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CJIE,Z[CTBI/IE 1. Buccemnpuca mpeyz2oabHuUKa MEHLULE TLOAYCYMMDBL CTINOPOH, MEHC-
0y KOMOPvbIMU OHG 3AKANOUEHG.

[1s [OKa3aTenbCTBA JOCTATOUYHO IPUMEHUTD ONpeIeNeHre CTPOrOl BEITYKIOCTH
a1 + ag 1
£ (2592 < S (flan) + f(s))
K ¢yuxmun f(a) = MP.

3AMEYAHUE 6. ITonesHo Takxe caegyiomee ycuieHue JeMMbl 3: Gyaxmusa f(a) =
= In M P Taxxe cTporo BHIIyKJIa. B camom mere,

(lnMP)”:(ln h )II:(—ctga)’zl/sin2a>0.

sin «
YNOPAXKHEHUE 13. JJokaxwure, 94TO OMCCEKTPUCA TPEYTOJIbHUKA MEHBIIE CDEJHEro Ieo-
MeTPUIECKOT'0 ABYX CTOPOH, MeXy KOTOPBLIMU OHA 3aKTIOUEHA.

BceM m3BecTHa 3ama9a 0 TOYKE HA TMPAMOU, N1 KOTOPOU CYMMa PACCTOAHUM IO
IBYX (PUKCUPOBAHHBIX TOYEK MUHUMAILHA. OTBET JErKO MOMYyIaeTC s TOCIe CUMMET-
PUI OTHOCUTEJILHO IPAMOU. A KakoB Oy1eT OTBeT, ecau TOYeK He ABe, a Tpu! A ecuau
PaccMOTpPeTh TPEXMEPHLIN AHAJIOL: /I KAKOW TOYKM ILIOCKOCTH CYyMMa PAaCCTOAHUN
0 (PUKCUPOBAHHBIX TOYEK TTPOCTPAHCTBA MUHUMATLHA! HakoHel, 1acTo BO3ZHUKAET
rakaa 3agada: Hawtu Touky Ha miockoctu (wim, Gomee o6mo, B R"), cymma pac-
CTOAHUU OT KOTOPOU IO M NAHHLIX TOYEK MUHUMAMLHA. CKOMBKO TOYEK MUHUMYMA,
CYIIECTBYET B TAKMX 3a0a49aX, I KAK UX OXapPaKTePU30BATL! PerIeHnsa 5TuX 1 MHOTIX
OPYTHX 33189 ONUPAIOTCA HA KIIOYEBYIO JEMMY:

JIEMMA 4. a) Hycmb dawnbie mouku Ay,..., Ay € R, m > 3, ne 6ce aewcam
na 00not npamoti. Tozda cymma paccmosnui

FIM) =AM+ ...+ ApM

ABAAEMCA CMPO20 8binYKaot Pynkyuetd mouxuy M € R™.

6) ITycmv Ay, ..., Ap € R", m > 2 — dannvie mouxu, u H — afpunnas nioc-
kocmov 6 R™, we codepwcawas nwu 0dnoti uz amuz mouex. Toeda Pynrxuyus f(M) =
=AM+...+A,M, M € H, cmpoeo evinyxaa na H.

[JOKABATENLCTBO. [JoKaxeMm TOABKO IMYyHKT &), JOKA3aTEIbCTBO 0) MOMIHOCTHIO
anasoru<uo. HyKHO MOKa3aTh, 9TO 414 JI0OOU Maphl Pa3InIHeX TodeK My, My € R™
1

BLIIIOJHEHO HepaseHcTBO f(M) < 3 (f(Ml) + f(Mg)), rae M — cepenusa 0Tpe3Ka
My M>. Ilockonpky Aj M — mexnana tpeyroasuuka My Aj Mo, ee qiuHa He IPEBOCXO-
1 .

AuT o (Aj My + A;M>), npudeM HepaBeHCTBO CTPOroe, eI A; He JEXKUT Ha IPIMON
M, M. Cinoxus Bce HEPABEHCTBA OT j = 1 10 m u 3aMedas, 9TO XOTs ObI OJHO U3 HUX

crporoe (Tak Kak He BCe TOUKH Aj JexaT Ha OJHOM IPAMON), HOLydaeM TpeGyeMoe.

IIpuMEP 7. TOYKA DEPMA — TOPUYEIN. Ecau yrabr TpeyroibHUKa MeHbIIE
271'/3, TO CYMMa PACCTOSHUU OT TOYKU IO BEPIIUH TPEYTOJBHUKA JOCTUTAET CBOETO
MUHUMYMa B €IMHCTBEHHOU TOYKE, U3 KOTOPOU BCE CTOPOHLI TPEYTOJILHUKA BUIHELI
nox yrioM 27/ 3.



42 A. Bpurkxayc, B. FO. IIporacoB

PEWEHUE. OcTaBuM IUTATENO TOKA3ATEIBCTBO CYIIECTBOBAHUSA TaKON TOUKH T’
7 JOKaxKeM, ITO B HEll JOCTUTAETCA MUHAMYM CYMMBI pACCTOAHUN. Tak Kak BCe Ikl
ABC wenbine 27/3, To T He COBIAJAET HU C OTHOU U3 BEPIIMH TpeyroabHuka. Ilo-
sromy ¢yuxmua f(M) = MA+ MB + MC nudpdepenuupyema B Touke M = T}
€e NPOU3BOIHASA PABHA CyMMe TPEX eJUHUYHLIX BEKTOPOB, COHAMPABIEHHBIX BEKTO-
pam AT, BT n CT. Tak kak yIVIel MeXIy STHMM BEKTODAMU DaBHBI 27/3, TO MX
cymma pasna Hyaw. Arak, f'(T) = 0. Mcnoas3ysa CTPOryo BHIIYKJIOCTL GYHKIMA [,
3aKI0vaeM, ITo 1 — eIMHCTBEHHAs TOYKa MuUHUMyMa GyHKuuu f.

IMPUMEP 8. 3ATAYA DAHBAHO. BrucaTh B JaHHBIN OCTPOYTOJBHBIN TPEYTOIh-
uHuk ABC TpeyroabHUK HamMeHbInero nepuMerpa (Ha kaxgou cropone ABC nomxua
JIEXKATh OJHA BEPIINHA TPEYTOJIbHUKA).

PEWEHKE. ITokaxeMm, 9TO eMUHCTBEHHLIM PENIEHUEM 3aIa9K ABIAETCA OPTOTPE-
YTOMBHUK (C BEPIIMHAME B OCHOBaHUAX BEICOT Tpeyrompauka ABC). Ilycts A', B,
C' — Tpu TOYKM, JExKAIIUE HA COOTBETCTBYIOIINX CTOpOHAX Tpeyroabuuka ABC.
Sadukcupyem nse u3 uux A', B’ u paccmoTpum gyHknumo ogaon nepemennon g(C') =
= A'C' + B'C'. Ee npouspognas papsa mHy o, ecam orpesku A'C’', B'C' o6pasytor
paBHBIe yrubl ¢ npaMon AB (3ameuanue 1). AHAIOIMYHO ¢ IByMs ADYTHME CyMMa-
mu. Urak, npoussoguas dyskuuu f(A', B',C') = A'B' + B'C' + C' A’ pasna ny/mo
ecmu orpesku A'B’, B'C',C' A' o6pasyioT momapHO paBHEIE YTILI CO CTOPOHAMMK TPe-
yroabanka ABC. CTOPOHBEI OPTOTPEYTOILHUKA, DTUM CBOUCTBOM 06manaoT. Torma
U3 CTPOroU BHIMYKIOCTH pyHKIMY f (Memma 4) caemyeT, 9T0 OpTOTPEYTOTbHUK ABIA-
€TCs eMUHCTBEHHBEIM TPEYTOJLHIKOM MUHUMAILHOIO MEPUMETPA.

YurPAKHEHUE 14. Uccaeayure 3anaay PaHLAHO IIA YeTHIPEXyTOIbHUKA. 1A Kaxkmx
YETHIPEXYTOMIbHUKOB MUHAMAJILHBIN BIUCAHHBIA YETHIPEXYTOJBHUK CYIIECTBYET, U OyaeT
U OH €VMHCTBEHHBIM !

YTIPAXKHEHUE 15. B TpexmepHOM IpPOCTPAHCTBE AAHBI TPU IONAPHO CKPEIMBAIOIIE-
ca mpameie. [JokakwTe, ITO CyIIECTBYET eqWHCTBeHHaa Tpouka Toiek A, B,C (mo oguOn
HA KaX IO MPAMOM), OOTIAJAIOMAA TAKUM CBOUCTBOM: KAXAad U3 TPEX MPAMBIX 00pa3yeT
PaBHBIE YIubI C ABYMA COOTBETCTBYIOmmMEu cTopoHamu TpeyroabHmka ABC (AB mw AC
06pa3y0T PABHBIEC YTUIBI C IPAMOU, IPOXOAAIIEH Yepe3 TOIKy A u T. 1.)

YTUPAXKHEHUE 16. Ha maockocTu ganer m Todek. IIpm Kakmx yCIOBHAX HA 3TH TOYKH
HaugeTca Touka M, NiA KOTOPOM CyMMa m eJUHUYHBIX BEKTODPOB C OOLUMM HAYaIOM B
M, manpaBJeHHBIX K >TUM TO4KaM, paBHa Hyxio! Ckoabko Takux Touek M moxer GbITH?

YupPAKHEHUE 17. Ilyctes M — Touka BayTpu Terpasapa ABC D, ana xoTopou cymma
PACCTOAHUN [0 BEPIIMH MUHUMATLHA. [JOKaXUTE, ITO TPOTUBOTOIOKHLIE pE6pa TeTpasapa
BUAHLI 13 TOUYKU M mox paBHBIME yraamu. [IoKkaxuTe Takxke, ITO GUCCEKTPUCHL ABYX DTHUX
yTI0B JexaT Ha o0 auou npavon. ChopMyaupynTe yCIoBua Ha TETPa’ AP, IPU KOTOPLIX TaKad
TOYKa CymecTByeT (MO yCIOBUIO, OHA HE COBIAJAET C BEPIIMHAMI. )

YTOPAYKHEHUE 18. YeThbipe JepeBHU PACIOIOXKEHBI B BEPIIMHAX KBAAPATA CO CTOPOHOU
4 kM. ZKuTenm XOTAT COeJUHATD UX CUCTEMOH JOPOT TaK, YTOOLI U3 KaXK JOU JePEBHU MOXKHO
6bLI0 IpoexaTs B 100yIo apyryo. Ouu co6panu geabru Ha 11 kM goporu. XBaTuT au 3T0ro?

YUOPAYKHEHUE 19. Amasoruunan 3aga4a 14 IPaBUILHOTO TeTpasapa. Ilayk cBa3ar Bce
BEPIIMHEBI TPABUILHOrO TeTpadapa. KakoBa mpu 5TOM HAMMEHBIIAA AMIUHA HayTUHb! [JanyT
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JIX OTBET YETHIPE OTPE3Ka, COAUHAIOLNINE BEPIINHEI C MEHTPOM, WIA MayK CMOXET O00UTHUCH
MEHBIIEN JIMHOU?

YnPAKHEHUE 20. Cernio Illrennepa ama mamuwix Touek Ai,..., A, HaswBaeTca cu-
crema OTPE3KOB (rpad), COEAMHAIOMAL STA TOYKM W MMEIOMAA HAXMEHBIIYI0 CyMMAPHYIO
[JIAHY.

Ipumem 6e3 QOKa3aTEILCTBA, YTO ceTh lllTenHepa CymIeCTBYeT NIA J000r0 HAGOpPa
Touek. Touku Aq,..., A, OyaeM Ha3BIBATL 0etiCMEUMEAbHOIMY BEPULUHAMY DTOTO Tpada, a
OCTAJIbHBIE €r0 BEPIIMHBL — A0HWCHBLMIL.

a) pokaxwre, 9T0 ceTs [llTennepa ABIAETCA OGHOCBAZHBIM I'PadOM, T. €. OHA CBA3BIBAET
BCE BEPIIMHBI U HE COAEPKUT 3aMKHYTHIX IIyTEU, WIM, ITO TO ¥Ke CamMoe, NI JI00U Taphl
BEPIIUH CyIIECTBYET eIUHCTBEHHBIA Iy Th, UX COEIMHAIONINL;

b) moxaxmre, 9TO M3 KaxAOU oxkHOU BepumHbl cetm lllTenHepa BBIXOAAT DOBHO 3
OTPE3Ka, MPUIEM YTVl MEXAy HUMHI PABHBL 277/ 3;

C) HOKAXKUTE, 9TO U3 KAXKJAOU NEUCTBATEIHHOU BEPIIUHBI BEIXOAAT 1,2 mm 3 oTpeska.
B cryvae 4ByX OTpPE3KOB yroa MeXJy HUMU He MeHbIIe 27 /3, B CIydae TPexX OTPE3KOB yIJIbl
MeXAy HUMZ PABHBL 27/ 3;

d) mocrponre cers llrennepa aas tpeyrompamka. Jaa kpagpara (CpaBHEHTE C yIPax-
mermeMm 18). [Ina paBHOGegpeHHON Tpamenuu. /|14 MpaBUILHOTO HATUYTOMBHUKA. [[1a mpa-
BIILHOTO TeTpaszapa (cpasaure ¢ ynpaxuenueM 19). s xyba.

Mur 3aBepiaeM 3TOT maparpad HECKOTLKUMU TPUMEPaMU U3 JUHENHOUN aareOphI.
HamomuuMm, uT0 mpousBegenuemM Agamapa & * iy TOUYeK x,y € R HA3LIBAETCA TOYIKA,
¢ koopguHaTamu (T1Yi,...,TnYn) € R, rae x;,y; — KOOPAUHATHL T U Y.

YTUPAXKHEHUE 21. Ilycts addunnble marockoctu P u D ABIAIOTCA OPTOrOHAIBLHBIMU
NOMOTHEHWAMY APYT K Apyry B R™. IIpeanonoxum, 4T0 KaXAasd M3 HUX CONEPKUAT MOI0KU-
TEIBHYIO TOYIKY (TOYIKY C MOJIOKWUTEIbHBIMEI KOOD AMHATAMY ). [JOKaXKXUTe, ITO TOrAa KaXk 1asd
TOJIOXUTEMBHAA TOYKA MPOCTPAaHCTBA R" €IMHCTBEHHBIM 00Pa30M NMPEICTABAAETCA B BUAE
npoussenenua A namapa Touku uz P u Touku uz D.

Iodexazka. [aa KaxA0W NOJTOKATEILHON TOIKKA £ € R” PACCMOTPUTE SKCTPEMAIBLHYIO
3aady

folp,d)=p" -d—z" -In(pxd) > min, pe P, de D, p>0,, d>0,.

3nece aorapudm Gepercsa moxoopamHaTrHO: Inv = (lnwv,...,ln vn)T UL TIOJIOXUTEJIbHBIX
rouex v. CpaBHeHMe Takxke nmokoopauHarHoe: x > 0, o3Hadaer, ¥ro x; > 0 g1 Bcex ¢ oT 1
0 M.

SAMEYAHUE 7. U3 sTou 3a1a9u, B Y4CTHOCTHU, MOXKHO BLIBECTU YCJIOBUA TOTOM-
HAIOIIEN HEXECTKOCTHU B 3aJa9aX JUHEUHOrO MPOrPAMMUPOBAHUSM: CYIIECTBYIOT He-
orpunarenbusie Touku p € P u d € D, gua koropeix pid; = 0, 1 < i < n (cm.
raxxe [9]).

3. IIPABUJIO MHOXKUTEJEN JIATPAHXKA

Kax aem gokanpubin MunuMyM/MakcumyMm Gyakuma fo(z1, ..., T,), OrpaHAIeH-
HOU HECKOJIBKUMU yCIOBUSAMY TUIA PABEHCTB fi(Z1,...,2,) = 0, 1 < i < m, apasercs
PEIIeHnEeM CUCTEMBI YPABHEHUN

Loy(2)=0,1<j<m,
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rae L = L(z,\) obosnagaer dpynkumo Jlarpamka y .-, N fi(z) m1s moaxomsammx
muOXRUTETEN A = (Ao, ..., A\m), XOTA Obl OJUH U3 KOTOPHIX HE PAaBEH HYyJI0 (mpa-
B0 MHOXUTENen Jlarpanxka). IIpegnonraraercs, 9To Bce GYHKIUU f; HEMPEPLIBHO
Mg HEPEHIIPYEMEL. 3aMETHM, ITO B DTOU CUCTEME HEUM3BECTHEIX HA OMHO OOJbIIe,
9eM ypaBHeHWH. TeM He MeHee, MBI BCErna MOXKEM U30aBUTLCA OT 3TOU HEOIpeme-
JEHHOCTH, MPEANOIaras, 9To A9 paBHO au60 0, 160 1, 1 paccMOTPEB TOMBLKO ATH
OBa Clydas. DTO HE HAPYIIAET OOMIHOCTH, MOCKOALKY (yHKIuA Jlarpamxka omgHO-
POIHA OTHOCUTETLHO MHOXKUTEICH \;. V3 COOOpaKeHNI SJKOHOMUM MBI BCETAa, Oy IeM
mpeanoaaraTb Ag = 1 u 6y eM OmyCcKaTh AOKA3ATEALCTBA TOTO, UTO CIydau Ag = 0
meBosMOkeH. Ha camom gene, ciaygan Ag = 0 TakKe MOXKET JABATH TOYKH DKCTPEMY-
Ma, OMHAKO MPOMCXOMUT 3TO KPAUHE PEIKO, B OCHOBHOM, B BEIPOXK IEHHBLIX IIPUMEPAX.
CMBICT TIpaBWwIa MHOXKUTETEN JlarpaHxka COCTOUT B TOM, UTO OHO MO3BOJIAET U30e-
KaTh HEOOXONUMOCTH ABHO BHEIPAXKATDL 1 MEPEMEHHBIX W3 YUCIA T1,...,T, TE€Pe3
OCTalbHBIE NEPEMEHHBIE, UCHOAb3ys pasenctsa fi(z) = 0, ¢ = 1,...,m. O6brauo
mpaBmio Jlarpanxa mpome B ICIOML30BAHUN, €M METOI NCKIIOYEHNA HEM3BECTHEIX,
KPOME TOrO OHO IACTO MO3BOJIAET MOHATL CMBICT U MPUPOIY PEIICHIM.
ITponntocTpUpyeM CAIy 3TOTO METOLA HA HECKOILKAX TMPUMEpaXx.

[MpuMEP 9. Hanmaure MUHUMATLHOE 3HAUCHUE (DYHKINN
f(z,y) = 527 + 2zy + 3y?
npu yerorun g(x,y) = T2° + 2zy + 4y° —3 = 0.

PEWEHUE. Ucnonssys ypasuenue ¢(z,y) = 0, MBI MOXEM BLIDA3UTL Yy 4Uepe3
z (umm z wepes y). OgHAaKO mpsaMas HOACTAHOBKA DTOrO BHIPAXKEHUA B yPABHEHUE
f'(z,y(z)) = 0 npueoauT K ypaBHeHnmio mecton crenenu. Ha caMom meme — naxke K
OBYM YPaBHEHWAM, W3-33 3HAKA + Tepen AUCKPUMUHAHTOM B BHIpaXKeHUU mis y(x).
Y1066l 3TOr0 M36€XaTh, MOCTYIAEM MO-IPYIOMY: COXpaHAeM 00e MepeMeHHBIE T,y
u cocrasiseMm darpamxuan: L = f(z,y) + A\g(z,y). Juddepenuupys mo = u 0o y,
MOy IaeM CHCTEeMY

10z + 2y + A(14z + 2y) = 0,
{6y + 2z + A8y +2z) = 0.

10z +2y  6y+ 2z
ldz +2y = Sy+2z
= —1 wm 2. Teneps moxcTaBads B

Bripaxas A u3 o0eux ypaBHEHUU U NPUPABHUBASI, [IONYYIAEM
Pemas »To ogHOpOAHOE ypaBHEHUE, NMeeM 4
T
ypasrenue ¢(z,y) = 0, mOIyIaeM HECKOIBKO «IOJ03PUTEJIBHBIXY HA DKCTPEMYM TO-
4ek (x,y). Boraucasas 3suadenue Gysxnuu f B KaxI0M U3 HUX, YOEXK IAEMCs, 9TO MU-

HUMyM OOCTUTAETCA B TOUKAX (T,y) = (—%, %) u (z,y) = (5, —%) Manee ocraerca

COCJATBCA HA CYNIECTBOBAHUE TOYKU MuHUMyMa (ypasHenue g(z,y) = 0 onpegeaser
DJLIATIC, & 3HAYAT — KOMIAKTHOE MHOXKECTBO).

YNPAXHEHUE 22. 3AJAYA O MAKCUMAJIbHOM DHTPOIUU. 1A N MOJIOXUTEIbHLIX TM-
CexZi,...,%Tn TAKAX, 9TO »,_; L) = | HANTN HANMEHBIIEE BO3MOXKHOE 3HAICHNIE BEIIINHEL
> r—i ZrInzy (sTa BemmumHA, B3ATAA CO 3HAKOM MIHYC, HA3BIBACTCA SHTPOINMEN).

YTOPAXKHEHUE 23. KakoBbl Hanboablllee U HaUMEHBIIEe 3HAYEHNEe CYMMBI KBAIPATOB 7
YUCeN, eCIU CYMMa UX Y€TBEPTHIX CTemeHern pasHa, 17
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YTOPAYKHEHUE 24. Ecau cymma naTtu gucen (He 0643aTEIBHO MOTOKUTEILHBIX) PABHA 1,
a CyMMa FX KBaJqpaTOB paBHA 13, TO KaKOBO HaMeHbIIee BO3MOXHOE 3HAYEHUE CYMMBI X
Ky6oB?

YUPAXKHEHUE 25. Ecau cymma maru umcen paBHa 1, a cymMMa ux KBagpaToB paBHa 11,
TO KAKOBO HAMOOJBIIEE BO3MOXHOE 3HAUYEHME CYMMEI UX KyOOB?

YIPAXKHEHUE 26. 30 af - extr,Y > xi=3 0 2} =0,3" 27 =4.

Iodckaska ® nocaedwum wemvipem 3a0auam: OOBITHO HET HEOOXONUMOCTY BBIYUCIATH
muOXwrean Jlarpamka Aj. I3 ypaBHeHMZ Ha JarpaHXuaH CIEAyeT, ITO BCE TUCIA T; JOIK-
HBI YIOBJIETBOPATH OJHOMY M TOMY Y€ YPaBHEHUIO, CI€JOBATEILHO, KAXKJ0E U3 HUX MOXKET
NPUHUMATE OJHO W3 HECKOJBLKUX 3HAYEHUU — KOPHEU >TOro ypasHeHua. [lamee ocTtameTca
pPaccMOTpeTs CIy4vau.

IIpuMEP 10. IIAPHUPHBIA YETHIPEXYT OJbHUK HAWBOJBIIEN IIJIOMA 1. CTO-
POHBI ‘IeTBIpexyFOJIBHI/IKa UMET (bl/IKCI/IpOBaHHBIe OJIWHBI 1 COEIVWHEHBI IMIapHUPaMNI
B BEPIINHAX TaK, IYTO ‘{eTBIpexyFOJIBHI/IK MOXET MEHATH CBOIO q)OpMy. B KaKOM I10-
JIOXKEHNHU IIOIa b I€ThIPEXYI'OJbHUKA MaKCI/IMaJIBHa?

SAMEYAHUE 8. JTa 3amada ObLTa U3BECTHA €Ie IPEBHUM T'DEKaM, OTHAKO pe-
IIeHa OHA OBbLIA TOJLKO B XIX Beke BEIIAIOMIMMCA MIBEUIApCKUM reomerpoM SIko6om
Mrennepom (1796-1863). OxaszriBaeTCA, 9TO HAMOOMBIIAA TIOMIAIb IIAPHAPHOTO Ue-
THIPEXYTOMLHUKA, BEIPAKAETCA Yepe3 JJUHBI er0 CTOPOH MO (GOPMYJIE, MOXOXKEN Ha,
dopmyay Tepona (caexcreue 2).

PemwEHUE. [IycTs a, b, ¢, d — OIUHBL CTOPOH YeTHIpEXyTroabHuKa. O603HAMUM 1e-
pes « yroa mexay a u b, u aepes 3 — yrox mexay ¢ u d. [lycte Takxke e — nua-
POHAJIb, COENUHSAIOMAA ABA APYTUX yria. [L1omans 9eThpexyroJbHIKa PABHA CYyMMe
ILIOIIA e TPEyTOJILHUKOB abe u cde:

S = %absina + %cdsinﬁ.

Kak ceazamer mepemernsbie o u 37 IlpuMeHuB TeopeMy KOCHMHYCOB K TPEyTOJIbHH-
kaM abe u cde, moryuum e? = a2 + b? — 2abcosa u e? = ¢ 4+ d? — 2cd cos . Taxum
obpasowm,

S(a, B) = %(ab sina + cdsinﬁ) —  max, 3

a® +b* —2abcosa = ¢* + d* — 2cd cos 5.

Brmmucrisaem JIarPAHXKWAH:

L(a,B,)) = %(absina + cdsinﬁ) + A(a2 + 5% —2abcosa— & — d® + 2cdc0s6).
[Muddepennupyem 1o a u 3:

Lo=0 & %abcosa+2)\absina =0,

Lg=0 & %cdcosﬂ — 2Xedsin B = 0.
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1 1
——, U3 BTOPOrO t = — . Urak
4)\ ) p g ﬂ 4A )
tga = —tg [, crenoBaTenbHO @ = T — . DTO O3HAYAET, ITO IETHIPEXYTONLHUK abed
BIMCAH B OKPYKHOCTB. TakuM 06pa3om,

U3 mepporo ypaBueHnus nomydaem tgoa =

cpedu 8CeT uembPeryeoabHUK08 ¢ AGHHBLMY DAURAMY CTNOPOH HAUOOALULYIO
NAOWLA0L UMEEM, BNUCAHHBLT UEMbIPETY20AbHUK.

SAMEYAHUE 9. Mer ze cramu pemars cucremy (4) MOTHOCTBIO, HATPUMED, MBI HE
CcTaau UCKaTh \. B 5ToM He OLLIO HEOOXOIUMOCTHU, MBI UCHOIB30BAINA MHOXKUTEIbL \
TOJBKO [JIsI, YTOOBI BHIBECTH PABEHCTBO tga = — tg . B OoabmmuCcTBe Coiy4uaes npu
UCIOJB30BAHUY TIPABUIA MHOXUTENEN JlarpaHxka He HyXKHO HAXOAUTb MHOXKUTEJU.

MHTYynTUBHO ACHO, 9TO CYymIECTBYET €IMHCTBEHHOE MOJOXKEHNE MAPHUPHOrO He-
TEIPEXYTOTBHUKA, TIPA KOTOPOM OH BIMCAH B OKPYXKHOCTb. ECIN HEMHOTO yBEITINTH
yTOI @, JJWHA JUATOHAMN € YBeIWIUTCA, MOSTOMY yToa 3 Takke yBeImauTca. Takum
00pa3oM, CyMMa, YIUIOB + [3 ABJIAETCSA HEMTPEPHIBHON BO3PACTAOIICH (DYHKIINEH apry-
MeHTa «. [I03TOMy I/ € IMHCTBEHHOrO 3HAYMEHNUA (¢ BBIIOJIHEHO PABEHCTBO A+ 3 = .
HerpynHo Taxkxke HAUTH 5TO 3HAYMEHUE (. 3AMEHsAA [3 HA T — (¢ BO BTOPOM yPABHEHUU
cuctemer (3), momydaem cosa = (a® + b2 — ¢ — d?)/(2ab + 2cd). 3amensas sina Ha
V1 — cos? @ u moACTaBIAA B IEPBOE ypaBHEHUE (3), TIOLYIUM IOCTE TPEOOPA3OBAHMI:

S:i¢m+b+c—@m+b—c+®m—b+c+®@ﬂ+b+c+®. (5)

I1o m3secTHaA popmyaa Bpaxmarynrer (VII Bex H. 5.), BEIpaxKaromas MIOMA b BIX-
CAHHOT'O YETHIPEXYTOJbHUKA Yepe3 MIWHBL ero cTOpoH. OHA MpUMeHMMa K JOOBIM
3HAYEHUAM [IJIVH a, b, ¢, d Ipu yCIoBUU, IYTO KAXKIAS U3 HUX HE IIPEBOCXOAUT CYM-
MBI Tpex apyrux. Eciau ogua m3 cTOpoH 06pamaeTcs B HOMb, TO MOIyYaeM (POPMYJIY
I'epona.

[lns MaHHBIX CTOPOH a, b, ¢, d BerumuuHa (5) BEIpaKaeT HAUOOJBIIYIO BO3MOKHYO
IIOMIA b I€THIPEXYTOJbHUKA, OTKYAa MOJYIaeM

CJENCTBUE 2. Ecau cmopowbt 4embiperyeoibnukae pasubt a,b,c,d, a e2o nao-
wads pasna S, mo

1

SsZ¢m+b+c—@m+b—c+®m—b+c+®@ﬂ+b+c+®.
Pasencmeo 0ocmu2aemm 0/Lﬂ BNUCAHHO20 YEMDBIPETY20AbHUKA.

Tak kak TOUYKa JOKAIBHOI'O MakcuMyMa pyHKuu S(q) eJUHCTBEHHA, TO

CHENCTBUE 3. Eecau a+ 3 < m, mo S(a) sozpacmaem no nepemennot o, a ecau
a+f>mx, mo S(a) youisaem.

Tenepb MBI MOXKEM nepeﬁTH OT YETBHIPEXYTI'OJBHUKOB K MPOW3BOJBHBIM MHOI'O-
YI'OJIbHUKAM.

CIENCTBUE 4. Cpedu 8cer MH020Y20abHUK08 ¢ JAHHBIMU OAURAMY CMOPOH HAU-
604bUWYI0 NAOULAL UMEET, BNUCAHHBIT, MHO20Y2OALHUK.

MOKABATEJILCTBO. IlycTh MHOTOYTONBHUK UMeeT n cTOpoH. [las n = 3 moxa-
3BIBATH HeUero, mis n = 4 Bcé yxke mokasano. Takum obpasom, n > 5. PaccmoTpum
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MHOXECTBO BCEX HECAMOTEPECEKAIOIINXCA MHOTOYTOILHUKOB C TAHHBLIMU IAHAMUA
cropon. IIpy 5>TOM MOXKHO CUATATL, YTO OHU HAXOIATCA BHYTPU (PUKCUDPOBAHHO-
O Kpyra AOCTATOYHO GOMBIIOrO paguyca. ECIu MBI MO3BOIUM yTVIaM MHOTOYTOJIb-
HUKA TPUHUMATH 3HadeHus orT (0 [0 27 BKAIYUTEJBHO, a4 BEPIIXHAM — JEXKATh
Ha APYrUX CTOPOHAX, TO MHOXKECTBO TAKUX MHOTOYIOJLHUKOB OyIeT KOMIAKTHO.
CaenoBaTenbHO, CYIMIECTBYET MHOTOYTOMBHUK HAUOOJBINCH TIOMAIN. JTOT MHOTO-
YTONBHUK BEIMYKJILIN (MHAYE MOKHO CUMMETPUYHO OTPA3UTEH YaCTh MHOI'OYT'OILHUKA,
OTHOCUTEIBHO MOAXOIAIIEN TUATOHAIA, OTYEro IO Lb yBemmauTcsa. [logpobuocTH
IOKa3aTeJbCTBA OCTABIAEM IUTATE0). Tak, MHOrOYOJIBHUK BBILYKIIBIN, IPYA 3TOM
HECKOJIBKO COCEIHUX CTOPOH MOI'YT J€XKATh HA OfHOU npsaMon. Cpeau Bcex YeThIpex-
YTOJBHUKOB C BEPUIMHAMHU B BEPIIMHAX HAIIENO MHOTOYIOJBHUKA BBIOEPEM TOT, Y
KOTOPOrO CyMMa, ABYX TPOTUBOMONOKHLIX YIVIOB HauMeHbiiaa. O603HaIuM 3>Tu Bep-
mmHEbl nocregosaTensio A, B, C, D, npu atom A u C — OpOTUBOMOMOKHBIE YTUILI
C HaumMeHblIen cymMMou. Eciu MHOMOYTOJBHUK HE SABISETCA BIUCAHHBIM, TO CyMMa
yriioB BAD u BC'D menblne 7. YBeaudauM HeMHOTO yroa BAD, coxpaHss AJIUHBL CTO-
pos dersipexyroabauka ABC D, u cOXpaHssa HEM3MEHHBIMU KYCKUA MHOT'OYTOJbHUKA,
OPUMBIKAOIME K >TuM cropoHam. [liomans ABCD npu »ToM yBemuautca (crem-
cTBUE 3), U CIAELOBATEILHO, YBEIXIUTCA U ILIOMAIb BCEIO MHOTOyTOJAbHUKA. [Ipn
DTOM, TaK KaK UCXOAHLIN MHOTOYTOJBHUK BHIMTYKJALIA, TO TPU JOCTATOYHO MAJTIOM
yBeaundeHnn yria BAD MHOrOyroabHUK OCTAHETCS HECaMOIEPECeKAIUMMCS (XOTs,
MOXKET IOTEPATDH BHILYKJIOCTD). DTO IPOTUBOPEIUT TOMY, ITO MHOI'OYTOJbHUK MMe-
€T MaKCUMATLHYIO IO b, UYTO 3aBEPIIAET NJOKA3ATEIHLCTBO.

YHPAXKHEHUE 27. OTropoauTs OT IPAMOJTHEXHOTO GEPEra PeKn 3a00pOM TAHHOU 1IH-
HBI TPAMOYTOMBHBIN YIACTOK 3E€MIU HAMOOIBIICH TLIONIA, TH.

YUPAKHEHUE 28. To xe ynpakHEeHHE, HO Temepb 3a60p COCTOUT U3 TPeX CeKIul (puk-
cupoBaHHOU (HE 06A33TEIBPHO PABHOU) [JINHEL

YTOPAXKHEHUE 29. [lokaXuTe M30MepUMETPUIECKYIO TEOPEMY: CPpeaU BCeX IIOCKUX He-
CaAMOTIEPECEKAIOMIXCA KPUBBIX JAHHOU [INHLI HAXOOJIBIIY IO IIOMA L OTPAHTIUBAET OKPY K-
HOCTb.

Moackaska: npednoaodcum, umo natdemcs KPusas, 02PaHUNUBAIOWAL OCABWYIO NAO-
wads, nexcea, coomsememayrowut kpye. [Ipubausum 3my Kpusyo mMHo20y204bHUKOM C 8Ep-
WURAMY Ha KPusot. IIpu smom nepumemp mMuo2oy20abruKka 6ydem merbwe Jiunbl Kpusot,
@ naowads (Npu Topowem NPUOAUNCEHUL) — NO-NPEHCHEMY 60AbULE NAOWEIU COOMBEEM-
cmeyowezo kpyea. Hasee npumensem caedcmaue 4.

06 n3omepuMeTPUIECKUX HEPABEHCTBAX MOXKHO IPOUNTATh, HanpumMep B [16], [8].

YuPAKHEHUE 30. 3AJAYA [[MAOHBI. BepeBkon 1aHHOU AJIWHBI OTTOPOAUTDL OT MPAMO-
JWMHETHOTO 6epera MOpsA yIaCTOK 3€MIU HAMOOMBIIEH TLIONIA,IH.

YIPAYXKHEHUE 31. BepeBkon naHHOU JIMHEI OTTOPOAUTE OT IPAMOrO yria Gpurypy Ham-
6OJBIIeN TLIOMIA TN,

YUPAXKHEHUE 32. To xe ympaxHeHUe AJIA yria % , U 1714 yTia % .

YUPAYKHEHUE 33. Kpusou HamMeHBIIEH BO3MOXHOWU JIWHBEI PA3JAeJUTh PABHOCTOPOH-
HUU TPEYTrOILHUK HA IBE YaCTU PABHOU ILIOLIAIW.
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YNPAYKHEHUE 34. To xe ympaxHeHwe 1A KBagpaTa (CIeayeT OBITH OCTOPOXHBIM C
KaXyMUMCA CXOACTBOM STOU 33434y C Ipeasraymen!)

IIpuMEP 11. Hauru Touky P BHyTpH ZaHHOIO TPEYTOJLHUKA, 1/ KOTOPOU CyM-
Ma OTHOINEHUU [JIWH CTOPOH TPEYTOJbHUKA K PACCTOAHUAM OT P 10 >TuX CTOpOH
MUHAMAJIBHA.

PeEmwEHUE. Ilycts a,b, c — mauHBI CTOPOH TPEYTOABHUKA, & T, Y, 2 — PACCTOIHUA
ot P 1o »tux cropon. HyxHo HaTy MunuMmyMm Beawdusbl f(x,y,z) = % + S + g
[Ipu >TOM BeJUYUHBLL T,y W z CBA3AHLI Y€pe3 IUIOMAIN TPeyroabHuUKoB. CoequHuB
Touky P ¢ BepummHaMu TpeyroibHUKA, MBI Pa3buBaeM ero Ha TPU TPEyroJbHUKA,
CyMMa IIomagen KoTopeix pasaa S. Takum obpaszom, % + b?y % = S. Uraxk,

a b
f('rayaz) = ;+§

ax + by + cz = 28.

C .
+ — — min,
z

(6)

[uddepernupys JarpaHxuan
L(z,y,2,A) = % + s + g + A(am—l—by-{—cz— 25),

MPUXOAUM K CUCTEME YDABHEHUU

a
—— +Aa =0,
x
b
—— +Ab=0,
Y
c
—— +Ac =0,
z
13 KOTOPOU HEMEJIEHHO 3aKII0YAeM, UTO T = Y = 2. SJHAUYUT TOYKa P paBHOyzameHa
OT CTOPOH TpEyroJbHuKa. TakuM 00pa3zoM, P — [EHTP BOUCAHHOU OKPYXKHOCTH
TPEYTOJbHUKA.

SAMEYAHUE 10. DTa 3ama4va ObL1a MpeIIoX)eHa Ha Mex IyHapOIHON MaTeMaTu-
qeckon Omummnuage 1980 r. B Bamuurrtone. Kak Bugum, npasuwio muoxurenen Jla-
T'PAHXKA IPUBOIUT K KOPOTKOMY U BIIOJHE CTAHIAPTHOMY pemieHuio. Mel npemiaraem
YUTATEIo IONPO60BATH APYTHE CIOCOOH pertenus 3ana4au (6) (Hanpumep, BeIpaxkas
onHu nepeMenHble uepe3 apyrue). Herpyano Oyzer ybequThbes, 9TO pelneHus Oy Ly T
6oJiee CIOXKHBIMU U MEHEe eCTeCTBEHHBIMU.

YOPAXKHEHUE 35. Yepes mamnyio Touky M, pexaniyo BHYTpU yriaa ¢ BepmmHOn K,
TpPOBECTHU OTPE30K AB ¢ BEepUIMHAMM Ha CTOPOHAX yIVIA TaK, YTOOLI BEINIMHA VA + B
6bL1a, HamGoabmen. (AMepukanCKaa MaTeMaTwIeCcKaa omMouraa, 1979 r.)

TMoxackaska: 8 kKauecmee nepemennnir ydobro 63amsy yeavt « = MKA uw 8 = MKB.

YHOPAYXKHEHUE 36. IIpm Tex xe yCIoBHAX HAUTU MUHAMYM BEJIATHHBI

VKA +VKB.
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YTUPAXKHEHUE 37. Touka yJalzeHa OT BepUIMH IPAMOYTOIBHOT'O TPEYrOJIbHUKA Ha 2,5
z 10 cm. (2 — paccToAHmE 10 BEpUMHBEI IPAMOTO yria). KakoBa MoxeT 6BITH HAMOGOIBIIAL
IJIOMIA A DTOrO TPEYrOIbHUKAT
(Copocosckasa ommvmuana mo maremaruke, Poccus, 1997 r.)

IIpuMEP 12. CHOBA ITPO 3AKOH CHEJILINYCA. Ilpasuio muoxuTenen Jlarpan-
XKa TIPEIIAraeT CICAYIoIIee IeMaHTHOE NOKA3aTEeNbCTBO 3aKOHOB MPEJOMICHUS U
OTpaxKeHus CBeTa. lemepb Mpu PeMIeHuN SKCTPeMatbHOu 3anadu (1) Ml He Oyxem
MapaMeTPU30BAThL MPAMYIO | M CBOOUTHL BCE K 3aaade ¢ OMHOU IMEPEMEHHOH, a B Iy-
xe Jlarpamxa coxpansem o0e mepeMeHHBIE W paccmarpuBaeMm (yskmuioo f(M) nHa
Bcen mwaockoctu. CoorHorenue M € | Termepsb 3anuiieTCa B BUAE YPABHEHWUA CBA-
37 (m ,Ny = ¢, TIe N — BEKTOp, NMEPIEH IUKY/IAPHEIU NPAMOK [, 8 ¢ — HEKOTOpas
koucTauTa. [uddepennupysa aarpamxuan L(M,\) = f(M) + A((m, ny — c¢), nory-
gaem f'(M) + An = 0. 3amernm, 9TO

1 1 1 1
(M) =—|AM|'+ —|BM|' = —uq + —up,
Va Vp Va Vp

r'Jle eINHUYHBIE BEKTOPEL Uy, Up ObLIK onpenenessl B npumepe 1. Urak,

1 1
—Ug + —up = —An,
Va (U

1 1
a 9TO 03HAYAET, YTO BEKTOP —Uq + —Up NEepueH IuKyJaapeH . Nuadge TOBOPA, CyMMa
Va Vp

o 1 1
NIPOEKIINU BEKTOPOB — U, U —Up HaA l paBHa HYJIO, 9YTO O3HAYaET
Va Up

sina _ sinf
Vg vy
YnPAXKHEHWE 38. Ha mnockocTu qaHa npsMas U TPU TOYKY, He Jexaiye Ha Hen. Hantn
(mIm 0XapaKTEepU30BATH) MOMOKEHWE TOYKM HA IPAMOH, MII KOTOPOH CyMMa DACCTOSHWUL
[0 TPeX TAHHBIX TOYEK MUHUMATbHA. CKOIBKO MOXET ObITH TAKUX TOUEK?

YOPAXKHEHME 39. B mpocTpaHcTBe gaHa IIOCKOCTH W TPU TOYKM, HE JEeXKAINe HA HEu.
HanTu (mmm 0xapakTepu30BaTh) MOJOKEHUE TOIKK HA MIOCKOCTH, AJIA KOTOPOU CyMMa, pac-
CTOAHUUA A0 TPEX NAHHBIX TOIEK MUHUMAILHA.

Y1UPAXKHEHUE 40. Pemnts 3agadm 38 u 39 gis mpOM3BOABHOrO YKCIA TOYEK.

ITpuMEP 13. HEPABEHCTBO Kol (HEPABEHCTBO MEXK/AY CPEAHUMN). Musa

JIOOBIX HEOTPULATENbHBLIX YUCET L1, . . ., L, BLIIOIHEHO HEPABEHCTBO
A R AR Y R,
(npoussedenue xy -. .. Ty ABAAEMCA CPEOHUM 2EOMEMPUUECKUM BEAUNUN T, . .. TT).

PEMEHNME. [TonoxuMm ' +. . .42 = a 1 paccCMOTPUM CIEAYIOMIYIO SKCTPEMATLHYIO
3a1aqy:
NT1Ty - ... T, — Max,
x4+ ... +xp =a, (7)
T 20,...,$n 20

ITo Teopeme Benepmrpacca CymecTByeT TOUKA MAKCUMYMa, (Z1, - . ., Ty ). SCHO, 9TO
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BCE T; TOJOXKUTETbHBI, MHAYUE NT1T3 * ... Ty = 0, & DTO, OYEBUIHO, HE MAKCUMYM.
[uddepeHUpys JarpaHkKuaH, TOIYIUM

nxy - ... Ty + Az = x;L), =0, i=1,...,n,
OTKyma T1 = - = Ip. ATaK, B TOYKAX MAKCUMYMA L1 = '-* = Iy, CAEIOBATEILHO
NT1T2:. .. Ty = TT+... 42 = a. 3HAUUT, BO BCEX OCTAIBHBIX TOUKAX NL1 L2 - .- Ty <

< @, 9TO 3aBEPIIAET AOKA3ATEILCTBO.

JlokazaTeabCTBO 0000 HEPABEHCTBA MOXKHO CBECTU K COOTBETCTBYIOIIEH BKC-
TpeMaJbHOU 3ajade. B OOILIUIMHCTBE CIy4YaeB 3TOT METOH NOKa3aTelbCTBa Hepa-
BEHCTB paboTaeT 6e30TKa3HO. BOMBIINHCTBO HEPABEHCTB U3 KJIACCAIECKON MOHOI'Da-
dun [5] MOTyT GLITH IPOCTO YCTAHOBIEHHI CBEIGHMEM UX K DKCTPEMATLHBIM 33, 1aTaM.

YTPAYKHEHUE 41. HEPABEHCTBO I'EJBIEPA. [lokazaTk, 9T0 A1 106010 p > 1 1 mpo-

M3BOJBHBIX MOJOKUTENBHBIX TUCET L1, . .., Ln, Yl, - - -, Yn BBIIIOIHEHO
Zn Zn ) /P Zn a\ /4
k=1 k=1 k=1

rae ¢ = p/(p — 1). [na xaxux T U Y, 3TO HEPABEHCTBO OOPAMIAETCA B PABEHCTBO?

YNPAXKHEHUE 42. HEPABEHCTBO AJAMAPA. IIycte A = (aij)i;—1 — KBagparTHas
MaTpuna nopagka n. Jokaxwure, 4TO

n n

(det A)* < H (Z a?j).

i=1 j=1
Mzur 3aBepiiaemM >TOT pasena IPUMEPOM U3 JUHENHON aareOpH.

ITpuMEP 14. [lencTBUTENbHAA CUMMETpUYIHAA (N X 7)-MATPUIA BCErQd UMEET
IEUCTBUTEILHBIA COOCTBEHHBIN BEKTOD.

PEMEHKE. PaccMoTpuM SKCTpEeMaIbHYIO 3a0a4Y:
f(z) = (Az,z) — max,

(z,z) =1, ®)

rae (,) — ckaxapHoe mpoussegenue B R”. Takum o06pa3oM, MbI HIIEM MaKCUMYyM
dyuxmuu f wa eguruaHOn chepe. B cuny koMmakTHOCTU chephl, CYIIECTBYET TOUKA
vakcumyMa £ € R”. [uddepeHuupys JarpaHkuaH B TOYKE MAKCUMYyMa, IOJLYIaeM

L, =2Az +2\z = 0.

CuenoBaTenbHO, T ABIACTCA NEUCTBATEILHLIM COOCTBEHHLIM BEKTOPOM C COOCTBEH-
HBIM 3HQYCHUEM —\.

3AMEYAHUE 11. OOBLIMHO CyIIECTBOBaHME NEUCTBUTEIHHOI'O COOCTBEHHOI'O BEK-
TOpa y CAMOCOIIPMKEHHOrO omeparopa B R mOKa3LIBAETCA C MIOMOIIBIO XapaKTe-
puCTHYIECKOro MHOroOwIeHa. /Joka3aTeabCTBO ¢ UCIOAL30BAHUEM MIPABWIA Jlarpamxa
MMeeT OJHO MPEUMYLIECTBO: OHO HOYTH 6e3 u3MeHeHn 0600maeTcsa Ha 6eCKOHeIHO-
MEpHEIE OImepaTophl. IMEHHO TaK NOKa3LIBACTCS, YTO KOMIIAKTHBLIM CaMOCOIPIAKEH-
HEIM OIEpaTOp B MMILOEPTOBOM MPOCTPAHCTBE UMEET AEUCTBUTEILHOE COOCTBEHHOE
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3HQYEHME. DTOT (PAKT ABIACTCA KIIOYCBEIM 1A JOKA3ATEILCTBA TEOPEeMEl I uibbep-
Ta—[MIMuATa O CHEKTPATLHOM PA3JOXKEHUM KOMIAKTHOIO CAMOCOIPAXKCHHOTO OIe-
paropa (cM., HampuMmep, [12]). DTOT ke mpueM MPUMEHSETCA JIA JOKA3ATEeTbCTBA
CYIIECTBOBAHUA PEIIeHUH ¥ HEKOTOPLIX TuddepeHInalbHbIX ypaBHeHTH.

4. IIPNJIOXKEHUA K MATEMATUYECKO 3KOHOMUKE

B MaTeMaTHIecKOn SJKOHOMUKE TEOPUA DKCTPEMYMa, ABIAETCA OJHUM U3 TJIABHBIX
MHCTPYMEHTOB. MHOXeCTBO IPUMEPOB MOXKHO HAaWUTH, B KHurax [1,2,4]. MaremaTu-
YECKU DTU MPUMEPHI HE CTOJMb MHTEPECHBI, IO KPAUHEN Mepe, M0 CPABHEHUIO C TeMU,
KOTOPBIE PACCMATPUBAINCH B MPEIBIAYIINX pa3penaX. Kak TOBOPWI BBIJAIOIIANCA
amepukaHckun skoHoMuct Ansdpen Mapmamr (1842-1924): «(Kpacusas maremaTu-
qecKas TeopeMa, MPUMEeHEHHAA K DKOHOMUKE, BPSAI U MPUBEIET K XOPOIINM Pe3Y.Ih-
Taram». B 5TOM, BUAMMO, 3aKIIOIAETCA CIEIM(PUKA BCEX MPUIOKEHUN MATEMATUKA
K peanbHOU Xu3HU. Ha TepBOM MecTe 3[eCh CTOUT HE CTOMBKO KPAaCOTa, CKOILKO
s pexkTuBHOCTE. MBI pEIIMIN BKIIOYUTH HECKOJIBKO HOJOOHBIX IPUMEPOB B CTATHIO,
[IOCKOJIBKY OHM [JOCTATOYHO HAIVIAIHO OMUCHIBAIOT CIENU(MUKY IPEIMeTa, a KPOMe
TOrO, 3HAKOMAT C HAYKOU (POPMATU3AINY TPAKTUIECKUX 3a,1aM.

YTPAXKHEHUE 43. ONTUMAJIBHAA [IEHA. Bl xoTnTe nmpogars Mammay, KOTOpPas CTO-
mia Bam 9000 espo. Bam mHemsBecTHO, CKOIBKO IMOKyIaTelIb CIOCOOEH 3aILIATUTH, HO MaK-
cuMyM, Ha 9T0 Bel Hageerecs, 3o 15000 espo. CumraeM, 4T0 neHa, KOTOPYIO MOKYIATEIb
FOTOB 3AILTATUTH, PACIPEIETCHA PABHOMEPHO (C OAUHAKOBOU BEPOATHOCTBHIO) MEXIY ABYMS
stumu BerranHaMmu. Ecan Bri 3anpocure 66mpimryio meny, To caenka copeercsa. Eciam meHs-
ure, To Brr mpourpaere B Bripyuke. Kakyio onrumanbuyio mexny Bol ZomXKHEBI 3ampocuTs,
9TOOGBI MAKCUMU3NPOBATH OXUIAAEMYIO TPUAOBLLIL !

B caenyromux npuMepax geo OCJIOXKHIETCS TeM, YTO SKCTPEMYM UIIETCS HAa MHO-
XKeCTBe LeJbIX YUCe.

YupPAKHEHUE 44. HEBOCKPEBbI. CTOMMOCTD MOCTPOUKH 3JaHUA B L STAXKEN UCIUCIA-
eTCA TO CAeAYIOMAM TPABUIAM:
(1) 10 MUITOHOB JOLIAPOB 3a 3EMJIIO,

1 .
(2) = MmIIMOHA 3a KaXJBII DTAX,

4
(3) magbaska B 10000z momtapos 3a »Tax (IeM BBIIE, TEM JOPOXKE).

CKOTBbKO 3Taked MOMKHO ObITH B 3JaHWM, YTOOLI CPENHAA IIEHA 34 DTaX ObLIa, MWHU-
MaJIbHOU?

YUOPAYKHEHUE 45. ONTUMAJILHBINA TOHOPAP. IleBer cobupaerca 3anucats ceorn DVD.
B orzene mapkeTunra emy ckasaau, 9TO ecau oTnyckHas mera ero DVD 6yger 26 mowrapos
3a OuCK, To oxupaerca npoaarsb 5000 guckos.

CaMou KOMIAHUM KaX OB AUCK OGOUAETCA B 5 NOLIAPOB.

(1) Kaxas oTmyckHas meHa 3a IUCK MAakCuMu3upyeT npubsus dupmer? Kakosa sra Max-
CAMAJIBHASA MPUOBLIH?

(2) Kakou aBTOpCKUEI TOHOPAP € KaXAOTO AMCKA TEBEI JOMKEH NOTPe6OBATE ¢ (PUPMBI,
9TOOBI MAKCUMU3UPOBATEH CBOIO HPUOHLIL !

YTIPAXKHEHUE 46. POPYKTHI HA PLIHKE. HekTo mpumen Ha pBIHOK, I'Je MPOJAETCA He-
OMPAHWYEHHOE YMCIO PA3IMYHBLIX BUIOB (GPYKTOB. Bce Bugbl — mo oxHOM IeHe B 1 gommap
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3a GYyHT. Y IOBOILCTBUE, KOTOPOE MOIYIUT MOKYIATETh, KYIUB M1 (GYHTOB MEPBOrO BUIA
$bpyKTOB, M2 — BTOPOrO ® T.HA. (BCE IMCIA — MEIBIE) TPOMOPIUOHAILHO MPOW3BEACHUIO
H?zl m;. Y Hero ectb 100 gomrapos. Kak oH momken umx pacnpeneanTsb, ITOOB IOLYIUTH
MaKCUMAJIBbHOE yIOBOJILCTBUET

OnvH U3 OCHOBOMOJIATAIINX 3AKOHOB DKOHOMWKM — PABEHCTBO MEXKIy CIIPO-
com u mpemnoxkenveM. C yBeJuveHUEM IEHBI 33 YCAYTY WM IPOAYKT YMEHBIIAETCS
YUCI0 HOTEHUNANBHBIX KIMEHTOB. YMEHbBIICHNE [IEHBI [IPUBJIEYeT OOJbIIe KINEHTOB,
HO CHU3UT NPUOBLIb, OLYYEHHYIO C KaXKA0r0 u3 HuX. [IOMCK «TOYKU PAaBHOBECUSY —
HauboJIee BLIMOMHOU HEHBl, MAKCUMU3UPYIOMIEN OOLLYI0 IPUOLLIL, ABIAETCI OTHOU U3
OCHOBHBIX TIPOo6aeM. CIOCOOB TIOMCKA, ONTUMATLHON IIEHBI, KOHETHO Ke, 3aBUCAT OT
KOHKPETHOU 3a1a4u. B creaymolneM npuMepe Mbl PACCMOTPUM CUTYAIINIO, KOTIa, Cy-
[IECTBYET IIEHA, ONTUMAJbHAA KAK IJs MPOJABIA, TaK W [Jsi KINEHTA, T.e. IIEeHA,
MaKCHUMU3UPYIOMIAA «yIOBOJLCTBUEY ODOOUX.

Bosee TounO, mpeamonoxumM, ITO HA PBIHKE €CTh MPOJABLUBL M MOKYIATEIN He-
KOTOPOro TOBapa. Y KaXJ0I'0 MPOABIA €CTh MUHUMAILHAS 1IE€HA, 32 KOTOPYIO OH
roToB mpogaTh ToBap. COOTBETCTBEHHO, y KAXK I0T0 MOKYIATEII €CTh MAKCUMATBLHAS
[I€HA, KOTOPYIO OH TOTOB 33 3TOT TOBAP 3AMLIATUATEL. [[PEAIOMOKUM, ITO MBI MOKEM
YCTAHOBUTDH HEKOTOPYIO IIEHY HA PHIHKE. TOraa Kax bl MPOgaBel] MO CIUTAECT CBOO
BBIPOLY: PA3HOCTH MEXIY TEM, YTO OH MPOJACT MO YCTAHOBJIEHHOU II€HE, U TEM, UTO
OH CMOr OBI BHIPYYUTH IO CBOEU MUHUMAJILHOU IeHe. TO ke I MOKyIaTexs: ero
BBII'0I3, — DTO PA3HOCTH MEXIY TeM, CKOJBKO OH MOTPATUI ObI, TOKYIAS MO MAKCH-
MAJTLHOU I/ ce0sA IIeHe, M T€M, ITO TIOTPATHUT TI0 yCTAHOBIeHHOU IeHe. CyMMa, BBITOT
BCEX MOKyIaTelel 1 BCeX PO IAaBIOB HA3BIBAETCA 00muM GaarococrosaueM (total so-
cial welfare). OHO MOXKeET OBITH HHTEPIPETUPOBAHO, KAK CyMMa BCEX «yJOBOJLCTBUI
YYIACTHUKOB PLIHKA. B cienyiomen 3agade Mbl IOKAXKEM, 9TO

obupee 6.4G20COCNOARUE MAKCUMGADHO 6 MOUKOCTU Mo20a, K02da Yycma-
HOBACHHAA HA PHINKE YEHA DPABHA ONMUMALLHOU «MOUKE PAEHOBECUA).

IIycTb pBLIHOK HEKOTOPOrO TOBAPA OMUCHLIBACTCA (yHKIMEn npemioxenus S(P)
u gyukuuen crupoca D(P). To o3HaIaeT, 9TO eCcau IeHa paBHA P, TO KOIUIECTBO
TPOYKTA, MPEIIOKEHHOrO BCEMU PO IABIAMY, IS KOTOPBIX P HE MEHbINe UX MUHU-
MaJbHOU LeHbl, paBHO S(P); GyHKIMA CIpoca ONpefesaseTcsa aHaIoruduo. s mpo-
CTOTHI IPEAIONOKNAM MOKA, 9T0 00e GyHkuuun — adduansle (rpaduku — OpAMbIe
JIVHUMN).

YNPAYKHEHUE 47. (1) ®yrkumu S u D pamel. Berpasure o0myio BEIFOAy TPOJABIOB U
mokymaTenaen gepes P.

(2) Bepasure mOMOXKEHWE TOYKKM PABHOBECHA, W NOKAXKWUTE, ITO IPH DTOM 3HAICHUN
LeHsl o0IIee 61aroCOCTOAHNE MAKCUMAIBHO.

o crx mop MBI HE UCIOML30BAMN CTAIMOHAPHLIE TOYKW, HE ABIAIOIINECT TOTKAME
JIOKAMTLHOTO MAKCUMyMa, Wi MuEIMyMa. O THAKO B 3a1aMaX TEOPUM UTP, TAE IBA, OT-
[MOHEHTA HBITAIOTCA YBEIMIATE CBOKO IPUOBLTL, ONTUMAILHEIE COCTOAHUA XapaKTePHu-
3yI0TCA UMEHHO TakuMmu To9kamu. CO BBEJIEHUEM B TEOPHUIO UT'P U €€ IPUMEHEHMAMA
MOXKHO [TO3HAKOMUTBCS, HAIPUMED, B [7].

PaccmoTpuM cuTyammio, KOTAa €CTh ABe (GUPMbI, TPOU3BOIAIIAE OIMHAKOBYIO
MpPONYKIIMIO, W TPU DTOM CIOpPOC HA pBLIHKE JUHEMHBI: p = 1 — q; — ¢2. llena
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TIPOW3BOACTBA €IWHUILI MPOAYKINYN y obeux (GpupM OAMHAKOBA U paBHA c. Pupma
1 MaxcUMU3upyeT CBOIO BHIT'OAY, T.€. BEIOUPAET LEHY i, ITOOBI MOTYUIUTEL IPUOLLTHL

n}lax(l -1 — ¢ — o).
1

Dupma 2 MAKCUMU3UPYET CBOIO BHITOAY, T. €. BHIOUPAET LEHy ¢2. O THAKO MEHEeIKEPhI
GUPMEL 2 TaKXKe YIUTHIBAIOT O0BEM CBOUX MPOTaX C HEKOTOPBIM BECOM

rr}lax(l -1~ —0c)+a(l —q — ).
2
Taxum 06pasoM, hbupMa 2 MAKCUMU3UPYET CBOIO MPUOLLTEL B IPEITOTOKEHIN, ITO €€
BHIFOIA HE yIaJeT HUKE HEKOTOPOrO YPOBHS .

IIPUMEP 15. BKJATYUKNA U AKIWOHEPBHl B CUTYANUW AWANOJA. Kakas w3
IBYX (UPM MOIYIUT GOJBIIYIO BHINOAY B TOUKe paBHOBecus mpu « > 07

PEmWEHUE. [as oTBera nmpoanamusupyem To4uKy pasHosecus Homa (Nash equilib-
rium), rae xkaxgas GupMa BEIOUPAET CBOM YPOBEHb LEHBI, IPEAIOIaras, ITO 3HAET
YDOBEHb LIEHBL €€ OmmoHeHTa (Opyrou (GpupMbl). YpaBHEHUE CTALMUOHAPHOCTHU JAET

l—c—2q —q2=0,
l—c—q1 —2¢2+a—aq —2aqs =0.

ITomoxus ¢ = locta IOy daeM
T l+4a
2 1
l]l—g(l—c)—g%
2 1
=Z2p——(1—
q2 3()0 3( C),

1 1
p=1-1(1-c)~ 1o,

CaenoBaTenbHO, pa3Mep OOIIeN BEINOILI PABEH

2 1 .9
=(2(1=-¢)-=
m = (5(1-¢) - 39,
2 1 2 1
T = (5(1 —c)— g@)(g%’ - 5(1 —c)).
ITockonpky (p BO3pacTaeT mo (v, HECIOXKHO MPOBEPUTH, UTO HPUOLLTL (hUPMEBL 1
yOLIBaeT MO (, B TO BpeMsA KaK NPUOLLIL (PUPMBI 2 BO3pACTAET MO « (eCJII/I

p<2(1-0).

IIpuxogum K mapamoOKCAILHOMY BBIBOAY: (pUPMa, KOTOpPAasA HE MAKCUMU3UPYET
CBOIO BHIMOJIY, HA CAMOM JeJIe TTOAy9IaeT (B TOYKE PABHOBECUA) GOMBIIYIO BBINOLIY , IeM
Ta, KoTopasa Makcumusupyer! Kakoe MOXeT ObLIThH UHTYUTUBHOE OOBACHEHUE DTOMY
dbenomeny?

YUPAXKHEHUE 48. IIpeamonoxwum, HekoTopas dupma npoussogut 90 eIwHUI IPOLYK-
WY, ICIOAB3YA npu d>roM 9 eguann kommonenTa X u 9 equumn komnoHerTa Y . KorraecrBo
€JVHUI] IPOU3BEACHHOMN MPOAYKINN BEYUCAAETCA O dhopMyre @ = 10xY2y1/2,

(1) ecamr mena X — 8 nommapos, a mera Y — 16 goanapos, To gaayt aum 9 enmaun X u
9 equuun Y Haubomee BHIMOAHBIN CIOCO0 mpowsBecTu 90 equHun mpogykumu?

(2) KaxoBo HauboI€e BEIMOQHOE COOTHOUIEHHE MexAy X 1 Y7
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(3) Kaxos mambonee memesbii cioco6 mpomssectu 400 eIWHUI TPOAYKIWW, CIA MEHA
X pasua 1 gomwrap, a mena Y — 2 gommapa?

YUPAXKHEHUE 49. MUHUMU3AUUA PUCKA. Braagdmk pemmsn pasgeauTs CBOM J€Hb-
MM MeXIy TpeMsa WHBeCTUIMOHHBIME doHgamu. Oxugaemas TPUOBLTE 3TUX (GOHIOB —
10%,10% u 15% coorsercTrerno. Ero meas — moryauTs o6mIyio TpuObLTs He MeHee 12%,
U TIPU 3TOM MUHUMU3MPOBATL CBOM pucK. DYHKINA PUCKA OMUCHIBAETCA (hOPMYJION

200z + 4005 + 10021 22 + 899z3 + 200z27s3,

rae r; TPOMOPLUOHATLHO CyMMe, BIOXeHHOU B ¢oug i. OupenernTs, B KAaKOU MPOIOPIUA
OH MO/IKEH BJOXWTL CBOU AEHBIU B 3T (GOHALL. IloMOXeT a1 Takoe OCIabIeHue yCIOBHUM:
BEIUYMHEL T; MOTYT HIPUHAMATH OTPUIATEIbHbIEC 3HAUYCHUA (He OyAeM OCTAHABIMBATHCA HA
SKOHOMUIECKOM CMBICIE OTPUNATEILHBIX BKIAAO0B)?

YTIPAXKHEHUE 50. Pupma npow3BOAUT IPOAYKIUIO Y, UCIOAB3Ys KOMIOHEHTEL L1 U X2,
Ipu 3TOM ¥y = /Z1Z2. [JOrOBOpHOE CoTTammenue 06A3bIBACT (HUPMY HMCIOIB30BATH XOTA GBI
OJHY €IUHULY KaXJA0r0 KOMIOHEHTA. |[€HBI KOMIOHEHTOB X1 W L2 — COOTBETCTBEHHO Wi U
ws. Kak ¢pupme MUHUMU3UPOBATH CTOMMOCTD HPOU3BOACTBA {J €AVHUL IPO YKL

CIUCOK JIMTEPATYPBI
[1] Mankiw N. G. Principles of Economics. Fort Worth, 1997.
[2] Fryer M. J., Greenman J. V. Optimisation Theory. London, 1987.

[3] Tuxomupos B. M., Marapun-Unbses I'. I'. Boinykabiti anaiu3 u €20 npuiosrcenus.
M.: 9 auropuax YPCC, 2000.

[4] Sydsaeter K., Hammond P. Essential Mathematics for Economic Analysis, 1995.

[5] Hardy G., Littlewood J. E., Polya G. Inequalities. Cambridge University Press,
1934.

6] Hildebrandt S., Tromba A. Mathematics and Optimal Form. New York, 1985.
7] Binmore K. Fun and Games, A Text on Game Theory. Lexington, 1992.

8] Tuxomupos B. M. Pacckasbr 0 maxcumymar v munumymaz. M.: Hayka, 1986.
9] Vaserstein L.N. Introduction to Linear Programming. London, 2003.

[10] Byuumosua JI. A., Jauu C.T'., Jo6pymun C.T'., fIxo6con M. B., Kopudersn
N.11., Macaosa H. B., Tlecun f.B., Cunan f. ., Cvuire [x., Cyxos FO. M.,
Bepmmmk A. M. Junamuueckue cucmembi, 3peoduueckas mMeopus U NPusoxce-
nus [/ Encyclopaedia of Mathematical Sciences, 100. Mathematical Physics, 1.
Springer-Verlag, Berlin, 2000. xii+459 pp.

[11] Cunan f.T. Bsedenue 6 apeoduueckyro meoputo. M.: Dasuc. 1996.

[12] Kommoropos A. H., @omun C. B. Daemenmer meopuu Pynryut v Gynkyuonatb-
no20 anaduda. M.: Pusmaraur, 2004. 570 c.

[13] Kokcerep I'. C. M., I'pentuep C. JI. Hosvie ecmpeuu ¢ 2eomempueti. M.: Hayxka,
1978. 223 c.



Teopusa sxkcTpeMyMa B MPOCTHIX IPUMEPAX 55

[14] Boltyanski V. G., Martini H., Soltan V. Geometric methods and optimization
problems. Combinatorial Optimization. Kluwer Academic Publishers, Dordrecht,
1999. 429 pp.

[15] Mkaapekun 1. O., Yennos H. H., Araom U. M. 'eomempuueckue nepasencmsa
u 3000wy wa maxcumym v munumym. M.: Hayka, 1970. 335 c.

[16] Basmke B. Kpye u wap. M.: Hayka, 1967. 232 c.

[17] Bottema O., Djordjevic R. Z., Janic R. R., Mitrinovic D. S., Vasic P. M. Geomet-
ric inequalities. Wolters-Noordhoff Publishing, Groningen, 1969. 151 pp.

SA. Bpunakxayc, Ipasmyc Yuusepcurer, Porrepram, Hunepaan st
e-mail: brinkhuis@few.eur.nl

B. 1O. IIporacos, Mockosckun ['ocy 1apCTBEHHBIN YHUBEPCUTET,
e-mail: vladimir_protassov@yahoo.com



56

O TPUTOHOMETPUYIECKIX MHOI'OYJIeHAX, HalMeHee
VKJIOHAOIIUXCA OT HYJIA, C PUKCUPOBAHHBIM CPEITHUM
KO pUImeHToM

C. B. lN'amxos

[enCTBUTENBHBIM TPUTOHOMETPUIECKAM MHOTCOWIEHOM CTEIEHU 7 HA3LIBAETCA
dYyHKIUA BAIA

n
tn(z) = a_20 + Z ay sin kx + by, cos kzx,
k=1
rae ay, by — IeHCTBUTETBHBIE YMCIA, HA3bIBAEMEIE ero Koddduimentamu, a2 + b2 >
> 0. HyaeBonn xos>(d@uUUueHT TPAJUIUOHHO 3AMUCEIBAETCA B BUAE ao/2. Tax kax
cormacuo dgopmymram Jdurepa expikr = coskx + isinkx, u ay sinkx + by coskx =
= Re((by — iay)expikz), rae Re o3Ha9aeT IEUCTBUTEMLHYIO YaCTh KOMILIEKCHOT'O
YICAA, & 1 — MHUMYIO eIUHUIY, TO TPUTOHOMETPUUECKIH MHOTOWICH MOXKHO 3alld-
caThb B OoJee KPAaTKOU KOMILIEKCHOU (opme
n
tn(x) = Rechexpikx, ck = by —dar, k=1,...,n, cg = a_20
k=0
(cum. [1]). PaccMoTpuM CIeAyONIyo 3a1aty: CPeIn BCeX TAKUX TPUTOHOMETPUIECKUX
MHOTOUJICHOB C (PUKCUPOBAHHBIM KOMILICKCHBIM KOD(D(MUINEHTOM Cp,, WIHA, ITO PaB-
HOCWIBHO, ¢ (PUKCUPOBAHHBIMU NEACTBUTEILHBIMA KO3(DPUIMEHTAMEA A, by, HAUTH
MHOTOWICH, HAMMEHEE yKIOHAIOMMUCA OT Hyasa. [pyruMu cIoBaMu, HATO HAUTU Ta-

KO TPUCOHOMETPUUECKUU MHOrOWIEH i, (Z), y KOTOporo BemumuumHa max |t (z)]
o<zL2T

MUHUMATLHA. DTy BEIUYUHY HA3LIBAIOT PABHOMEPHOU WIN YeOLIMIEBCKOU HOPMOU U
0603Ha4AIOT ||ty ||. KpoMe 5Toi HOPMEI, 9aCTO UCHOMB3YIOT CEMERCTBO HOpM')

P 1/p
1
ltally = (2 [1ta0F | 31
—7

a HOpMY ||, || 0603HaMAIOT ||ty]|0o (cM. [2]). DTH HOPMBI CBA3AHBI HEPABEHCTBAMHE
ltalls < 282 litallp < 2itall,

KOTOpBIE, BIPOYEM, HAM Aajee He MOoHano06aTca. O4YeBUIHO, 9TO NIA JIOOOTO Neu-
CTBUTENBLHOrO ¢ 1 J060r0 p > 1, B TOM Yucie u p = o0, CIPaBEIINBO PABEHCTBO
llctnll = |ell|tn]]. Peuenne 3agaun naer

1 Moxuo CYUTaTh, 9TO MHTErPAT B UX ONPEAEIeHUN — D>TO OOLIYHBIN MHTerpal PuMana.

MaTemaTu4eckoe npoceeweHue, cep. 3, Bein. 9, 2005(56-68)
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TEOPEMA. [asa 4106020 deticmeumetbrno2o mpu2onHomMempuseckozo MHO20UACHE

n
tn(z) = Re kzo cpexpikr u h > 1 cnpasedauso mepasencmso

[tnllp = w(n, h, p)len|ll cos Iy,

m+ 2 n—nh
:u(nahap)::u(2m+1717p):T g?’rnﬂ-ﬁ’ m:\‘ oh Ja

2de cumsoa |a| osnauaem yeayio wacmv wucaa a. IIpu p = 00 amo nepasencmso
00PAUAEMCA 8 PABEHCMBO O0Af MHOZOUACHA

tn(®) =Re Y capsnyn expi(2k + Dha = |ea|gamir (he +7), (%)
k=0

2de v = argcy,

m+1 m
gom+1(x) =C Z gm k(x) = cosz + Z by, cos(2k + 1)z,
k=1 k=1
C . 22m+1 -

2 8oy

gm,k(x) = hm,k(x)fm,k('r)a hm,k(x) = <
m+1

wm(z) = H cos(z — ka),
k=1

fmk(z) = 2ctgkacos(x — ka) —sin(x —ka), k=1,...,m+ 1.

wm () sin ka 2
cos(z — ka) ’

Cuedosamenvhno, cpedu 8cexr mno20unsenos t,(x) ¢ gurcuposarnnbim cp muo2ouaen ()
UMEEM, MUHUMAALHYIO HOPMY

Itnlleo = T tg g lenl-

e 2 2m +4

Imom muruMabHLIG MHOZOUAEH NPU Hewemuom [n/h| onpedesen odnosnauno, a
npu wemnom [n/h| — neodnosnauno.

Ilpu h = n (u BooGwe pu h > n/3), oueBuano, m = 0, 1 U3 TEOPEMHI CleIyeT
HepaBeHCTBO ||ty|leo = |cn|. DKCTpeManbHBII MHOrOUIEH TOrga paBeH ap sinhx +
+ by, cos hx. DTO yTBEPK AEHNE PABHOCUILHO U3BECTHOMY DKCTPEMATLHOMY CBOUCTBY
muorowieHosB Yebwimésa (cu. [1]).

o ™

B kuure C. H. Bepumrrensa [3] nokaszaHo HepaBeHCTBO ||ty ||co = Z|Ch|’ U IOKa3a-
HO, YTO OHO ABJSETCS ACUMITOTAIECKH TOIYHBIM.

B [4] B cyuae p = 0o, OMUpAasACh HA METO[, PA3BUTHIA B [5], GBLIO MOTYYEHO TOTHOE
HEPABEHCTEO.

[aree nprBOAUTCA BIEMEHTAPHOE JOKA3ATETbCTBO TON TEOPEMBI, UCIOAB3YIOIIee
TOJBKO MPOCTENINNe CBOMCTBA KOMILIEKCHBIX 4ucen (KpaTkoe manoxeHue cM. [6]).

Cuauana cBemeM oOmMI CIydal K caydaio h = 1, paccMaTpuBas BMECTO MHOTO-
“wieHa tp, () MHOTOWIEH
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2h m

1 .

% § (—].)ltn (.’If + %l) = Re E ch(2k+1) exp Z(2k + ].)hl'
=1 k=0

[1s1 f0Ka3aTENBCTBA DTOr0 TOXKAECTBA JOCTATOYHO, MEHS TOPSIJOK CYMMUPOBAHUS,
3aMeTUTh, UTO

2h

Z(—l)l (a: + ﬂl) Z Rech exp (zka: + ﬁ) =

=1 =1
n

Teneps npu k, kpaTHOM h, B cuty paserctsa exp (mkli/h) = (—1)*/" umeem

||M:

ck exp (zkw + M)

2h . 2h .
Z(—l)lck exp (zkw + %) = cp expikx Z(—l)l exp (%) = 2hcy, exp ik,
=1 =1

eciu k/h wedeTHo, n

2h

Z(—l)lck exp (zkx + %) =0,

=1
ecau k/h geTHo, a npu k, He KpaTHOM h, IpUMeHAs GOPMYILY CyMMUPOBAHUS [eOMe-
TPUIECKOU IIPOrPECCUN, UMEEM

2h 2h—1
1\ M) _ 1\ (@) _ exp27rki—1 _
l;( 1 eXp( h) = ZZ;( Dexp (57 ) = = mhm =1 =

Bocooas3osasimcs BBITYKJIOCTHIO HOPMBI, T. €. HepaBeHCTBOMQ)

lleef + Byllp < lel - [|£llp + 151 - [lglp,

w cwoiicrsasan ||£(2 +a)lly = 1)y, 1)l = [1f (@), (aemapmascrmocs sopes

OTHOCHTEIBHO CABUTa’) Ha MPOM3BOIBLHOE YUCAO G U paCTﬂ)KeHI/Iﬂ4) C IEeTBIM KOD(-
n—nh

|

UIIMEHTOM 1), UMEeM TIpU 1m, = [

2h
1 wk 1 ok
el = 55 2 tn (= + 5) |, > |l ot (2 + )
k=1 P
= ReZch(Qk_H) expi(2k + Dhz| = ReZch(Qk_H) expi(2k + 1)z
k=0 » k=0 »

2)310 croiCTBO MPH p = 00 u p = | BEITekaeT m3 mepasencTsa |a + b| < |a| + |b|, a mpu KomesTHEIX
p > 1 — u3 HepasencTBa MuuKoBCKOro (cM.[2]).

3) [lna 2m-mepuoamTecKuxX bYHKIWHA HTO OYEBUIHO NPU P = 0O, A NP KOHETHBIX P BHLITEKAET W3
MEPUOAWIHOCTY U CBOUCTBA aJAUTUBHOCTH WHTETPAJIA.

4310 oweBmIHO TPU P = 00, & MPH KOHETHBIX P AOKABLIBACTCS THHEMHON 3AMEHOM ePeMEHHEIX C
Y9I€TOM MEePUOAUTHOCTHA W CBOWCTBA, a1 IUTUBHOCTYH WHTETPAJIA.
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W3 5TOro HepaBeHCTBA CIEAYET, ITO HEPABEHCTBO TEOPEMBI JOCTATOYHO NOKA3ATH
m

npu h = 1 gusa muOrouwieHos Buga t,(z) = Re Y capp1expi(2k + 1)z, n = 2m + 1.
k=0

XoTs 2TO He NPpUBOIUT K KaKNM b 106} yopomeHuaM, 3aMeTuM, YTO B3AB BMECTO

tn(z) MHOrOUNTEH tn(x + 7), Tae Reciexpiy = |e1], merko ceectm 3amady K CIy-
m

9a0, KOIJa MHOTOWIEH uMmeeT Bupi tn,(z) = |ci|cosz + Re ) capt1 expi(2k + 1)z,
k=1

a B3saB BMecTO i, (x) muOrowied (t,(z) + t,(—x))/2, MOXHO gamee CIUTATH, 4TO

m

tn(z) = > bagy1 cos(2k+1)z. Torga A1 TAKMX MHOTCOWIEHOB TOCTATOYHO JOKA3ATh
k=0

HEPABEHCTBO

m+ 2 T
tnllp, > |b1|T tg m” cos |-

MMonmoxuMm a1s kpaTkocT o = 7/(m + 2). [JoKa3aTeIbCTBO Temeph YMEIIAETC B 1B
CTPOYKU

m+1
™ . ™
ctg m“tnﬂp = ; sin ka ‘ tn (a: + ka — 5) HOO >
m+1 +2
> Zsinkatn (a:-l-ka—g) :|l)1|m2 || cos||p,
k=1 P

€CJIN BOCIOIB30BATHCA YKA3aHHBIMU BHIIIIC CBOUCTBAMU HOPMEI 1 TOXKIEeCTBaMN

m—+1 m—+1
. . ™
Z |sin ka| = Z sin ka = ctgm ,
k=1 k=1
m+1 9
Z sinka t, (a: + ko — g) = blm;_ COS T.
k=1

TlepBoe U3 HUX, OYEBUIHO, CTEIYET U3 M3BECTHOTO TOXIecTBa®) (M., Hampmvep, [7,
3ag. 225] nin [1])

. (n+ Dz . nx
sin ~——=—*— sin —-

n
Z sin kx = 2 = 2
k=1

sin =

2

npu noactaHoBke n =m + 1,z = w/(n + 1). 1A 1okasaTearsCcTBa BTOPOrO 3aMeHIM
tn (:U-{—la—g) Ha,

Re; bory1 expi(2k +1) (g; +la— g),

%) [lns ero MOKA3ATEMLCTBA [OCTATOYHO YMHOXKHATH 06€ ero wacTu Ha Sin(x/2) u mpuMeHuTH K
Kax oMy craraemomy dopmyay sinkzsin(z/2) = cos(k — 1/2)x — cos(k + 1/2)z.
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U3MEHVM B TIOTYYEHHOU TBOUHOU CYyMMe TOPALOK CYMMUPOBAHUA

m—+1

Z sinlo Rez bak+1 expi(2k + 1) (a: +la — 5) —
=1 —
m—+1

= ReZbng Z sinlaexpi(2k + 1) (:ﬂ-l—la - 5) =
k=0 =1

+
—ReZbng expi(2k +1) ( - g) Z sinla expi(2k + 1)la,

k=0

u mpuMeHnM ToxaectBa Re(iexpi(x — m/2)) = —sin(z — 7/2) = cos z,
mil ) 0, m>k>1,
IZO: sinlaexpi(2k + 1)la = m+2i, k= o.

expila — exp (—ila)
2i

[l1s MOKa3aTeIHLCTBA BTOPOrO U3 HUX Sin [ 3aMeHseM Ha , TIEBYTO

JaCThb TOXKJECTBA Ipeodpa3yeM K BULY

m+1 m+1
(Z expi(2k + 2)la — Z expz2kla> ,

=0

U TPUMEHsAEM B OUEPEIHOU pa3 (POPMYIy CYMMUPOBAHUSA €OMETPUIECKOUN MPOTPEec-
cun
m—+1
Z exp12kla =
=0

0, m+1>k>1,
+2, k=0.

m+ 2 s
[oxasareabcTBO PABEHCTBA ||g2m41]|co = e v 60se€ TPOMOBIKO.
Cuadajia IpoBepUM TOXKAECTBO G2m+1 (T + 7) = —gom+1(z). Tak kax B cury dop-
My sin(z + m) = —sinz, cos(z + ) = — €OS T, OYEBUIHO

fm,k(-T + 7T) = _fm,k(x)awm('r + 7T) = (_1)m+1wm(x)’

TO
2
_ [ wm(z+m)sinka )
hom k(2 + ) = < cos(z + 7 — ko) > = han, (@),

OTKYAA gm kk(x + T) = hmi(z + ) fme(x + T) = —gmik(z), 1, cregoBarensuo,
gam+1(2 + ) = —gam1 ().

IIposepum, uTo g (ka —m/2) = m+2 tg —— k=1 m + 1. Tak kak

9 2m+1 B 2m+4, yoney .

Rk, BMECTE C Wy, OYEBUIHO UMeET ABYKpaTHbIE KopHu la—7/2,1 <1 < m+1,1 # k,
TO U G,k TOXKE MMEET Te K€ IBYKPATHEIE kopuu®) . TlosTomy gomy1(ka — 7/2) =

6)KopeHb (QyHKIUM ABYKpaTEH, €CIM OH ABISAETCA TAKXe KOPHEM ee Npou3BOoaHOU. Bce kop-

o dysxmuu f(x) GyayT AByKpaTHBIME KopHAME dyHkmmua f2(x)g(x), Tax xax (f2(x)g(x)) =

=2f(@)f'(@)9(x) + [*(2)g' (z) = f(x)(2f"(2)g(z) + f(2)g'(z))-
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= Cgmi(ka —7/2). Tax kax fp (ko —7/2) =1, sinla = sin(m + 2 — l)a, TO
gm i (ko — m)2) = hyp g (ka —7/2) =

m+1 m+1
= sin® ka H cos?(ka — w/2 — la) = sin® ka H sin?(l — k)a =
I=1,1£k 11,17k
k m+1 k m+1—k
= H sin? la H sin?(l — k)a = | | sin? I H sin? la,
=1 I=k+1 =1 =1

OTKy[a, TEPECTABAA MOPATOK COMHOKUTENCH B MOCTEIHEM TTPOW3BEICHAN, NMEEM
m—+1
— in2 —
Gom+1(ka —m/2) = H sinla, k=1,...,m+1.
=1

W3 u3BeCcTHOrO TOX IECTBA,
n—1 I
. Vs _
H sin — = np2 "t
n
=1

(cm., mampumep, [7, 3ax. 232]) cregyer, 4To

_ _ 209—2m—2,~ _ M+ 2 ™
Gom+1(ka —7/2) = (m + 2)°2 C_—2 tg2m+4,
[posepuwm, 40 g5, ¢ (ka —7/2) = 0, k = 1,...,m + 1. Tax xaK g, umMeer

ABykpaTHBIe KOpHE [ov — 7/2,1 <1 < m + 1,1 # k, 7o gy, 1 (la —7/2) = 0,1 <1 <

<m+ 1,1 # k, noeTomy g5, (ka — 7/2) = Cg,, (ka —7/2), k=1,...,m + 1.

Tax xax

k=1,....,m+1.

Fnk (ka - g) =1, fik (ka - g) = —2ctgkasin (—g) = 2ctgka,
2
T\ R W Wm _
fom i (ka B 5) — 9amt1 (ka 2) = sin” ka (cos(m — ka)) o
r=ka—m/2
=(m+2)2272 k=1,... m+1,
!
i ™ -2 Wm Wm
k (ka — —) = 2sin“ ka—F—™——— <7> ,
m 2 cos(z — ka) r—ka—n/? cos(z — ka oo/

10, cormacuo dopmyre Jerbunma’) u ToxgecTsy ctgr = — tg(z — 7/2), nmeem

! m—+1
Wm _ Wm, _ _ —
(cos(x - ka)> " cos(z — ka) Z tg(z —la) o
z=ka—m/2 I=1,l#k e=ka—m/2
m+1
_ wm _ _Tr_ =
" cos(x — ka) Z R (ka 2 la)

r=ka—mn/2 \ =14k

Wmeercs B Buny creryomas ee bopma (fi-...-fn) = fi-...-fu(fi/f1+.. .+ f,/ fr), npuronnas,
ecan f; Z0,i=1,...,n.
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m—+1
Wm
= — E ctg(k — Da |,
cos(e — k) e=ka—m/2 \ =1,k

OTKy[a CIeIyeT, ITO

2 m+1
i T\ _ 2 Wm _ —
ok (ka - 5) = 2sin” ka <7cos(m = ka) Z ctg(k — Do
r=ka—n/2 \[=1,l#k
m+1
= (m + 2)?272m~1 Z ctg(k — Da |,
1=1,l#k

crefoBATETLHO
Gk = 7/2) =
= g (ko= 2 o (k= T) b (kv = 5 fro (ko= T) =
= Wy (ko= 3) + 2 (ko = T ) ctgha =

m—+1
= (m +2)%272! | ctgka + Z ctg(k — Da
I=1,I#k

CymMy B CKOOKAX MOXKHO, COKPAIIASA PABHEIE CIATAEMBIE, 3AMUCATL B BUIE
k m—k+1 m+1—s
thgla — Z ctgla = + Z ctgla, s=min(k,m+1—k).
=1 =1 l=s+1
3ametus, uto ctgla = —ctg(m + 2 — l)a, ctg(m + 2)a/2 = 0, orcooga umeem
Gomi1(ka —m/2) = Cg,, (ka —7/2) =0,k =1,...,m+1.

IIpoBepuM, ITO MHOTOUIEH (om,+1(T) MMEET JOKAIBHBIE SKCTPEMYMEI B TOIKAX
ka+on/2,0 =%x1,k=1,...,m+ 1. CHauana OUEHUM UUCJIO KOPHEN Y IPOU3BOJHON
G5m1(®) Ha nETepBaNe [—7/2,37/2). I3 paBeHCTBA G241 (T + ™) = —gam41(x) cre-
AyeT, 9T0 gh,, 41 (ka+7/2) = =g, 1 (ka—7/2) =0,k =1,...,m+1, T.e. npousso-
Has IMeeT eme m + 1 kopHen Ha uHTepBate [7/2,37/2). Tak kax gom41 (ka —7/2) =

m+ 2 s
= —gam+1(ka + 7/2) =

2 B, ra
HA KOHIAX KaxKA0ro us orpeskos [ka + on/2,(k+ 1)a+on/2],c =+, k=1,...m
IIPUHIMAET PABHBIE 3HAMEHM, TOITOMY COMIACHO TeopeMe Pomna®) ee mpomssogmas
UMeeT XOTA ObI OMVH KOPEHb Ha KaX I0OM U3 DTUX 2m OTPE3KOB, TODTOMY OOIIee TUCIO
ee KOpHeu Ha uHTepBajte [—7/2,37/2) we menbume 4m + 2. IlosTomy, cormacHo u3-
BECTHOM TeopeMe 06 OIEHKe CIa KOPHeH TPIrOHOMETPHIeCKOr0 MHOrowIeHa’) (M.,
Hanpumep, [1]) MHOrOWIeH g),,,; ¥MeeT Ha mHTepBaxe [—7/2,3m/2) poBHO 4m + 2
IPOCTEIX (OJHOKPATHEIX) KOPHEH, MePEUNCICHHBIX BHIIIE, CIeJOBATEILHO gy, | HE

kE=1,...,m+ 1, ro GyHKUUA gopp+1(x)

8)Ecan dbyHKIma [uddepeHnupyeMa Ha OTpeske U IPUHAMAET DABHLIE 3HAYEHMA HA €ro KOHIAX,
TO ee MPOM3BOAHAA OOPAIMAETCA B HYJIh B OJHOW W3 €r0 BHYTPEHHUX TOYEK.

9) HeHy1€BOM TPATOHOMETPHIECKII MHOTOWICH TIOPAAKA 7 MMEET Ha JI00GOM HHTEPBAIE la,a+2m)
He Gosee 2n KOPHEU C y49eTOM KPATHOCTH.
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UMeeT KPATHLIX KOpHen. B qacTHocTH, Ha unTepBate ((m+ 1)a —7/2,a+7/2) mpo-
U3BOMHAA KODHEU He MMEeT, 3HAYUT, OHA COXPAHAET MOCTOAHHBIN 3HAK, & TAK Kak
G2m+1((m+1)a—7/2) > 0 > gomi1(a+7/2), To OHA OTpULATENBHA U DYHKIAL o 41
Ha »TOM HHTepBate yopBaeT. Tak Kak MPOM3BOIHAA HE UMEET KPATHBLIX KOPHEH, TO
ee 3HAKW Mex Ty KopHaME epexyiorcsa ), mostomy caeBa ot kopsa (m + 1)a — /2
POM3BOMHAA MOJOKUTEABHA, TIO3TOMY COTVIACHO U3BECTHOMY TIPU3HAKY JOKAIHLHOIO
MakcuMyMa OYHKIUAA g2, +1(2) UMeeT B Touke (m+1)a—7 /2 ToKaIbHBI MAKCUMYM.
AHanorudHO NpoBepseTCs, 9TO BO BCeX ToUKax ka — /2, k = 1,...m + 1 MHOrOUeH
9om+1(T) UMeeT JTOKAIBHBIN MAKCUMYM, a BO Bcex Toukax ka +7/2,k=1,...m+ 1
— JIOKAJMBLHBIN MUHAMYM.

IIposepum, 910 gom+1(z) > 0 Ha orpeske [—7/2,7/2]. Tak xaxk C > 0, TO HO-
CTATOYHO IPOBEPUTE, ITO gm k(Z) + Gm,m+2-k(x) = 0, 1 < k < (m + 2)/2, oTrkyna
CJeIyeT HEPABEHCTBO

gom+1(2) = C((gm,1(2) + gmm+1(2)) + (9m,2(2) + gm,m(2)) +...) 2 0.

Tax xak cos(z — (m + 2 — k)a) = — cos(x + ka), To
gm,k(x) + gm,m+2fk(x) =

) 2
( wm (z) sin ko )) (cos®(x + ka) fm k() + cos?(z — ka) frm.m+2—k(T)).

cos(z — ka) cos(z + ka
[nsi IPOBEPKM HEOTPHULATEIBHOCTH BTOPOrO COMHOXKWTENSA, B CHIY TOXKIECTB
sin(z—(m+2—k)a) = —sin(z+ka), ctg(m+2—k)a = — ctg ka, paBaoro, 01eBuIHO,

cos?(z + ka)(2 ctg ka cos(z — ka) — sin(z — ka))+
+ cos?(z — ka) (2 ctg ka cos(x + ka) + sin(z + ka)),
TO/TB3Y ACH TPUMOHOMETPUIECKAME TEOPEMAMI CJIOKEHHs, TPeobpasyem ero K sury’)
2 cos  sin ka(cos® (2 ctg® ka — 1) + sin® ka).
Tax xax 0 < cos’ z < 1, a muHeiHas GYHKIMA OCTUTAET dKCTPEMYMOB Ha KOHIIAX
orpeska, Tompu k=1,...,m+1
cos® (2 ctg? ka — 1) + sin® ka) > min(sin? ka, 2 ctg® ka — 1 4 sin” ka).

OcraeTcs 3aMEeTUTh, YTO B CUJIYy TOXIAECTBa

2 2

ctg? 2 — cos’ x = ctg? 2(1 — sin’ ) = ctg? zcos’ z
mpu k=1,...,m + 1, oueBugHO,
2ctg? ka — 1 + sin® ka = 2 ctg? ka — cos? ka = ctg? ka(1 + cos® ka)) > 0.

Tak xak sinka > 0,k =1,...,m + 1, TO TeM caMbIM IOKa3aHO, 9TO 3HAK (DYHKINAN
92m+1(T) coOBIALAET CO 3HAKOM COS .

10)Ecan 661 OHA COXPAHATA 3HAK HA MHTEPBAJIE, COIEPKAMEM TPH COCEIHHX KOPHA, TO B CPEIHEM
W3 HUX [IPOM3BOAHAA ObL1a ObI paBHA HYJIO, T.€. OH ObLI OBl JBYKPATHBIM KODHEM, 9TO HEBO3MOXKHO.

1D Iposepka npegocraBiserca umraTeno. [Jia yio6CTBA MOXKHO 0GO3HAYUTL COS ko depes ¢, a
sin ka 4epes s.
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[okaxkem Ternepb, YTO HAUIECHHBIE €€ SKCTPEMyMbl — riobaabaee. Mex 1y cocel-
HUMMW JOKATLHLIMA MAKCAMYMAMH PACIIONOKEHBI JOKATLHEIE MUHUMYMBI, 8, TaK Kak
g2m+1(x) = 0 Ha oTpesxe [—m/2,7/2], TO HA DTOM OTpE3Ke JOKAIBHBIE MAKCUMY MBI
OyayT OYEBUAHO U DVIOOAIBHBIMU MAKCUMyMaMu. B CULy PaBeHCTBA Gom41(T + ) =
= —gom+1(x) Ha orpeske [1/2,37/2] QYHKUUA (o, 41 HENOIOKUTENBHA, IODTOMY B
roukax ka+m/2,k =1,...m+1 ona umeer rmobanbuEe MUHAMYMBL. Clle10BaTEIBHO,
PABEHCTBO

T\ _ m+2 m _
)=ty k=1 m

lg2m1llc = gomn (ke = 5
OOKa3aHO.

m
JoxaxeM Temepb, ITO gam+1(z) = Y. by cos(2k + 1)z. Tak xak B CUIy ee mepuo-
k=0
OUIHOCTH

J2m+1 (—ka - g) = gom+1 ((m +2—-k)a+ g) = Gom+1 (ka + g) ,

TO QYHKIUN Gom+1(Z) B Gomy1(—x) uMeoT 2m + 2 o0OIMX MAKCHUMyMa U MUHU-
MyMa Ha HHTEpBaJe [—7,7), 3HAYUT WX PA3HOCTb UMeeT B Toukax tka + £7/2,
1 <k < (m+2)/2 nBykpaTHbie kopHu'?), cyMMapHAA KPATHOCTH KOTODHIX PABHA
4m + 4, 1. e. 6oabie 4m + 2, MO>TOMY COMVIACHO TEOPEMe O YUCIe KOPHEN TPUTOHO-
METPUYIECKOT'O MHOTOWIEHA PA3HOCTD om+1(Z) — gam+1(—2x) paBHa myaw. Caegosa-
TETBHO, MHOTOMICH (2, 1 () “€TEH, TTOITOMY COCTOMT W3 OTHUX KocHHyCcoB'®) (cM.,
manpumep, [1]). OTcyTcTBIE B HEM KOCHHYCOB C 9eTHBIME Tyramu’®) MOXKHO BHIBeCTH
13 TOKAeCTBA®) g2,y 1 (Z+7) = —gomy1(Z), HO MOXKHO IPOBEPUTD I HETIOCPEICTBEH-
HO 13 ompegeeHus o) 9om+1 ().

12) [IpousBOAHAS PABHOCTH §2m+1(T) — g2m+1(—T) B DTHX TOYKAX TOXKE PABHA HYIIO, TAK KAK
IPOM3BOHBEIE DYHKIMU ¢2,m+1(+2) B HEX DABHBI HYIIO.
13) Hewernas 9acTh TPUNrOHOMETPHIECKOTO MHOTOWIEH], ty, (L) BRIpaKaeTca hOpMyIoin

Z ar sinkz = (tp(z) — tn(—2))/2,
k=1

MO2TOMY Yy €THOIO MHOIOYJIEeHAa OHa TOXJAECTBEHHO DPaBHA HYIIO, U IMOITOMY ee KOdX(PPUIMEeHTH aj
PABHBI HYJIIO, COIVIACHO TE€OPEeMe O UUCIe KOPHEH MHOTOUICHA.

14) Craraembix Buaa bcos 2kz, rae k — nenoe. — IIpum. pex.
[n/2]

15)Hpe,z(c'ra,BJmﬂ 9eTHBIM MHOTOWIEH tn B BuIe ton + t1n, roe ton = ». bapcos2kx, t1, =
k=1

L(n—1)/2]
= > bog41cos(2k+ 1)z, 3ameuaem, aTo to,n = (tn(x) +tn (z +7))/2, no3TOMY M3 TOXAECTBA

tn(x) = —tn(z + m) caexyer, 9T0 to,,(z) = 0, U COrIACHO TEOpEME O UMCIe KOPHEUd MHOTOUICHA
geTHbIE KOdPGUIMeHTH by, = 0. AHanornvno, ecin tn () = tp(x +7), 10 t1,0(z) = (tn(z) —tn(z +
+ m))/2 = 0, crenoBaTeIbHO t, = to,n, T.€. HeIeTHBIE KOPUIMEHTEL bagy1 = 0.

16) MTokasas ¢ mOMOMIBIO GOPMYJT TPEOGPAZOBAHMSA TPOUIBEAEHUA CAHYCOB-KOCAHYCOB B CYMMY, 9T0
MHOXKeCTBO MHOT'OYJICHOB, COAEPXKaIIUX TOJBKO 9€THBIC Nyr'i, 3aMKHYTO OTHOCAUTEIBbHO YMHOXEHNI,
a YMHOXEHHE TaKAX MHOIOWIEHOB HAa MHOTDOYIEHDI, COAEpXkKallie TOJIbKO HeYeTHBIEe IyTH, TAeT B
pe3yapTaTe TOXE€ MHOT'OYICHBI, COAepXKallue TOJNbKO HEYeTHhIC NYyI'H.



O mamMenee YVKIOHAKIOUXCA TPUT'OHOMETPUICCKUX MHOI'OYJICeHaX 65

m
W3 noxazannoro mis mo6oro muorowiea t,(z) = > by cos(2k+1)xz, n = 2m+1,

TOXIECTBA
m—+1
Z sin ko t, (m + ka — g) = m;2b1 CcoS T
k=1
U COOTHOMIEHUN ||ty |00 = tn (ko — 7/2),
m+1
ctg 2m7r+ talloe = ; sinka ||t, (a: + ka — g) HOO
CJeyeT HEepABEHCTBO
m+1

. T\ _, m+2
ctg 2m_1_4||tn||oo > ,; sin ka ty, (ka— 5) =b 5

KOTOPOE€, OYeBUIHO, OOPAIIAETCsI B PABEHCTBO, €CJAU U TOIBKO €CJII

t (ka—g) =talle, k=1,...,m+1.

Taxk Kax >TU COOTHOIIEHUS BBIIOJHEHBI IS ty = G241, TO

gz illoe = 5=t 5y
m+1]loo 2 om+4 b
m+ 2 s
OTKYJa, B CUIY HOKA3aHHOT'O PABEHCTBA ||g2m+1]lco = —— tg , CIEIYET, ITO
2 2m+4
b = 1.
JokaxkeMm e JUHCTBEHHOCTD 3KCTPEMATBHOI'O MHOIOWIeHA, ¢, npu HedeTHOM |[n/h].
m+ 2 m
MoxHo cunrtats, 9T0 ¢ = 1, [|tnllee = —t8 U |(n —h)/2h] . Tlo-
JIOXKM
1 2h 4ol m
T iy .
fomt1(z) = o (-1, ( 3 ) = ReZCQk+1 expi(2k + 1)z.
=1 k=0
Tax xak

m—+1
x4+l by . T
Itnlloo = tn (T) v Mfemsille = fomtr (ka — 5) ) 1; sin ka = ctg T d’

TO U3 NJOKAa3aHHBIX BHIIIEC HEPABEHCTB CJIeAyeT, ITO IIPU HEKOTOPOM 7Y

m+ 2 l AN _
g =l ||°°/2h2 ( )_f2m+1(7)_

2 ®oamya-

m+1
e . ™ m—+2 by
= || foma1lloo = tg Tl ,;,1 sin ka fom41 (ka — 5) = t
OueBUIHO, >TH HEPABEHCTBA OOPAIIAIOTCA B PABEHCTBA, IODTOMY

m—+1

™ .
| fom+1lloo = tg om + 4 Z sinka || fam1ll oo
k=1
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m+1
s . Vs
=tg o 4 ,;,1 sinka fornt1 (ka - 5) ,
3HAYUT B KAYECTBE 7y MOXKHO B3ATb Jaioboe ka — /2, k=1,...,m + 1, orkyna
ka+ 7wl —m/2
tn <T/> = (D) tlle, E=1,...,m+1, [=1,...,2h

CuemoBaTeabHO, MHOTOUIEH ¢, MMEET Ha uMHTepBate [m/2h,2m + m/2h) poKaabHEIE
DKCTpeMyMHI B Toukax (ka + 7wl —w/2)/h, k=1,...,m+ 1,1 =1,...,2h, n obuiee
nx KommaecTBO paBHO 2(m + 1)h > n. [okaxeMm ero eIMHCTBEHHOCTL PACCyKIe-
HUEM OT MPOTHUBHOTO. Tak Kax MPOU3BOAHAA MHOTOWIEHA f;, B TOIKAX JOKATLHEIX
DKCTPEMYMOB PABHA HYJIO, TO €CIM OBl CYMECTBOBAI APYTOM MHOTOWIEH ¢ TEMHU K€
JOKATBEHLIMA DKCTPEMYMAMHI, TO PA3HOCTH TUX MHOTOWICHOB NMENa, OB HA, MHTEPBA-
ne [7/2h, 2w+ /2h) He Meree 2(m+1)h > n IBYKPATHBEIX KOPHEH, ITO IPOTUBOPEIUT
TeOopeMe O IUCJAe KOPHEH Ha MEPUOJE Y TPUTOHOMETPUIECKOTO MHOTOXIEHA.
n—h
2h )
Monaraem, kak u Beme, 9To ¢, = 1. Ilokaxem, 9TO TOrga SKCTpEMATLHLIMEA Oy-
AYT MHOTOWIEHBI §om+1(hz) + cUZ 1 (sinhz) npum moGoM ZOCTATOYHO MATOM |c|,
rae Ug(x) — mEOrOwIeH YeOBIIEBa BTOPOrO pOAA, ONPENEIAEMbI DABEHCTBOM
Uk(cosz) = sin(k + 1)z/sinz (cm. [1]). Tak xak B cuny Toxgectsa sin(k + 2)z +
+sinkx = 2sin(k 4+ 1)z cos z ogeBuauo Uy (cosz) + Ug—1(cosx) = 2 cos xUy (cos z),
TO MO WHAYKIWHA JErko IposepaeTcd, 9To U () ecTh aarebpanmvecKuil MHOTOMIEH
crenenu k. Tak xax

Paccmorpum cayganm uersoro |n/h|. Torma n > (2m + 2)h, m = |

Ur(—cosz) = Ug(cos(z + 7)) = sin(k + 1)(z +7) _

sin(z + )
__qwsin(k+ Dz g
= (DT 1)k cosa),
10 Up(—2) = (—1)*U(z), amaunt UZ(z) — 4eTHBII anreGpamdecKmii MHOTOWICH

crenenn 2k, suaanr U2 (sinh(z + 7)) = UZ | (£sinhx) = UZ ., (sin hz), cregosa-

m—+1
reasro U2, | (sin hz) = day, cos 2khx ecTh Y€ THBIM TPUTOHOMETPHIECKUIH MHOIO-
k=0

wien nopsagka 2(m + 1)h < n. Tak xak xopuu MuOorouresa Ug(z) ecTsb, 04eBUIHO,
coslr/(k+1),l=1,...,k To B cuiy paBeHCTB
o . ka+nl—m/2\ . T\ _
—m+2,sm<h 5 )—sm(ka-i—ﬂ'l 2)—

= (-1)"*'coska = (—1) cos(m + 2 — k)a

TPUrOHOMETpUIeCKUN MHOTOUNeH Uy, y1(sin hz) umeer xopuu (ka + wl — w/2)/h,
k=1,...,m+1,1 € Z.B cury dopmyrs muddepermuposanus (f2) = 2ff' y muo-
rowrena U2 (sin ha) Te xe kopHu Gy AyT ABYKPATHBIME (HO HE TPOEKPATHBIMIL, TaK
KaK CyMMapHas KPATHOCTb KOPHEH Ha IEePUOJe He MOXKeT ObTh Goubiie 4(m + 1)h),
U OHU COBHAIAIOT C TOIKAME JOKATLHEIX DKCTPEMYMOB MHOTOWIEHA §2,+1(he), Tak
KaK TMOJTO0HBIE TOUYKM MHOTOWIEHA om+1(Z) ecTb ka + 7wl —/2k = 1,...,m + 1,
| € 7. IlosTOMy JMOKATBHHEIE SKCTPEMYMBI MHOTOWICHA om1(ha) + cUZ 4 (sin h)
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COBNAJAIOT C JOKATLHBIMU SKCTPEMYMaMM MHOTOWIEHA gam+1(hx). Octamocs moka-
34Tk, YTO IPU MAJOM |c| IOKATBHBIE SKCTPEMYMBI Oy Iy T TAKKE MIOOATHHBIME. 3aMe-
THUM, ITO, B CUTy OTCYTCTBUA KPATHLIX KOPHEW Y MPOU3BOIHON §2,,+1(Z) W M3BECT-
HOT'O NPU3HAKA JOKATLHOTO KCTPEMYMAa, B TOIKAX JOKATLHEIX MAKCHUMYMOB BTODAs
OPOU3BOMHAA (opm+1(Z) OTPUIATENTHLHA, & B TOYKAX JOKAIBHBIX MUHUMYMOB — IO-
JIOXKUTEIbHA, U TO e CaMOe, OYeBUIHO, BEPHO MJIA MHOTOWIEHA §o.,+1 (he). Anamno-
IUMHO, BO BCEX yKA3aHHBIX TOUKAX BTOPas MpOM3BOAHAL MHoOrowreHa U2 L (sin hz)
NOMOKATENBHA. [[03TOMY TIO6ATLHOCTE MOKATLHLIX DKCTPEMYMOB § MHOTOYWICHA,
g2m+1(hx) + cUZ,  (sin ha) mpu m060M ZOCTATOYHO MATOM || BEITEKAET U3 CIeyIo-
eyl NHTYUTUBHO OYEBUIHOU JEMMBL:

Iycre Gyukuuun f,g aBaxab guddepeHnupyeMsl Ha orpeske [a,b]. Eciun onn
UMEIOT ABYKDATHHIE HYJIW B TOYKAX @, b, BTOPAA MPOU3BOAHAA § B DTUX TOIKAX OT-
punaTersHa, BTOPas MPOU3BOAHAA [ B HUX modoxuTenbHa, u g(z) < 0 < f(z) npm
a < z < b, To mpu manoM |¢| g(x) + c¢f (z) < 0 mpu a < z < b. Eciu ke g yOuIBaeT Ha
aTom orpeske 1 ¢'(a) = ¢'(b) =0, g"(a) < 0,¢"(b) > 0, o g(a) > g(x)+cf(z) = g(b)
mpu MaJoM |c|.

[ TOKa3aTeTLCTRA IEPBOTO YTREPK IEHUA JOCTATOTHO MPOBEPUTE, ITO TPY Ma-
1oM |c| m a < & < b cnpasenuBo HepaBeHCTBO g(z)/ f(x) < —e. Tax kax g(z)/f(z) <
< 0, u corracuo npasuty Beprymwm —Jlonuraxa'’

m 9(z) = 9"(a) <0,

;La (:17) f” (a)

u anansorngHo lim g(x)/f(z) < 0, snaunt dyuxuusa g(x)/f(z) HempepbBHA Ha OT-
T—>a

peske [a, b], mosTomy coracHo Teopeme'®) o cymecTBOBaHEE SKCTpEMyMA

max g(z)/f(z) =M <0

U JOCTATOYHO BHIGPATH |c| < |M|. s qokasaTerbCcTBa BTOPOTO YTBEPKACHUS 10~
CTATOYHO TMPOBEPUTH, ITO pu a < & < b

(9(a) — g(x))/ f(z) > > (9(b) — g(x))/ f ().
[Mpumensas npasuao Jlomurana k obeuM IpobAM UMeeM

. gla)—g(x) _ ¢"(a) . g®) —g(@) _ _g"(b)
;l_rg F(z) = f”(a) >0, 3151_>rnb 7(z) f”(b) <0,

suauut Gyakuun (g(a)—g(x))/f(z), (g(b)—g(z))/ f(x) nenpepriBub Ha oTpeske [a, ],
MOTOMY COTVIACHO TEOPEME O CYIIECTBOBAHUYU SKCTPEMYMa
g(a) — g(x) g9(b) — g(x)

i 2~/ Jv’ =M 2/ JV = M.
2, ) 1> 0, max e 2 <0,

U TOCTATOYHO BHIGPATH |¢| < min(My, —M>).

M Beau lim g(z) = lim f(z) = 0, ro lim f(z)/g(z) = lim f'(z)/¢'(x). MoxHo, KOHE4HO, 0GOM-
r—a r—a r—a r—a
TuCh 6e3 npaBuaa JIOMMTANA, UCHIONB3YA BMECTO HEFO TEOPEMY O CPEIHEM.
ls)HereprBHaﬂ Ha OTpe3ke (PYHKIUA MMEET Ha HEM MAKCUMYM Y MUHUMYM.
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HepagenctBo dPenepa — Irepapu — Cacca 11
HEOTPULATENLHBIX TPUTOHOMETPUIECKIX
MHOIOLTEHOB

C. B. lN'amxos

[enCTBUTENBHBIM TPUTOHOMETPUIECKAM MHOTCOWIEHOM CTEIEHU 7 HA3LIBAETCA
(PYHKIUA BULA

n
tn(x) = a—20 + Z ay sin kx + by, cos kx,
k=1
rae ag, by — AEHCTBUTEIBHBIEC UUCIA, Ha3bIBaEMbIe ero Koaddunuentamu, a’ + b2 >
> 0. HyneBonl k0adUUUEHT TPAIULIMOHHO 3aNUCHIBAETCA B Buae ap/2. Tax xak
coraacuo gopmyaam Jdurepa expikr = coskzx + isinkz, u aysinkx + by coskx =
= Re((by — iay)expikz), rae Re o3HaYaeT IEUCTBUTEMBHYIO 9aCTh KOMILIEKCHOT'O
YUCAA, | — MHUMYK EIUHWILY, TO TPUTOHOMETPUYECKUNA MHOTOUICH MOXKHO 3aITu-
caTh B O0Jee KpaTKOM KOMILIEKCHOU (hopme

n
t,(z) = Re E cpexpikx, cp =by—iay, k=1,...,n, co = .

k=0
[JercTBATENbHBIN TPUTOHOMETPUYIECKUN MHOTOWIEH i, (Z) Ha3bIBAETCS HEOTPU-
UATEIbHBIM, €CIM 1 JI000r0 NeNCTBUTENLHOrO T 3HadeHue t,(x) > 0. dua ero
Kod>(unmenTor cnpasenauso HepasercTBo PDenepa—drepsapu— Cacca (cm. [1-3])

el <2|c0|cos% = |ag| cos ——, h=1,...,n,

7] +2 L7 +2
rje CUMBOJI |a| O3HAYAET LEIYI0 9aCThb YUCIA ¢. DTO HEPABEHCTBO UMEET IIPUMe-
Henus B rTeopuu npubaumxkenunn (cm. [4]). dokaswiBaercs ouo B [2-4] npumeneHuem
NPeNCTABICHNA HEOTPULIATEILHOIO TPUTOHOMETPIIECKOr0 MHOTOIeHa. by, () B Gop-
me Dentepa [1]
n 2
ty(z) = Z yr exp ikx
k=0
U DOCJAEAYIOMUM DEMICHHEM IOIY<IeHHON DKCTPEMATBHOU 3a4atdy, Ju00 ¢ MOMOIIBIO
ONHOU MaTPUYHON 3aa4dl O COOCTBEHHBIX 3HaveHuAX ([2,3]), 1ubo npuMeHeHHEM
merona MHOX)uTexen Jarpanxka ([4]).
Hanee MBI IpUBELEM ABA MPOCTHIX ¥ HIEMEHTAPHBIX JOKA3ATEIBCTBA STOr0 HEpa-
BEHCTBA, UCIOMB3YIOMINE TOIBKO IPOCTENIINE CBOUCTBA KOMILUIEKCHBIX ducen (KpaT-
KO€ M3JI0XKeHUe cM. [5]).

MaTemaTu4eckoe npoceeweHue, cep. 3, Bein. 9, 2005(69-75)
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Cravama cegeM oOmMA CIydall K caydaro h = 1, paccMaTpuBasg BMECTO MHOTO-
wneHa t,(r) ero ycpeJHeHue, a UMEHHO MHOTOWICH

[n/h]

h
%Z ($+2ﬂ-l) = Re Z chi exp ikz.

k=0

[1s1 f0Ka3aTENBCTBA DTOr0 TOXKAECTBA JOCTATOYHO, MEHS TOPSIJOK CYMMUPOBAHUS,
3aMeTUTh, UTO

Zt (a:+27rl) ZRezckexp< x;—Zwl))_
=1
_ReZchexp< mzzﬂ)),

k=0 [=1

rge npu k, kparHoM h, B cuiy pasenctsa exp (2rwkli/h) = exp 2rmi = 1 umeem

h
(z + 2nl ik 2mkli k
v (HEE2) oy () 3o (55— ynoe (1)
=1

a mpu k He KpaTHOM h, mpuMeHsas (POPMYJIy CYMMUPOBAHUSA DEOMETPUYECKOU MIPO-
rpeccun, uMeeMm

h—1
2wkli\ 2rkli\ _ exp2nki—1
Zex ( )—Zexp( h )_exp(Qﬂ'ki/h)—l =0

Tak Kak yCpEIHEHHBIN MHOT'OYWICH OYEBY [JHO HEOTPULIATENEH, IPUMEHAA K HEMY 9aCT-
HBI caydar h = 1 JOKa3BIBA€MOTO HEPABEHCTBA, TOJyYaeM OOIIUK CAydIall 3TOTO
HepaBeHCTBa. [[odTOMY majee OCTaeTCAa NOKA3aTh AIA HEOTPUIATEILHOIO TPUTOHO-
METPUIECKOI'0 MHOI'OWIEHA t, () HEPaBEHCTBO

™
le1] < |ao|cosn_i_2 .

Mpumenss x t,(r) ykazanHOe Bbille ycpenHerue mpu h = n + 1, 3amMedaem, 9To

r + 27l ag
= = = >
(n—l—l) 0 2 20,

n+1

mprYeM PaBEHCTBO BO3MOXHO JHUIIL KOTIA f, (%) TOXIECTBEHHO PABHO HYJIO, T.e€.
xorga ¢, = 0,k = 0,...,n, IOdTOMY yKa3aHHOE HEPABEHCTBO MOXKHO IEPEnucarTh B
BUIE

Vs
c1| < ap cos .
ler] < ao n+2
BriGepem zg Tax, 9TOGHL ¢1 €Xp ixg = |c¢1| 1 BMecTO t, (%) BO3BMEM HEOTPULATEILHEIN
TPUrOHOMETPUIeCKUI MHOTOWIeH (&, (zo + )+, (20 — ) /(2a0), TOrga us paBeHCTBA

tn(zo + ) +tn(xo —x) _
2a0 -
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=—Re (Z cr exp (ik(zo + ) + Z cr exp (ik(xo — a:))) =

2a
0 k=0 k=0

Z Re(ck (exp (ik(z + x0)) + exp (ik(zo — 2))) =

2(10
= %an Z Re(c exp (ikxo)(exp ikx + exp (—ikz)) =
0
= al Z Re(c exp (ikxo)) coskx = % |a1| cosx + Z dy, cos kx
0
k=0 k=2

caenyer, uTO tn,(r) CTAHOBUTCA YETHBIM NEUCTBATEIBLHBIM TPUTOHOMETPUIECKUAM
MHOTOWIEHOM, W I OOKA3aTenbcTBa oOmero HepasencTBa Demepa—drepsapu
—Cacca AOCTaTO‘IHO JIOKa3aTh /I HEOTPULATEILHOrO YeTHOrO MHOIOWIEHA by, () =
=1/2+ Z by, cos kx HepasercTBO |b1| < cos7/(n + 2). Cornacuo Teopeme Dentepa

[1] (cm. TI;Kl)Ke 13])

2

) = Zyk exp ikx

k=0

)

rae Y, k=10,...,n — ,qef/’lCTBI/ITeJIbeIe qucaa. Tak KaK KOMILIEKCHO-COIPSKEHHOE

THCI0 K Z yr, exp ikx ecThb Z yr exp (—ikx), To
k=0 =

2 n n
= (Z Yk €Xp zkx) (Z Yk €Xp (—zka:)) =
k=0 k=0
n n n
= Z Y+ Z(exp ikx + exp (—ikz)) Zylyl,k =
k=0 k=1 =k

n n n n
1
= . vi + kZ(Q cos kx) ;?Jl?}l—k =5+ Z by, cos kz,
=0 =1 —k

k=1

L expikx

OTKY[Ja, IpupaBHUBaA KOd(PPUINEHTE B 000UX JACTAX PABEHCTBA, IMEEM

n n
1 b1
Zyizga Zykykq:?-
k=0 k=1
[Tomoxkum n1a KpaTKoCTH
™ _ [sin(k+1)a

,k=1,....n,

sin kar

TOorma

2 sin(k + 1)a +sin(k — 1)«
op+o;% = . = 2cosa = o7,
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TIO3TOMY CIIPpABEIJINBO TOXK IECTBO

n 2
- _ Yk
Zyk cos o Zykyk t= 2cosa I; <Ukyk_1 Uk) ’

B KOTOPOM JIEI'KO yOEAUTHCs PACKPBEITAEM CKOOOK. I3 TOX 1ecTBa, O9€BUIHO, CIEAYeT
HYKHOe HaM HepPaBEHCTBO

b1
Zyk ~ cosa Zykyk L= %cosa

B paBencTBO OHO O6pAIAETCS UMb KOTAA OkYk—1 = Yk /Ok, T.€. KOrjga
Yk o sin(k+ 1)a
k2 TR

Yk 1 k sin ko
OPYTUME CIOBAMH, IPHU YCIOBUU KOMLIMHEAPHOCTU BEKTOPOB
(Yo, --»Yn), (sina,...,sin(n + 1)a).

Mo HO TPOBEPUTH, ITO TpHFOHOMeTqueCKHﬁ MHOT O1JIEH

, by =cosa,

N | =

n
Zsin((k + 1)a) exp (ikz) Z by coskz, by =
k=0

n+ 2

TaK KaK
n+1

n
n+1 cos2ka _ n+2
Zsm ka = kz 5 ==
=1

B CJIIYy TOXOeCTBa

s s L X (2(n + 2)a) — 1
xp (2(n a) —
1 2ka = 2ka = 2ka = =0.
+ Z cos2ka = Z cos2ka = Re Z exp 2ka = exp (2a) — 1 0
k=1 k=0 k=0
3aMeTuM ele, YTO JOKABZAHHOE HEPABEHCTBO
n n
™ 2
(COS e 2) Zyk Z Zykyk—l
k=0 k=1
paBHOCWIBLHO HepaBencTBy Pama— Tayccku—Toxga
n+1 1 n+1
Zyi < 3 oo T Z(yk —yr-1)
k=0 T eSS k=1

rIe Yo = Yn+1 = 0, KOTOpOE ABIAECTCA AUCKPETHBIM AHATIOI'OM HepaBeHCTBA BupTun-
repa (cum. [6]).

Ilokaxem Temepnb, KAaK MOXKHO [OKA3aTh HEPABEHCTBO, HE MOJL3YICH TEOPEMOU
®denepa. [as 3TOr0 HOCTATOYHO MOAOOPATH MOMOKUTENbHBEIE KOdhOUInEeHTE [,
k=0,...,n—1, Tak, 9TO0BI A5 JIOOOI0 KOMILUIEKCHOI'O TPUTI'OHOMETPAIECKOI'O MHO-

1 7 .
rowiena t,(r) = 3 + Y cpexpikx BemonHATOCH Ipn @ = 7/(n + 2) U HEKOTOPOM
k=1
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AeﬁCTBHTeﬂBHOM Y TOXIEeCTBO

=, c1 exp (i(z + 7))
_ 16ex
ZEO Bitn(xz 4+ 2la) =1+ s .

Torma miA IEUCTBUTEILHOTO TPUTOHOMETPUIECKOTO MHOTOWICHS, Oy IeT BLITIOIHATh-
€A TOXKIECTBO

1 exp iy exp ix)

n—1

Z Bitn(xz +2la) =1+ Re(

1=0
Ecrn npuMeHuTE €ro K HeOTPUIATEIFHOMY TPUTOHOMETPUIECKOMY MHOTOWICHY, TO
geyareH 1 + Re(cpexpi(x + 7))/ cosa Takxke GyneT HeOTpUIATEILHBIM. BriGepem
JIeNCTBATENLHOE T* Tak, 9T06s Re(cr expi(z* + 7)) = —|c1|. Torga

Cos

Reciexp (i(z* +7)) 1|
=1-— 20,
cos cos o

1+

OTKyJa U CJefyeT HyKHOe HaM HepPaBeHCTBO |ci| < cos a.

OcTaeTcsa BHIOpAThL KOS(M@UIMEHTHE W NOKA3aTh TOXKIECTBO. PacCMOTpUM Y-
CJOBYIO MOCJAEIOBATENLHOCTD g, OMPENSNIAEMY0 HAYATbHLIMEA yCaoBuamu Y1 = 0,
Yo = 1 U peKyppeHTHBLIMH COOTHOIIEHUAMH Yi_1 + Ve+1 — 2VkCOs2a = 1, a =
=7/(n+ 2). OueBugao y; = 1 4+ 2cos2a > 0. Pemas pekyppeHTHOEe COOTHOIIEHUE,
MOXKHO HAUTHU, ITO

v = Asin2ka + B cos2ka + C,

_1+2cos2a,C: 1 B=1-29C.

A= 2 sin 2a 2 —2cos2a’

Ho npome HEnocpeacTBeHHO IPOBEPUTE, MONB3YACH (POPMYIaMU
sin 2(k — 1)a + sin 2(k + 1)a = 2sin 2k« cos 2a,
cos2(k — 1)a + cos 2(k + 1)a = 2 cos 2ka cos 2a,

Yw=B+C=1,

Y1 = —%—cos?oH—(l—C’)cos?oH—C: —%+C(1—c0s2a) =0,

9TO TAK ONPENENEeHHAs MOCIEIOBATEILHOCTE YIOBIETBOPAET YKA3AHHLIM BHIIIE HA-
YaNbHBIM YCJIOBUAM U PEKYPPEHTHBIM COOTHOMEHUAM . OYeBUIHO B CUIY EPUO TUIHO-
CTH, 9TO Ypt1 = V-1 = 0,Vnt2 = Yo = 1, OTKyAa C IOMOIIBIO PEKYPPEHTHON (HPOPMY-
JIBL HAXOAUM, ITO Vp = 0, Yp—1 = 1, IO3TOMY B CIIY PABEHCTB Y—_1 = Yn, Y0 = Yn—1 1
CUMMETPUYHOCTY PEKYPPEHTHOI'O COOTHOIIEHNUsI OTHOCUTEIBHO 3aMeHbL k Han—1—k
“MeeM PABEHCTBO Vi = Yn—1—k,k = 0,...,m — 1. Tak xak 7v9 = 1,y > 0, To npn
n < 3 oueBugHo v = 0,k = 0,...,n — 1. lIpoBepum 510 npu n > 4. Tak xak npu
0< k< (n—1)/2oueBugno 0 < 2ka < 7,0 < 2a < 7/3, sin2ka > 0, cos2a > 1/2,
mostomy A > 0, C > 1, B < 0, caegoBarensuo Asin2ka > 0, u B cuity MOHOTOHHO-
ctu C + Bceos2ka > C + B =1, orkyga umeem v, > 1,k =0,...,n — 1 mpu n > 4.
PaccmoTpuMm MHOTOUIEH

n—1
p(z) = Z rz*.
k=0
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HenocpeacTBeHHO M3 PEKYPPEHTHEIX COOTHOLICHUN CIEAYET, 9TO
(22 —2zcos2a + U)p(z) = 2" + ..+ 241,
TaK KaK Vn = Yn+1 = V-1 = Y—2 = 0. [ToaTomy

P e 22 _
22 —2zcos2a + 1 (z —1)(22 = 2zcos2a + 1)
2"t 1

p(z) =

(z — 1)(z — exp 2ai)(z — exp (—2az1))

)

a TaK Kak
n+1
"2 1= H (z — exp 2kai),
k=0
TO
n+2 n
1 = H(z — exp 2kai).

k=2

z — exp 20i)(z — exp (—2a1))

MosTomy

—1
nz: —p(1) = n+2 _ n+2
k,ovk_p T 2—2cos2a  4sinla

n—1

Z Vi €xp 2kt
k=0

= [p(exp 2ai)| =

n—1

H (1 — exp 2kai)

k=1

n

H (exp 2ai — exp 2kai)
k=2

)

a TaK KakK

n—1
P

kI;[l(Z — exp 2kai) = (z — 1)(z — exp 2nai)(z — exp (2(n + 1)ai) -

_ 2 4241
" (2 —exp2nai)(z — exp2(n + 1)ai)

)

TO
n—1

H (1 — exp 2kai)

k=1

n—1

Z v, exp 2kai
k=0

n+2

n+2
(1 — exp2nai)(1 —exp2(n + 1)ai)

8 sin” a cos

B CUITYy PaBEHCTB

|(exp2zi — 1)| = \/(COSQ:IZ— 1)2 4 sin? 2z = Vasintz + 4sin® zcos? z =

= \/4sin2 z(sin® z + cos® x) = 2|sin x|,

|(1 — exp2nai)(1 —exp2(n + 1)ai)| = |(expdai — 1)(exp 2ai — 1)| =
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= 4sin2asina = 8sin® a cos a,

OTKy/a CIeAYyeT, YTO IPU HEKOTOPOM NEUCTBUTEIHLHOM Y

n—1 .

Z Vi €xp 2kai = (n+2)expiy +22) Py

—o 8sin” avcos «
[Mamee, mpu [ = 2,...,n umeeM

n—1

Z i exp 2lkai = pexp 2lai) =

k=0

(exp 2lai)™ T2 — 1

)

- (exp 2lai — 1) (exp 2lai — exp 2ai) (exp 2lai — exp (—2ai)) -

U MO3TOMY IJAA KOMILIEKCHOT'O TPUTOHOMETPUUECKOTO MHOTOUICHA tpn(r) =
n

= Y ¢ exp ik COpaBeIIuBO TOXIECTBO

k=0
n—1 n—1 n
Z Yitn(x + 2la) = Z MY cpexpik(x + 2la) =
=0 =0 k=0

n n—1 .
= Z cr expikx Z v exp 2klai = n—+22 (co + w) .

i 2 cos a
o o 4sin” «

Momaras By = 8y sin® a/(n + 2), morydaem 0GEMAHHOE TOXK IECTBO

n—1

Zﬂktn(l‘+2ka) :2CO+ c1eXP(CZ(’)YS)§XP(l:II), ﬂk > 0, kZO,,n—l
k=0
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KommenTapun x crarse C. B. ['amkoBa
«Hepapencrso Penepa—Idrepsapu—Cacca 111
HEOTPULATENILHEIX TPUTOHOMETPUIECKIX
MHOT'OLJIEHOBY

B. M. Tuxomupos

B crarse C.B. l'ammkoBa »1eMeHTApPHBEIMEU CPEICTBAMU NOKA3AHO BAYKHOE U UH-
TepecHoe HepaBeHCTBO. OHO 3aKIIOYAETCA B TOM, YTO HEOTPUUATEILHBIN UETHBINA
TPUTOHOMETPUYIECKUN MIOJUHOM B CPEIHEM PABHBIU €UHUIE, HE MOXKET UMETDb CJIVII-
KOM OOJIBINKE IO MOAYJII0 KOXPPUIMEHTEL. JTO 0OCTOATEIHLCTBO UMEET TO JKe MPO-
UCXOXK JEHUE, YTO U TPUHIIUT HEOTPEAETeHHOCT B KBAHTOBOU MexaHuke. OHO U ero
pa3uHoob6pa3HbIe 0O0OIIEHNA UMEIOT MHOT'OUUCTICHHBIE TPUIOXKEHUA.

B craTbe umeercs ccpuika Ha MO0 KHUrY (cM. [4] B ciucke aureparypsr), Iae 3To
HEPABEHCTBO JTOKA3BIBACTCA METOLOM MHOXUTENEn Jlarpanxka. DTO I0KA3aTEIbCTBO
C OHOU CTOPOHBI HACTOJBKO MPOCTO, & C IPYTON — MAeT TaKue GOTATHIE BO3MOXKHO-
cTU s O600IEHNN, 9TO MHE IPENCTABIIOCH PA3YMHBIM MIPUBECTH ero 31eck. Urak,
UMEEeT MECTO

TEOPEMA. FEcau mpu2onomempuueckuti nosuHom

n
z(t) =142 E pi; cos kt
k=1
(¢ sewecmsenubimy KOIPPHUYULEHRMAMU) HEOMPUYAMENLH, O BBINOAHENO MOUKOE He-

pasercmeo:
™

n+2°

|p1] < cos

(O61wui pesyIbTaT Jerko PeIyLIUPYETCa K dTOM TeopeMe — DTO [OKA3aHO B Ha-
Jajie KOMMEHTUPYEMOU CTATHH. )

[JOKA3ATENLCTBO. UsBecTHO, 9TO momuHOM Z(-) IpencTAaBAM B BUAE KBaIPATa
muorowrena: z(t) = | Y p_o zre*|?, z; € R. Takum obpasom,

n n n n—1
2(t) = (O o™ wre™™) =Y " +2)  apapgacost+ ..,
k=0 k=0 k=0 k=0

U JeJ0 CBEIOCH K TOYHOMY PEIIeHUIO DKCTPEMATBLHON 33, 1aHu:

n—1 n
— E TpTry1 — min, Zw% =1.
k=0 k=0

MaTemaTu4eckoe npoceewerue, cep. 3, Bein. 9, 2005(76-77)
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Pemmenne >To1 3a1a41 13-38 KOMIAKTHOCTH ChepHl ¥, _, ¥2 = 1 cymectsyer. [Ipu-
MeHseM TpaBwio MHOxuTenaen Jlarpanxka. Dyuakuus Jlarpamka umeer sun: L(x, \) =
=yl +AYE 22 C i J1

= k=0 ThTh+1 Y p—o Tr- CormacHo mpasumrty muOxkuTenen Jlarpamxka, ecam

; . oL
T — peLIeHue 3343491, TO HANAEeTCA MHOXUTEJb Jlarpanxa A Takou, 94To 8—(3:, A) =
Z;

=0, 0 < i < n.ITO IPUBOAUT K CUCTEME YPABHEHUU:
T1 = 2Axo, Tp—1 +Tpr1 =2Xzp, 1 <ES<n—1, xp_1 =2\z,. (1)

3uauaur, T = pi(A)zo, rge pi(-) — MHOTOWIEH OT A, yIOBIETBOPSIOLIAA PEKYDPEHT-
HEIM COOTHOIICHUAM:

Pe(A) = 2Apk—1(A) —pr—2(N), £ >2, po(A) =1, pi(A) =2X (2)

[ MmaTemaTrka, 3HAKOMOI'O C TEOPUAMY KBAIPATUIHBIX (POPM U OPTOrOHAIb-
HEIX [IOJIMHOMOB, HA DTOM BCE KOHYAETCA: BBIINCAHHBIMU COOTHOUIEHUAMU OIIpene-

JAOTCA noaunombt debbruésa 6mopoeo poda, mpeacrasumeie dbopMyaamm: py(\) =
in(k +1)60

= % , e A = cosf. Ipu »TOM, BBULY TOrO, 9TO Pr—1(A) = App(A) (Ta-

KOBO MOCTENHEE PEKYPPEHTHOE COOTHOIIEHUE), MOAydIaeM, u9To pnpi1(cosf) = 0 <

sin(n + 2)0 = 0. Makcumym™ B 3a1a49€ COBIAIAET C HAUOOIBIINM KOPHEM 3TOTO yPaB-

Vs
HEHUA. OTKy,&a,, 3HAUCHNE 3a0aY94 PaBHO COS T2 . B sTom u cocrour TeopeMma.
n

s Tex ke, KTO CTAJIKHBAETCS CO BCEM DTUM BIEPBBIE, HAMO KOE-UTO MOACHUT.

1. Ymuoxaa ypasaenus (1) COOTBETCTBEHHO HA X, L1, - - - , Ly, CKIAILIBAL U yIA-
THIBAA, ITO Y ,_, T} = 1, IPUXOAUM K TOMY, ITO Zz;é TpTpe1 = A, T.e. 3HAYCHUE
3a0a9M — MAKCHUMAJbHOE YUCIO CPeIu MHOXKUTEeNen JlarpaHxa, yIoBIe TBOPSIONINAX
ypasrenusam (1).

2. PematoT ypaBHEeHNs B KOHEYHBIX PA3HOCTSAX TAK. 1ACTHOE PelIeHUe WIIETCS B
Buge pr(A\) = a*. Torga a IOMKHO yIOBIETBOPATH ypaBHeHmO a’ — 2X\a + 1, T.e.
a=XA+tvVA -1, orkyna a = e, rze A\ = cosf. Obmmee pemrenue uIEeM B BHIE
pr(A) = C1e*? 4 Cye™ 9 YunTrBas rpaEmdHBIe yCI0BUA, TOTyIaeMm, aTo pi(\) =

in(k+1)6 .
_ sin(k+1)f . MakcuManbHBI KOpeHb ypaBHeHus pp_1(A) = Ap,(\) (Taxoso mo-

sin 6
CJefHEee PEKYPPEHTHOE COOTHOLIEHHE) — 3TO KOPeHb ypaBHenus sin(n + 2)§ = 0,
™
T.e. § = —— , OTKy[a 3HAMEHWE 33JA9YM PABHO COS —— , 9TO U TPEGOBATOCH.
n—+ 2 n+ 2

B. M. TuxoMupoB, MEXaHUKO-MaTeMaTuIecKun (akyasbrer MIY
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Teopema Henmana o MunuMmakce —
0O0Illen3BeCTHASI 1 HeU3BeCTHAA

B. P. ®penkun

Teopema Hemmana 0 MUHMMAaKCE MO MPaBY CUUTACTCA KIIOYEBBIM PE3yIbTa-
TOM TEOpPHUH UTCP, HO PAaCIPOCTPAHEHO MHeHme, 9To HenMaH gOKa3al ee JHIIb
0 OWIMHEMHOT'O CIy4asd, TPUIeM CIOXKHBIM CIoco60M. B nemcTBUTEILHOCTH
Heuman mokasan 3Ty TeOopeMy A UIMPOKOTO KJIACCA (PYHKIWMA, C €M U CBA-
3aH ero MeTOJ — OPO3PAdHBIA 11O UAee, POACTBEHHLIA JOKAa3aTEeIbLCTBAM IIeJIO0-
ro pAga MOCAeAYIOUIX OO0OLIEHUEA U TO CYTHU CBOEU TOMoJOrmYeckuu. 110 Tou
Xe TPUHIUNUAILHOU CXeMe MOKa3bIBaeTCA U Teopema XaHa— Bamaxa. Kak us-
BECTHO, APYTOU MOAXO K TeOPeMe 0 MIUHUMAKCe CBA3aH ¢ Teopemon Kakyranm,
NEePBOHAMAIBHO TAKXKe MOMyIeHHOU (B Apyrux TepMmuuax) HermanoM; B 3aMeTKe
MPUBOAUTCA HarbOJIee TPOCTOE €€ JOKA3ATeILCTBO, NpuHaAIexamee KakyTasu.

1.
28 nmexabpsa 2003 r. ucmoanmnock 100 met co gua poxaenus [Txona (fmoma,
Woranna) ¢pou Heimana — ogmHoro u3 pemmuanmmux mareMaTukoB XX Beka. Emy

MPUHALIEKAT OCHOBOMOJATAIONME PE3yIbTATEI BO MHOIMX OOJACTAX, U OTHUM W3
MEPBLIX CTAJA TEOpeMa 0 MUHMMAKCe, TOKA3aHHAs B ero crarbe ,Zur Theorie der
Gesellschaftsspiele*, Mathematische Annalen, 100 (1928), 295-320 (pycckuu nepe-
Boz [3]). HosBrenue >Ton paGOTHI CINTAETCSI MOMEHTOM POXKAEHUS TEOPUU UTD KAK
CaMOCTOATEILHON MaTeMaTUIeCKOn aucuMiuinanl. Henman cghopMyampoBa OCHOB-
HbIE OHATHUSA TEOPUU UT'P U MOCTAHOBKY €e 3aJad, NOKA3AJI €€ KIIYEBYI0 TEOPeMY,
KOTOPAs 3aTeM MOJIYUMIa PA3HOOOpa3HbIE IpUMeHeHus U 0600menuns. O [HAKO UMeH-
HO MPUHIUNUAILHAA HOBU3HA DTOCO PE3YILTATA MPUBEIA K TOMY, YTO HEPEIKO OH HE
BOCIIPUHUMAJICA B TIOTHOM O0BEME — DTO OTHOCUTCA U K OOIIHOCTYU (POPMYIUPOBKMU,
U K METOLY IOKa3aTeIbCTBA.

MOXHO BCTPETUTDL yTBEPK IEHUA, 9TO MIEPBOHAYANBHOE TOKA3ATEILCTBO Hetmana
UBJUIIHE YCIOKHEHO. VICTOYHUKOM TAKOU OIEHKU CIYXKUT HE UTO WHOE, KAK KHUTA
Henmama u Moprenmrepra [4], rae ua c. 178 rosopurcs crenywoimee: «/JoxazaTensb-
CTBO HAIlIE TeOPeMBI, IPUBEJEHHOE B IEPBON cTaThe [T.e. ctarbe 1928 .|, 10BOTBHO
3aMyTaHHBIM 00PA30M UCTOMB3YET ANMapaT TOMOMOrun U Teopun pyuxiuny. Naorga
MOJAraloT TaKXkKe, 9TO pe3yabTar HermMaHa OTHOCUTCA TOJBKO K OMINHENHBIM (DYHK-
M. (OJHAKO HEOOXOAUMO OTMETUTH, UTO, HanpuMmep, Kakyranu [9] ¢popmyaupy-
eT — U JOKa3BIBaeT CBOMM MeTonoM — Teopemy Henmana B momson obmmoctu.) Jis
OWIMHENHOTO CIYYas BIOCICICTBUN MOABAINCH GOMEE DIEMEHTAPHBIE TOKA3ATEILCTBA,
YeM B [EUCTBUTEIHLHOCTU U BHI3BAHO IUTUPOBAHHOE 3aMEUAHUE.

MaTemaTu4eckoe npoceewerue, cep. 3, Bein. 9, 2005(78-85)



Teopema Hermvana 0 MuUHEMAKCEe — OOIICU3BECTHAA U HEU3BECTHAA 79

Ha camom nere Hemman mokasan TeopeMy 0 MUHMMAKCE B I'OPa31o GOJIbIIen OOII-
HOCTHU: I PYHKIINU, KOTOPHIE HEMPEPHIBHLI HA TIPAMOM TPOU3BEICHUYN CUMILIEKCOB,
KBAa3UBOTHYTHI HA, OJHOM U3 HUX W KBA3UBHIMTYKJILI HA, IPYTOM, IPUYEM CAMILIEKCHI B
STOM IOKA3ATEILCTBE MOXKHO 3aMEHUTDL MPOU3BOILHLIMY BEITYKILIMA KOMIIAKTAME B
KOHEIHOMEPHOM BermecTseHHoM mpocTpanctse (cu. m. 3)Y). Teopemon Heitmama oxsa-
THIBAETCSA, B YACTHOCTH, MOMYIAPHBIN BIOCJASICTBUY CIyIal HETPEPHIBHLEIX BOTHYTO-
BBIMYKJIBIX (PYHKIAN.

Nmenno ¢ 06GMHOCTBLIO pe3yabTaTa W CBA3aH MeTon Henmmama, MpO3PadHBIA IO
ujee U POACTBEHHBIN NOKA3ATEILCTBAM PALA MO3JHEUIIX 06001meHnn (M. . 3, 4).
C Opyrou CTOpOHBI, 6OTEE DICMEHTAPHBE [OKA3ATEMLCTBA 1A OUIMHENHOTO CIydasa
(cMm., mampumep, [4, c¢. 163-167, 178-179]) ommpatoTca HA TeopeMy O Pa3IeIAoIIer
(uu OMOPHOW) T'UNIEPILIOCKOCTH, TECHO CBA3AHHYIO ¢ Teopemon Xana—Banaxa. Oa-
HAKO aHAIN3 MOKA3aTENIbCTBA TEOPEMBI XaHa— BaHaxa MOKAa3BIBAET, 9TO OHO CAMO
CTPOUTCA MO TOU Ke NPUHIUTUAILHOU CXeMe, UTO U JoKazarerbcTBo Hemmana (cM.
om. 4, 5). IHTepecHo OTMETUTh, 9TO 00€ TEOPEMbl OLLIM TMOSYYEeHbI MPAKTUIECKN
omHOBpeMeHHO (paboTa Xana nossunack B 1927, Henmana B 1928 u Banaxa B 1929),
HO B COBEPIIEHHO PA3HOM KOHTEKCTE, I X CBA3b BHAYAJE HE OCO3HABAIACK.

2.

Yro ke B IeUCTBATEILHOCTH AOKas3aa HenMan um B 94eM COCTOUT €ro METOL?
B cratwe [1] dpopmyaupyercs creyromasn

TEOPEMA O MUHUMAKCE [IJI1 BUJIMHENHBIX ®YHKUUNA. ycrs h(€,n) — Be-
IIeCTBEeHHAA OuanHenHas PyHKINUSA OT BEKTOPOB & U 1) B KOHETHOMEPHEKIX BEIIECTBEH-
HBIX NIPOCTPAHCTBAX, MPUYEM S3THU BEKTODPHI NIPOOETal0T CUMILIEKCH, HATAHYTHIE HA
HYJIEBOU BEKTOP M KOODAMHATHLIE OPTHL. Toraa

mg,xmin h(¢,m) = minmax h(§,n) - (%)
n n £

Pasimaaee TeOpeMbl 0 MUHUMAKCE OTIMYIAIOTCA OT BLIIIENPUBEIECHHON, BO-IIED-
BEIX, KJIACCOM PACCMATPUBAEMBLIX (DYHKINU, & BO-BTOPBIX, XapaKTEPOM MX OOIACTH
OTIpENeICHUA. SAKIIOICHNE TEOPEMBI OOBLIMHO UMEET BU[ «(MAKCMUH DABEH MUHUMAK-
cy». (B pasenctse (*) MAKCMUH WM MAKCUMUH — 3TO JEBAA 9aCTh, 8 MAHUMAKC —
npasag. PazymeeTcs, B [0KA3aTEIbCTBE HY K IA€TCA JUIIb TO, 9TO MAKCMUH HE MEHb-
me MuHUMakca. O6GpaTHOEe HEPABEHCTBO BCEr[a CIPABENIUBO: «CAMBIA [INHHBIA
CpeIu CAMBLIX KOPOTKHX IO IIEPEHraM He [IMHHEe, €M CAMBII KOPOTKUU CPEemu Ca-
MBIX IJIVHHBIX 110 KOJOHHAM).)

B nanprenmem moABMIKCHL BADUAHTEL TEOPEMEI, TA€ PEYb MAET O CYNIPEMyMax H
napuMyMax. Ecim ke MUHMMAKC 1 MAKCMUH TeMCTBATEILHO NOCTUTAIOTCA, TO, KAK
JIEFKO TIPOBEPUTHL, UX PABEHCTBO SKBUBAJIECHTHO CYIIECTBOBAHUIO CEJA0801 MOUKU,
rlie OJHOBPEMEHHO NOCTUTAETCA MAKCUMYM 10 & U MUHUMYM 10 7). J[€CTBUTEILHO,

1) Ormerinm, o o aToMy MORBOY B 3aMeTKe [8] 4OMyIeHa HETOYHOCTR: fOKa3aTenbcTRo Heimarma,
Tpe6yeT MMEHHO HEeNPEPHIBHOCTY HA MPOM3BEJEHAN KOMIIAKTOB, & HE TOJBLKO IIOTYyHENPEPLIBHOCTHA C
COOTBETCTBYIOIEN CTOPOHBI HA Kax oM n3 Hux. O600menne Ha CIy<all HOLyHENPEPHIBHOCTH (U
KBA3WBOTHY TO-KBA3UBHIMYKIbIX (DYHKIMEA, IPW BO3ZMOXKHOU HEKOMIIAKTHOCTH OJHOTO W3 ABYX MHO-
x®eCTB onpenenenns) npuaagrexut M. Canony (cm. [1, c. 259-260]).
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MyCTh MUHUMAKC JOCTUCAETCA B TOYKE (I,Yg), & MAKCMUH — B TOUke (Lg,y). To-
raa f(z,y0) = f(xo,y0) = f(xo,y). Eciu MuUHUMAKC paBeH MAKCMUHY, TO IBOUHOE
HEPABEHCTBO O0OPAIAeTCA B PABEHCTBO U TOYKA (T, Yo) — cemtoBad. OOGpaTHO, ecau
cemIoBas TOYKA CYIIECTBYET, TO 3HAYEHUE (PYHKIWKA B HEU HE MEHBIIEe MUHUMAKCA
7 He GOJBIIE MAKCMUHA. TaK KAK MUHUMAKC HE MOXKET OBITH MEHBIEe MAKCMUHA, TO
OHU DABHHL.

Henmvan gopmyaupyer cBoe yTBepxK IeHue I OMINHENHON (PYHKINM, HO IHUIIET,
YTO NPU JOKA3ATEALCTBE TPEOYIOTCS JUIIL HEKOTOPHE U3 ee CBOUCTB (BUAMMO, C
»Tou (HOPMYJUPOBKOU U CBA3AHA WLIIO3UA, ITO €r'0 TEOPEMa NOKA3AHA TOIBKO A
OUIUHENHOrO Ciy4dasn). Poib OUIMHENHBIX (QYHKIUA OMPENeIaeTCa TeM, 9TO B UTpe
IBYX YIACTHUKOB C KOHEIHBEIM IUCIOM BADUAHTOB XONOB (4ucmulx cmpame2uti) urpo-
KU MOT'YT BLIOMPATH UX ¢ HEKOTOPLIMA BEPOATHOCTAME — UCIOABL30BATE CMEULGHHBLE
cmpame2uu; TOrAA BEIUIPLII UIPOKA (M IPOUCPHIL €r0 IPOTUBHUKA) SABJIAETCI OU-
JUHENHON (PYHKIUEN OT DTUX BEPOATHOCTEU. [[Ig TaKOU CUTyalun TEOPeMa O MUHU-
MAaKCe O3HAYAET, UTO CYIMIECTBYET PEUEHUE U2Pbl — TAKAA Iapa CMEIIAHHBIX CTPaTe-
PUI, KOTa KaXK IbI UCPOK TTOMYIaeT PE3yIbTAT, HAWIYYIIA TPU JAHHLIX JeNCTBUAX
IPOTUBHUKA.

PassuTue Teopun urp 3aCTaBUIO PACCMATPUBATE U APYTHE (DYHKIIUY BEIUTPHIIIA.
Hawano stomy nmonoxkun Henman B cratse [10], rae npuMensercs Teopema Bpayspa
O HENOBMXKHOI TOYKE M MOKA3AHO €€ O0OOIEHWEe, KOTOPOE MO3XKe MOLYIWI APY-
rum cnocobom Kaxyranu (cM. m. 6). 3arem ObLI IOKa3aH psl BAPUAHTOB TEOPE-
MBI O MUHUMAKCE, OPUEHTUPOBAHHBIX HA MAKCUMAJBHYIO OOIIHOCTE b0, HA0O0POT,
Ha KOHKpeTHbIe mpuioxkenusa (cM. [1, c¢. 238-267, 362]). B 1959 Y Boub-1310Hb (cM.
[1, c. 258-259]) BepBLIE OMYGIMKOBAL YUCTO TOMOIOTUIECKIN BAPUAHT TEOPEMBI —
HEmpoCTOu 10 (OPMYIUPOBKE U (KAK CJAEICTBUE) MO NOKA3ATEILCTBY, HO 3aTO OXBa-
TUBIIXY MHOXKECTBO U3BECTHBLIX BAPDUAHTOB. DTy Teopemy 0606umi Xoaur Tyu (cM.
[1, c. 253-258]), a mo3AHEE U APYrUE ABTOPHL.

3.

Bepuemcsa k crarbe Henmana. O oTMedaeT, 9TO B QOKA3aTeIbCTBE TpeGyeTcs
He OWIMHENHOCTb (PYyHKIuM, a (B COBPEMEHHOU TEPMUHOJIOIMHA) €€ KBA3UBOIHYTOCTh
110 £, KBA3UBHIMYKIOCTB I10 7) U HEIIPEPBIBHOCTH IO COBOKYITHOCTH ITepeMeHHbIx. KBa-
3UBOTHYTOCTB (COOTBETCTBEHHO KBA3UBLIMYKJIOCTh) O3HAYAET, YTO €CIu (PyHKIIUA HA,
060UX KOHIIAX OTPE3Ka HE MEHbIIE (COOTBETCTBEHHO HE (GOJMBINE) HEKOTOPOrO 3HAME-
HILSI, TO TO BEPHO HA BCEM oTpe3ske. Takum cBOUCTBOM 00aagaeT J00as BOrHy Tast (Co-
OTBETCTBEHHO BBINyKIasa) GyHKuusa. Ho KIacChl KBa3MBOIHYTHIX ¥ KBA3UBBILYKIbIX
QyHKIIUU TOPa3 0 MUPE; HATTPUMED, UM TIPUHAIICKUT JH00aA MOHOTOHHAA (DYHKIIUA.

Kak ormedeno B m. 1, cuMImiekcer, ciayxaiue o0IaCThi0 U3MEHEHUS IePeMEeHHbIX
& m 1, MOXHO 3aMEHUTH JIOOBIMI BHITYKIBIMA KOMIAKTAMY B KOHEYHOMEPHBIX BEIIe-
CTBEHHBIX IPOCTPAHCTBAX. ITO XKe KacaeTCs «3allyTaHHOI'O» TOKA3aTeIbCTBA Teope-
mer HeriMaHa, TO OHO COCTOUT B CAEAYIOMIEM (HEKOTOPHIE OOO3HAMEHUA OTINIAIOTCA
OT aBTOPCKUX).

HOKA3ATEJIBCTBO TEOPEMBI HEWUMAHA 1A KBA3BUBOTHYTO-KBA3UBBIMNY-
KJIBIX HEIPEPBIBHBIX ®YHKIUN. Beibepem B mpOCTPAHCTBAX MEPEMEHHBIX £ U 7
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0 OOHOU KOOpAWHATE & U 1)y U PAcCMOTPUM (GYHKIUU (OT OCTAILHBEIX KOODIU-
HAT) rr1£ax min f(&,7n) 1 min néax f(&,7), Toe nepeMeHHbIE MEHAIOTCA B Mpeaerax obia-
r Ns Ns ”

ctu onpepenenus pyuxuuu f (£, 7). HemocpencTBeHHO POBEPAETCA, YTO BBEICHHLIE
(yHKIME 061a1AI0T TEPEIUCICHHEIMY BBIIIE CBONCTBAMY (HENPEPLIBHOCTHIO, KBA3U-
BOTHYTOCTBIO ¥ KBA3WBLITYKJIOCTBIO IO COOTBETCTBYIOMUM TPYIIIAM TEPEMEHHEIX ).
Eciu MBI moKaxkeM, 9TO TH ABE (PYHKIUM TOXKIECTBEHHO COBIAJAIOT, TO TEOPEMa
OyIeT ClIeNoBaTh U3 OUEBUIHOU UHIYKIUA.

3aduKcupyeM 3HAYCHUA BCEX IMEPEMEHHBIX, KpoMe &. U 1)s, U OyoeM CIUTaTb f
dyHKIMER 0T ABYX mocaenHux. [amee, sapuKcupyeM HEKOTOPOe 3HAMEHHE T Hepe-
MEHHOTO &, U PACCMOTPUM MHOXKECTBO TEX 3HAYEHWH 1), TIPU KOTOPBIX [f(Z,7s) H0-
cTuraetT MEUHEMyMa. 3 HeMpepHBHOCTU (GYHKIUA f BEITEKAET, YTO DTO MHOXKECTBO
HEMyCTO U 3aMKHYTO, & U3 €€ KBA3UBHILYKJIOCTH IO 7)s — 9UTO OHO BHIMYKJI0. Kpo-
Me TOr0, OHO OTPAHUICHHO, TAK KAK OTPAHUYCHHA O0JACTH ONpEeIeaeHus (pyHKIAN.
3HAYUT, 5TO HEKOTOPHIN OTPE30K (BO3BMOXKHO, cBogamunct k Touke) [K'(x), K" (x)].

3aduKcupyeM 3HAYEHHE § IEPEeMEHHOrO 7)s U PACCMOTPUM MHOXKECTBO TeX 3Ha-
YEeHUN [epeMeHHOro ., npu KOTOpuX f(&.,y) mocTuraerT MakCuMyMa. AHAJIOTUIHO
IpeIBIIyIIEMY [OJLy<IaeM, 9T0 5T0 HeKoTopei orpe3ok [L'(y), L" (y)]. U3 menpepois-
HocTu GyHkumu f BeITekaeT, 9To pynkimuu K'(,), L'(ns) mOLyHENPEPHIBHLL CHU-
3y, a K"(&),L"(n,) momymenpepsBEEL cBepxy?. [leHCTBUTEILHO, MyCTh &, — T,
K'(¢&) — y. Torma f(&-,K'(&)) — f(z,y), mockoabky (yHKIMA f HENpepbIBHA.
Ho Bmecre ¢ men mempepuiBaa u f(&-, K'(§,)) = min,, f(&,ns); swauur, f(z,y) =
= f(z,K'(z)), orxyna y > K'(x), T.e. pynkuua K' morxyumenpepruisaa cuusy. Iloxy-
menpepeiBHOCTL K| L' L' moxasbiBaeTCa aHATOTMYHO.

Paccmorpum o6benunenue Bcex orpeskoB [L'(ns),L"(ns)], rme ms mnpoberaer
[K'(x), K" (x)]. Ha sToM oTpeske momymenpepuBHas cuusy dyukuua L'(ns) moctum-
raer munumyma H'(x), a monymenpepuisHas ceepxy dyukmua L' (ns) — maxcumy-
ma H'"(x). lpeqnonoxkum, 9T0 HEKOTOPOE YUCIO &', IpoMexyTounoe mexay H'(x)
u H'"(x), He NPUHALIEKUT yKA3AHHOMY OOBEIUHEHWIO. TOrma KaXKIBU OTPE30K
[L'(ns), L"(ns)] uemuxom pacmosoxen aubo ciesBa, mubo cupaBa OT ', IpudeM Cylie-
CTBYIOT OTPE3KM 000MX BUAOB (Hampumep, Te, koropeie cogepxar H'(z) u H"(x)
coorBercrBenHo). Ha orpeske [K'(z), K"(x)] manmercs 3HadeHUe ns = y, B JiO-
6011 OKPECTHOCTU KOTOPOI'0 BCTPEYaroTCA 006a caydad. Tak kax (yukmua L'(ns)
(coorBercTBenno L'(1ns)) monyHempepbiBHa CHu3Y (COOTBETCTBEHHO CBEDXY), TO
L'(y) < 2/, L'"(y) > z', v.e. ¢ npunagmexur orpesxy [L'(y),L"(y)], B uporu-
BOPEUNH C MPETIOIOKEHNEM. SHAMUT, B JCHCTBATEILHOCTH OOBEINHEHIE OTPE3KOB
[L'(ns),L"(ns)] samonmser secw orpesok [H' (z), H" (z)].

W3 mosyHEIpepEIBHOCTH C COOTBETCTBYIOmEN cToponer ¢pyrkumn K', K", L', L"
HETPYIHO HOAY4IUTh, 4TO pyukuus H'(, ) norynenpepeisua cuusy, a H'" (£,.) — cep-
xy. Paccyxk gas kak B mpeasIaymeM ad3alie, yOex 1aeMcs B CyIIeCTBOBAHUN TaKOr'O T,
aro H'(z) < x < H"(z). 9T0 03Ha9aeT CyMIECTBOBAHIE TAKOTO Y, 9TO (,y) ABIAECT-
CA TOYKOU MUHUMYMA, TIO 1)y U TOUYKOU MAKCUMYMA MO &, T.€e. CIIOBON TOUKOU I/
f. Kax oTMe4YeHO BBIMIE, OTCIOa BLITEKACT PABEHCTBO MUHUMAKCA W MAKCMUHA. ]

2)Gyuknua f(z) MOIyHEIpepLIBHA CHE3Y B TOYKE Lo, €CIH U3 & — o, f(z) — y cremyer
y > f(x0). HomyHENpEepEIBHOCTE CBEPXY ONPEIENAETCA AHAIOTHIHO.
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4.

[IpuHIUNUATBEHYIO CXeMy, JeXAIIyId B OCHOBE M3JIOXKEHHOI'O [IO0KA3ATEAbCTBA,
MOXKHO COPMYIUPOBATH caeayoumM obpasom (cMm. [8], rae mo »Tou cxeme HOKa-
3aHO OIHO TomoJOrmyIeckoe o606menue TeopeMbl Henmana). IlycTs Tonosoruueckoe
mpocTpacTBO S (B TaHHOM CJIydYae 3TO OTPE3OK C BHIKOJIOTOU TOYKOU x') cocTouT
U3 IBYX OTKPHITHLIX Hemepecekaiomuxcs MHoxecTs ST u S~. Umeercs cemercTso
{M, | & € I} cBA3HBIX IOAMHOXKECTB IPOCTPAHCTBA S; B JAHHOM CIydae 3TO OTPEe3-
ku [L'(ns)], L" (ns)] — B npeanonoxenuu, 9To &' He IPUHALIEKUAT UX OOBHEIUHEHUIO.
ITpu >TOM MHOXKECTBO UHIEKCOB I ABAAETCS CBA3HBIM TOMOJOTMYECKUM ITPOCTPAHCT-
BOM (B JaHHOM caydae — OTpeskoMm). Ilycte I u I~ — MHOXKECTBA TeX WHIEKCOB
a € I, gna xKoToperx M, He IepeceKaeTcs COOTBETCTBeHHO ¢ ST m ¢ S~. Byayum
cea3EbIME, M, He MOT'yT mepecekaTncs ogaoBpeMernHo ¢ ST u S~ . IloaTomy o6benn-
merne MEOkecTB 1T n I~ coBmagaer ¢ I. 14 KOHKPETHON CUTYAINN TOKA3LIBACTCH,
4TO 062 MHOXKECTBA 3AMKHYTHL. BBUIY CBA3HOCTU NMPOCTPAHCTBA | OTCIOLA BHITEKA-
eT, 97O JrOO OMHO M3 HUX IIYCTO, JTUOO OHU MEPECEeKaIoTCA, U TOrJa IOMXKHO OLITH
MyCTBIM XOTA Okl 0qHO U3 M,. (B maHHOM CiIydae moaydaeM MpOTUBOPEUUE, KOTO-
pO€ MOKA3HIBAET, UTO TOYKM &' HE CYIIECTBYET. 3aTEM DT CXeMa MPUMEHAETCA eIe
pa3 — k orpeskam [H'(z), H" (z)].)

Onucannoe paccyX JeHue JeKUT B OCHOBE NOKA3ATEILCTB Y BoHb-11310HsA, X0aHT
Tys, a Tak:ke BCeX TOKA3aTETbCTB TEOPEM O MUHIMAKCe, KOTODHIE OMUPAIOTCSA HA
TEOPEMY O pPa3IeIAolen MIIePILIOCKOCTH. /€10 B TOM, ITO OHA, ABIAETCA MOIU(U-
Kkanuen TeopeMbl XaHa — Banaxa, a B [oKa3aTeabCTBE MOCICIHEN MBI HAXOIUM TY K€
cxemy! Tax uro mo cymecrtBy Teopema Hemmana — He caegcrBue (B OUINHEMHOM
caydae), a aHantor TeopeMbl XaHa — Banaxa.

5.

YuraTeno, 3HAKOMOMY €O CTAaHIAPTHBIM MOKa3aTeIhCTBOM TeopeMbl XaHa—ba-
Haxa, [OCJeJHEE YTBEPKIEHIE MOXET IMOKA3aThCsA CTPAHHBIM. B 3TOM mokasarenb-
CTBE pedb UeT O (PYHKIUOHAJIAX B JUHEUHOM HOPMUPOBAHHOM IPOCTPAHCTBE, HAJ
KOTOPBLIMH BBINOJHAIOTCA atrebpandeckue onepaiun. Ha caMom gese, Kak MBI cendac
YBUINM, 3TO IOKA3ATEIbCTBO AOIMYCKAET IPO3PATHOE U3TOXKEHNEe HA OCHOBE OMUCAH-
HOM1 BHIIIIE TOMOJOIMYECKON cXeMbl. MbI crenyeM 3amerke [8].

Bynmem mokaseiBarTh Teopemy B caenyooimen hpOpMyIUPOBKE.

TEOPEMA XAHA — BAHAXA. [lycTh Ha BEIIECTBEHHOM JUHEWHOM MPOCTPAHCTBE
N sagan Bumykabin pyuknuonan P(r), a Ha HEKOTOpOM ero moanpocTpancTee M —
JVHENHBN GyHKIMOHAT F'(1), MO TYMHEHHBIN YCIOBIIO

F(z) < P(z) (%x)

(oba pynxnmonana — semecTBenube). Torga F(z) mpogoakaeTcs A0 JUHEXHOTO
(YHKIMOHANA Ha BCEM IPOCTPAHCTBE, ¥ IOBICTBOPSIOMErO YCIOBUIO (k).

MOKABATEJIBCTBO. [[ocTaTOYHO pacCMOTPETh Caydau, Korga M — rumepinioc-
KOCTb: fajiee MpOBOAUTCA (TpaHCHUHUTHAA) MHAYKINAA 10 PA3MEPHOCTHU. BriGepeM
Touky a € N, me npuHamgiexamryo M. IIporomkenue dpyukumonana F(x) ¢ M Ha
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N MOXeT mpuHUMATH JI000€ 3HAYEHUE B TOYKE ¢ U ONPEIEIACTCA UM OTHO3HAIHO.
Touxku, B KOTOPBEIX TAHHOE MPONONKEHUE HAPYIIAET (*%), HA30BEM HEJONYCMUMbL-
mu. Benencrsue Boimykinoctu P(2) MHOXKECTBO TaKUX TOYEK BHIMYKJIO. [[0DTOMY OHO
JIEXUT TI0 OAHYy cTOpory 0T M am6o mycto. C xax nou cTopons: ot M Kakoe-To mpo-
JOJLKEHUE UMEET HEIOMyCTUMBIE TOUKY (1 MOTOMY HE UMEET UX C APYT'OU CTOPOHBI):
JIOCTATOYHO MOMOXKWUTHL B OfHOM ciydae F(a) > P(a), B apyrom F(a) < —P(—a).

IIycts Teneps I u I~ - MHOXKECTBA 3HAMEHUN B TOUKE ¢ TEX IPOIOMIKEHNN (DyHK-
unonana F(z), y KoTOpPBEIX HET HENOIyCTUMBIX TOYEK COOTBETCTBEHHO IO OLHY U IIO
opyryto ctopory or M. B cmiy cka3zsaHHOrO 5T MHOXECTBA HEILYCTHI U UX OOBenu-
HeHUeM CIyXKUT BellecTBeHHasd npsaMad. HeTpyauo BugeTs, aTo IT u [~ 3aMKHYTHI.
[MosTOMY OHU MEPECEKAIOTCA; TOUYKM MEPECEIEHUA COOTBETCTBYIOT UCKOMBIM PO T0JI-
KeHuaMm QyHkIuonana F(x). O

Mur BUAUM, 9TO B CBA3M C TEOPEMOU O MUHUMAKCe HerMaH coesan CyIecTBeHHO
6oubitie, yeM Hepenko cumrtaercsa. OH I0Ka3ax 3Ty TEOPeMy s MIMPOKOrO KIAcCa,
CATYaLll ¥ CO3JaJ MEeTO[, BaKHeNmul B n0106HbIX Bonpocax. (TyT ymecTHO BCoo-
MHUTH CI0Ba, ckazauubie C. B. CTeYkuHBIM M0 TMOBOAY TEOPETUKO-IUCJIOBHIX MPOO6-
qeM B 1970 r. Ha 3aceganuu MOCKOBCKOT0 MaTEMaTHIECKOTO OOIIECTBA: «Y KIACCUKOB
BCEr[[a HAIMCAHO HECKOMBKO OOJBINE, YeM y TeX, KTO uX mepenuchiBam.) CosgzaBas
TEOPUIO [ OMUCAHUSA HOBOIO KIACCA CATyamun, HemMaH He CTpPEeMWICI TOCTUYH
MAKCUMAJIBHOU (IPUBA3ZKU K MECTHOCTHY, K HATUMIHLIM npumepam. Hao6opoT, oH Xo-
TeNl BBIABUTH NMPUHIUNAAIBLHYIO CYyThb ABJIEHUU, UX JOrMIECKyio cxemy. VI mpu sTom
00OHAPYKMUIOCH POACTBO C CYIIECTBEHHBIMU (PAKTAMUI U3 PAIUIHLIX PA3AEIOB MaTe-
matuku. Harnsguo nogrsepammuck ciaosa Ilyauxape [7, ¢.388]: « .. MaremaTnka —
5TO UCKYCCTBO [aBaTh OMHO U TO YK€ HA3BAHUE PA3IUTHBIM BEIIAM.»

6.

ITocne ckazanHOrO 6y AeT HETUITHE [T0 TIEPKHY Th, ITO PA3IUIHLIE METOIBI TOKA3a-
TEJIBCTBA TEOPEM O MUHUMAKCE MMEIOT CBOU IPEMMYIIeCTBa. B JacTHOCTH, TeopemMa
Henmana serko ciaegyer u3 TeopeMbl KakyTann o HemoasmkHOU Todke. [locienmun
pesyabTar mmeeT OOJBIIOE 3HAYEHWE U B APYIHX BOMPOCAX — HAIPUMED, B CBA3U
¢ mpobreMaMu SKOHOMUYIecKoro paBHoBecus. OIHAKO HA PYCCKOM f3LIKE B TEUCHUE
IOJITOr0 BPEMEHU J0KA3ATeIbCTBO TeopeMmbl KaxkyTanu (He caMoe TIpo3padHoe) uMe-
JIOCH JIMIIb B OJHOM OOIIELOCTYIIHOM UCTOYHUKE, a UMeHHO [5, ¢. 97-99]. Jlumws coBcem
HEJABHO IePBOHAYAILHOE, O0JIee MPOCTOe H0Ka3aTenbCcTBO KakyTaHu ObLIO H3I0KEeHO
B kHure [6, c. 96-97]. [looToMy npeacTABIACTCA MOJIE3HBIM JOMOJHUTD 3TY 3aMETKY
IOKA3aTeILCTBOM TeopeMbl KakyTanu, BKIIOYNB BHIBOI U3 Hee TeopeMbl HenmmaHa.
Kaxk u [6], MBI B OCHOBHOM CJIeyeM MepBOUCTOYHUKY [9].

TEOPEMA KAKYTAHU. IlycTh B r-MepHOM BelmIeCTBEHHOM IPOCTPAHCTBE MaH BhI-
MYKJIBIA KOMITAKT S U KaXIOU €ro TOYKe I MOCTABIEHO B COOTBETCTBUE BBITYKJOE
nogmuoxectso P(z) C S, npuuem orobpaxenue ¢ zamrxnymo (B MHOU TEPMUHOIO-
CUU NOAYHENPEPLIBHO CEPTY): €CIu T; — T, y; — y u y; € P(x;) upu BCcex i, TO
y € ®(z) («aipenen 06pas3oB comepxKUTCA B 006pase mpegeaay). Torga y oTobpakeHus
® uMeeTCa HENnodBUNCHAA MOUKE — TAKad TOYKA T, 9T0 & € P(x).
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[MOKABATEALCTBO. ITomectum S BHYTpE r-MepHOTO cuMmILtekca S'. Kax masect-
HO, CYyIIECTBYeT HempepeiBHOe oTobpaxkenue ¢ : S' — S, mpu xoropom ¢(r) = x
o Beex x € S (pempaxyusa cummiekca S’ wa S). Hoaoxus ®(z) = P(¢(z)) nma
Beex = € S', MBI mpomomxkuM oTobpaxenne ® Ha BECH CUMILIEKC, IPUYEM 3AMKHY-
TOCTB OTOOPAKEHNA U BLITYKJIOCTE OOPA30B COXPAHUTCA. Teneps oCTATOYHO HANTH
HEMONBIKHYI TOUKy Ha S’: oHa OymeT npunamtexars S, mockoabky ®(S’) C S.

Pazobbem S’ ma mManenbkue cuMniekcer. Ecium v — BepmmHa OQHOTO U3 HUX, TO
BeIOepeM Touky v’ € ®(v) u momoxkum @ (v) = v'. ChgenaeM Tak LA BCEX BEPIIMH
Pa3bUeHn 1 TPOIOMIKAM OTOOPAKEHNE (1 HA OCTATBLHBIE TOYKM KAXKJOT0O MAJCHBKO-
O CUMILIEKCA TI0 JTUHEMHOCTU. MBI TOMyInM HEPEPHEIBHOE OTOOPAKEHNE CUMILICKCA,
S’ B ce6s. Cormacuo Teopeme Bpayspa (cm., Hanmpumep, [2, ¢. 502-507]) oHO nmeer
HENOABMIKHYIO TOUKY T = A1,0Z1,0 + - + A1 »T1,r, TO€ T1,0,...,2L1,, — BEPIIAHBI
OJHOI'O U3 CUMILTEKCOB Pa3bueHusd, A\jo+---+ A1, =1, A1 0>0,...,A;,, > 0. IIpn
oTOM 1 = ¢1(Z1) = A1,0p1(Z1,0) + -+ - + A1 ro1(@1,0).

Basas 6osee menkoe pazbrueHne CUMILIEKCA, TOCTPOUM AHAJIOITIHOE OTOOPAKEHIE
(2 C HEHOABIKHOM TOYKOU Ty = A20T20 + --- + A2 T2,. [Ipogomxum mpouece,
YCTPEMUB IMAMETpP pasbueHnsa K Hy 0. MOXHO BEIOPATH TAKyO TOAMOCIEIOBATETh-
HOCTb HOMEPOB %, [IJf KOTOPOU: I; CXOMATCA K HEKOTOPOU TO4YKe % (KaK CJIeACTBUE,
Ti0y- - -5 Tip CXOLATCA K TOU KE TOUKE); Aj 0, - - -, Aj,r CXOIATCA COOTBETCTBEHHO K He-
KOTOPBIM )‘07 tee )‘Ta rne A0 + -+ Ar = ]-7 )‘0 2 07 teey Ar 2 0; Qpi(xi,())a teey Soi('ri,r)
CXOIATCA K HEKOTOPBIM ¥, - .., Yr. lOrga x = AoYo + - -+ + Ay, U3 3amMKHyTOCTH
orobpaxenus ® caenyer, 4TO Yo, .., Y, npusagaexar P(x). Tak kax 510 MHOKe-
CTBO BBIMYKJIO, TO T TAKXKE €My TPUHAIIEKNAT, T.€. ABIACTCA HEOABMKHON TOTKON
otoOpaxenus P. O

BriBo TEOPEMBI HEMMAHA 13 TEOPEMbI KAKYTAHK. IlycTh HA mpsmom mpo-
U3BEOCHUN BBINIYKJ/IBIX KOMIIAKTOB K n L B KOHETHOMEPDHOM BE€IIECTBEHHOM IIPOCTPAaH-
CTBe 3aJaHa HENpepHhIBHAA (DYHKIIUA f(a:, y), KBA3WBOTHYTasA HA K TpU KaxkIoM y U
KBas3uBLITyKJIaa Ha L mpu kaxaoMm x. [[asa Bcex x € K moaoxum

! ! . .
L, ={y" € L| f(z,y') = min f(z,y")};
y'eL
! ! " R
Ky:{l' €K|f(l',y): maxf(a: 7y)})
t"eK
®(z,y) = Ky x L,.

JIerko mpoBepuTh, 9TO TOYETHO-MHOKECTBEHHOE 0TOOpakeHue ® y1oBmeTBOpAET yC-
aoBusaM Teopembl KakyTann u, 3HAYUT, nMeeT HemoaBmKHy0 Touky. OHa aBrseTcs
cemioBonl Toukon gyukuuu f(x,y), orkyga (CM. . 2) BHITEKAET DABEHCTBO MUHU-
MaKCa 1 MAaKCMUHA. ]

AsTop Gmaromapen B. M. TuxoMupoBy 3a BHUMaHUE K Pa0OTEe U TOJE3HLIE 3aMe-
JaHUA.
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['eomeTpuieckaa 3amada, CBA3aHHAA
¢ 0000MIEHHBIMU OULIAAP JAMU

JI. 1. IlycTeLIBHUKOB®

B paboTe pemaeTca mpocTas reoMeTpuIeckas 3a1a4da (0600maman 3a1ady
lepona) m QAIOTCA IPUIOKEHUA €€ PEmeHnsa K 0000MEeHHBIM OMLIAap 1aM.

1. OBOBIIEHHAS 3AJAYA ['EPOHA

PaccMoTpuM IBYMEPHYIO ILIOCKOCTB C MPAMOYTOJBLHBEIMEI KOOpAUHATAME (T, 1) U
CJAEIYIONIYIO 329y MUHUMU3AIUAU BHIMYKION (PYHKIMU OTHOU MEPEMEHHOU Ha MOJY-
ocu:

f(z):\/(xl—z)2+yf+\/($2—z)2+y§+kz—>min, 220, (k>0). (1)

[Ipeamonaraercs, aro y; > 0. 3agada (1) ma Bcen npsamon npu k = 0 u3BeCcTHA, Kax
3agada ['epona.

Pemenue z zagauu (1) oveBmanbiM oOpasom cymectByeT (u60 f(z) — oo mpm
Z — 00) U €IUHCTBEHHO (B CUIy CTPOrou BHIMYKIOCTH f). VI3 HEOOXOMUMBIX YCIOBUM
MUHUMYyMa 1A GYHKIUI OTHOTNO MEPEMEHHOr0, moay4aeM, uto ecau 2 = 0, o f/(0) >
>0,aecmu zZ > 0, ro f'(0) = 0. B cuny BBIIyKI0CTH, 5TU yCIOBASA U TOCTATOYIHEL.
Takum o6pasom, ecian

x T
k> ! + 2 = coS 1 + €oS Y2, (2)
Vet tut a3
To Z = 0, eciu xe
I o

k< = cos (1 + cos P2, (3)

+
Vil +ul o\ Ja3 4

TO z > 0, ¥ 5TO YNUCIO ABIACTCA SQUHCTBEHHBLIM PEIICHUEM YDPABHEHUA

k= o + 22 ¢ = cos s (2) — cos vy (2). (4)
Ve—m24u Jz—22)2 443
B (2) u (3) ¢; 0603HAUAET MOMAPHBIN YTOI TOYKNA (&, Y;) HA INIOCKOCTH C IeKap-
TOBBLIMU KOOPAWHATAMY L, Y;; YIVIBL 1); m300pakens! Ha puc. 4, c¢. 90.

*Pabora gacTuvHo nojuaepxana PDODPU, npoekt 02-01-01067.

MaTemaTu4eckoe npoceewerue, cep. 3, Bein. 9, 2005(86-92)
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Puc. 1.

Ecau k > 2, To BhIIONIHAETCA HEPABEHCTBO (2) M PElIeHreM 3a,1a4Mu BCerqa sABJisi-
erca 2 = 0.

IMycts 0 < k < 2. Paccmorpum Geckorednsinn cekTop () ¢ Bepumuaou B Touke O,
UMEIOLIUI Yyrou ¥, cosy = k/2, oqHa CTOPOHA KOTOPOr'O €CTh KOOP JUHATHASA HOLYOCh
xz >0,y =0, a gpyras cropoHa Jaexur BHyTpu kBaapanra ¢ > 0, y > 0 (puc. 1).

Bo3moxkHBL caegyiompe ciydan pacuonoxenus Touek (z1,y;) u (Z2,y2) OTHOCH-
TeJIBHO ceKTopa (.

1. Touku pacnoMOKeHBl BHY TPY WK HA TPAHUIIE CEKTOPA, (), IpUieM XOTsa Obl O1HA
JIEXKUT BHYTPHU CEKTOpa. Torga BLIIOIHAETCA HEPABEHCTBO (3), Tak Kak cos p; > k/2,
mpwIeM XOTS OBl OTHO HEPABEHCTBO — CTPOTOE.

2. Toukm pacmomoxkeHbl BHE wau Ha rpanune cektopa (). Torma BomommseTcs
HEPABEHCTBO (2) M0 aHAJOTMYHBIM IPUIAHAM.

3. Ecau ogHa TOYKA JEKUT BHYTPU CEKTOPA, & APYTad — BHE CEKTOPA, TO MOXKET
BBIIOMHATHCS JI060€ 13 HepaBeHCTB (2), (3).

2. 'EOMETPUYECKUN CMBICJI OBOBIIEHHON 3ATAYM 'EPOHA

HanmomuurM w3BecTHyIO 3amady o mepexone depes peky. Hyxuo mocTpouThs MoOCT
Yepes peKy ¢ mapaielbHBIMU GeperamMu Tak, 9TOOLI OyTh MeX 1y Toukamu A u B,
PACIOJOKEHHBIMUI TI0 PA3HBIE CTOPOHBI PeKM, ObLI KpaTdanmmmM. MocT HyXHO pac-
TIONIOXKUTH MEPIEHINKYIAPHO OeperaM. Pemrenne 3agatdu 0 mepexone Iepe3 peKy Imo-
JYYIAeTCsA ¢ TOMOIIBIO MTapaIeJbHOTO MEPEHOCa, KaK MOKA3aHO Ha PUc. 2.

A

Puc. 2.
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Puc. 3.

IIpu pemenun 3a1a9m 0 MEPEXOIE IEPE3 PEKY C HENAPAAAEALHbIMY OEPETaMu MO~
aBageTca oboOmenHas 3ana4da ['epona.

IIycre peka mpencraBiseT cOOOU ILIOCKUHU YI'OJM BEJMYUHOM (v, & MOCT HYXKHO
CTPOUTDH MEPIEHIUKYIAPHO OuccekTpuce m >Toro yria (puc. 3). Beegem koopauua-
THI, KAK TOKA3aHO HA PUC. 3: 0Ch aBCIKCC HATIPABUAM BIOJIb OMHOTO GEpera peKu, pexa
npu 3ToM JeKUT B morymiockocTa y < 0. Touxu (x1,y1) u (r3,y3), KOTOPHE HYKHO
COENVHUTD IIyTEM, JEXKAT II0 PA3HbIE CTOPOHBL OT peku. Touka (T2, y2) cuMMeTpUIHa
Touke (Z3,Y3) OTHOCUTEILHO OUCCEKTPUCHL YA (V.

Ecnu xomen mocTa Ha 6epery, MPOXOIAMEM MO0 OCH abCIUCC, UMEET KOOPIMHATEL
(2,0), To mmuHa MocTa paBHa 2z sin(a/2). O6o3nauum k = 2sin(a/2). [loaywaem, aTo
OTBET B 33Ja4e O IePexoe 9epes3 PeKy u3 TOIKU (T1,Y1) B TOUKY (I3, Ys) MOLyIaeTCs
u3 oTBeTa B 0600menHon 3agade [epona musa Touex (x1,y1) u (z2,y2) (1erko BugeTh,
YTO mepBHE Ba craraeMbix B (1) — »To paccrosuua mexnay (z1,y1) u (z,0), (z,0)
u (x3,Y3) COOTBETCTBEHHO, & TPEThHE PABHO JJIWHE MOCTa C KOHIOM (z,0)).

SAMEYAHUE. [ToCTpOUTEH KPATIAUIIYIO JOMAHYIO IIUPKYJIEM U JUHEUKOU B OOIIEM
CIydae HeBO3MOKHO HU 1A 0GOOIIEHHON 3a 134K ['epoHa, HU IIA 3304494 O [MEpexoIe
gepe3 pPeKy ¢ HemapammreabHeiMu Geperamu. OIHAKO, IS CIETHOTO MHOXKECTBA IIap
rouek (z1,y1) u (T2,Y2) BHyTpPHU CEKTOpPa () MOKHO C HOMOLIBIO UUPKYJISA U JTUHEUKA
HAUTHU TaKyo TOUKY (2z,0) Ha MOTOKUTENLHON TOMYOCH abCIUCC, UTO 2 €CTh MUHU-
MyM B 0000mennHon 3anade [epona. 31eCh MOMTOKEHNE TAKOE K€, KAK B 3HAMEHUTOU
3aad9e O TPUCEKIUN YIVa: Pa3JeJUTh MAHHBIA YIOJ HA TPU PABHBIE YACTU C MOMO-
MBI DUPKYIA U JAHENKHU. [ IPOM3BOMIBLHOrO YIVIa 3TO CAeIaTh HEBO3MIKHO, HO [
CYIETHOT'O MHOXKECTBA YIVIOB TAKOE IIOCTPOEHUE OCYIIECTBUAMO.

3. OBOBIIEHHBLIE BUJJJIAAP IbI

Kaaccudeckuu 6ummaps — 5TO AUHAMUYECKAS CUCTEMa, B KOTOPOU MACCUBHAA
TOYKA IBUTAETCA C TIOCTOAHHON CKOPOCTBIO BHYTPU 3aMKHYTOU obmactu B ¢ Kycod-
HO-TVIAKOU TpaHuiedn ', a B pe3yabTaTe ee OTPaXKEHUA OT IPAHUIIBEI HOPpMATbHASIL
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KOMIIOHEHTA CKOPOCTH TOYKU MEHAET 3HAK, COXPAHAA AOCOMOTHYIO BEIUINHY, 8 TAH-
TeHIMATLHAS KOMIIOHEHTa CKOPOCTU TOYKY HE MeHseTcs [6].

O600menasle OWLINAP LI, PACCMATPUBAEMEIE B DTOU paboTe, OBLIM BBEICHLI B
obuiem caydae B [1], a B crydae, korga o61acTsb ecth napamutenenunen — B [2]. C ¢u-
3UYECKON TOYKU 3PEHUA OOOOIICHHBIM OWILIUAP[, COCTOAIIAU W3 MHOTUX YACTHUIIL,
ONKCBHLIBAET I'a3 B COCYAE, KOTOPBIA MOXET HAIPEBATHCA WIN OXJAXKIATHCA OT CTe-
HOK cocyna. [losTomy crenku 0600MmEHHOr0 OuLInapaa «[POXKATY, ITO ONUCHIBACTCS
dbyrkmmen g(v,t), ompexerenron Ha mpamom mpomseeserun ' x RY) (R — npamas
mmmma, ¥ € [' — mouxa rpamumer I', a pemmamna t € R' o6osmataer Bpems). O1-
pPaXkeHre OT TAaKOW APOKAIIEN CTEHKU MPOUCXOTUT COTVIACHO CIACAYIOMIEMY 3aKOHY.
[Ipegnonoxum, 9TO TPAEKTOPUA TOYKH, KOTOPAS ABUKETCS CO CKOPOCTHIO U, IIepece-
xaer ' B Touke v € [' B MmomenT Bpemenu t*. Torga B 3ToT MOMEHT Bpemenu t* Todxa
nprobpeTaeT TaKyl CKOPOCTh v*, Kak ecau OBl OHA MOABEPIVIACH YIPYTOMY yAapy C
OECKOHEYHO TSXKEMOU MIOCKOCThI0 [ Kacawmencsa [' B ToUke 7, KOTOpasa IBUTAETCA
B MOMEHT BpeMeHU t* BJoib HOpMaau K I' B Touke v co ckopocThio (0g/0t)(y,t*).
31ech B KQ4eCTBE MOJOKUTEILHOIO HAMPABICHUs IBUKEHUA TIOCKOoCTH [ BEIOUpa-
€TCs1 HAIIpaBJIeHNE BHYTPL obaactu B.

Ecau ckopocTh v*, KOTOPYIO TOUYKa IpuoOOpena B pe3yaIbTaTe YKa3aHHOIO 3aKOHA,
OTpaKeHUs, HAIPaBIeHa BHYTPb obaactu B, TO mocie MOMeHTa BpeMeHHu t* Todka
ocraputT [' u Oyaer aBUraThbcsa BHyTpu B 1o Oamkanimen TOYKK mepecedenus c L.
Ecan xe ckopocTs v* HampasieHa BO BHe obaacTtu B, TO mocjae MOMEHTa BpeMeHu t*
TOYKA OCTAETCA HEMOABMKHOU Ha, [ 10 TexX mop, MOKa B HEKOTOPLIM MOMEHT BPEMEHU
t > t* B3aMMOJEHCTBUE C IIOCKOCTHIO ['* He 3aCTABUT TOUKY U3MEHUTH HAMPABIE-
HI€ HOPMAJBLHOM COCTABIAIOMEN ee ckopocTu. [locaemnuy ciayday BO3MOXKEH, €CJu
dbyrkmmusa (0g/0t)(7y,t) npu t = t yBeIMIMBACTCA CKAMKOM:

99

Bt (7, t) > 0.

i+0

B wacrroM ciyuae, korga ckopocts (0g/0t)(7y,t*) nukenus miockoctu [* pas-
ua 0, 06OOUIEHHLIN OULINAP CBOLUTCA K KIACCUYECKOMY OWLIMAPAY, B KOTOPOM
HOpMAaJIbHAsA COCTABJIMMOINIAA CKOPOCTHA TOYKM B MOMEHT BpeMeHU ¢ = t* TONBKO Me-
HAET CBOE HAIIPABJICHNE, HO ee aOCOMIOTHAM BEIUYNHA, 10 yIapa TaKasd XKe, KaK U TOCIe
yaapa.

B onpeneneruu 0600UIEHHBIX OWITAAD OB YIPYTUA yAap TOYKYU U LIOCKOCTH [*
MOXKET PACCMATPUBATHLCA KAK B PAMKAX KJIACCUIECKON (HBIOTOHOBCKOW) MEXAHUKM,
TaK U B PAMKaX PEIATUBUCTCKOM MEXaHUKU (TeOpuu OTHOCUTEALHOCTH). B mepsom
caydae MbI 6y1eM Ha3bIBATH 000O0IIEeHHBIEe OMILIHAP bl — HBIOTOHOBCKUMU, & BO BTO-
poMm caydae — peaaTuBucTckuMmu. [laa xmaccuideckux OmanuapaoB Bupkroda mer
HUKAKOU PA3HUIILI MEXK Y STUMU ABYMs CAYUAAMU: DTO OJHA U T Ke TUHAMUIECKA
cucteMa. [[1s1 0600IIEHHBIX XKe OWLINAP 0B CYIIECTBYET OTPOMHASA U MPUHITNITNAb-
Had PasHUIA MEXK Iy STUMU CIyJIasMu: OOOOIIEHHEIN HbIOTOHOBCKAN OMLINAP I — 3TO
KOHCEDBATUBHAS [UHAMHUYECKAs CACTEMA, TO €CThb CYIIECTBYET Mepa, SKBUBAJCHT-
Has $azoBoMy 0O6BEMY, KOTOPAsS NHBAPDUAHTHA OTHOCUTENIHHO JUHAMUKY OWLIAADIA
(cMm. [2]), B TO Bpems, Kak OGOOIIEHHBIN PETATUBACTCKAN GULIAAP] — DTO JUCCHIA-
TUBHAA CUCTEMA, TO €CTh TAKOU WHBAPUAHTHOU MEPHI HE CYIIECTBYET.
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(z1,91)

Puc. 4.

DTa NPUHUUANIVAIBHAA PA3HULA IPUBOAUT B YACTHOCTH K TOMY, 9TO B HBIOTOHOB-
cKOM ciay4ae sHTponusa ['m66ca — NOCTOSHHASA, TOrJa KAK B DEIATUBUCTCKOM CJLydae
suTponua ['ub6ca U TEpMOAUHAMUIECKAA SHTPOMUA (TO €CTh PHTPOMUS, TOCTPOEH-
HASA OTHOCUTEIBLHO a30BOr0 06bEMa) MpK OOUIUX €CTECTBEHHBIX YCAOBUAX HATUHAECT
BoapactaTh ([2]). O600meHHbIe PETATUBACTCKIE GMLTHAD ABI OBLTN U3YYIeHB B Pabo-
rax [1]-[5], a 0600LmeHHEIe HBIOTOHOBCKYE GrLIap sl — B padorax [1] u [2].

4. OCHOBHOH 3AKOH U DKCTPEMAJILHOE CBOWCTBO
OBOBIIEHHBIX HBIOTOHOBCKUX BUJIJIMAPIOB

ITokaxem cBa3b 0600mWeHHON 3a1a4u ['epoHa ¢ 0GOOMIEHHLIMA HLIOTOHOBCKAMMU
OmLIIAp [aMU.

IIpegnomoxum, 9T0 061aCTE B, B KOTOPOU IBUTAETCA MATEPUATLHASL TOIKA, €CTh
MOIYIIOCKOCTD Y > 0 IIIOCKOCTH € MPAMOYTOMBHBLIME KOOP IMHATAME L, Y, U, TOSTOMY
rpanuna [’ o6aactu B ects ock y = 0. [Ipegmoaoxum Takxe, 9T0 IeUCTBUE MPAHUIIEL
[ samaerca dynkmuen g(z,t), rae z — xoopausara Touku (z,0) € T') ¢ — Bpemsa
(cM. m. 3).

Buimmap aabie TpaeKTOpUT KIACCHIECKOT0 OMLIAAP A 0018, 10T SKCTPEeMATLHBIM
CBOMCTBOM: KyCOK OWLIMAD JHOU TPACKTOPUH, COCIUHAOMNYA TOYKH (L1, Y1) U (T2, Y2)
U IPOXOAAIINK YEPE3 PAHUILY, ABIAETCA KpATIANIIe IBY3BEHHON JOMAHON, COeIn-
HAomen TOYKU (T1,Y1) U (Z2,Y2) U IPOXOAALIEN Yepe3 IPAHMULLY.

Amamornaaoe SKCTpeMaIbHOE CBOMCTBO MOXKHO C(POPMYIUPOBATE U 11 0O0OIIEH-
HBIX OWLINAPIOB.

PaccmoTpum Kycok GuimumapgHOR TPAeKTOPUY, IPOXOAAuen depes Touky (c,0),
HAYaJI0 KOTOPOU eCTh TOYKa (T1,¥1), & KOHEN, — TOYKa (T2,y2) (puc. 4). pexno-
JIOXKUM TAK¥XKe, 9TO T1 < T2, (¢,0) — eIMHCTBEHHASA TOYKA MPAHUILI, PACTIOIOKEHHAA
HA TPACKTOPUU MEXK Y TOUYKaMu (T1,y1) 1 (X2, y2), BEKTOP CKOPOCTH B TOUKE (L1, Y1)
ectb (u1,v1), & BEKTOP CKOPOCTU B TOYKE (T2,Y2) ecThb (ua,vs). Torga coruacuo 3a-
KOHAM KJIACCHYIECKOU MEXAHWKU IMIPEAMNOJOKEHUA 00 yIpyrocTu yaapa TOYKE ¢ 6ec-
KOHEYHO TSKEMOU CTEHKOU, 3aJaHHOU ypaBHeHueM y = 0, © 0 TOM, UTO NEUCTBUE
STOU CTEHKW HA TOYKY HAIPABICHO BIOJL HOPMAJIU K CAMOU CTEHKE, MPUBOIAT K
CEIYIOIINM PABEHCTBAM:

UL = Uz, V2 = —Up + 2%(c,t), (5)
rge ¢ — MOMEHT BPEMEHH, B KOTOPOM TOYKA HAXOMUTCA B momoxeHun (c,0).
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B wactHOM ciydae, korjga u; = us = 1, BTOpOe paBeHCTBO B (5) OIPUBOLUT K CJAELY-
IOIIEMY PABEHCTBY:

tg ¢2 (C) - tg ¢1 (C) = H(C, t)7 (6)
rae
dg
H(e,t) = 255 (e, 1), (7)

a 11 (c), ¥2(c) — abCOMOTHBIE BEIMYUHLI YIVIOB, MOKA3AHHEIX HA puc. 4.
Beegem dpynknmo G(z), yIOBIETBOPSIONIYIO CIEIYIOMEMY yCIOBHIO:

9E(2) = costn(2) — cos a (2). (8)
W3 (6) nonyuaem ypasuenue Ha G(2):
dG 1 Z—T1
1) = - , )
’ \/1+(Z31$1 +H(Z,Z—£L‘1))2 \/($1—Z)2+y%

rge H(z,t) — Qyuxuus, eegennasn B (7).

O6osuaunm wepes p{(z1,y1), (z2,y2)} €BKIMOOBO PACCTOSHME MEXIy TOIKAMIU
(z1,y1) u (x2,y2). Kax m3BecTHO, HEOOXOAUMBEIM YCJIOBUEM DKCTPEMyMa (DyHKIUM
f: R = R apageTcsa paBeHCTBO Hy.I0 npomssogHon f'. OTcloga momydaeMm MCKOMOE
DKCTPEMAILHOE CBOUCTBO OOOOIIEHHOrO OMLIMAapa: KyCOK OWLIMAPIHOU TPAEKTO-
puM, OPOXOIAIIAN epe3 CPAHMILY, HepeceKaeT CPAHUIy B TOYKe, B KOTOPOH oOpa-
maerca B 0 mpousBogHAs (DYyHKIAU

F(z) = p{(z1,51), (2,00} + p{(22,12), (2,0)} + G(2). (10)

Paccmorpum Temeps B kadectse dyukmui G(z) u F(z) B (10) cooTBeTcTBeHHO
dyukunn G(z) = kz u F(z) = f(z), rae f(z) — dyuxums, seegennas B (1). IIpex-
nonoxuM Takxke, 9to 0 < k < 2, a Touku (x1,y1) u (Z2,y2) PACIOTOKEHBI BHYTPU
WIZ Ha IpaHune cekTopa (), m3obpaxennoro Ha puc. 1. Torga MOXHO yTBEPXKAATH,
aro (10) gocTHraeT MUHUMYMAa B TOYKE €, TAKOM ITO JOMAHAM, COENUHSAIOMAA TOT-
ku (1,41), (¢,0), (x2,y2), ABALETCI KyCKOM OOGOOIIEHHON OWLINAD JHON TPAEKTOPUH.

®yukuun G u H cBasanbl caoxkubiM cooTHommenueM (9). IIpenaaraemM quTaTeno
HOAYMATH HAJ CAEIYIOUIMY 33 Ja9aMy.

3AnA4A 1. Ilycts G(z) = kz. Cymectsyet au Takas dyuxmus H (z,t), 970 ypas-
uenue (9) BHIMOIHACTCA IJIA BCEX TOYEK (X1,Yy1) BEPXHEN MOIYILIOCKOCTHA?

3AMAYA 2. [an o6obuennoro Guwimmapaa ¢yuxuus H(z,t) npomopuumoHambHa
CKOPOCTHU JPOXKAHUA CTeHKHU. [[03TOMY €CTEeCTBEHHO HAJOXKUTHL Ha H (z,t) momoanu-
TeIbHOE yeaoBue — QyHKIUA g(z,t), ONpemeseHHas KaK

g@ﬁzAH@ﬂ%

orpaHnveHa Kak QyHKIua oT AByx aprymentos. Cymecrsyer au H(z,t), y10BIeTBO-
PAOIIAA YCIOBUIO MPEILIAYIINEN 32149 U DTOMY JTOTOTHUTEILHOMY YCIOBUIO?
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Ham CEMHUHaAP: MaTEMATHUIECCKHE
CIOKE€ThI

Teopema o BbICOTaX TPEyrOJbHIKA
B reoMeTpun Jlob6adgeBCKOTO
KaK TOXJIeCTBO fIKoOm
B aarebpe JIn kBagpaTUIHBEIX (POPM
Ha, CUMILIEKTHYECKON ILIOCKOCTH

B. U. Apuoas*

Teopema 0 mEPECETICHUH BEICOT TPEYTOIbHUKA B OLHOU TOIKE B [€OMETPHUIX
Jlo6agesckoro m ge CurTepa NOKA3BIBAETCA C MOMOMIBIO H30MOPU3Ma MEXIY
STUMM DeOMEeTPUAMH, C OJHOU CTOPOHBI, U CUMILIEKTUIECKON T€OMETPUEN 1 -
re6pon Jlu GUHAPHBEIX KBaAPATAIHEIX GOPM — C APYTOM.

ILrockocTh Jlo6avueBCKOTO MOXET pacCMATPUBATHLCA KAaK MPOEKTUBU3AIUA TTPO-
CTPAHCTBA MOMOKNUTETLHO ONPEIEJEHHBIX OUHAPHBIX KBAAPATUIHLIX dopM [1], ecin
ICIIONL30BATE ee Mojens Kieitna B Buge kpyra B mpocTpaucTee RP2. JlenTa Mé6u-
yca, CIyXKamas ero gomonneHueM, obpasyer «wmp ne Currepay rumepOOImIecKux
OUHADPHBIX (POPM, 33JAHHBIX HA TOU XKe INIOCKOCTU (C TOYHOCTBIO O YMHOXKEHUS HA
HEHYJEBYI0 KOHCTAHTY, KAK U B NPEILIAYIIEeM caydae). MeTpuka B 3TUX MPOCTPAH-
CTBaX BBOAUTCA KakK BTOpad AuddepennmnanbHas popMa onpegennTens Ha runepoo-
moume (popM C onpegeauTeseM COOTBeTCTBeHHO 1 u —1.

BBenennas puMaHOBa MEeTPHUKA Ha MIOCKOCTU JI0H6ATEBCKOTO U JOPEHIIEBA TICEB-
IOpuUMaHOBa MeTpuka B MmMupe jge CuTTepa MHBAPUAHTHBI OTHOCUTEJIHHO TPYIIINHI
SL(2,R) cuMmmiexTHIecKuX JMHEHHBIX O0TOOpaxeHui miockoctu {(p,q)}. Ksagpa-
TaEBle GOpMBL ap® + 2bpq + cq? Ha ATOH CHMILIEKTHYECKOH ILIOCKOCTH O6pasy-
IOT TPEXMEPHOE BEIECTBEHHOE MPOCTPAHCTBO OTHOCUTEJNBHO KOOPIWUHAT a, b, .

*Pabora yacTu4HO mojaepxaHa rpaarom PDDU 02-01-00655

MaTemaTu4eckoe npoceewerue, cep. 3, Bein. 9, 2005(93-99)
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IelicTBIE TPYIILI COXpAHAET OMpeleIuTeNh KBAIPATHIHON (opMel A = ac — b2.
IlrockocTs JI06AMEBCKOTNO OKA3LIBAETCA TPOEKTUBU3AINNEN BHYTPEHHOCTU KOHYCA
A > 0, a mup ge Currepa — npoexktususammen gomoauenusa A < 0. Cam komyc
A = 0 sBasgeTcs TPOEKTUBHOU BEPCUEN aOCOMIOTa — OKPYKHOCTU, OCPAHUYUBAIO-
men Kpyr B Mogeau Kienua.

IMosToMy MBI OyIeM PacCMATPUBATL TOUYKHU TLIOCKOCTH JI06AIEBCKOTO U MUpa, 1€
CutTepa kak «hopmbh («hopmay [a : b : ¢] — aT0 xkBagpaTUIHas bopma ap’ + 2bpq +
+ g%, B3ATAA C TOTHOCTHIO 10 MOCTOAHHOTO HEHYIEBOTO MHOKUTENA).

C mpyrou cTopoubl, Touku Mupa ge Currepa MOXKHO MHTEPIPETUPOBATH KaK
IpsMbIe Ha IOCKOCTH JlobadeBckoro (1 o6paTHO): ABe KACATEIbHBIE, IPOBEIEHHEIE
I3 TAHHOW [e-CUTTEPOBCKON TOYKE IPOCTPaHCTBA RP? K OKDY:XHOCTH abCOTIOTA,
OTIPEeNEIAIOT HA HEU JBE TOYKU KACAHUA; COEMUHSIONIAA MX HPAMAsA Ha IIOCKOCTH
JIo6aeBCKOro CTABUTCA B COOTBETCTBUE UCXONHON TOYKE (3TO MPOEKTUBHAA TBOU-
CTBEHHOCTH OTHOCUTEIBHO abCOMIOTa).

Touno Tak xe npambie JIo6aIeBCKOr0, MPOXOAAIue Iepe3 OOyl TOYKY B KPYy-
re, MOTYT PacCMaTPUBATHLCA KaK TOUYKKM Mupa ge CuTTepa, B KaXKIOU U3 KOTOPBIX
MEPECEKAIOTCA ABE KACATEMbHBIE K a0COMIOTY B ABYX TOYKAX OJHOU U3 DTUX MPAMEIX.

Takum 06pa3oM, COBOKYITHOCTH IPAMEIX JI06a€BCKOr0, MPOXO AAIMUX 9€Pe3 TaH-
HYIO TOYKY KPyTa, oTBedaeT Kpubasa B mupe ne Currepa. Ha camom mese 5To nmpavas
(a mvenHO, mpoexTuBHAA mpAMas B RP?, me mepecexatomas kpyr moxema Kieina).
OTa TpAMas MPOEKTUBHO ABOUCTBEHHA UCXOTHOU TOYKE KPYra OTHOCUTEILHO abCo-
JIOTA.

[lens HACTOAIIEN CTATHU — BHIPA3UTH B DTOW MEOMETPUM KBAIPATUIHBIX (HOPM
TOT (PAKT, ITO BEICOTEI TPEYTOAbHUKA JI0GAIEBCKOTO MEPECEKAIOTCS B OTHOU
Toukel),

IIpocTpaHCTBO KBAIPATHIHLIX (DOPM Ha, CHUMILTEKTIIecKon miockoctu R (¢ cimu-
IUIEKTUYIECKON CTPYKTYpol w = dp A dg B xoopauuarax /[apOy p,q) ABIAETCA aire-
6pou Jlu orrOCUTEaBHO ckOOKM Ilyaccona (mockonbky ckobka Ilyaccona maByx KBa-
OPATUYHBIX (OPM ABIgeTCsa KBanpatuanou gopmon). I'pymma SL(2,R) neuncrsyer
JMHEHHO Ha mpocTpaHcTBe R? KBaIpaTwdHBIX hopM, onpesemeHHEX B R,

Haunem ¢ uaTepmperarnun cko6ok Ilyaccona B TepMUHAX TEOMETPUU TLIOCKOCTU
Jlo6GaeBcKoro (COCTOAMEN U3 MOMOKUTEILHO ONPEIENEHHBIX KBAIPATUIHEIX «pOpM»)
u wockoctu ge Currepa (cocTosmen us runepbonudeckux «popmy). Onepanusa cko6-
ku Ilyaccona R? x R® — R® urBapmaHTHA OTHOCHTEIBHO YIOMAHYTOIO AEHCTBUIL
rpymmer SL(2, R) ma R3.

TEOPEMA 1. Ckobxa ITyaccona 08Ys noaorcumesbro onpedesenwvis Gopm 1644-
emca 2unepboauveckoti Gopmoii, Komopas omeeuwaem nPamot, coedunsrowet mouky
naockocmu Jlobauesckozo, omseuaouue UCTOOHbLM Gopmam.

Taxkum 06pa3om, B TaHHOM cayuae ckobka Ilyaccona — runepboauieckas dpopMma.

1) ¥3ke MHOrO JeT Ha3a aBTOD BHIPA3WI AHAJOIMYHOE CBOMCTBO BHICOT €BKIMAOBA TPEYTOILHIKA
B TepMmHaxX TOXAecTBa SIko6m B anrrebpe Jlu SO(3) (BeKTOPHBIX HPOW3BEAEHUN B OPUEHTUDPOBAH-
HOM €BKJMIOBOM TPEXMEDHOM HPOCTPAHCTBE); B dTOM DACCYXkJEHUM y¥XKe CONepKAIACH Teopema 4
HACTOSAIIEN CTAThH.
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MMOKA3ATEJLCTBO. Ham morpebyercsa sBHOe BhIpaxkenue (1) mia cKamrapHOrO
NPOM3BEICHUA KBAIPATHIHEIX (POPM, MTOIAPHOTO OTHOCUTEIHLHO YPABHEHUS abCOMOTA,
A =0, rae A(¢ = ap?® + 2bpg + cq?) = ac — b>.

[onapHOe CKaIAPHOE NPOU3BEICHUE — 3TO CUMMETPUYHAA OurrHenHas hopMa Ha
OPOCTPAHCTBE OWHADHEIX KBAIPATUIHLIX (GOPM, COBMAJaroman ¢ A Ha IMArOHAIM:

2&(51,511) —a'c" + da" = 2" (1)

Cxo6ka [lyaccona ammanTuaecknx KaapaTuaasx dopm A = ap? + B¢, B = yp? +
+ 0¢® paBHa runep6OIIIECKOR GopMe

{A, B} = 4(ad — By)pgq. (2)

CooTBeTCTBYIOLIAA TPOEKTUBHAS MPAMas IPOXOAUT Yepe3 TOUku A n B, MOCKOIBKY
u3 popmyn (1) u (2) BeITekaeT, 9TO

A(A,{A,B}) = A(B,{A,B}) = 0. (3)

ODTOro IOCTATOYHO IJIA HOKA3ATEILCTBA TEOPEMEI 1, TMOCKOJILKY JHO0OLIE IBE DJI-
munTudeckue GOpPMEI MOKHO OJHOBPEMEHHO IUATOHAIN30BATH B HEKOTOPOU CUCTEME
CUMILIEKTUYIECKUX KOODIVHAT. ]

TEOPEMA 2. Ckobxa Ilyaccona nosoxcumenbrno onpedeaennoti gopmvl u 2unep-
boauueckot gopmvr npedcmasasemca 6 modeau Kaetna npamoti aunuet, xomopas
0PMO2OHAALHG NPAMOTE, 0MBeuatowet ucTodnotli 2unepbosuueckoti Gopme, u NPoro-
dum uepe3 MouKy, 0MeewaWY0 UCTOOHOT Nnosorcumesbro onpedesennoti dopme.

MOKA3ATEJLCTBO. CHOBa paccMoTpuM TOXAecTBO (2); ecaiu dpopma A — modo-
JKUTENBHO OMpeIeNeHHas, a ¢popma B — runepboamdeckas, TO HyKHO B3ATh aff > 0
7 6 < 0. DTOT mpUMeEpP YHUBEPCAJIEH, MOCKOJILKY U3 TEOPUH COOCTBEHHBIX BEKTOPOB
MBI 3HAEM, ITO eCIu popMa A — MOTOKATENLHO OMPENENEHHAA, TO MOXKHO OTHOBPE-
MEHHO MUATOHAIM30BATL A u B B HEKOTOPOU CHCTEME CUMILIEK TUIECKIX KOOP IMHAT.

B mamuOM ciydae ypaBHeHUA (3) MOKA3BIBAIOT, YTO MPAMasd, OTBEIAIOMAA (POpME
{A, B}, cogepxut Touky A (mepBoe ypaBHEHHUe) U OpTOrOHAJIBHA HpsaMon B (Bropoe
ypasrenue). OpTOrOHAIBHOCTD JErKO CJAEIyeT W3 BTOPOrO ypaBHEHUA (3), HO OHA
BLITEKAET yKe U3 ABHOrO Bua ckoOKku Ilyaccona (2). ITo ycaoBue OpTOrOHAILHOCTHI
OBYX MPAMBIX B Mogenu KienHa mMmeeT CAeIYIOIUA TPOEKTUBHBLIM CMBICT: KAk Ias
U3 OPAMEBEIX OPOXOAUT 9Yepe3 TOYKY, ABOMCTBEHHYIO BTOPOU TPAMOU OTHOCATEIHLHO
abcomoTa. ]

TEOPEMA 3. Ckobxa Ilyaccona deyr 2unepbosuueckur Gopm omeeuaem mouke
nepeceuenus J8Yr NPoeKMUSHHIT NPAMBIT, KOMOPbIE UM COOMBEMCMBYIOM.

[MOKA3ATEILCTBO. U3 Teopuu cOGCTBEHHBIX 3HAYEHUN APl TUMEPOOTAICCKUX
dopm BBITeKaeT2), 4TO 3T (HOPMHBI JuOO0 OLHOBPEMEHHO AMATOHAIUIYIOTCA B HEKO-
TOPOM CUMILTEKTUIECKOM 6a3uce, 160 IPUBOAATCA K CIEAYIOIIEMY BUILY:

A=p’—¢’, B=pq.

2)Dror daKT MOXHO J0Ka3aTh U B reoMerpun JIo6a<Ie€BCKOr0: OH 03HAYAET, UTO Mapa epeceKa-
IOLIUXCA TPAMBIX OMPEIENAETCA YIIIOM MEXIYy HAMM C TOYHOCTBHIO MO MABMXKEHUs miockocTu Jloba-
YEeBCKOT'0.
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B mepsom caywae ckobka Ilyaccoma sBasercs rumep6onndeckon (popMou, u co-
TJIACHO TOXKIECTBY (3) COOTBETCTBYIOIIAA TOUYKA MPOCKTUBHOUN TLIOCKOCTY TPUHA,I-
JIEKUT OGEUM IBOUCTBEHHBIM MPAMEIM.

Bo BTOpoMm cayuae Beraucaenue ckobku Ilyaccona maet

{A,B} =20(p” + ¢°); (4)

STO DIMNTHYIECKAA (POPMA W MOTOMY OHA OTBEYAET HEKOTOPOU TOYKE ILIOCKOCTH
Jlo6auesckoro B mogenu Kaenua. dTa TOUYKA NPUHAMLICKUT MPAMBIM, KOTOPHIE TBOU-
crBennsl popmMaM A n B, uro crenyet 3 Toxaects (1) u (4):

2A(A,{A,B}) =2\ — 2\ =0,
2A(B, {4, B}) = -2(3 -0) = 0. 0

TEOPEMA 4. Ecau mpu nenysesuir sexmopa 6 npocmpancmsee R° ydossemso-
paom pasencmey f + g+ h = 0, mo coomeememsyowue um MOUKU NPOEKMUG-
HOt NAoCKOCTU Aexcam Ha 00HOT NPoexmusnot NPAMOL, G COOMEEMCMEYIOULUE
npoexmusnbie npamoie (6 d60tGcmMeennot NPoeKmMueHOT NAOCKOCTNU) UMEIOT 06UYHO
MOUKY.

[TOKABATENIbLCTBO. Ecmu Tpu BexkTOpa, IpencTaBIAoIIue TPU TOIKHA TPOEKTHB-
HOU TUIOCKOCTH, yAOBIETBOPSAIOT cooTHomenuoo f + g+ h = 0, To Mexnay 4106b1mu
TpeMsa BEKTOPAMU, MPEICTABIAIIIAMYA DTU TOUYKU, UMEETCA JUHENHAA 3aBUCAMOCTD.
OTHUM IOKA3aHO MEPBOE YTBEPKICHUE TEOPEMbI. BTOpOE YTBEPK ICHUE U3 HErO CIe-
IYET, MOCKOILKY TPEM TOYKAM MPOEKTUBHOU MPAMOU COOTBETCTBYIOT MTPU MPOEKTUBR-
HOH IBOUCTBEHHOCTH TPU NPAMEIE, IPOXOAAIINE YePe3 TOYKY, IBOUCTBEHHYIO 3>TOU
IIPAMOM. O

3ANAYA. IlycTs mamer gBe GOPMEI, OMHA U3 KOTOPHIX — DILIUNTAYECKAA, & IPY-
rasg — runepboandeckas. Hauqure reoMeTpuieckoe yCJaoBrue B TEPMUHAX 3TUX (pOpM,
PABHOCUIBLHOE TOMY, 9TO TOYKA, OTBEIAOIIAA IIUNTUICCKON (hOPME, IPUHAIICKUT
IIPAMON, KOTOPas OTBEYAET I'UIIEpOOINIecKon (popMe.

OTBET. Hynesbie HanpaBaeHus runepOoIuIeckon GOPMbI JOMKHEBL OBITH B3AUMHO
OPTOTOHATLHBEI B METPUKE, KOTOPAS OMPEAEIACTCA DILIUNTAIECKON (POPMON.

TEOPEMA 5. Tpu svicomst mpeyzoavnura 6 niockocmu Jlobauesckoeo npunad-
aexcam 0onomy nyuxy (NPoexmusnbie Npambie, Ha KOMOPHIT AEHCAM 8bICOMbL 6 MO-
deau Kaetlina, nepecexaomes 6 00mot mouke).

[MOKA3ATEJILCTBO. Ilycts A, B, C' — npamvie, Ha KOTOPHIX JEXKAT CTOPOHEL TPE-
yroapuuka. To9HO Tak x)e 0003HAYMM COOTBETCTByIOUWME (runepboandecKue) KBa-
aparuunsie popmer. Ux ckobku Ilyaccona

{A,B}=¢, {B,C}=a, {C,A}=0b
— 5TO >mIuUnTHYecKne GOPMBI, OTBEYAOIIME BEPIIMHAM HCXOTHOT'O TPEYTOJbHUKA
(B cury TeopeMsl 3).

Bepumun TpeyronbHUKa 0603HAYUM @, b, ¢, IPUYEM BEPIIUHA ¢ JEXUT TPOTUB
cTopousr A u T. 1.
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PaccMOTpUM BEICOTHI 3TOTO TPEYTrOMLHUKA. [IpAMas, IpOXOMAIIAA 9epes3 a U Op-
TOTOHAJMBHAA CTOPOHE be = A, cormacHo TeopeMme 2 mpencTaBIAeT «pOpMYy», OTBETA-
roryio ckobke Ilyaccona ot a u A:

(Bicorams a B A) ~ ({{B,C}, A}).

Taxum 06pazom, mpu vicomvt mpeyeoavrura (a,b, c) ceomempuuecky npedcmas-
AMOM, MPU KEAIPaMuUUKbIE HOPMbI:

(f:9.h) = ({{B,C}, A}, {{C, A}, B}, {{4,B},C}).

Cornacuo ToxgectBy fxobu (gua ckobok Ilyaccona B anre6pe Jlu kBanpaTuanbix
(OpM Ha CUMILIEKTUYIECKOU IIIOCKOCTH ¢ KoopauuaTamu [lap6y (p,q)), cymma sTux
Tpex KBaIpaTUIHLIX (popM paBHa HyaeBou dopme: f + g+ h = 0. [Ipumenns k >Tum
dopmam Teopemy 4, MBI 3AKIOYAEM, ITO TPU MPAMBIE, HAQ KOTOPBIX JEXKAT BHICOTHI,
IMEIOT O0MIyIo TOUKy B RP2, uTO JOKA3EIBAET TEOPEMY 5. |

Ecau yraw rpeyromsauxa (a, b, ¢) MeHbIIe UeM 7r/2, TO TOYKA [ePeCedeHus JeKUT
BHYTPH TPEyTOJIbHUKA U, CIEIOBATENLHO, MPUHAIIEKAT ILIOCKOCTH JI06aIeBCKOr0
KAaK 9aCTH IPOEKTUBHON ILIOCKOCTH®).

JIerko moCTpouTh MpUMEp TPEYTONbHUKA (C YIVIOM, IPEBOCXOAAINM 27 /3), Hu-
KAKWe [BE BLICOTHI KOTOPOr'O HE MEePECEKAITCA B IIOCKOCTH Jlo6adeBckoro. B sTom
ClAydae U3 TEOPEMHI 5 BLITEKAET, YTO CYIIECTBYET OOLIAA TOYKA MEePECEIeHUs BCEX
TPeX HOPOEKTUBHBLIX MPAMBIX, COAEPXKAUX BBICOTHI, B Mupe ge Currepa (mmm Ha
abcomore).

SAMEYAHUE. U3 Hamen TeopeMsl 5 CIeIyeT Takke, 9TO MEePeceKaroT s B OTHOU
TOYKE BBICOTHL Mpey20abrhukos de Cummepa u CMEULGHHBIE MPEY2oAbHUKOS8, ¥ KOTO-
PBIX 9aCTh BEPUIVH (A CTOPOH) NPUHALIEKUT LIOCKOCTH JI06adeBCKOr0, & 9acTh —
mupy ne Currepa (B MOCpAHUYHOM CAYy4ae BEPIIMHEL IPUHALIEKAT aGCOMTIOTY, & CTO-
POHBL KACAIOTCS €ro).

Y0661 m36aBATHCS OT YIOMUHAHUSI YIVIOB B OIPEAEIEHUN BBICOT, MOXHO HA3BI-
BaTh JBe IPOEKTUBHLIE IpsaMble B Mogenu Kienna oprorosansasivu, ecau ogna (a To-
CIa U KaXK[Iad) U3 HAX COIEPKUT TOUKY, MTBOUCTBEHHYIO APYTOU. DTO COBHATAET C
OTIpeeeHueM OPTOrOHAIBHOCTHY Ha MIOCKOCTH JI06aueBCKOro (ecau e TOUKa mepe-
CeveHns IPUHAMIEKUT 1e-CATTEPOBCKON JacTu Mogenu Kienna, ToO moaydaeMm ompe-
[JeJeHrue OPTOrOHAJABHOCTH B JOPEeHIeBon Merpuke mupa e Currepa).

Dopmyaupys TeopeMy O mepecedeHuM BBICOT [JIS1 Ie-CUTTEPOBCKUAX WIA CMe-
[IAHHBIX TPEYrOJIbHUKOB, MOXKHO yCTPAHATL yIOMWHAHWE O reomerpuu Jlobades-
CKOT'0, TPEICTABUB HAIU PE3YILTATHI B BUAE HECKOJILKUX (DAKTOB DJIEMEHTAPHOU
npoekTuBHOU TeomeTpuu. C TOMOIIBI0 TOXAECTBA fAKOOM W OpPyrux TeopeMm u3

3)3 gech MOXHO 3aMeHUTE 7 /2 Ha, 27 /3 (€CIH BCe yIUIBI MeHbIIe ueM 27 /3, TO BEICOTLI TPEeyrOIbHE-
Ka TIepeCceKaroTCA BHYTPH KPYTa, IPEACTABIAINIETO MIOCKOCTh JI0GAIEBCKOr0; €CIu Ke YOl TIpe-
BOCXOAWT 27 /3, TO CymIeCTBYET TPEYTOJBHUK C TAKUM YTIOM, BEICOTHI KOTOPOT'O HE UMEIOT OOImMX
TOYIEK B MIOCKOCTU JI06aIeBCKOTO).

Ha rpanuiie Mexay dTUMM CIyYIasMU HAXONATCA TPEYTOJNBLHUKMA C OPTOIEHTPOM HA abCOTIoTE,
M30METPUYHBIE TpeyroabHuKaM B mogemu Kiaenwa ¢ sepmmuavu {z,—y,z = izy/(l + zy)}, rae
0<z<1,0<y< 1 mkak creacreme |z| < 1/2.
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Puc. 1. Teopema 0 BUECAHHOM IECTHYTOILHAKE KAK TEOPEMA O MEPECEICHAN BEICOT
B mupe ge Currepa

CUMILIEKTUIECKOUN AAreOphl KBATPATUIHBIX (POPM MOXKHO MONYYIATH HOBLIE PE3YJb-
TATHI B IPOEKTUBHON MEOMETPUN.

[IpuMEP. PaccMoTpuM Tpu HemepeceKarolmecs IpAMbe B MIOoCKocTH Jlobades-
cxoro ((AB),(CD),(EF)). B mogenn Kaeitna um 0TBe4aloT TPU XOpIBI, KOHILI KO-
TOPHIX PACIOJIOXKEHHI Ha abcoaore B caeayiomeM nopsake: (ABCDEF), cu. puc. 1.

IMocTpouM TOYKM TEepecedeHns ITUX TPAMBIX:

(CDN(EF)=a, (EF)N(AB)=p8, (AB)N(CD)=x

(3TM TOYKHM JEKAT BHYTPU [4e-CATTEPOBCKOU YACTU NPOEKTUBHOU ILIOCKOCTH MO 61U
Kuenna). PaccMOTpUM Tak:Ke TBOUCTBEHHBIE UM TOYKY

M = (AB)Y, N =(CD)Y, K =(EF)Y

(B Touke M mepecekalTCA OBE MPAMbIE, KOTOPHIE KACATCA abCOMIOTa B KOHIAX
xopasl (AB); ananoruano mis N u K).

TEOPEMA O BIUCAHHOM IMECTUYTOJBHUKE. Tpu npamsie (M), (BN) u (vK)
nepecexarwmMcAa 8 0010l mouxe.

[MOKA3ATEJLCTBO. IIpoextuBnas npamas (aM) COmEPKUT BHICOTY He-CUTTE-
POBCKOT'O TpeyroJbHuKa («,3,7), OMYIIEHHYIO U3 TOYKUA (r, TOCKOAbKY TOYKa M
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nBoucTeenHa ctopoue (AB) = (B7). Amamoruuno, (BN) COZEPKUT BBICOTY, OIy-
mennyo u3 3, a (yK) — u3 7. [looToMy ux mepecedeHre B OIHOU TOYKE BEITEKAET
U3 COOTBETCTBYIOIIET'O CBOUCTBA BEICOT [€-CUTTEPOBCKOrO Tpeyroabauka (afy). O

CneaAcTBUE. Tpu mouku (aM)Y, (BN)Y u (vK)V aexcam wa 0dwot npoexmus-
not npamot 6 RP?.

ITU TOYKM ABIAIOTCA mepecederueM Tpex map npameix: (KN) N (AB), (MK)N
(CD) u (NM)N (EF).

MEer BugKM, 9TO TeOpeMa O BIMCAHHOM IIECTUYTOJBHUKE — eIl OJHO [eOMEeTPU-
eCKO€ BOILIOLIEHVE CUMILUIEKTIHYECKOTNO TOXAeCTBa SIKOGY, MpUHA,ITeKAIIero MaTe-
MATUYIECKOUN (PUBUKE.

CIINCOK JINTEPATYPBI
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Hosoe noxazaTenbcTBO TeopeMmbl Mopan

A. Konn

Yxe 22 roxa a noasayiock rocrenpurnMctBoM IHES (MucturyT Boicmmx Hayaubix
Uccnenosanuu B Brop-croop-Usert mon IMapmxkem). 3mech A y3HAI OGOJBLIYIO IacTh
TOrO, YTO A 3HAI0 O MAaTEeMaTHUKe, [VIABHBIM 00pa3oM OJaromaps HEIPUHY K ICHHBIM
6ecegaM 3a JAHYEM C TOCTSMU U IOCTOSHHBIMUA COTPY JHUKAMU.

Bnepsrie okaszasmucs B IHES, s1 ObuT COUIIIKOM TTOTVIONIEH CBOMMEU COOCTBEHHBI-
MI HUCCIeJOBAHUAMIU U CTECHAICA TOI'0, YTO OYeHBb MAaJI0 MOHMMAIO B DTUX Oecerax.
[enunc CanmuBaH n1o3a60THICA 060 MHE U [IPEIONAT MHE DKCIPECC-KypPC NeOMEeTPUN,
KOTOPBIA HABCET A U3MEHWI CTUIb MOErO MBIIUICHHUS.

3xech xe, 6marogaps Qu3WKaM, S OCO3HAT CIPABENINBOCTH BBICKA3LIBAHUSI
7K. A tamapa 0 nIyOuHE MaTeMaTUIeCKUX KOHIENIINT, IPUIICIIINX U3 (PU3UKU:

«BeCKOHEeYHO IO [OTBOPHO JUIIL TO, YTO IPOUCTEKAET U3 TPUPOILI BEIEH,
a He TO, 9TO IPOUCTEKAET U3 COOCTBEHHBIX PA3MBIILICHAN (XOTA TAK IACTO
UMEHHO 3TO OKa3bIBAET HA MATEMATUKA HAWBLICIIEE BIWSIHUE).»

* 3k ok ok ok ok

Yrobul mepenaTsb xoTa Obl oTdacTu xapakrepubin gaas IHES nyx mpyxeckoro
COPEBHOBAHUsA, 5 BEIOPAJ OQUH MPUMEDP 3ACTOJBHOTO PA3TOBOPA, KOTOPHIU CJLyYUICA
DTOU BECHOU U IPUBEJ MEHA K 3a0aBHOMY HOBOMY Pe3yJabTaTy.

ITpumepro B 1899 r. d. Mopau goxasan 3aMevIaTEIbHYI0 TEOPEMY U3 eBKJINI0BON
PEeOMETPUM TPEYrOIbHUKA!

«B Tpeyroasuuke ABC' nonapubie mepecedeHus «, 3,7y TPUCEKTPUC €ro
YIVIOB SABJAIOTCS BEPIUINHAMU MPABUIHLHOTO TPEYTOJBHUKA.»
(Cwm. puc. 1.)

(KTo-To ymomsanyx 5Ty Teopemy 3a JaHdueM u ommb04uHO npunucal ee Hanoseony.
BouanapT u B caMoMm fgese uaydana B MOJOAOCTH MATEMATUKY, U K TOMY e, HAPAIY
C M3yYEeHUEM AHTVIMICKOTO S3BIKA, OH y4YWI MaTeMaTuke ckiHa Jlac-Kasza Bo Bpems
cceriku Ha 0. Cs. Enensi.)

A rorga ycasiman npo Teopemy Mopau B nepsein pa3. BepuyBmucs gomou, s cTan
HAJ HEU PA3MBIIUIATD, CAEAYS O THOMY U3 COBETOB JIUTIIBY 1a — MCKATH MOKA3ATE b~
CTBA HE B KHWIAX, a B COOCTBEHHOU rosoBe. [loMUMO YMCTOU THO003HATEILHOCTH,
MHOIO JBUTAJT OYEBUIHBIN I€CTOMOOUBEIN MOTUB: DTa TEOPEMa, — OIHO W3 TeX He-
MHOIUX gocTuxkeHun BonamapTa, B KOTOPBIX A CIOCOOEH ¢ HUM CpaBHUTHLCA. [locte
HECKOMBKUX OE3yCHEIIHBIX MOMBITOK S BHE3AMHO MOHAN, YTO MEPECEYIeHUs MOCIeI0-
BATEMBbHLIX TPUCEKTPUC FABIAIOTCA HEMOTBUNKHLIMU TOYKAMU BPAIIEHUUN (; BOKPYD

A New Proof of Morley’s Theorem. Publ. LH.E.S., 1998. P. 43—-46. (Volume for the 40th birth-
day). IIy6muxyercs ¢ m06e3HOro paspemenus asropa. llepesox M. H. Bamoro.

MaTemaTu4eckoe npocseweHune, cep. 3, sein. 9, 2005(100-103)
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Pwuc. 1.

BEPIINH TPEYTrOMbHUKS (HA IBE TPETU BEJIWYIMH COOTBETCTBYIOIIAX YIVIOB TPEYTONb-
HUKa). /lanee eCTeCTBEHHO OBLIO MOMBITATHCA BHIPA3UTD IOBOPOTHYK CAMMETDUIO ¢
MPABWILHOT'O TPEYTOIBHUKA KAK DJEMEHT TPYIIILL [, HOPOXKAEHHON TPEMs BPAIIECHU-
svu g;. IlockonbKy Jerko nocTpouTs npumep (B chpepuaeckon IeoMeTPUn), KOTOPBIT
MOKa3BIBAET, YTO TeopeMa MopJu He BEIMTOTHACTCA B HEEBKINIOBON T€OMETPUN, KOH-
CTPYKIMA NOJKHA UCTONB30BATEH KAKUE-TO CIemupuIecKue CBOUCTBA MPYIITHI €BKIN-
TMOBBIX [BUKEHUN.

Tax 9TO s MOTPATUI HEKOTOPOE BPEMS, THITAACH HAUTYU (POPMY.JTY, BHIPAKAIOLILY O
g depes g;, 6aaro B rpymnme [ 1erko mocTpouTh MHOXKECTBO 3JIEMEHTOB MOPAIKA 3,
HAIpUMep g1 ¢29g3 (MHOO0U TOBOPOT HA YOI 27 /N, 1 > 2, ABIAETCSA SIEMEHTOM IIOPAI-
ka n). U aums nocie JOAruX yCUIURM A OCO3HAJ, YTO BCE OHUM HANPACHHL (CM. HEHXKE
3aMmedaHve 2), a MpaBWIbHAA Ipynna — adgQgUHHAA TPYNNa IPAMOU, & He T'PYIIa
IBUXKEHUU TLIOCKOCTH.

Urak, conep:kanueM JaHHOU 3aMETKU ABIAETCA KOHIENTYAIBHOE JOKA3ATEILCTBO
TeopeMbl Mopiu Kak TeOpeTUKO-IPYIIIIOBOI'O CBOUCTBA XedCTBUA apPUHHON TPYII-
el npaMou. OHO cpaBeIuBo A1 J060r0 (KOMMY TATUBHOIO) I0JA K IPOU3BOIBHON
XapaKTEPUCTUKHA (XOTA B XaPAKTEPUCTUKE 3 YCJIOBUIO TEOPEMEBI HEBO3MOXKHO Y IOBJIE-
TBODUTH).

MMyctes k — momne, a G — adduunas rpynna Hag k, IPYTAMA CIOBAME, 3TO TPYIIIA

MaTpUI] pasMepa 2 X 2 U BULA § = rae a € k, a # 0, b € k. HHocrpoum

a b
0 1)
Mopduam § w3 G B MyJbTUILIMKATUBHYIO T'Pynmy k* HEHyJIEBBIX 3JEMEHTOB k 1O
TIPABUILY

0(g9) =a€k”. (1)
IMoarpynna T = Ker d — »To rpynmna cIBuros, T. €. agiuTuBHas rpymma k. Kax quim
areMeHT g € (G onpeenseT 0TOOpaXKeHue

glx) =ax +b, x €k, (2)

KOTOpOE TIpu a # 1 uMeeT POBHO ONHY HEMOIBUKHYIO TOUKY

b
T (3)

fix(g) =

[lloxaxkeM CJIeIyOUIIA TPOCTON (PAKT.
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TEOPEMA. Ilycmb g1,92,93 € G maxosvl, wmo g192, 9293, 9gsgi U g1g2gs He
asusmiorca cdeuzamu. Oboswavum j = 6(g192g3). Caedyrowue déa ycaosus Kx6u-
BAAECHIIHBL:

(a) gig3gs = 1.

(b) j° =Tua+jB+j>=0,edea=fix(gig:), B8 = fix(g2g3), v = fix(gsg1)-
a; b,
0 1
cmtbHO ToMy, uTo d(g3g5g5) = 1 m b = 0, rae b — KOMIIOHEHTA, OTBEYAIOIIAA CIBUTY

B g7 g5g5. lleproe ycimoBue — To ke camoe, ¥To j° = 1. 3amerum, uto j # 1 mo
yCIoBuIO TeopeMsul. [l BTOPOro moydaem

b= (a} +ay +1)by +a}(a3 + ax + )bz + (a1a2)*(a3 + az + 1)bs, (4)

MOKABATEJLCTBO. O6o3Hauum g; = { ] PasencTro gig3g5 = 1 paBHO-

a IOCJE IMPOCTLIX IPEeOOPa3OBaHUN C YIETOM (1d203 = J
b= —jajax(ar — j)(az — j)(as — j)(a + B + j*7), (5)
rie «, 3,7y — HENOIBUNKHBIE TOUYKU

o= a1bs + by __azb3 + b2 __agby +b3 (6)
1- a1a9 ’ 1- asas ’ 1- azail ’

Ocranock 3aMeTUTh, 9TO af — j 7# 0, Tak KaK M0 yCJAOBUIO TEOPEMBI TIOMAPHLIE TTPO-

U3BEICHUA DJIEMEHTOR ¢; HE SABIAIOTCA CIBUTAMIA.

Nrak, B mobon xapakrepuctuke ycaosus (a) u (b) SKBUBaTeHTHBL.
CaeacTBUE. Teopema Mopau.

[MOKA3ATEJALCTBO. Ilycts k = C, a gy — moBopoT ¢ nmeatpoMm B A ma yrox 2a,
rae, BAC = 3a, u aHATOTUYHO ONPENeInM (o, g3. Kax quin g? MOYXKHO TIPEICTABUTH
KAK KOMIIO3UIIO CAMMETPHUI OTHOCHTENLHO MAPBl MOCIEIOBATENLHEIX CTOPOH TPe-
yrompruka. [ostomy gigsgs = 1. Ilo amanoruasonn npuaure Touku o = fix(g;gs),
B = fix(g2g3), v = fix(g3g1) ABAsAOTCA MEpecedeHuaMu TpucekTpuc. U3 nokazax-
HOII BENIIE Teopembl momydaeM « + jf3 + j2y = 0, j2 = 1, 9ro aBageTca oaHOU U3

KJITaCCUIECKUX xapaKTepnaauHﬁ NPaBUIBHOI'O TPEYTOJIBHUKA.

3AMEYAHUE 1. He mamenas snadenuit KyGoB g3, g3, g5, MOKHO YMHOKUTE Ka-
KIOE ¢; HA KyOMYECKUM KOPEHb U3 eAWHUILL. JTO AaeT 18 BApUAHTOB TEOPEMBI
MopJuu ¢ HEBBIPOXK JEHHBIMU [IPABAILHBIMA TPEYTOJbHUKAMU.

SAMEYAHUE 2. [MokaxeMm, 94T0 B O0IIEM CIydae IOBOPOT ¢, MEPECTABIAIONIAN
UUKIAIECKY TOYKHU v, (3, 7, He IPUHAIIEKUT MOPOKACHHOU DIEMEHTAMY (1, §2, §3
noarpymme [ rpynnet G. [Ilpu ycaoBusax TeOpeMbl MOXKHO CIATATh, ITO B MOJe k €CTh
HETPUBHAILHEIR KYOUIeCKIH KOPEeHb U3 eIUHUIE, j° = 1, TaK YTO XapaKTepUCTHKA,
o He paBHa 3. TakuMm 06pa3oM, TOBOPOT ¢ BHEIPDAXKAETCA KaK

o= Y m=a-iarsen, @

b o
17 KaxXOOTo DIEMEeHTa § = [8 1] rpynnsl [, mopoxaeHHOU g1, g2, g3, MOXKHO
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HAUTH Takue MOAMHOMEL Jlopana P; OoT mepeMeHHBIX dj, ITO
b="0bP; + by Py + b3 Ps. (8)
Bripaxkas b; 4epes BBeIeHHLIE BHIIE Q, 3, 7Y
b= (1+4)" (a5 (as = o = (a1 = §)B + ar (a2 = §)v),
bo = (1+4) '(az(az — jla + a7 (a1 = 5)B — (a2 = j)7), (9)
by = (14 ) (—(az — j)a +az(ar — §)B + a5 ' (a2 = j)v),
moJayvaeM Takue moauHOMBL Jlopana @, 9To
b= (az —j)aQy + (a1 — J)BQ2 + (a2 — j)1Qs. (10)
IMosTOMYy MOXHO CIMTATH, IYTO MBI HANLIA Takue moauHoMbl Jlopawa (Q;, 9TO masa

BCEX a1, 02,a3 € k¥, 1A KOTOPHIX a1G2a3 = J, U IJs BCEX «, 3,7y € k, IIs KOTOPHIX
a+ jB + j?y = 0, BLIIOTHAETCA CIEIyIOmee TOXK IECTBO

(L= (a+B+7) =3((as —j)aQ1 + (a1 — j)BQ2 + (a2 — j)¥Qs).  (11)

BribepeMm Temepb a1 = j, as = j, a3 = j2, a = 0, B = —j, v = 1 u npugem x
nporusopetuo. OTcooaa creayer, 9To B obmem crydae g ¢ L.

A. Connes,
Col}l‘ege de France, Paris,
THES, 91440 Bures-sur-Yvette, France
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Tox necTBa Pamanymxana

B. B. IIpacoaos

B sTou cTaThe MBI PACCKAXKEM O IBYX 3aMEIATENLHEIX TOX IeCTBAX PaMany 1KaHa

(1887-1920)
s 2T dr 8t 3/5—3V7
\/cos—7 -1-\/(:05—7 +\/cos—7 =\
s 2 AT St 3/3V9—6
\/cos—9 +\/cos—9 +\/cos—9 = — -

IIpu ux gokasaTeabcTBe MBI B OCHOBHOM ciaenyeMm crarbe [1]. KaroueBon momeHT B
9TOM [OKa3aTeIbCTBE — TOT (PAKT, 9TO YIACTBYIOIIME B TOXAECTBAX PaMaHy1xKa-
HA KOCUHYCHI ABJAITCI KOPHAMU HEKOTOPHIX KyOMIEeCKUX MHOTOWIEHOB. DTOT (haKT
TECHO CBA3aH C MHOTOWIeHAMK ‘leOnIméBa.

MuoroureHsl HeObIMEBa ONPEeASAIIOTCA CAeIYIOMIM 00pa3oM. Jlerko mpoBepuTh,
YTO COS 7N TOIMHOMUANBLHO BHIPAKAETCA Iepe3 COS p, T.e. CYIIeCTBYET TaKOW MHO-
rowten Ty, (z), aro Ty (x) = cosny npu & = cos p. [encTBUTENbHO, HOpMYyJIa

cos(n + 1)y + cos(n — 1) = 2 cosp cos np

HOKA3BIBAET, ITO
Tht1(z) = 22T () — Th—1 ().

Muorounenst T, (x), onpeneIeHHEIE STUM PEKYPPEHTHLIM COOTHOIIEHNEM U HAYAIb-

ueMu yerosuaMu To(x) = 1 u Ty (z) = @, 06MajaloT HyKHBIM CBOUCTBOM. DTU MHO-

rowtensl T, () HAa3BIBAIOT MHO20UAEHaMU Tebbruésa.

Ham monano6srces mMuorounensl Yebwmésa Ty (z) mpu n < 5. HecrnoxHbIe BHI-
uucaenusa nokaswiaoT, uto 11 (z) = z, Th(z) = 222 — 1, Ts(z) = 423 — 3z,
Ty(x) = 8z* — 822 + 1, Ts(x) = 162° — 202 + 5z. Ham maTepec K HUM BEI3BAH
CIAELYIOUAM YTBEPK JCHIEM.

YTBEPXKIEHUE 1. a) ITycmv n = 2k + 1. Toeda wucao cos(2lm/n) das awbozo
yea020 | asasemca xopuem muoeouasena Ty (x) — Ti(x).

6) IIyemov n = 2k. Tozda wucao cos (2lw/n) das w0bo20 yeaozo | asasemea Kop-
nem muozoudena Tyy1(x) — Th—1(z).

[JOKABATENLCTBO. a) Ilycte n =2k + 1 u ¢ = 2l7/n. Torga
Tri1(cos ) — Tr(cos p) = cos(k + 1) — cos k.
Ipu stom (k + 1) + ko = (2k + 1) = 2l7. 3nauur, cos(k + 1)@ = cos k.

MaTemaTu4eckoe npocselyeHune, cep. 3, soin. 9, 2005(104-107)
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6) MIycts n = 2k u ¢ = 27 /n. Torga
Tit1(cos @) — Tr—1(cos ) = cos(k + 1) — cos(k — 1)ep.
IIpu stom (k+ 1) + (k — 1) = 2k = 2i7. 3uaqur, cos(k + 1) = cos(k — 1)p.
Boraucaum muorowrenst Tii1(z) — Tix(z) mpu k < 4. B pesyabrare mouydum
To—Ty =222 —x—1, T3—T» = 42® — 22> —3x+1, Ty —T5 = 8z* —42° — 82>+ 3z +1,
Ts — Ty = 162° — 8z* — 2023 + 822 + 5z — 1. OCHOBEIBAACH HA PTUX BEIMUCJICHUAX,
HECJIOKHO TO0KA3aTh CJAEAYIONIee YTBEPK JEHIE.

2T 4
YTBEPXKIEHUE 2. a) Yucaa COS = U COS == AGAMOMCA KOPHAMU MHO0UAEHA
422 4+ 22 — 1.
2T 4 6m
6) Yucaa cos 5 COS =~ U COS — ABAANOMCA KOPHAMIU MHOOUAEHA 83 + 42? —
— 4z — 1.

2w 4 8w 3
8) Hucaa cos 57 COS ~g U COS ~= ABAMOMCA KOPHAMU MHOZOUAEHA 8z® —6x + 1.

2T
[IOKA3ATEJLCTBO. a) Coruacuo yTeepxkiaeHuto 1 wmcaa cos0 = 1, cos —

4
COS ~— SABJAIOTCS KOPHAMU MHOTO'LICHA T3 — Ts. Iogemus >TOoT MHOTOWIEH HA T — 1,

MOIy9rM TPeGyeMbI MHOT'OYIEH.

27 4 6m
6) Yucaa 1, cos = , cos — ¥ COS — SBIAKTCA KOPHAMI MHOFOWICHA Ty — Ts.
ITogeaus >ToT MHOrOYIEH HA T — 1, moayauM TpebyeMbI MHOTOYIEH.
2T 4 67 1 8T
B) Yucaa 1, cos 5 085, COS—o= = —5 W COS = ABIAIOTCA KOPHAMU MHOTO-

arena Ty — Ty. Hogemus aTor muorowies Ha (2r + 1)(z — 1) = 222 — 2 — 1, moxyanm
TPEOyEeMBIN MHOTOWIEH.

Temeps HaM HYKHBI HEKOTOPBIE CBOUCTBA KyOUYIECKUX MHOT'OWIEHOB, OTHOCAIIN-
ecsl K CyMMe KyOM4eCKUX KOPHE! M3 HyJen KyOUIeCKOro MHOTOWIEHA.

YTBEPXKIEHUE 3. ITycmb x1, To U T3 — KOPHU MHO20UAEHA T° + 4132 + A% +
+ a3 = 0. Toeda ypasnenue das y = (/71 + /T2 + H/x3)> umeem 6ud

y® + 3(ay + 6Faz)y® + 3(a + 3a1 Yaz + 9{/a2 — 9as)y + (a1 — 3¢/az)® = 0.
MOKA3ATEJLCTBO. Bygem mpeamomaraTsb, 9TO (GpUKCHPOBAHEI 3HAMEHUA KyOU-

YeCKUX KODHeU /Ty, /T3, /T3 W, HAIpUMEp, /T1Tz = &/T1 - &/Ts Ada >TuX (PUK-

CUPOBAHHBEIX 3HAYEHMM. PaccMOTpUM HApAAYy C Y BCIOMOTATEJLHYIO IePEeMEHHYIO
z = Jr1%2 + JT1%3 + 1273 . Bocnoab3yemcs Tox 1ecTBOM

(by 4 by + b3)> = b3 + b3 + b3 + 3(by + by + b3) (b1ba + bibs + babs) — 3b1babs,

‘ITOGBI BBIYUCIUTE Y U Z:
Yy =21+ 22 + 23 + 3Yyz — 3212223 = —a1 + 3¥yz — 33,
2= 31Ty + 1173 + TaZ3 + 3YYZ YT1 7273 — 3V (210973)? =
= 4y — 3¢/ s - 3{fa .
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MOMHOXKMM TEepBOE PABEHCTBO HA ¢/d3 W CIOKHUM €r0 CO BTOPHLIM PaBEHCTBOM. B
pesyabTaTe moayduM z = as — (Y + a1)asz . [loncraBus 5T0 BLIpAXKEHUE B IEPBOE
PaABEHCTRO, TMOIYIUM

y+a—3{az = 3\3/11(02 — (y + @) az).

BosBoas 5To paBeHCTBO B Ky0, moaydaeMm TpeOyemoe.

SAMEYAHUE. B IeUCTBUTEABHOCTH MBI IOIYYAE€M TPU YPABHEHUS [ TPEX pa3-
JWYHBIX 3HadeHUn &/as. Takum oGpasom, momydaem 9 sHadenwu gua y = (x; +
+ Jx2 + \3/333)3, YTO COOTBETCTBYET PA3IUIHLIM HAGOPAM 3HAYMEHUU IS L1, To U I3.

YTBEPXKAEHUE 4. FEcau a% = G2, MO KOPHU KYOUUECKO20 YPABHEHUL
2% + 3a12% + 3asz + a3 =0

sbruucasomes no gopmyae T = /a3 —az — ay.

[MOKA3ATENLCTBO. Caenaem 3aMeHy £ =y — ay. B pesyabTare UCXOTHOE ypaB-
HEHUE TEePEeNuIIeTCsa B BIIE

y® + 3(as — a%)y + Qa% —3a1as + a3 = 0.

[pu yerosuu a = as moryydaem y° = a$ —az, T.e. y = {/a} — az . Takum o6pazowm,
r = {/a} — a3 — a1. 3xecp moApazymMeBaeTCA, UTO KyOUIECKAN KOPEHb HPUHUMAET
TPU 3HAYMEHUA, KOTOPHIE MOTYYalOTCA IPYT W3 IPyra YMHOXKEHHEM Ha KyOWTeCKHit
KODEHb U3 €MHMUIIEL

1 1 1
YTBEPYXKIEHUE 5. a) ITycmb T1, To 14 T3 — KOPHU MHO20ULEHA x3+§x2—§x—§ .

Tozda xoadduuuenmor ypasuenus das y = (11 + T2 + ,3/w3)3 ydosaemeopaom
coomuoweruto u3 ymeeprcdenus 4.

. 3 1
6) Anasocuunoe ymeepicoenue cnpasediuso das Kopuel mMuwo2ousiena $3—Zaj+§ .

IMOKA3ATEJLCTBO. Ecmu 1, T2 1 £3 — KOpHE MHOTOWIeH, ° 4+ Ay 22+ Az + A3,
to ana y = (/z1 + /@2 + /x3)* monyaaem ypasrenue y°® + 3a1y* + 3ary + az = 0,
roe a; = A1 +6\?/A_3, as = A% +3A1\3/A_3+9\3/A_§—9A2 n az = (Al —3\3/14_3)3
(yreepxaenue 3). CooTHOMmEHME 13 yTREpXK [eHus 4 uMeeT Buf al = ay, T.e. 33/A2 4
+ Ay /A3 + Ay = 0. [Ina JaHHLIX YpaBHEHMH 3TO COOTHOIIEHME JIETKO ITPOBEPACTCA.

Tenepsb yxe Jerko A0Ka3aTh TOXgecTBa Pamanymkana

3 2_7" 3 4_7" 3 8_77_35_3\3/7
\/cos 7 + {/cos 7 + 4/ cos 7 — >

3 2_77 3 4_77 3 8_7" 3 3\3/5_6
\/cos 9 +\/cos 9 +\/cos 9 — -

2w 4 8w 3,1 o 1 1
HaHOMHI/IM, 9TO COS 7 , COS 7 n COS 7 — KOPHUM MHOT'OYJIEHA T —+ El' — E.T— g y
2m 4m 8w 3 3 1
a COS ? , COS ? u COS ? — KOPpHU MHOT'OYWICHa I~ — ZZL' + g (yTBer{;[eHI/Ie 2)

IMosToMy paccMaTpUBaeMble CyMMBI TPeX KyOUUECKUX KOPHEW DPABHBI KyOUIECKUM
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1
KODHAM u3 {/a} — a3 —ay. [s nepsoro ypasHeHus noaydaem a; = A; +6+/As = 5+

3
+63\/_é:_gHa3:(‘41_3"3‘43)3: <%_33 _%> = 8, nooromy {/aj —az —
— _ 23 5

\/129+5 — 5 23\/7 [l BTOpOro ypaBHeHUs a; = 3 U a3 = (—5) -

2
_3Y9-6
="

—ay =

2 2
:—g,HOBTOMy 3a?—a3—a1: 327—!-?7—3

CIOUCOK JIUTEPATYPHI
[1] Ilesenes B. C. Tpu gopmyavt Pamanyducana // Ksaur, 1988. Neg. C. 52-55.
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PamceeBckas Teopus y3/10B 1 3aleILICHIN

B. B. [Ipacomos M. B. CkomenkoB

Teopema Pawmcesn [8] sakmiouaercsa B caegyitomem. IlycTs r-siaeMeHTHBIE I0AMHO-
JKECTBa HEKOTOPOro N-3JeMEeHTHOrO MHOXKECTBa S Pa3ObUTHL HA ABA MOAMHOXKECTBA
a u . Torga mis qOBX JAHHBIX YUCET p = T U ¢ > T Haugerca ducao n(p,q,r)
(3aBucCAIIEE TOMBLKO OT P, ¢ U '), KOTOPOE OOIALAET CACAYIOIIAM CBOUCTBOM: €CIU
N > n(p,q,r), To MO0 CYIIECTBYET pP-dIEMEHTHOE MoaMHOXKeCTBO A B S, y KOTO-
POro BCE r-3JIEMEHTHBIE MOAMHOXECTBA JeXKAT B (¢, JUOO CYIMIECTBYET (-DIEMEHTHOE
MOAMHOXKeCTBO B B S, y KOTOPOro BCe r-3JIEMEHTHBIE MOAMHOXKECTBA JexKaT B [3.

Hanpuwmep, usBecTHas 3a1a49a 0 TOM, 9TO B JIOOOU KOMIAHUA U3 6 I€I0BEK HAU-
OYTCsA JuO0 TPOE MOMAPHO 3HAKOMEIX, JUOO TPOE MOMAPHO HE3HAKOMBIX, MOKA3LIBA-
er, 9To B KadecTse 1n(3,3,2) MOXKHO B3ATH 9ucao 6. [eNCTBUTENILHO, MBI PA30UBAEM
2-pIEeMEHTHBIE MIOIMHOXKECTBA CASAYIOMUM 00Pa30oM: K (¢ OTHOCUM MAPBI 3HAKOMBIX,
a K [ OTHOCHM mapbl HE3HAKOMBIX, U [OJydaeM TpefyeMoe.

Pazauanse 0606menns TeopeMbr PaMces COCTABIAIOT TaK HA3BLIBAEMYIO TEOPUIO
Pawmces; sTon Teopun nocesinena kaura [4].

IIpumepom TeOpeMBI pPAMCEEBCKOrO TUIIA ABIAETCA CJAELYIOUIEEe YTBEPK ICHUE.
«[I1 KaxK I0ro HATYPAILHOIO YUCIA 1 MOXKHO BBIOpATh 4uciao N (3aBUCALIEe TOIb-
KO OT M) Tak, 4TO cpenu aro0bix N TOYEK, HUKAKUE 3 U3 KOTOPHIX HE JeXKaT Ha
OJHOU TPAMOU, MOKHO BEIOPATH 7 TOYEK, ABIAIOIINXCA BEPITUHAMY BHITYKIOTO MHO-
royrompHuka. (JTo — 3agada 22.7 w3 KHUrK [1]; 0O X0y peIIeHus >TOM 3aJadn
HnoKa3biBaeTcs Teopema Pawmcest.)

B mocmepnue rogpl cTanu MOABAATHCA TEOPEMBI PAMCEEBCKOI'O TUIA B TEOPUA
y370B u 3auemienut. (Y3/1bl ¥ 3anemieHus ObLIM TeMOU HOMepa 3-I'o Bhimycka «Ma-
TEMATUIECKOT'O MPOCBEIIEHNSY; K HEMY MOXKHO OOPATUTHCA 38 HEOOXOIUMBIMU OIpe-
nenenusmu.) IlepBas Teopema Takoro THma, JOKA3AHHAA HE3aBUCUMO 3akcoM [9] u
Koneeem u I'opgosoM [3], 06¢yxk namach B IpebIIyIneM BHIIycKe «MaremaTuaeckoro
npocsemenus» B crarbe [2]. Hamomuum ee popmyauposky: «Jus a:060ro BroxeHus
rpada Kg B TpexMepHOe MPOCTPAHCTBO B HEM HAMAETCA MApa 3AILEIUVIEHHBIX K-
qa0B.» Kousen u [opnon mokasanum Takxke, 9TO Aid JH000r0 Baoxenus rpada Ky B
TpeXMepHOe TPOCTPAHCTBO B HEM HAUIETCA HETPUBUAMLHBIA y3ea. (31ech u gasee
UCIOJIB3YIOTCA CIEAYIONIe CTaHIapTHRIE 00o03HadeHus: K, — rpad ¢ n BepunHa-
MU, JTIO0BIE [BE U3 KOTOPBLIX COeIUHEHBI pe6POM, TAaK HA3LIBAEMBIN No4Hbll rpad ¢ n
BepimHamy; Ky, , — rpad ¢ n BepHIMHAME OJHOIO I[BETA U M BEPIIXHAMHI IPYrOro
UBeTa, IpUYeM JIoOble [Be BEPIIMHLI PA3HOrO LBeTa coenuHeHbl pedpoM.) IIpumep
IPUMEHEHNs] DTUX TeOpeM NpuBeAEH B craThbe [10].

B mamien crarbe 00CYX)IAIOTCA CIEAYIOMUE ABe 60Iee OOIIMe TEOPEMbI PAMCEeB-
CKOI'0 THMA, O BO3MOXKHOCTU BIUCATHL TAHHBIA y3el (3alelUIeHue) B MPOU3BOJIbHLIN

MaTemaTu4eckoe npocseyeHue, cep. 3, soin. 9, 2005(108-115)
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Puc. 1. IlogoxuTeIbHBIH HAOOD TOYEK

HA0Op TOYEK B MPOCTPAHCTBE, KOTOPHIU COMEPKUT AOCTATOIHO MHOT'O TOYEK B 00-
IIEM TIOMOKEHWH (DTO 03HAYAET, YTO HUKAKYUE 4 TOYKM HE JEXKAT B OJHOU IIOCKOCTH).
Bymem roBopuTh, YTO TaHHBIU Y3€T 6NUCAH B TaHHOE MHOXKECTBO TOYEK B TPEXMEp-
HOM IIPOCTPAHCTBE, €CIU CYIIECTBYeT 3aMKHYTas JIOMaHasd C BepIINHAMU B ITaHHBIX
TOYKAX, MPEICTABIAIOMAA JaHHBIN y3e1. [/ 3alenieHun onpeIeJeHne aHAJIOTMIHO.

TEOPEMA 1. (Heeamu [6,7]) Jas a00020 yzaa (3ayentenus) morcno 6biopamo
wamypasvroe yucao N max, umo 8 aoboe muoxrcecmso uz N mouex 6 obwem noao-
wcenun 6 npocmpancmee RS moxeno enucams damnviti yzea (zayenaenue).

MoxkHO Takke pacCMaTPUBATH MHOXKECTBA TOYEK, PACKPAIIEHHLIX B IBa IIBETA, U
TIPU 3TOM PACCMATPUBATH TOIBLKO JIOMAHbLIE, BCE 3B€HbA KOTOPHIX NMEIOT PA3HOIIBET-
Hble BEPIMMHLI. B Takon cuTyaluu BepHO CJAEAYIONIee YTBEPK ICHUE.

TEOPEMA 2. (Muéuu [5]) Jas a06020 yzaa (30uenienus) MoHcHO 8b10paMb Ha-
mypaabnoe wucao N mak, wmo 6 a000e mnoxcecmso N kpacwiz u N cunux mouex
8 00UWEM TLOAOHCEHUU MONHCHO BNUCAMb Jannbill Y3ea (3auenaenue).

Teopema Heramu oueBuguBIM 06pasoM cregyet u3 TeopeMbl Muéun. Ho, kak aTo
qacTO OBIBAET, YIOOHEe MOKA3hIBATHL UMEHHO TeopeMy Mwuéun. B sTom mokasarers-
CTBE BaXXHYIO POJIb UI'PAET MIOHATUE NOAOHCUMEsbHO20 HADOPA TOYeK. ITOOBI onpe-
[IEIATH TO MOHATHUE, MbI (PUKCUPYEM INIOCKOCTh, HA KOTOPYIO BCE IPOEKIUH TAHHOI'O
HA0Opa TOYEK PA3IUYHBLI U MIPU DTOM BCE TOYKU HAOGOPA JEKAT BHIIMIE 3TOU ILIOCKO-
ctu, u 6yJ1eM pacCMaTPUBATH MPOEKINKA OTPE3KOB, COCIUHAIONINX TAHHBIE TOYKHU,
[T TIEPECEKAIOIINXCA OTPE3KOB OyAeM OTMEeJaTh, KAKOU U3 HUX MTPOXOIUT BHIIIE.
Ha6op u3 m kpacHBIX TOYEK U N CUHUX TOYEK (B OOIIEM MOMOKEHWUN) HA3BIBAIOT I10-
JIOXKWUTEJIbHBIM, €CIU IS TI0OBIX OBYX CUHUX TO4YeK B, Bs u JI0OBIX ABYX KPaCHBIX
Touek Ry, Ry mpoekmuu orpe3koB BiR; u By Ry min npoekiuu oTpe3kos By Ry u
B3 R; mepecekarTcsa BO BHYTPEHHEN TOYKE, MPUYEeM NMPU IBUKEHUU OT CUHErO KOHIIA,
K KPACHOMY TIO OTPE3KY, KOTOPBIA MPOXOJUT BHIIIE, CAHUYN KOHEI[ HUXKHETO OTPE3Ka
ocraercs ciaesa (puc. 1).

Cxema mokaszarenbcTBa ciaenyoomasa. CHadama MokasbIBaeM, UTO I JOOOr0 n
MOxHO BeIOpaTh N = R(n) Tak, aro u3 Jawoboro nabopa N cuux u N KpPacHBIX
TOYEK MOXKHO BHIOPATDH 1 CUHUX U N KPACHBIX TOYEK, 0OPA3YIOUINX MOIO0KUTEIHHBIN
(unmu orpunaTenbHbI) HAGOP. 3aTEM NOKA3bIBAEM, 9TO MOJOKUTEALHBIN HAGOD TO-
YeK MOXKHO TepeBecTu (TakK, 9TOOH B MPOLECCE ABUKEHUA TOUEK COCIUHAIONINE UX
OTPE3KU HE MEepPeCeKATNCh BO BHYTPEHHUX TOYKAX) B CTAHIAPTHOE MOJOXKEHUE, I
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KOTOPOTrO €CTh [BE CKPEIIUBAIOIINEC MPAMBIE, CUHAA U KPACHAA, U BCE CUHUAE TOUKA
JIeXKAT HA CUHEW MPAMOU, 8 BCE KPACHBIE TOYKN — Ha KpacHou. HakoHel, T0Ka3biBa-
eM semmy 0 08yxr cnuyaz'): 1A MOGOTO y3ma (3AIEILIEHNA) MOKHO BHIOPATDH HHCIO
7 TaK, 9TO JAHHBIU y3el (3alelieHre) MOXKHO BIMCATH B MHOXECTBO U3 N KPACHBIX
TOYEK Ha KPACHOU MPAMOU U 7 CMHUX TOYEK HA CUHEH IPAMOM.

1. BBEIBOP MOJOXXUTEJILHOI'O MOJIMHOYKECTBA TOYEK

HazoBem HAOOP N KPACHBIX U N CUHUX TOYEK B IPOCTPAHCTBE B OOIIEM ITONOXKEHUAN
HeUMPasbHbIM, ECAU TIPOEKINN HA BHIIETCHHYIO ILIOCKOCTD JIOOBIX ABYX OTPE3KOB C
DA3HOLBETHLIMU KOHIAMY HE MEPECEKAIOTCA (BO BHYTPEHHUX TOUKAX).

JIerko BUAEThL, 9TO €CIN 1. > 3, TO HAOOpP TOYEK HE MOXKET OBITh HEUTPAJIbHLIM.
[lenCTBUTENLHO, IPEAIOI0KNAM, YTO Ha INIOCKOCTH 3a,JaHBI CMHKME TOYKU By, By, B3
u kpacusie ToIku Ry, Ro, R3 (B 00ImeM MOJOXKEHUN) TaK, YTO OTPE3KU C PA3HOLBET-
HBIMH KOHI[AME HE IIEPECEKAIOTCS BO BHYTPEHHUX To4Ykax. Torga Ry Bi Ro By R3 By —
3aMKHYTas HEeCaMOIIEPEeCeKAIOMAiACA JoMaHasd. JIerko BUAeTh, 9TO [0 KPauHEH Mepe
nBe w3 quaronaien Ry Bs, Ry Bz u R3 By JexaT BHYTPHU 3TOU JOMAHOU. [[enCcTBUTENE-
HO, MyCTh, HApUMep, AuaroHatb Ri B, BHemHaAsa. Torga Bce TaHHBIE TOYKU JI€XKAT
MO OJHY CTOPOHY OT mpAMOu RjBs, a B TakoMm caydae guaroHamun ReBs um Rz B
BHYTPEHHME. DTU BHY TPEHHUE IUATOHAJN IIEPECEKAIOTCA, IOCKOILKY TOUYKN Ry u Bs
JIEXKAT [0 Pa3HbIe CTOPOHLI OT mpsamou R3Bj. [Ipuxogum k mpoTuBopeduio.

Taxum 06pa3zoM, TOCTATOYHO NOKA3ATL, UTO 044 4100020 1 MONCHO 6bLOPAMD
wucao R(n) max, wmo w060t nabop R(n) cunuz v R(n) xpacwuiz mouex obwezo
NOAOHCENUA COOEPHCUM AUOO NOAOHCUMEALHBIT, AUO0 ompuyamesbrblil, aubo net-
MPaAbHbLl HAOOP N CUKHULT U N KPACHLIT Mmouek. [[Jg 5TOro HaM HyKeH HeOOJBLIION
SKCKYPC B PAMCEEBCKYIO TEOPHUIo rpadoB.

TEOPEMA 3. [aa aw0bbiz my, ms, M3 U Ny, Na, N3 MOHCHO 8bLIOPaMb wucso R =
= R(m1,n1,ma, N, M3, N3) MaK, 4mo 0as 406017 Packpacky mpeyzosbruKkos ¢ 6ep-
wunamy, 6 R — 1 cunur v R xpacwwiz mouxazr ysemamu 1, 2, 3 das mexomopoeo
YBEMA § MOHCHO BbLOCAUMb M; KPACHBIT MOUEK U N; CUHUL MOUEK MaK, wmo 6ce
MPEY20AbHUKY ¢ BEPULUHAMY 6 BbIOCACHHBIT MOUKAT UMENM YBEM, i.

[l moKa3aTeIsCTBa DTOM TEOPEMBI HAM MOHALOOATCS 60Iee MPOCTHIE YTBEPK Ie-
HUA O PACKPACKAX I'PAdOB, KOTOPHIE MBI CEMYIAC HOKAKEM.

TEOPEMA 4. a) [as 40601z m u n moxcno ebibpamv wucao R = R(m,n) max,
umo daa 410601 packpacky pebep noanozo 2pada K 6 dea ueema moxcno svideiumnb
au60 nodepad K,, ¢ pebpamu nepsozo ysema, aubo nodepad K, ¢ pebpamu 6mopozo
yeeEMaA.

6) Hdasn mobviz I, m u n mosxcno svibpams wucao R = R(l,m,n) max, umo das
0601 packpacku pebep noanozo 2pada Kr 6 mpu ysema moxncno 8videaums aubo
nodepad K; ¢ pebpamu nepeozo ysema, aubo nodepad K,, ¢ sepwunamu 6mopozo
ysema, aubo nodepad K, ¢ eepwunamu mpembe2o yeema.

106 >roit temme Mbl y3uamn or W. [bHHMKOBA.
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[IOKA3ATEJBLCTBO. a) flcHo, uTo B KadecTse R(m,2) MOXKHO B3ATH 1M, HOCKOIb-
Ky 1ub0 Bce pébpa MepBOro IBeTa, MO0 eCTh XOTA OBl OJHO pebPO BTOPOTO IIBETA.
Ananormano B kadectse R(2,n) MoxkHO B3aTh n. Ecau xxe m,n > 2, To

R(m,n) < R(m —1,n)+ R(m,n — 1)+ 1.

MencTBUTENBHO, paccMoTpuM noaHbi rpad ¢ R(m —1,n)+ R(m,n—1)+1 Bepmunna-
My u BogeauM B HéM Bepuuny A. U3 wee Bexogur R(m —1,n) + R(m,n — 1) peGep,
no>TOMy 13 Hee BerxoauT au6o R(m—1,n) pebep nepsoro usera, au6o R(m,n—1) pe-
6ep Broporo usera. [lycTs nus onpenenennocTy u3 BepumHsl A Beixogut R(m — 1,n)
pebep mepporo neeta. Torga B mOaHOM rpade ¢ BEPIIMHAMK B KOHIIAX 2TUX pebep
(ormuHBIX OT A) MOXKHO BHIIEMUTH JUOO MOJAHBI moarpad ¢ m — 1 BepmuHAME,
BCe PE6pa KOTOPOrO MMEIOT MEPBBLIN IBET, MO0 TOJHLIM NOATPad C 1 BEPITUHAMMA,
BCe PEGPaA KOTOPOr0 MMEIOT BTOPOU HmBET. BO BTOPOM CIydae MBI yiKe MOJIY IiIHA
TpebyeMoe, a B IIEPBOM CIyUae K BBIAEJEHHBIM M — 1 BepminHAM HYXKHO TOOABUTH
BepumHy A.

6) IIpex ne Bcero 3amerum, 9to R(2,m,n) = R(m,n), OCKOIbKY au60 €CTh pe6-
PO TEpBOTO IBeTa, Aub0 BCe PEOpa MMEIT BTOpou wiu Tperun mser. [latee, eciau
l,m,n>2, to

R(l,m,n) < R(I—1,m,n)+ R(I,m — 1,n) + R(I,m,n — 1).
DTO NOKA3BIBAETCA TOYHO TaK XKe, KAK W YTBEPKICHUE a).

Termeps MBI TOTOBHI K JOKA3ATEALCTBY TeOpeMbl 3. [IpuMeHUM WHIYKIUIO IO
>ng+ Y m;. Ecm m; = 1 wm n; = 0, To I0Ka3LIBATHL HEYErO, MOCKOIBKY i-e
MHOKECTBO PACCMATPUBAEMBIX TPEYyTOMBHUKOB MycTo. JJoKaxkeM Tenepb, 9To

R(m1,n1,ma,n2,ms,n3) < R(,m,n) + 1,

roe R(l,m,n) — uucao uz teopemer 46) muaa | = R(mi,n; — 1,me, ne, ms,ns),
m = R(myi,ni,ma,ns — 1,m3,n3) u n = R(my,n1,ma,n2,ms,n3 — 1). [lencreu-
TEeJBHO, PACCMOTPUM IOJHBIA Ipad C BEpIIMHAMHU B KPACHBLIX TOYKAX W OKPACHAM
Kaxk1oe ero pe6po R;R; OOHUM M3 TPeX IIBETOB B COOTBETCTBUM C IIBETOM TPEYTOlb-
muka B1R;R;, rne By — ¢uxcupoBaHHas cuHaAA BepmuHa. K 3ToMy rpady MoxHO
nprMeHuTh Teopemy 46). B pesyabrare momydum, HanpuMmep, 9TO MOXKHO BBLIEIUTD
R(my,n; —1,ma,ny, ms, n3) KPaCHBIX BEPLIVH TAK, ITO BCE COEIUHSIIOMUE UX PEOPA
OKPAIIIEHET MIEPBEIM IIBETOM. BLIGEpEM MPOM3BOILHO €IIE CTOMLKO K€ CHHUX TOYEK,
OoTIMIHEIX 0T Bjp. [0 mpeamonoxenno NHIYKINA BO3MOXKHLI TPA BAPUAHTA!

1) MOXKHO BBIOPATH 1M1 KPACHBIX TOYEK U 1 — 1 CUHUX TaK, YTO BCE TPEYTONbHUKY
C BEPIIMHAMK B BEIODAHHEIX TOYKAX MMEIOT MEPBHIN I[BET;

2) MOXHO BBHIOPATH My KPACHBIX TOYEK U Ny CAHUX TAK, ITO BCE TPEYTOJbHUKA
C BEPIIMHAMK B BEIOPAHHEIX TOYKAX MMEIOT BTOPOU IIBET;

3) MOXHO BHIOPATH 1713 KPACHBIX TOYEK U N3 CUHUX TAK, YTO BCE TPEYTOJbHUKU
C BEPIIMHAMMK B BEIODAHHBEIX TOYKAX UMEIOT TPETHUU LIBET.

B nepBoM caydae K BEIOpAHHBIM TOYKAM JOOABIAEM TOYKY Bi, a B IBYX OCTalb-
HLIX CPa3y XKe IOMydaeM Tpefyemoe.

Tenmepb MBI yKe MOXeM MOKa3aTh chopMyaupoBaHHoe Ha ¢. 110 yTBepxgeHme:
IJIsL JIF060T0 1 MOXKHO BRIOpaTh umcio R(n) Tax, uro mo6on HAGop R(n) cuHUX n
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R(n) KpacHBIX TOYEK OOIIEro MOJOXKEHUA COLEPKUT JAUGO MOJOKAUTETLHBIN, JUO0 OT-
PUIATEILHBIN, MO0 HEUTPATLHBIN HAOOD 7 CHHUX W N KPACHLIX TO4eK. [[aa 3Toro
MIOKPACUM KaXK AL TeTpasap Buga By BsRi{Rs; B OQuH U3 Tpex IIBETOB B COOTBET-
CTBUU C TeM, MOJOKUTEIbHA, OTPUIATENIbHA WIK HeUTpaabHa deTBepka By, Bs, Ry,
R,>. HyxHo gokasaTb, 9TO A1 KaxKAOIO 7T MOXHO BHIOpaTh duciao R(n) rak, 4ro
Tpu JHOO0U TAKOU PACKPACKE MOXKHO BBEIJEIATH 7 CUHUX U 7, KPACHLIX TOYEK TaK,
YTO BCE TETPABAPHI C BEPIINHAMU B BBEIIEIEHHBIX TOYKAX OKPAIIEHBI O THUM IIBETOM.
OTO MOKA3LIBAETCS AHAJOIMIHO TeopeMe 3.

2. CTAHIAPTHBIA BUJ HNOJIOXKUTEJHBHOTO HABOPA TOYEK

loxaxeM, 9TO JHOOOU TOIOKUTETHLHBIN HAOOD 7 KPACHBIX U 1 CUHUX TOYEK MOXK-
HO MEPEBECTU B CTAHIAPTHOE MOJOXKEHUE (TaK, YTOOLI B MPOIECCE TBUKEHUA TOUEK
COEUHAIIINE UX OTPE3KY HE MEPECEKATUCh BO BHYTPEHHAX TOYKaX). [l 5TOr0 MBI
CHAYAA MOCJAENOBATENBHO NTOKAXKEM HEKOTOPBIE CBOMCTBA MOJOXKUTEILHBIX HAOOPOB
TOYeK.

1) Bce mpoexnuum CUHUX TOYEK JEXKAT 10 OLHY CTOPOHY OT MPOEKIUW JHOON
TIPAMOU, COEIUHAIOMIEN Mapy KPACHBIX TOYEK.

IIpeamonoxum, ITO MPOEKIUK CUHUX TOUEK By u Bs JeXKaT 10 pasHbIE CTOPOHLI
OT TPOEKIINHU MPAMOU, COeTUHAIOIIEN KpacHubie Touku Ry u Ry. Torga mpoexuuu or-
peskoB By Ry u By R He mepecekaloTcsa 1 MpoeKiuu oTpe3koB B Ry u By Ry Toxke He
IEPECEKAITCI. DTO IPOTUBOPEUUT OMPEIEICHUIO MOJOKUTEILHOTO HAOOPa, TOYEK.

Bynem rosopurs, uro R; > Ry, ecin npu aBmxkenuu or Ry k Ry mpoexiun Bcex
) )
CUHUX TOYEK OCTAIOTCA CIPABA.

2) Eciu Ry > R u Ry > R3, To Ry > R3.

IIpegmomoxum, uro Ry > Ry > Rz > R, u npuaeMm k npotusopeuuto. Ilo opexamno-
JIOXKEHUIO TIpU 00X0Je TPOEKINN TpeyroabHuka [y Re R3 Bce CUHUE TOYKU OCTATCA
cupaBa. JIerko npoBepuTh, YTO 3TO BO3MOXKHO JIUIIL B TOM CIy4Yae, KOrga 00X0I mpo-
UCXOAUT IO YaCOBOU CTPENKE U MPU DTOM MPOEKIIUYA BCEX CUHUX TOYEK PACTIOIOXKEHBI
BHYTpH Tpeyroiabuuka R Ry R3. CUHUX TOUYEK y HAC CTOIBKO XK€, CKOIbKO KPACHBIX,
MIOTOMY €CThb [0 KPAauHeln Mepe [Be CUHUE TOYKM. [[poBeseM yepes ux mpoeKIuu Ips-
myto. IIpoekmuu aByx m3 kpacHbix ToueKk Ry, Ry, R3 jexaT mo pasHble CTOPOHEBL OT
DTOU MPAMOU, M MBI TIOIYYIAEM IPOTUBOPEYNE, KaK U MPU JOKA3aTeIbCTBE CBOUCTBA, 1.

3) Iycts mpoexmuu oTpe3skoB RyB; u RyBs mepecekanTcsa, mpudeM OTPEe30K
Ry B; nexur Bouue (Huxe) orpeska ReBs. Torga Ry > Ro (R; < R»).

IIycts orpesok Ry By mexur Boime orpeska Ry By. PaccmarpuBaemein HaGop TO-
Y€K TTOJOXKUTENEH, TO3TOMY TIpu ABMXKeHuu oT By ¥k Ry mpoeknusa Touxku By ocTaeTcs
caeBa. 3HAYUT, Ipu ABUMXKeHuu oT Ry ¥ Ry Touka By ocraerca cpasa, T.e. Ry > Rs.
Cayuan, korga oTpe3ok Ry By mexut Humxke orpeska Ry By, paccMaTpuBaeTCs aHATIO-
TUYHO.

4) KpacHble u CHHEE OTPE3KM MOXKHO 3aHyMEPOBAaThb TaK, 9To ecan i < j u k # [,
TO MO0 mpoeknuu oTpe3koB It; By u IR;B; He mepecekaioTca, MO0 oTpe3ok It By,
JeXUT BhIMe oTpe3ka I; By.



PanceeBckasa Teopus y3J0B U 3aIlCILICHUH 113

ConracHO CBOMCTRY 2 KPACHBIE TOYKM MOXKHO 3aHyMEPOBaTh TakK, 4To Ry > Ry >
-+ > R,,. CBOICTBO 3 MOKA3LIBAET, UTO DT HYMEPAIUA — UCKOMA.

Bocnonp3oBaBimces cBOUCTBOM 4, MOMOKUATENLHBIN HAOOD TOYEK JEMKO IPUBECTH
K CTAHJAPTHOMY BUAY. 3AHYMEPyeM KPACHBIE TOYKHU TAK, KAK YKA3AHO B DTOM CBOU-
crBe. OTpesku ¢ KOHIOM R J€XaT BHIIIE BCEX IPYTUX OTPE3KOB, MODTOMY TOYKY R
MOYKHO TMOIHATH CKOJb YT'OQHO BLICOKO (HA[ MIOCKOCTBIO MPOEKIUM). 3aTEeM TOUKY
Ry MOXHO TIOOHATHL HAMHOT'O BEHIIIE BCEX TOYEK, KPOME MEepBOU, W T.n. Ilpu sToM
MOXKHO T03a00TUTHCS O TOM, 4TOOBI TOYKH Rz, ..., R, nomamu ma npsamyio R;R»
(3Ty mpAMYIO MOXKHO BHIODATH 3apaHee, HAIPABUB €€ MOYTH BEPTUKAIBHO).

Kpacubie Touku Temeps paCHIOJOXKEHBI TAK, KaK HYX)HO. [locie »Toro ocraercs
TIOBTOPUTH TO XK€ CAMOE [Js CUHUX TOYEK.

3. JIEMMA O [IBYX CIIMIIAX

Jloka3zaTeabCTBO JEMMBI O IBYX CHHUIAX HAYHEM C TOT'O, ITO BHIOEpPEM I TaH-
HOT'O y3Ja AUArPaAMMy, KOTOpas MPEeACTABIAET COOOU JOMAHYIO CO 3BEHBAMU IBYX
HANPABJICHUN — TOPU3OHTAIBHOTO U BEPTUKAIBLHOT'O. DTOrO JErkKo AOOUTHCSA, ar-
MPOKCUMUPYA TIAAKYI0 KPUBYIO JOMAHOU C TOPU3OHTAJBHBIMU U BEPTUKAILHBIMU
3BEHBAMU.

3aTeM Kax IBIU MePEeKPECTOK, Ha KOTOPOM MOPU30HTAMBLHOE 3BEHO MPOXOIUT HU-
JKe BepPTUKAJILHOIO, npeobpasdyeM Tak, Kak mokas3aHo Ha puc. 2. Ilocre sToro mer
MOJIYyYUM [JUarpPaMMy C BEPTUKAJBHBIMUA U TOPU30OHTAJNBHBIMU 3BEHBAMU, Y KOTO-
POU HA BCEX MEPEKPECTKAX TOPU3OHTANBLHEIE 3BEHbS MPOXOIAT HAJ BEPTUKATBHBIMIU.

|
l

S I
—

Puc. 2. IIpeo6pa3oBaHue mepeKpecTKa

MaaeM meBereHreM IUarpaMMBl MOXKHO NOOUTHCA, YTOORI HUKAKUE IBA TOPU-
3O0HTAJBHLIX 3BEHA AUATPAMMEIL HE JIEXKAIN HA OJHOU MPAMOU U HUKAKUE JIBA BEPTU-
KAJIBHBIX 3BEHA TOXKE HE JIEKAJIN HA OTHOU MPAMOMN.

IMoayueHHOMY (MPAMOYTOIBLHOMY» TTPEICTABICHUIO Y3718, COTIOCTABAM Y3€T Ha IBYX
cnuax caeayomumM oopaszoM. IycTs xq, ..., &, — KOOPAUHATH BEPTUKATLHBIX 3BE-
HBEB, & Y1, ..., Yn — KOODAUHATHI TOPU3OHTAILHEIX 3BeHbeB (puc. 3a). (Komuae-
CTBO MOPU3OHTAJBHBIX 3BEHBEB, KAK W KOJUYIECTBO BEPTUKAJBLHBEIX 3BEHLEB, B [BA
pasa MeHblLIe KoaudecTBa BepinH.) [IpoBeneM ropu3OHTANBHYIO HPAMYIO U BEPTHU-
KAJIbHYIO IIPAMYIO TaK, YTOOBL BEPTUKAIbHAA IpsAMas npoxoauia seiue (puc. 36). Ha
TOPU3OHTATLHOU MPAMOU OTMETUM TOYKUA C KOOPAUHATAMU L1, ..., Lp, & HA BEpP-
TUKATLHOU TPAMOU — TOYKU C KOOPIUHATAMUA Y1, - - ., Yp. [lapy TOUEK HA PA3HBIX
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1 T2

(a) (6)

Puc. 3. Y3er Ha AByX crHIax

IPSAMBIX MBI COEIUHSIEM OTPE3KOM, el CyLIeCTBYeT BEPIIMHA IUACPAMMEL C KOOD-
guHaraMu (z;,y;). Beero moayuaeMm 2n OTpe3KOB: M3 KaxKIOM OTMEIEHHOM TOUKM
BBIXOJAT IBa OTPE3KA.

OcTaeTcs MOKa3aTh, YTO MOMYICHHBIN B PE3YILTATE Y36, HATAHY THII Ha, 1BE CIIU-
LBI, — DTO UCXOAHBIU y3€lI. DTO JErkKo CIeIaTh, €CAM PACCMOTPETH MOJIYILIOCKOCTH,
IPOXOISALINE YePe3 BEPTUKAIBHYIO IPAMYIO M OTMEYEHHBIE TOYKYM HA TOPU3OHTAIb-
HOU TPAMOU (BMECTE DTU MOJIYILIOCKOCTHU MOXOXKM HA, CTPAHUIILI PACKPHITON KHUTH).
Mbr MoxeM cBOGOAHO NehOPMUPOBATH OTPE3KM B KaXKJIOU MOIYILIOCKOCTU, W DTO
MIO3BOJIAET MOIYIUTD IPAMOYTOIBHOE MIPEACTABICHNE y3aa. [[eNCTBUTEIBHO, CHAYATA
B KaX[OU PACCMAaTPUBAEMON MOJIYIIOCKOCTU IPOAEdOPMUPYEM COOTBETCTBYIOLIYIO
napy 3BEHBbEB TaK, KaK IIOKa3aHO Ha puc. 4. 3areMm ybepeM OTPe3KU, KOTOPHIE PO~
XOAATCs ABaXkAb (puc. 5).

Puc. 4. /[lepopmanus mapel 3BeHbEB Puc. 5. Jlumane orpe3sku
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[1]
[2]

[3]

[4]
[5]

[6]
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Bokpyr kputepusa KypaToBcKoro
IJIAHAPHOCTU I'padOB

A. B. Ckonenkos *

IosTopss ciosa,
JIuireHHBIE BCAKOIO CMBICIIA,
Ho 6e3 HanpsaxeHbA. . .

B. I'pebenmukoB, «Il1ockoCcThby

DopmymupoBka kpurepua KypaTOBCKOro mIAHAPHOCTH TPA(OB XOPOIIO H3BECT-
Ha (Bce HEOOXOUMBIE IOHATHUA U 3Ta (POPMYIMPOBKA HAOMUHAIOTCA B HAYAIE 3a-
meTKn). /[oKkazaTemrsCTBa YTOr0 KPUTEPUs, MPUBOAUMEIE B GOJIBIIMHCTBE KHUT, TU60
[IIWHHBL, 1100 TPy AHLL. B 5TON 3aMeTKe MBI TPpUBEAEM TPOCTOE TOKA3ATEIHCTBO KPU-
repus Kyparosckoro. Ono npunagnexur FOputo Makapsraesy [14] (koTopsiit npugy-
MaJl 3TO JOKA3aTeAbCTBO, elle Oy Iy<u IMKOILHIKOM!) U UCHOAb3YEeT HEKOTOPHIE UIen
u3 [20, §5]. Ha pycckom s3bike 5TO NOKa3aTEIbCTBO (C HEKOTOPHIME MO IUDUKALUI-
mMu) npusefeHo B [5, §1.1]. B HacTosmen 3aMeTke NpUBEJEHO HEMHOT'O GOTEe SCHOE
U3T0XKEHNe TOKA3aTeIbCTBA [5], B KOTOPOM TaKXKe YCTPAHEHBI MeTKWe HETOIHOCTH.
B npuroxennn «ampeniesHse moqCUCTEMbIy TPUBOAATCA (hOPMYIUPOBKA OMM3KAX K
kpuTepuio KypaToBCKOro pesyasTaTos.

Bripaxato 6aarogapuaocts M. H. Banomy, A. A. 3aciasckomy u B. B. [Ipaconosy
3a MOJIE3HBIE 3aMedaHusa u obcyxpenus, a Takxke b. Moxapy u C. B. MarseeBy 3a
MIPeOCTABICHHEBIE CCBLTKH.

HATIOMUHAHUE: IIJIAHAPHBIE I'PA®BI

I'pagiom (TouHEE, HEOPUEHTUPOBAHHLIM IpadoM (€3 TMeTelb U KPATHBIX pedep)
Ha3BIBAETCA KOHEYHOE MHOXKECTBO V, HEKOTOPBLIE NBYXAJIEMEHTHHIE I0IMHOXKECTBA
(T. e. HEYIOPS JOUEHHBIE TAPBI) KOTOPOI'O BBLACIEHBL. DJIEMEHTHI MHOXKECTBA, V' HA3BI-
BaIOTCA 8ePWUHAMU TPAda U OOBIYHO U300PAKAIOTCA TOUKAMU (HAIPUMED, HA ILIOC-
KOCTH). BhieJeHnbIe Taphl BEPIIVH HA3LIBAIOTCA pedpamy Tpada 1 0OLITHO n306pa-
KAOTCA JOMAHBIMY (I KPUBLIMHU), COEQUHAINMMEA COOTBETCTBYOMUE TOYKA. Ha
U300paXKEHUN JOMaHbIE MOLYT [EPECEKAThCs, HO TOYKM IepecedeHus (KpoMe ABYX
KOHIIOB PeOpa) He ABJSAIOTCA BEPIIMHAMIU.

*Yacruano nogaepxan Crunenauern Mockosckoro I'ocy1apCTBEHHOTO YHUBEPCUTETA A MOIO-
IBIX TIPEOaBaTenel u yIensrx, Poccunckum Dorgom DyngamenTarbabx VccrenoBanuii, rpanTa-
mu Ne02-01-00014 u Ne01-01-00583, I'parnTom Ilpesmmenta PP moxaepxku HayuHbIX mkox HIII-
1988.2003.1 u nporpammon PAH «CoBpemenHbIe TPOGIEMBI TEOPETUIECKON MATEMATUKU.

MaTemaTu4eckoe npocselyeHue, cep. 3, sbin. 9, 2005(116-128)
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I'pader G1 v G2 HABBLIBAIOTCA U30OMOPPHLIMU, ECIU CYIIECTBYET B3aUMHO OITHO-
3HaYHOE oTOOpaxkenue f MHOX)ecTBa V) Bepuud rpada (G1 Ha MHOXKECTBO Vo BepuInH
rpada G, yIOBJIETROpAWINEE yCIoBUI: Bepmuubl A, B € V| coemuuensr pe6GpoM B
TOM ¥ TOIBKO B TOM caydae, ecau Bepmunbl f(A), f(B) € Vo coegunensr pebpow.

Cmenemnvio BepIIuHBL rpada HAZBIBAETCSA IUCJIO0 BBIXOIANMX U3 Hee pebep.

I'py6o rosops, nodepad maaHOro rpada — 370 ero dacth. Popmansuo, rpad G
Ha3LIBaeTCA nodepagonm rpada H, eciu MHOKECTBO BepiuH rpada G COepRuUTca B
MHOX)ecTBe Bepmud rpada H n kaxnoe pebpo rpada G asiasercs pebGpom rpada H.
ITpu sTom aBe Bepumubr rpada G, coequuaennse pedbpom B rpade H, He 0613aTeabHO
coequHeHsbl pebpoum B rpade G.

IIymem B rpade HABLIBAETCSA KOHEYHAS MOCIEIOBATENLHOCTH BEPIIWH, B KOTO-
pOIL/i HI OJJHa BEPIINHA HE IIOBTOPAECTCA N JI00BIE IBE COCeqHNE BEPUINHBI COCOUHEHEI
pebpom. I[[uk.iom HA3LIBAETCA MYyTh, B KOTOPOM IIE€PBAS U MOCAETHIS BEPIIUHBI CO-
equHeHBl pe6poM. I'pad HA3BIBAETCS C8A3HbIM, €CIU JIOOBIE IBE €0 BEPIIUHBI MOXK-
HO coequHUTHL myTeM. ['pad HaszBIBaeTCA depesom, €ClIU OH CBA3EH U HE COAEPKUT
IIUKJIOB.

Omnepanus nodpazdesenus pebpa rpada mokaszana Ha puc. 1. /IBa rpada HA3LI-
BAIOTCS 20MEOMOPPHbIMU, ECIA OT OJHOI'O MOXKHO IIEPEUTH K APYTOMY IIPY IIOMOLIA
omepamu moapas eaeHus pebpa n o0paTHLIX K HuM. Vi, SKBUBaJIEHTHO, €CIM CyIIe-
crByeT rpad G, TOTYIEeHHBIN U3 000UX TAHHLIX MPadOB OMEPaIUAME TI01Pa3 IeTCHU
pebpa.

Puc. 1.

I'pad HA3BIBAETCA NAGHAPHBIM, €CIN €T0 MOXKHO HApUCOBATH HA IIOCKOCTH TaK,
4TOOBI BHyTpeHHOCTH pebep (T.e. pebpa 6e3 UX KOHIIOB) He MEePeceKaluch U He Ca-
MOIIEPECEeKANCh.

Hanpumep, m060e nepeso u w0601 rpad, 00pa3oBaHHLIM BEPIIMHAMUA U pebpaMu
HEKOTOPOT'O MHOTOIPAHHUKA — IIaHAPHLIE.

Acuo, uTo mobon moarpad mraHapHOro rpada mraHapeH. JcHo Taxxke, YTO TO-
MeOoMOpdHBIE IPaAdBI ABIAIOTCI UIN HE SBIAIOTCI NIAHAPHBIME OTHOBPEMEHHO.

Eme B XVIII Bexe Jleonapn Ourep nokasan, uro rpaber Ks u Kz s (puc. 2)
HE ABJIAOTCA IIAHAPHBIMU. DTO MOXKHO IOKA3aThb MyTeM HeOOJBLIIOro mepebopa ¢
UCIOAB30BAHUEM Creaylomen Teopems [5, §1, Teopema 1.3].

TEOPEMA 2KOPIAHA. 3aMKKYMaGA HECAMONEPECEKAOULAACA KPUBAL (M. e. YuKa)
deaum naockocmy poeno wa dsée wacmu. (IIpu smom 00na wacms o2panuuena, 0pyeas
HE02PAHUUERA, NPUUEM J6€ MOUKY NAOCKOCTIU, He NPUHAIIEHCAUUE KPUBOT, AEHCAm
8 0010l wacmu moz2da u Moabko mo2da, K0206 UL MONCHO COEIUHUMb AOMAHOT, He
nepecexauet Kpusoi).

O6cykjeHne U 10Ka3aTeIbCTBO 2TOM TEOPEMBI CM., HampuMmep, B [1].
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Ks K33 @ @

Puc. 2. Puc. 3.

N3 reopembr 2Kopaama crenyer, 9To 410001 Hapucosannbili na naockocmu 0e3
camonepeceuenuti epag pazbusaem NaockoCmy Ha KOHEUHOE YUCAO CEAZHBIT Uacmer.
OTHU YaCTU HA3BIBAIOTCA 2PpanaAMi u300pakenus rpada Ha MIOCKOCTH. JacTo Takoe
m300PaKeHne HA3EIBAIOT IIPOCTO rPadOM, HO 3TO HETOYHO, IIOCKOJILKY OJWH 1 TOT K€
IUIAHAPHBIA Cpad MOXKHO HAPUCOBATH HA IIOCKOCTH PA3HLIMU crocobamu (puc. 3).
Bonee Tounw TepMun — naockut 2pad.

DOPMYJIA DUIEPA. Jas (u300padcerus na NAOCKOCTIU) CEAZH020 NAGHAPHOZO
epaga ¢V sepwunamu, E pebpamu u F epansmu umeem V — E + F = 2.

Joka3aTeapCTBO U IPUMEHEHUs DTOM TEOPEMEL CM., HapuMep, B [5].

IIpusegem Gosee ussuHOE (HO MO CYyTH, AHAJIOCUIHOE BLILIEYKA3AHHOMY) JOKA3a-
TenbCcTBO Hemanapuoctu rpada Ki, ocHoBannoe Ha dopmyne durepa. [lycts rpad
K5 mapucoBaH Ha TIOCKOCTH 6e3 camomepecedeHun. Torga mo dopmymae Jumepa
5—10+4 F = 2. 3uauur, F = 7. [loctpoum 0k0;10 Kaxk 10oro pebpa rpada Ky, napu-
COBAHHOI'0 HA IIOCKOCTH, CTPEIKY BIPABO M CTPEJIKY BAEBO. TOrma UmMCIO CTPETOK
pasao 2FE = 20. Ho mockosbKy IpaHdlla KaXKJOU I'PAHUA COCTOUT HE MEHee 4eM U3
Tpex pedep, TO Ynucio crpenok He Menbine 3F = 21 > 20. [Iporusopeune. OcHOBLI-
BajCh HA TOU K€€, MOXKHO NOKa3aThb HEIUIAaHAPHOCTH rpada K33 (ympaxuenue).

llokazaTeabcTBO HemIanapuocTu rpada K5, OCHOBAaHHOE HA MOHATUN KOd(pduiu-
€HTa IepeceveHns, MOXHO Hautu B [2], [5, §1].

TEOPEMA KYPATOBCKOIO. I'pag asasemces naanapubim mozda u moabKo mo-
eda, Ko2da on ne codepacum nodepada, comeomopdnozo epady Ks uau K3 3 (puc. 2).

JTa TeopeMa OBLIA OOBABICHA TAKKE 3aMEIATEILHBIM COBETCKAM MATEMATAKOM
JleBom CemenoBudem IloHTpsArumabIM (I0KA3aTEIBCTBO HE OMyOIMKOBAHO), & TaK-
ke @punkom u Cumurom. [HosTomy mHOrga ee HasbiBalOT Teopemou IloHTpArHHA—
Kyparosckoro. B 1920-e rogut Kapn Menrep o6saBui, 9to 2pad, cmenens xaxcdot
BEPULUHBL KOMOPO20 PABHA 3, ABAAETNCA NAOCKUM M0206 U MOAbKO Mo2da, Ko2da o
ne codepacum nodepaga, comeomopdrozo epady Ks 3. Uurarens MoxKeT IONBITATHCA
CaMOCTOATENBHO JOKA3aTh dTOT (pakT (BhITekaromun u3 TeopeMul Kyparosckoro),
He omupasch Ha Teopemy Kyparosckoro. Kpome Teopembr Kyparosckoro, cymec-
TByeT MHOI'O APYyruX Kpurepue mianapuoctu rpados [20]. Orpomubii uaTEpec K
TIONCKY KPUTEPUS ILIAHAPHOCTU T'PaPOB 0OBACHAETCSI, B YACTHOCTHU, HATUIUEM OI-
HOI U3 BEIMYANIINX MAaTEMATUIECKIX IPUIOTE3 — IUIOTe3Hl YeThIpex Kpacok [5, §1].
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1. TIPOCTOE NJOKA3ATEJbBCTBO KPUTEPUA KYPATOBCKOT O

Heob6xomumocts B Teopeme Kyparockoro yxke mokasana. [IpuBemem mokasa-
TeAbCTBO AOCTATOYHOCTH. [IpeAnomoxum, HATPOTHUB, UTO CYIIECTBYET HEILTAHAPHBIN
rpad, He comepxkammi noarpados, romeoMopdHbx K5 nin K3 3. Cpein Bcex Takmx
rpadoB BuiGepeM rpad G ¢ MUHUMAALHOIM YUCAOM PEGEp.

loxazarenscTBo TeopeMbl KypaToBCKOTO COCTOUT U3 CACAYIOMNX TPEX IAroB.
[na ux pOPMYIUPOBKY HATOMHUM CICIYIOMIME OMpeaeteHusa. f-2pagdiom HA3LIBACTCA
rpad, romeoMopdusl Gykee 6 (T.e. rpady K3 o). Yreepxgenue «epad G codepmcum
nodepad, comeomopdubiii 2pady H» 6ymeMm COKpaIeHHO 3anucLBaTh B Buae «G D Hy.
Ounepauun ydasenus pebpa G — G — e, cmazusanus pebpa G — G/e u ydasenus
sepwunbt G — G — x onpeneneHsr HA puc. 4.

Puc. 4.

AT 1 (CAMBLA TIPOCTOM). W3 xax qou Bepmunbl rpadga G — & — y BHIXOAUT HE
MeHee IByX pebep.
IITAT 2 (CAMBIA BAYKHBIN). [Ina aoo60ro pebpa zy rpada G BHITOIHEHO

G-—xz—ypo.

OTAr 3 (CAMBIT KPACUBBIN). I'pad G usomopden K5 mmm K 3.
W3 mara 3 monydaeTcsa IpOTUBOPEUNE, 3aBEPIIAIOIIEE TOKA3ATEALCTRO.

MOKA3ATEJILCTBO MATA 1. B rpade G — & — y HET M30IMPOBAHHBLIX BEPIIUH,
MTOCKOJIBKY OT M30JUPOBAHHOU BepimHLI rpada G — x — y B rpade G OTXOIUT HE
Oomnee nByX pebep, ITO HEBO3MOXKHO.

B rpadpe G — & — y HET U BUCAYUX BepIuH. [[eNCTBUTENLHO, €CIU P — BUCAYIAL
BEPIINHA, TO OHA COEAWHEHA U C X, U C Y, MOCKOJAbKY B rpade (G U3 KaxK 10U BePUINHEL
BLIXOAUT HE MeHee Tpex pebep. ['padp G — (zy) mraHapeH MO MUHUMAIBHOCTH CDa-
¢a G. Hapucyem rpad G — (zy) Ha mmockocTu 6e3 CaMOIEPECETeHNN U «IIO0JPUCYEM»
pebpo zy Baoab pebep pr u py. loxyuum uzobpaxenne rpada G Ha miockocTu 6e3
camornepecedenuu. [Iporusopedune.
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[JOKA3BATEJNBCTBO MATA 2. Hecnoxuo ybegurses, uro epadf G/xy naanapen.
Hencrurensho, ecnn G/zy O K3, 10 G D K33, aecmu G/zy D K5, 70 G D Kj unn
G D K3 3 (puc. 5). Ilosromy mranapuocTs rpada G/Ty crenyer u3 MUHUMAJILHOCTH
rpada G.

Puc. 5.

Hapucyeum 6e3 camonepecedenunt na miockoctu rpad G/zy (puc. 6). llokpacum B
6enwit BeT pebpa rpada G /xy, BEIXOAAINE U3 BepIIuHEL 2y. V3o6paxenue rpada
G —xz—y = G/ry—ry Ha WIOCKOCTY MOTYYAETCs CTUpaHneM Genbix pedep. Ilokpacum
B 4YepHBIU LBeT rpaHuny B tou rpanu (m3obpaxenus) rpada G/zy — ry, Koropasd
cozepxkut BepumHy zy rpada G/zy. 3amerum, 94TO0

2PARUYa 2Pany e moxcem codepacamsv O-nodepaga.

(9T0 yTBEpK IeHUE MOXKHO BHIBECTH U3 TeopeMmbl 2Kopaana. JIpyroe nokasaTens-
CTBO TOJYYaETCA OT MPOTUBHOTO: €CJIU TPAHUIA T'PAHU COAEPKUT f-moarpad, To
MOXHO B3STh TOYKY BHYTPU DTOU T'DAHU U COCIUHUTL €e TpeMs pebpaMu ¢ Tpe-
Ms TOYKAMU Ha Tpex «gyrax» f-nogrpada. Ilonyunrca usobpaxkenue rpada Ks 3 Ha
mwiockocTu 6e3 camonepecedenuu. [Iporusopedne. )

IosTomy mocrarouno gokasaTh, 9To B rpade G /xy Bce pebpa aubo Genbie, 1ub0
gepnsie. [lycTs 510 He Tak. Torga HeokpaieHuse pebpa HAXOAATCA B rpaHu rpada
G/xy — zy, He cogepxKaliel BepUIMHBL Y. 3HAYUT, rpad B u3 4epHbIX pebep pas-
OVBAET TLIOCKOCTHL HE MEHee YeM Ha ABe Ha JacTu. [losromy mammgercsa muka C u3
YEepHBIX peGep, OTHOCUTEILHO KOTOPOr'O BEPIINHA LY JEeKUT (HE YMEHBIIAA OOIIHO-
CTHU) BHYTDPHU, a HEKOTOPOE €llle He MOKPAalleHHOe peOpO — BHE.

Ilokpacum B KpacHbim user Bce pebpa rpada G/zy, aexaume BHe unukia C.
Ocrapmmecs pe6pa rpada G /Ty MOKpacUM B OPAHKEBHIN [[BET. 3aMETUM, ITO KPac-
HBIe pebpa 00A3aTeTHhHO IPUCYTCTBYIOT, & OPAHXKEBBIX MOXKET HE OBITh.

Iocrpoennas packpacka rpada G/zy mopoxngaer packpacky rpada G (pe6po
xy xpacurca B Oenbin user). ['pad G — R, moaydenuwt u3 rpada G yraseHuem
KPaCHBIX pebep, MOXHO HAPUCOBATH HA ILIOCKOCTH 6€3 camomnepecedenunr (puc. 7),
Tak Kak (G — MUHUMAJTLHBIA HELTAHAPHBIN. MOXHO CINTAThL, ITO HA DTOM PUCYHKE



Bokpyr kpurepua KypaToBckoro miaHapHOCTH rpagoB 121

OpAHXKEBLIE
—___ KpacHbIe

................ 6e JIBIE
JepHbIe

Puc. 6. Puc. 7.

6esbie pebpa Jexar BHyTpu depuoro mukiaa C. [lockonbky o6bequnenue B 4epHBIX
pebep — rpaHUla CPaHU, TO OHO HE COAepXkUT f-nmoarpada. SHAUUT, KaXK AT KOM-
mouenTa csasuocTu rpada B — C nepecekaercsa ¢ C' He Gojee 9eM MO OTHOU TOUKE.
[MosTOMy MOXHO IEPEKMHYTH KaxKAyl0 KOMIOHEHTYy cBsasHoctu rpada B — C (Bume-
cre ¢ opaHxkeBbIMu pebpamu) BHyTpb mukiaa C. Bygem cuaurars manee, uro B — C
u BCce opaHxkeBble pebpa Jexar suyTpu nukia C. HapucoBas xpacubie pe6pa Bue C,
Kak s usobpaxenus rpada G/zy (puc. 6), moayunm Baoxenue rpada G B mioc-
KOCTh. [lony4uenHoe mpOTUBOpEYINe NOKA3BIBALT, ITO G — & — iy €CTh I'PAHUIIA TPAHI
U TIODTOMY He coxepkut f-moarpada.

[MOKA3ATEILCTBO MATA 3. U3 maros 1 u 2 creayer, uro rpad G —x —y npea-
CTaBIACT COOOU OTHO WM HECKOJIBKO «IE€PEBBEBY, (BEPIIMHAMUY KOTOPBIX CJIyKAT
[UKJIBL; TIPU 3TOM U3 KaXKJOU BEPIIMHEL BLIXOIUT HE MeHee aByX pebep (puc. 8). ITo-
sromy B rpade G — x — y CYIMIECTBYET «BUCAUIMNY MUKI, T.e. muka C, UMEIIIUN C
OCTAIBHBEIM I'padOM TOIBKO OTHY OOIIyIo Bepmuay v. B srom nukiae C' ecTh erme 1o
KparHen Mepe IBe BepIMHHL P U ¢. Tak kak B rpade G HeT BepIInH, U3 KOTOPHIX BbI-
XOIUT MeHee Tpex pebep, TO KaxK Iasd U3 3TUX BEPIIUH P U ¢ COeAuHeHa audo ¢ x, aubo
c y. llosromy B 06beauuenun mukia C' u pedep, COEIUHAMINX BEPIIUHLL T, Y, P, ],
MOXKHO BBIIEJUTDH f-moarpad. SHa4IuT, Mo mary 2 kaxmgoe pebpo rpadpa G —z — vy
umeet kouer Ha nukiae C. Tlockonbky rpad G — & — y HEe COAEPKUT BUCAIUX BEPIITUH,
TO OH coBmajgaetT ¢ nukaom C'.

IMockoabky B rpade G U3 KaxkIOU BEPIINHBLI BEIXOIUT HE MEHee Tpex pebep, TO
a06as BepmuHa, nukiaa G — r — y coeguHeHa, aubo ¢ x, aubo C .

Ecau Bepmuna v mukiaa G —x —y coOequHEHa ¢ & U He COeIUHEHA C §f, TO COCEIHI C
U BEPIINHA ¥ UKIA HE COCIUHEHA C & (MOCKOJIBKY B IPOTUBHOM cay4ae rpad G —vx
IIQHAPEH MO0 MUHUMAJIbLHOCTHU rpada G, 3HaUuT, MBI MOXKeM NOOABUTH PEOPO VT K
BJIOXKEHHOMY B ILIOCKOCTB Ipady G — VT U HOLYIUTh BIOXKEHNE B ILIOCKOCTH rpada G).
[MosTomy au60

— mobas BepmHa nukiaa G — ¢ —y coenunena B G u ¢ , u ¢ y, 1160
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Puc. 8. Puc. 9.

— BepUIUHEL UKIa G — T — I, COEMUHEHHLIE C & U COGIVHEHHBIE C i, YePEeqYIOTCA B IO0Tb
STOrO IUKJIA.
B nepsom cayuae G = Kj, Bo Bropom G = K3 3. O

3amerum, 4TO B foKaszareabcTse u3 [5, 1.1] umetorcs crepyomue seroanoctu. Ha
c. 23 He nOoKa3aHo, 9TO «rpad F' pa3zbuBaeT IOCKOCTDL HE H0ee IeM Ha, IBE TaCTI) —
BeJlb MPAHUIA PAHU MOXKET Pa3buBaTh IIOCKOCTH 60ee YeM Ha aBe dacTu (puc. 8).
Ha c. 24 ne nokaszano, 9To «106as BepumHa nukia C coequHeHa pebpoM C BEPIIUHON

I WK C BEPIIUHOU Y» — BEIb 3Ta BepunHa mukia C] MOXKET COeqUHATHCA C APYTUMA
BepumHamu rpada G — x — y. Ha c. 25 #e goxasano, uro «rorga rpadp G umeer
TAaKOU BUI, KaK Ha puc. 11» — Beas epmuHnl mukiaa C' MOyT COeIUHATLCA pebpaMu

umcx ucy. B xoHume noxkazarenbcTea JeMMEL 3 u3 [14] He o0bsacHeHo, movemy G
ABIAETCA 3-IPU3MON, & He moarpadom rpada Ha puc. 9. Bce ykaszaHHbIE HETOYHOCTH
HECYIIECTBEHHLI 1 JIETKO YCTPAHAIOTCA (CM. MOKA3aTEILCTBO B HACTOALICH 3aMETKE).

SANAYA. [IpugymManTe aaropuTM PACIO3HABAHUA MIAHAPHOCTH rpada, OCHOBAH-
HBIN HA TPUBEIEHHOM JOKA3ATEAbCTBE, U OLEHUTE €0 CI0XKHOCTD. [ 5TOro MoxkeT
MPUTOAUTHCSA CICAYIONIEE U3MEHEHNE TPUBEIEHHOIO [OKA3ATEIbCTBA, HE COMEPKAIIEe
MPEANONOXKEHUA O MPOTUBHOM U MODTOMY HE BKIIOYAIOIIEE PAOOTHL ¢ HECYIIECTBYIO-
muMu o0weKkTamu. I'pad, monydenusu u3 rpada G IpOU3BOILHON TOCIEI0BATEIBLHO-
CTBIO OTIEpAIUK yIAJEHUA PeOpa WM BEPIIVHLI WM CTATUBAHUA peOpa, HA3LIBACTCA
munopom rpada G. fcHo, 9T0 MuUHOD mIAHAPHOrO rpada mranaper. MOXHO moka-
3bIBATh TeopeMy KypaToBCKOrO B 3KBUBAJIEHTHOU (POPMYJIMPOBKE, MOJYIEHHOU W3
cirenytomero dakra: 2pafd ne codepacum nodepada, 2omeomopduozo Ky uau Ks g
& epad ne umeem munopa, uzomoppuozo Ks uau Ks 3. llycts G — nenaanapnoil
epad, 10601 Munop Komopozo naarapen. JJoCTaTOUHO T0KaA3aTh, 4TO G M3oMOpGdeH
Ks numn K33, 9TO JeraeTcsa aHaJOTUYHO IPUBEIEHHBIM BEIIIE PACCY K ICHUAM.

IIPUTOXKEHUE: 3ANPEIIEHHBIE [IOJACUCTEMBI

Ecnau mekoTopas mogcuctema cucteMbl N He peanusyeMa B apyrou cucteme M,
1o u N He peasmusyema B M. EcrecTBennas uges — HONBITATHCA HAUTU CIIMCOK «3a-
IpeeHHsrxy cucreM Ny, ..., Ng, He peaaudyeMblx B M, cO CIeQyIOMNUM CBOXCTBOM:

das moeo, umobvl cucmema N 6viia peasusyema 6 M neobrodumo u docmamou-
1o, umobvr N ne codepicana Hu 00HOl U3 IMUT ANPEWEHHBITY NLOOCUCTLEM.
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Kraccuaeckun mpumMep TeopeMbl TaKOro poxa — Teopema Kyparosckoro. B Tep-
MIHAX 3aIpeIIeHbIX TOACUCTEM MOXKHO TaK¥Ke OMMCATh MHOT'O JPYTHX KJIACCOB I'Da-
doB (mm 6oee 06X OGLEKTOB).

Hampumep, Tak MOxHO omumcarh rpadbl, BIOKKAMEBE B NJaHHOE 2-MHOr0OOpa3ue
[17]. OgHAKO CHMCOK 3aIpEIEeHHBIX TOArPAdOB I BIOXKUMOCTH I'pada B auct Méou-
yca cogepxkut neasix 103 rpada [11]. Jaxe cymecTBoBaHUE TAKOrO KOHEIHOT'O CIIUC-
Ka 18 IPOM3BOMBHOTO 2-MHOT000Da3us UMEET O4YeHb IIMHHOE T0KA3aTeIbCTBO [7,
17]. TloaTOMy MHTEpPECHBI U APYTHE CIOCOOHI IPOBEPKY BIOKIMOCTHU IPAdOB B ILTOC-
KOCTb U IPyTue 2-MHOrooOpasus.

Tax e MOXHO omucaTh rpadsl 1 gake MEAHOBCKAE KOHTUHYYMBI, 6a3UCHO BIO-
xumbie B R? [13,19)].

IIpusegeM GOPMYJMPOBKU HEKOTOPHIX APYTUX DPE3YJIbTATOB (IOKA3aTEIbCTBA
OCTaBJIAEM YAUTATENI0 B KadecTBe 3aj4ad). 1e (pOpMyIupOBKM, B KOTOPHIX BCTPEYa-
I0TCA HEM3BECTHHIE YUTATENI0 OOBEKTHI, OH MOXKET UT'HOPUPOBATh.

TEOPEMA IITAPTPAHA — XAPAPU. I'padp G modkcHO HAPUCOBAML HG NAOCKOCTIU
6e3 camonepeceuwenut max, umoobvl on Obia epanuyet Hexomopotli OTHOU 2panu, Mo-
2da u moabko mozada, xo2da G ne codepxcum 0-nodepada.

Haszosem mecamonepecekatomuucsa uuki C' B cBasHoM rpade G epanuunbim, ecin
cylecTByeT u3oOpaxkenue 6e3 camonepecedenuu rpada G HA MIOCKOCTH, NPU KO-
Topom muka C' m306paxkaeTrcsa rpanuien HekoTopou rpauu. Caenyoimm pe3yabTaT
MOXKHO BEIBeCTH 13 Teopembl KypaTosckoro.

OTHOCUTEJBHAA BEPCUA TEOPEMBI KYPATOBCKOTO. I[[uxa C asasemca epa-
HUUHBLM 0206 U4 MoAbKo mozda, koz2da 2pad G naanapen u yuka C ne codeprcumca
6 nodepade 2pada G, xax na puc. 10 wau 11.

Puc. 10. Pwuc. 11.

A BOT caemymoIUR pe3yIbTAT MPOIE TOKA3LIBATL, HE UCIOMb3ysa Teopemy Kypa-
TOBCKOTO.

TEOPEMA O 8 U 0. ITycmb 6 2page G dan Kaxcdoth sepuumnbl yKka3an yuKuye-
ckuti nopador svizodswur uz nee pebep. I'pad G ¢ YKAZAHHBIMY YUKAUUECKUMU 10~
PAOKAMU MOHCHO U300Pa3UMb Oe3 camonepeceuenut wa NA0CKOCMY max, ¥moovl 0as
KancAotli seputunbt 00£00 BLITOAUWUT U3 Hee pebep No uacosol, cmpedre co8nadaa
Obl C YKAZAHHBIM YUKAUYECKUM NOPAJKOM, MO0200 U MoabKko mozda, ko2da G ne co-
0EPAHCUM, «BOCOMEPKUY UAU «OYKBBL By, YuKAUYECKUE NOPAIKY HG KOMOPLIL 360GHbL
puc. 12.
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Puc. 12.

[Ba Baoxenus (T.e. m3obpaxenus 6e3 camonepecedenuin) f, g OMHOTO U TOTO XKe
rpada B MIOCKOCThb HABBIBAIOTCA U30MONHbIMU, €CIA OTHO MOXKHO TaK HEMPEPLIBHO
mponedOpMAPOBATE B IPYrOe, 9TOOHI B MPOLECCe Ne(POPMAIMN MBI BCE BPEMS UMETH
6Bl BIOXKeHUe ((pOpMATBbHOE OMpeNeIeHne CM., HanpumMep, B [4,5]).

TEOPEMA MAKJENHA — D IKUCCOHA. /[8a 8aodxcenus 8431020 2pafda 6 naoc-
KOCMb U30MONHKbL M020a6 U MOALKO Mo20a, K020a UL CYHCerus na 106017 necamonepe-
ceKaowulics 4uka u Ha 41000% mpuod uzomonubt (M. e. ne MaKoswl, Kax Ha puc. 13)

[16].
2 3 3 3
3 1 2@1 1)\2 2)\1
(a)

(b)
Puc. 13.

OTy TeopeMy yIOOHO CHAYATIA NOKA3ATH A AEPEBBEB, & MOTOM CBECTU OOIIMN
CJIYYal K CIYYal0 epeBbeB Iy TeM BLIIEICHNA MAKCUMAILHOrO nepesa. Teopema Maxk-
JenHa — O IKUCCOHA CIPABEIINBA TAKXKe [JIA MOJUDAPA WIN TAXKe MeAHOBCKOTO KOH-
tuayyma G.

Teopema Maknensua — 3 gkuccona (6e3 yTBepK I€HUA B CKOOKAX) CIPABEIJINBA 1
BJIOXKEHWN B Chepy, TOP U APYTUE 0PUEHMUPYEMbLE 2-MHOT006PA3NA (JOKAZATEILCTBO
AHAJIOTUIHO). 3aMETUM, UTO M100aA M30TONuA rpada Ha 2-MHOT000Pa3uu 00BeMIeMa
[C. B. MaTBeeB, 1acTHOe cOOOIIEHNE].

TEOPEMA BADBPA — DNIITEAHA. /8e 3amKHymble HECAMONEPECERAOUUELCA KPU-
8ble MG 2-MH02000PA3UL 20MOMONHBL MO20G U MOALKO Mo20a, K020a OHU U30MON-
nor [10].

Teopema Baspa— dnmrenna CBOIUT BOMPOC O KAACCUDUKAINYA BIOKEHUN OKPY K-
HOCTH B 2-MHOro0oOpasue N (1, TeM CaMbIM, TIPOU3BOJLHOIO rpada B OPUEHTUDYE-
Moe 2-MHOroofpasue) K BOIPOCY O peanudyeMocTy daeMeHTOB 71 (N) BIOXKeHHBIMU
okpyxuocTamu. Ho mociegHuu BOmpoc 09eHb CJIOXKEH.

3AnA4A. (a) ChopMyIUpYUTE U JOKAKUTE AHAJIOT DTON TEOPEMEI [JIA BIOKEHUN
B cdepy.
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Puc. 14.

(b) IlpusegeM Apyroe onucanue BIOKEHUN MPadOB B ILIOCKOCTH C TOYHOCTHIO 1O
mzotonuu. ['pad HazwBaeTca (BepmmHHO) k-C6A3HbIM, €CIU OH OCTAETCA CBA3HBIM
HOCHe yaaTeHus Jo60u k — 1 BePIIMHEL U PACIALAETCA TOCIe Y IAJCHAS HEKOTOPEIX k
BepuwH. [Jokaxure crenyoume meopembt Yumuu [21].

J1060€e BIOXKEHnE TIPOM3BOJBLHOrO TPEXCBAZHOTO rpada B Chepy MOKET OBITE MO-
JIy9€HO U3 JHO60r0 APYroro KOMIO3UIUEH U30TONNA U OCEBEIX CUMMETPUN.

Jlro6oe BIOXKEHUE TBYCBI3HOTO rpada B chepy MOKET OBITH MOTYIEHO U3 TH060T0
IPYTOrO KOMIIO3WIMEN M30TOMUN U «IePeBOpaduBanuy 6J0KoBy (puc. 14).

OmnpenemuTe onepamuy, Mpyu MOMOIIA KOTOPEIX MOXKHO NOTYIUTh JTI0O0E BJIOKECHUE
1-csi3noro (< ceasuoro) rpada B cdepy us aoboro apyroro. Cueranre TO xKe U 111
0-cBasHOrO (< mpom3BOIBLHOIO) rpada. TakuMm 06pa30M MOLYUUTCSA OMUCAHUE BCEX
BJIOXKeHu! rpada B cdepy (€ TOIHOCTHIO 10 U3OTOIHOCTH).

Momusap (CMHOHMM: TEIO CHMILIANUAILHOTO KOMILIEKCA) — DTO MHOTCOMEPHBIN
amasor rpada. PopManrbHOe ONpefeneHne CM., HampuMep, B [5, §8]. Yike nBymepHbIe
IOMUD IPBI — UHTEPECHBIE U CJI0XKHBIE OOBEKTHI, IPO KOTOPHIE MMEETCS HECKOIBKO

3HAMEHUTHIX ¥ OYeHb TPYAHBIX HepereHHbX mpobuem [4]. TlosTomy yausBuTeasHo,
UTO UMEETCSA CICIVIOIMIAN PE3YIbTAT.

TEOPEMA XAJUHA — FOHTA. Hoausdp eaoxcum 6 chepy S mozda u moavko
/4 Py

moeda, K02da on we codeprcum epagos Ky, K33 uau 3owmurar U? (puc. 2 u 15)
[12,15].

Puc. 15.

B 5ToM pesyabpTaTe nHTEpPECHA UL YACTH «TOTJA» U JUMIb JIs TBYMEPHBIX [TOJIU-
21poB. OHa MOXET OBITHL HECIOXKHO JOKA3AHA, TTO CICAYIOMEMY mIaHy. I[IyCcTh CBA3BHBLIN
2-mommaap N % S? e cogepxut Ks, K3 3 nmm U?2. PaccMoTpuM 00beguHeHne N IBY-
MepHBIX rpaHent 2-mommsapa N. Ilockoabky kax s u3 rpados Ky u K3 3 BIOXKIM
u B Top, u B Juct Mé6uyca, To N ecTb HeCBA3HOE O0BEIUHEHNE IUCKOB. SAMEHMIM
KaXK IBIA TUCK Ha «komecoy. [lomyuennsu rpad mianapen. [lo Broxenuio 3toro rpada
B IUIOCKOCTB JIET'KO MIOCTPOUTD BJIOKEHUE TOMU3Apa N B MIOCKOCTb. DTO NOKA3ATE b-
cTBO (BUANMO, SBASIOMEECT (HOILKIOPHBIM) MPOIIE IpeacTaBIeHHoro B [12] u Tem
6oxee B [15].
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Puc. 16.

B TepMmHax 3anpemeHHBIX MOLCUCTEM MOXHO TAKXKE OMUCATH (KOMIIAKTHO Oec-
KOHEYHbIE I'PadbD (T.e€. JOKAIBHO CBA3HBIE KOHTUHYYMBI), BIOXKUMEIE B ILIOCKOCTbD.
Konwmunyym — KOMIAKTHOE CBA3HOE METPUYIECKOE IPOCTPAHCTBO. KOHTHHYyMEI ec-
TECTBEHHO MOABJIAKTCA IIPU U3y ICHUA TUHAMUIIeCKUX cucTeM (gaxe rmagkux!). Kon-
TUHYYM HA3BIBACTCA A0KAAbGHO CBA3HbIM (MIM KOHTUHYYMOM IleaHo), ecau I/ Jio-
OBIX ero TO4K:M T U ee okpecTHOCTH U CylIecTByeT Takas MEHbIIAs OKPECTHOCTH
V Touku x, uTo aI00BIE nBE TOYKYU U3 V COEQUHAIOTCSI HEKOTODPBIM IIyTEeM, LEJINKOM
aexamuM B U (win, SKBUBAJIEHTHO, €CJY OH ABJIAETCA HEIPEPLIBHBIM 00Pa30M Iyru).
JIOKaTbHO CBA3HBIE KOHTUHYYMBI MOT'YT ObITH OY€Hb CIOKHO yCTpoeHs! [3]. ITosTomy
YVAUBUTEIHLHO, 9TO UMEETCA CACAYIONUN PE3yIbTaT.

TEOPEMA KJIDUTOPA. JIoKkaibHho c6A3Hbitl KOWMUNYYM 640%cuM 6 cPepy S2 mo-
2da u moavbko mozda, Koz2da on ne codeprcum konmunyymos Ks, K33, Cr, u Ck, 4
(puc. 16) [8,9].

IIOCTPOEHUE JIOKAJILHO CBA3HBIX KOHTUHYYMOB Cg, 1 Ck, ,. Boabmenm pe6-
po ab rpada K5 u ormerum Ha HEM HOBYIO Bepuhy a’. [Iycte P = K5 —(aad'). Ilycto
P,, xomus rpada P. O603HaMmM Yepes ap u al, Bepumssl rpada P,, cooTBeTCcTByIO-

mue a u a'. Toraa
Cr,=P |J P ) P )UT
z=0

aj=az ab=a3
rge {P,} — mocienoBaTeIbHOCTD rpadOB Ha IIOCKOCTH CO CTPEMSALMUCS K HYJTIO

IMAMeTPaMIU, CXOMAMAACA K Touke & ¢ LIS, P,,. TOIHO Tak ke MOXHO ONPEIeIUTh
koHTHHYYM CK,\ 5, B3aB BHaUATE K33 BMecTO K.

,Z[OKA3ATEJH:>CTBO HEBJOXKUMOCTHU B TEOPEME KJIDMTOPA. ,Z[OKa}KeM HEBJIO-
xumocTh KoHTHHYyMa O, (10ka3zaTenbcTBo HepnokuMocTu koHTHHyyMa C, , aHa-
noruaro). IlycTs, manporus, f : Ck, — R — Broxenue. [Tna okpyxuoctn C C Ck,
u nmogmuoxecTBa X C Ok, — C o6o3naunm depe3 C * X yTBepxKIeHUe

«fX aexcum sne fC».
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Mycts S,, — okpyxHOCTEL B P,, cocTaBienHas u3 pebep, He COIePKAIINX BEPIINH
an u a),. Tak xak S,, cxoqurea kK ¢ = 0, To Sy, * 1 mas gocraTodno Goabuioro n. Tak
kak fI — nyts Mmexay fOu f1, nexamuu Bue fS,, 70 Sy, x0. Tak xkak S,, cxoquTcs K
x =0, 710 S, %Sy, u Sy *S; gna gocrarodno 6oapmmx m < [. Ho Torga Sy, *{am, al,},
a ®TO MPOTHUBOPEYUT TOMY (PAKTY, UTO 1A JI000ro Bioxkenns g : P — R? Touku ga
7 ga' JexaT 1Mo pasHBIE CTOPOHEI OT 06pasa gS. O

OTmernM, uTo B Teopeme KypaTorckoro moxuo 3amernts R? Ha S?, a B Teopeme
Maxaenna — O IKICCOHA — HET.

3aMeTuM, YTO He CYIIECTBYET KOHEYHOI'O CIUCKA, 3AMPEIIEHHBIX MOJIUIPOB IJIA
BJIOXKUMOCTH 2-MepHOro Hoamdapa B R® mmm n-mepHOro mommasapa B R27, roe n > 2
[18]. HosTOMY HPUXOAUTCSA PACCMATPUBATL APYLHUE NPEIATCTBUAA K BIOKUMOCTH.
Nurepecuo, 4T0 OMHO U3 CAMBIX MOJE3HBIX MPEMIATCTBUAN CTPOUTCA C TOMOIIBIO KOH-
PuYypauuonHo20 NPOCMPARcMeEa YIOPIIOUEHHBIX [ap PA3IWYHBIX TOYEK JTaHHOI'O
IpOCTpaHCTBa [6].
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[Ipadpduanbr 1M NCKyCCTBO PacCTABIATH 3HAKM. . .
M. H. Bsaapin*
B ympaxuenun 7.51 u3 xuuru ['paxema, Kuyra u [Taramuwnka «Koukpernas ma-

TeMaTHKay [2] IPUBOAUTCS 3aMedaTenbHasA hOpMyIa LI TUCIa PA3OUEeHWN MPIMO-
YTOMBHOU JOCKU HA JOMUHO:

. 1/4
_ /2 2 Jm .2 2 km \;o
Dyn (v, ) = 2m™ H ((cos m+1)v + (cos n+1)h ) . (1)
1gjsm
1<k<n

Ecau pa3moxuTh mpaByo YacTh STOrO PABEHCTBA MO CTENeHAM v, h, TO kodhduim-
entT npu v"h® GygeT paBeH KOJIMYECTBY CIOCOOOB PA30UEHUsA MPAMOYTOJILHOU NOCKA
pasMepa m X n Ha JOMUHO IIPU YCJOBUU, UTO UCIOIb3YETCA I BEPTUKAILHBIX TOMUHO
7 S TOPU3OHTAIBLHLIX. Hampumep, pazbuenue Ha puc. 1la BHOCUT B 3Ty CYMMY BKJAT
vORt.

a) 6)

Puc. 1. Ilepexon oT pa36émeHna Ha JOMUHO K COBEPIIEHHOMY IIaPOCOYETAHMIO B IPagde
IPAMOYT'OJBLHOU PEIIeTKH

Cpasy oTMeTUM [BA OYEBUIHBIX CJACACTBUA U3 DTOTO yTBEPKACHUA: &) Dy (v, h)
ABIAETCA MHOTOWIEHOM OT ¥ 4 h; 6) Dy (1, 1) — mesoe uucio (ko1maecTso crnoco6oB
BCEX Pa3OUEHUN JOCKY M X N). YBUAETH 3TU CBOUCTBA D,y (v, h) HEMOCPEAICTBEHHO
u3 gopmyast (1) He ogensb mpocTo.

B »ron crarbe npuBogUTCA NOKa3aTEALCTBO (hOpMyJHL (1) u pelrenve eme ogHOU
[OXOXKEN 3a1a94 — O Pa30MeHUAX Ha JOMUHO aymexckoeo duamarma (cMm. puc. 6a)
Ha c. 140). @opmyaa (1) 1 mog06HBIE el GLLIN TOLydeHbI B 60-€ MOIBI IPOIILTOro BeKa,
MIPY PEIeHn’ 3,049 CTATACTIYIeCKON pusuku. HeckoMbKo moske uaen, mpuIyMaHHbIe
(usmKaMu, yIaaock IPUCIOCOONTE IJIA PEMICHW MHOTHMX 33039 MEePEeduCauTETLHON
kombunaropuku. [lonpo6rHocTu MoxHO HauTu B craTbax ['. Kynep6epra [6,7], koro-
PBIE ABIAIOTCA OCHOBHBLIM MCTOYHUKOM IPUBOIMMBIX HUKE PACCY K IEHUN.

*Pabora moxaepxana rpantamu PDODU Ne02-01-00716 m Ne02-01-22001 HITHW_a u rparnTom
noxaepxkku HayvHbIX mkoa HIIT 1721.2003.1.

MaTemaTu4eckoe npocselyeHune, cep. 3, sbin. 9, 2005(129-142)
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[lnsa perrenusa 3a1ad 0 pa3bUEHUAX HA TOMUHO MBI pacCMaTpuBaeM 6osee OOIIyio
3aa4y MOICUYeTA IUCIA CO8epuLeHKblT napocouemanut B rpade. CoBeplieHHOE TAPO-
coYeTaHme — DTO TaKoe pa3OueHne MHOXKECTBA BePIINH r'pada Ha Maphl, YTO KaxK 1asd
napa pas3bueHus cBsa3aHa pebpom B rpade. Pazbumenusm Ha IOMUHO B3aMMHO OITHO-
3HAYHO COOTBETCTBYIOT COBEPIIEHHLIE TapocodeTanus Ha rpade IPAMOYTOIbHOU Pe-
[IETKY, KAK MOXHO YBUIETH HA puc. 1.

Bagaua MOICYeTa YMCIA TAPOCOYCTAHNI B IPOM3BOILHOM rpade Tpyaual). ¥ iu-
BUTENBHBIM 0OpPa30M OKAa3BIBAETCH, UTO 3TA 33Jada pelaeTcs HaAMHOT'O IpOoIle B
ciydae naoaprbiz rpados, T.e. TakuxX rpadoB, KOTOPBIE MOXHO HAPUCOBATH HA
mwiockocTu 0e3 mepecedenuu pebep. ['pad OpAMOYroAbHOU PEMIETKN OYEBUTHBIM
00pa3oM IIaHAPEH, 9TO U OyAeT UCIOIB30BAHO MJIA NOKA3aTeabCTBA GopMmyJsl (1).

Bo BTOpOU MOJIOBUHE CTATBUA OT YMTATENA TOTPEOYETCSA 3HAHUE JTUHENHOU ajre-
6psl. HeoGxoquMere cBeeHUs MOXKHO HAUTH, Hampumep, B ydeGHuke BuubGepra [1].

1. 3HAK NEPECTAHOBKHU U ITAPOCOYETAHUSA

CHavajga HAMOMHUM HEKOTOPHBIE XOPOIIO W3BECTHBIE (DAKTHI O MEPECTAHOBKAX.

Ilepecmanosxoii muoxectsa {1,...,v} HA3LIBAETCA B3AMMHO OJHO3HAYHOE OTO-
OpaxkeHne >TOr0 MHOXKECTBa Ha cebsa. MHOXeCTBO BCeX MEPECTAHOBOK O0O3HAYMM
qepes S,. [lepecTaHOBKU MOXKHO EPEMHOXKATD, IPOU3BENEHUE IEPECTAHOBOK — DTO
KOMIIO3UIUA OTOOpaxkenuut. Toxcdecmeennas mepecTaHoBka id ocTapiaseT Bce Hie-
MeHTHI Ha MecTe. [[1a KaxKIO0W MEepeCTAHOBKYU 7 OTHO3HAYHO OMpeaereHa obpar-
Hag 7 ', IJIS KOTOPOU BEITIOMHAETCA PaBeHCTBO m o m 1 = id (3maxom o Gymzem 060-
3HAYATH NPOU3BEJEHUE IEPECTAHOBOK).

3aIaTh IepecTAHOBKY MOXHO, YKA3aB €€ PA3JI0XKEHUE HA, UKL

_ (411 1 2 2 2 e(m) c(m) e(m)
T = (ajay...ay,)(ajas...ay,)...(a; ay" .. .akc(ﬂ). (2)
BuyTpu xaxnoum mapel CKOOGOK YHUCIA MEPECTABAATCA IUKIMYecKu: 7w(a1) = a2,
w(az) = ag, ..., w(ar) = a;. Pasgoxkenue HA UUKIBI ONPENEIEHO C TOYHOCTHIO 10

LUKIMIECKAX CABUTIOB YUCEJI BHYTPU CKOGOK. DTO JErKO MOHATH, €CIM IPOCIEIUTH
3a opbumoti “mcaa, T.e. 06pa3aMyu IUCAA NMPU IOCAEIOBATENBHBIX NPUMEHEHUAX 7.
[ukast qavHel 1, T. €. HEMOABIKHEIE TOYKN NEPECTAHOBKY, DY 3AMUCH B BUIE TPO-
U3BeJIeHNs IUKIOB OOBIYHO MPOIYCKAIOTCA.

3nax sgn(m) mepecranoBku m — 5710 wucao (—1)"TF roe n — ducno sremeHTOB,
k — awmcno uukaos, BrIOYas nukael guuHE 1. [lepecTanoBka HA3BIBAETCA %emuot,

n+k

€CJIM ee 3HAK PaBeH +1, B IDOTUBHOM CIyvae OHA HA3BIBAETCS HEUEMHOT.

IMepecranosku (jk), MEHAIOMME MECTAMA APy YUCET j U k, HABLIBAKOTCA MPAHC-
no3uyuamy. JIro0yo mepecTaHOBKY MOXKHO PA3I0XKUTb B NIPOU3BENEHNE TPAHCIO3U-
IIUU, XOTA W HEOJAHO3HAYHO. JIerko MpOBEpUTH, UYTO YMHOXKEHUE MEePECTAHOBKU HA
rTpacno3unuio (jk) MEHseT KOIMIeCTBO LUUKJIOB Ha 1: yBeawduBaer, ecad j u k BXO-
IAT B OMUH [IUKJ; YMEHBIIAET, €GN § U k BXOAAT B pasubie ukabl. OTCoqa noIyvaeM
CTeIYIOUIYIO MOJE3HYIO IEMMY .

D¥meerca B Bugy, uro sra 3agada #P-noasa. Onpegerenne kiacca #P MOXHO HANTH B KHU-
re I'spu u [Ixoucoma [3] (rge Aas >TOr0O KIacca HCIOIbL3yeTcs ycrapesmee oGosnadenue KP).
# P-nonnory sron 3aga4n gokaszan JI. Baauant [9].
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JIEMMA 1. YeTHOCTBL YMCIa TPAHCIO3UIUEA OJVMHAKOBA, /IS BCEX PA3I0KCHUN TaH-
HOU TIEPECTAHOBKYU B MPOU3BENCHNE TPAHCIO3UINN.

Takum 06pasom, Ipu MEPEMHOXKEHUU IePECTAHOBOK UX 3HAKU TOXKE IePEeMHOXKAa-
I0TCA:

sgn(m o o) = sgn(w) sgn(o). (3)
[IpuBegem eme HECKOMBKO XapAKTEPU3AUMI 9eTHOCTH NEPECTAHOBKU. IuTaTemrto
PEKOMEHIYEeTCA CAMOCTOATENBHO IPOBEPUTD CJIeTYIOMIe Y TBEPK TeHHA.

1. Hneepcus mepecranoBku m — 5T0 Takas napa (j,k), aro j < k, a w(j) > n(k).
YeTHOCTL MEPECTAHOBKU COBHATACT ¢ YETHOCTBIO YUC/IA MHBEPCHUI.

2. YerHOCTDH nIepeCTAaHOBKU COBIATAET C T€THOCTHIO INCIa IIUKJIOB 9eTHON JJIAHBI.

3. YeTHOCTH MEpEeCTAHOBKY COBMAIAET C Y€THOCTBIO OOPATHOU K HEU TePECTAHOB-
KW.

IIycTe Teneps v gerno. Cosepuernbim napocouemanuenm Ha Muoxecrse {1,...,v}
Ha30BeM pa3bueHre DTOr0 MHOXKECTBA HA MAphl (CIOBO «COBEPIIEHHBINY MHOTIA Oy-
IeM omyckarh). MHOXecTBO Beex mapocodeTanunr Ha MHOXKecTse {1,...,v} 06o3Ha-
quM P,. [lapocodeTanua eCTECTBEHHO OTOXK IECTBIAIOTCA C UHEOMOUUAMYU €3 Heno-
0BUNCHBIT TOUEK, T.€. TAKUMU MNEPECTAHOBKAMU, KOTOPHIE PA3JIATalOTCA Ha, ITUKJIbL
JUIIHEL 2. 3HAK JTI000M TaKo# epecTaHoBKu paseH (—1)Y/2, UTo6s! onpe e nTs 3HAKH
[UIA MAPOCOYETAHUY HETPUBUAILHLIM OOpPa30M, TPEOYETCA MOMOJHUTEMLHAT CTPYK-
Typa.

PaccMOTpuM CHAYANA 0OPUEHINUPOBAHHbIE NAPOCOUEMARUA, T.€. PA3OUEHUA MHO-
xecrBa {1,...,v} Ha ymopsgodeHHBIe MapHl (B KaXKIOU Mape M3BECTHO, KaKas M3
BEPIIUH ABIAETCA epeoln ). [lepernymepanusa ompeneiser deticmeue IepecTaAHOBOK HA,
MHOXKECTBE OPUEHTUPOBAHHLIX MAPOCOIETAHUN:

m((p1,p2), -+ (Pv—1,P0)) = ((T(P1), 7(P2)), - -, (W (Po—1), 7 (P0)))- (4)

IIycTe mepecTaHOBKA 7T NMEPEBOAUT KAKOE-TO OPHEHTHPOBAHHOE MAPOCOUETAHIE
B ce6a. Torga 7 pasmaraercs B IPOU3BENEHUE HEPECTAHOBOK, MEHAIOMIAX MECTAMU
HEPBBIE ¥ BTOPHIE BEPIIMHLL. 1€THOCTH STUX NEPECTAHOBOK OIUHAKOBA, TAK KAK OHI
pa3IaraloTCsa Ha OJUHAKOBOE KOMMYECTBO HUKIOB. [losToMy 7 deTHA.

Otcroga cregyer, 9TO YETHOCTH MEPECTAHOBOK, HEPEBOLAIIMX OTHO OPUEHTUPO-
BAHHOE [IAPOCOUETAHNE B APYTO€, OQUHAKOBA: €CIH T, 0 — JBE TAKUE IePEeCTAHOBKY,
TO MO~} MEPEBOAUT UCXOJHYIO HEPECTAHOBKY B CEOA.

IMockompKy 3HAK IPOM3BEAEHUA NIEPECTAHOBOK PABEH [IPOU3BELCHUIO 3HAKOB, KOD-
PEKTHO CIEIYIOLIee ONpeneIeHue.

J6a 0pUEHMUPOBAHHBIT NAPOCOUETNANUA UMEIOM 00UNAKOBBIE 3HAKU, €CAU 00HO
nepesodumcsa 8 dpyzoe wemuot nepecmanosrol; pasuble 3HAKY, €CAl 00HO NePeso-
dumes 8 dpyeoe weuemmnot nepecmanosroi.

MEer onpegeauin umb OTHOMIEHNE 3HAKOB ABYX OPMEHTUPOBAHHBIX NAPOCOIeTa-
Huy. Ec/m Hy:XHO OZHO3HAYMHO ONPENeIuTh 3HAKY, AOCTATOYHO BHIOPATH KAKOE-TO
OPMEHTUPOBAHHOE MAPOCOYETAHNE U MPUIMCATL eMy 3HAK «+». OOBIMHO momaraior,
uro mapocoderanue (1,2)(3,4)...((v —1),v) umeer 3HaAK «+>.
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Puc. 2. [Ipumep mapocodeTaHUN Pa3HOTO 3HAKA,

Yro6bl npunucaTh 3HaKK (HEOPUEHTUPOBAHHBIM ) IAPOCOYETAHUAM, 3AJA0UM 0PU-
eNmayuo Ha Tapax YUCeN, T.e. A KaXKIOU Tapbl YACET YKAKEM, KAKOe U3 TUCeT
ABIAETCA TEPBLIM B 3ToU nape. Torna Kax oMy mapOCOYETAHUIO OTHO3HAYHO COOT-
BETCTBYET OPUEHTUPOBAHHOE MMAPOCOYETAHNE C TEMU XKe IapaMy BEPIIUH.

IIycTh 3amaHa OpUEHTALUA U OB MAPOCOYETAHUA P, . BO3bMEM ¥ TOYEK U 3a-
HyMmepyeMm ux ducaamu 1,2,...,v. Ilapel, BXogAmume B IapoCOdYeTaHNe P, COECIUHIM
TOHKAMY JUHUAMY, & MAPHI, BXOMAIIME B ¢, — XKUPHLIMUA. Hapucyem OpHeHTAIINN:
[OCTAaBUM CTPEJIKW, BEAyIIME OT IIEPBOU BEPUIMHBEL B Iape KO BTOPOU (CM. mpumep
Ha puc. 2). 3 Kax 101 TOYKYU BEIXOAUT POBHO IBE JWHWUU, TAK UTO MOLYIWIN HAGOD
IINKJIOB LIeTHOIL/,I JJIVHBI.

IMycTes a — ob1ee koaUIeCTBO pedep, OPUEHTUPOBAHHBIX IO MUKIY, & b — OpueH-
TUPOBAHHBIX TPOTUB. [/ IUKIOB Y€THOU IJIUHBI Y€THOCTL @ U b oguHaxoBa. ducio
(=1)'*? Gynem maseBaTh 3naxom yuksa F u o603navarh s(F).

3AMEYAHUE 1. 3ameTuM, 94TO 3HAK IUK/IA ONPELEIEH He TOJIbKO 1JIf IUKJIOB deT-
wowt mmmsl. Jaa mukinos Hedernon mmmHbr s(F) = (—1)1*P = (=1) u s3mak nukma
3aBUCUT OT HAIPABJICHUSA 06XOa IUKIA.

JIEMMA 2. 3HAKU DApOCOYETAHUU PA3IMYAIOTCA HA MTPOM3BENEHUE 3HAKOB IUK-
JIOB, 0OPAa30BAHHBIX 3TUMU MaPOCOYETAHUAMI.

MOKABATEJLCTBO. Iloaydum omHO mapocodeTaHue u3 APYTOro B ABa MPUEMA.
Buadasne npumeHnM mepecTaHOBKY, CIBUCAOIIYIO YUCIA BIOJIbL UKIOB, OOPA3OBAaH-
HBLIX MAPOCOYETAHUAMHU. UeTHOCTH DTOU MEPECTAHOBKM COBMALAET C Y€THOCTHIO KO-
JUYIECTBa ITUKJOB. Tel'[ep]) conyiacyeM OpueHTaluu C IMOMOIIBIO TpaHCHO:}I/II_H/Iﬁ -
CeJI, BXOOAIINX B IIapbl BTOPOI'O MapOCOYETaAHNUA. quHOCTB KO/JINn4IeCTBa Tpe6yeMBIX
TPAHCIO3ULMY COBIALAET C YeTHOCTLIO YUCIa Pebep, OPUEHTUPOBAHHLIX II0 [IMKJIAM.

NTax, 9eTHOCTH MEPECTAHOBKY, MEPEBOAAIIEH ONHO (OPUEHTUPOBAHHOE) MApO-
codeTaHue B APYyroe, PaBHA CYMMAapHOU YETHOCTU KOJUYIECTBA IUKIOB U KOIMIE-
cTBa pebep, OPUEHTUPOBAHHBIX 0 IUKJAAM. HO 3TO W €CTh MpOUW3BEIeHNEe 3HAKOB
LIUKJIOB.

2. ONPEIEJUTEJDL U NOADDUAH

EcrecTBenunie onpenenenns onpenemurens u ndadduana Ta0TCA HA A3BIKE JU-
HelHOU anreGpsl (cM., HampuMep, [1]). MBI orpaHnYInMCes 34eCh 2IeMeHTapHLIMA OTIpe-
IETEHWSIMY, KOTOPEIE BCE PABHO HAM MOTPEOYIOTCA.
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Paccmorpum matpuny A pasmepa v X v, B j-U CTPOKe U k-M CTOJOIE KOTOPOU
HAXOQUTCA INePEeMeHHAA aji. Onpedeaumeny A 1O ONpeIEIeHNI0 PABEH

det A=Y sgn(m)A(n), rae A(m) =[] arnm- (5)
TESy k=1

B popmyay (5) Bxogut v! caaraemerx. OqHAKO, YTOOE BEMUCANTE 3HAYEHUE OMPe-
OeIuTeNId, He HyKHO Ie1aTh TaK MHODO OHeparyil. XOpPOIIO M3BECTHEIM METOI HC-
kmodeHna [aycca TO3BOMAET HAUTHU 3HAYEHWE OMpenetunTens (v X v)-MATPUILL 34,
O(v?) apudmeTwaecknx omeparnmit.

damee cauTaeMm v 9eTHEIM. PacCMOTPUM KococuMmempuyunyio MaTpury A pasme-
pa v X v, T.e. MATPHIy, 41 KOTOPOH ajj = —ag,j. Ham Oyer yIoOHO BELIEIATH
B KOCOCHMMETPUIHOU MATPHUIE (BHAKI» U «abCOMOTHEIE BemnduHbh. CuemaeM >TO
Tax. BBegeM mepemMeHHeIe a(j), 3ABUCAIIAE OT HEYIOPAJOICHHOM AP HHICKCOB, 1
HEKOTOPYIO OpreHTaImio. 110 OpUeHTAIMN TTOCTPOUM KOCOCHMMETPUIHYIO MATPUILY
€: gj;, = 1, ecan B mape (j, k) mepBOU ABIAETCA BEPIINHA j; €, = —1, ecau mepBon
ABIACTCA BEPIIMHA k; 10 TMANOHAIMA CTOAT HYJIU: Egp = 0.

Teneps nomaraem ajk = a(jx)€jk-

Hpapdpuan A pasen

Pf(A) = Y e(p)A(p), (6)

pEP,

rae A(p) — mpomsBefenue ajiy 1o Bcem mapam (jk), BXOAAIINM B MAPOCOIETAHNE P,
a £(p) — BHAK MApOCOYETAHUA P OTHOCUTEIHLHO OPUECHTAIUN E.
NmeeT MecTO COOTHOIIEHME:

det A = (Pf A)2. (7)

W3 wero cregyer, uTo BuruuciaeHue ndadduana He CIOXKHEe BBHIYMUCICHUS OMpeneIn-
Tens.?)

®opmyay (7) mpolne I0Ka3aTh «MO-HAYIHOMY», UCIONb3YA OOIEE OCMBICJICHHBIE
onpenenenus onpeneaurens u nbabduana. OaHAKO dIEMEHTAPHOE TOKA3ATEILCTBO
B CTIJIE «PACKPOEM CKOOKU U MPUBEIEM MOA0OHBIEY, XOTA U Oojee IPOMO3IKOe, TAKKE
BecbMa moy4urensHo. Ero uges (B3aras us [6]) cocTouT B TOM, 9TO HEPECTAHOBKU C
[IUKJIAMU HEIeTHOU JIMHBLL JAIOT HYJEBOU BKIA B ONMPEAEIUTENb KOCOCUMMETPIUIHON
MATPUIIBI, 8 TEPECTAHOBKY C IIUKJIAMY I€THOU JJIMHLI €CTECTBEHHO OTOXKA€CTBIAIOT-
CA C MapaMu mapocovdeTanuul. [Ipu 5TOM 3HAKU COMIACYIOTCA.

Pas6epem sro paccyxkgenue nogpoduee. Craraemere B gpopmyae (5), mo koTopon
BLIYUCJIAETCA 3HAYEHUE ONPEIeNUTeNd, Pa3JeuM Ha TPU ['DYIIIBL

A: comepxalue HEMOABUKHYIO TOUKY (T.€. IUKI IIAHEL 1);
B: me cogep:kamme HEMOABIKHEIX TOUCK, HO COAEPKAIIAE KA HCICTHON IINHE;

C: cocroAmme TOMIBKO U3 IUKJIOB Y€THOU JINHEIL.

2) MoxHO OBLICTPO BLIMUCIATEL U ONpeeauTenb, u ndadduan, 6e3 NCIOIL30BAHAA HE TOIBKO OIe-
panuyu M3BIeYEeHWs KBAaPATHOrO KODHJ, HO faxe u onepanun gerexms. Cwm. [8].
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3amnuieM CIaraeMble, COCTABJIAIIINEG OMPEISIUTENb, Y€PE3 OPUEHTAINYN U CUM-
METPUIHEIE IEPEMEHHBIE a (k). llomyTaem paBeHCTBO

sgn(m)A(m) = [[ s(F)A(F), (8)
F
rie TmpousBeneHue 6Geperca Mo mukaaMm nepectaHoBku 7w, a A(F) — mpousseae-
HUE (k) BAOMb IUKIA F.
Cnaraemble u3 rpynmel A pasrbl 0, Tak Kak aj; = —aj; = 0 IO OIpeIeIeHnIo

KOCOCUMMETPUIHOU MATPUILIHL.

Caaraemeie u3 Tpynnsl B MOXHO pa36uTh HA MAPBI C MPOTUBOMOJOXKHBIMUA 3HA-
YEHUAMU, TAK 9TO UX OOIINYU BKIAM B onpeaernTens pased (. UTo6wr omucars Takoe
pa3bueHue Ha maphl, BBIAEIUM B IIEPECTAHOBKE UK/ HEYETHOU NIWHBI, KOTOPHIA CO-
IEPKUT HAUMEHBIIEE U3 YUCe, BXOIAIMX B UKL HedeTHOU LIuHLL. Hazosem »>TOT
WK MUHAMAJTLHBIM HeueTHBIM. V3MeHeHre HampaBIeHus 06X01a MUHIMATHLHOTO He-
YETHOTO [UKJIA 3a1aeT TpebyeMoe pa3OueHue CAaraeMbX Ha mapel. B cury (8) atm
craraeMble UMEIOT IIPOTUBONONOKHBIE 3HAYCHS.

Temepsb mepengeM K craraeMbiM 3 Tpynnsl C. ComocTaBuM mepecTaHOBKaM, CO-
CTOAIIMM U3 IUKJIOB YeTHOU [IMHLI, YIOPSIIOYEHHBIE Taphl napocoderanun. ukiy

(ay ...asx) comocraBuM mapocoderanus (ai,aq), (as,aq),..., (a2x—1,a2;) u (az2,as),
(as,as),...,(asg,a1). Kax ux ynopagounts? Bygem cuuraThb, 9TO i — HAMMEHb-
mee u3 GUCen di,. .., 02, & TAPOCOYETAHNE, B KOTOPOE BXOOUT (a1,as), — MEPBOE.

DTO onpeeneHre HEMPUMEHNMO K IIUKIY LIWHBL 2, HO B 3TOM CJIy4ae MapOoCOuYeTaHUsA
COBHIAJAIOT U IIOTOMY UX IOPAJOK HEBAXKEH.

NTax, MBI COKPATWIN YaCTh CJAATAEMbIX B JEBOU YACTU PABEHCTBA (7), & OCTAIb-
HBIM B3aMMHO OZHO3HAYHO COMOCTABWIM KAKWE-TO CJaraeMble B mpaBou dactu (7)
(pasymeercs, ocie pacKpeITusa CKOGOK). OmucaHHOE BBILE COOTBETCTBUE MaPAHTU-
PYeT, 9TO COOTBETCTBYIOIINE CJIaraeMble COIEPKAT OJHN U T€ K€ TePEMEHHBIE djt),
[IpPUYEM B OJUHAKOBOU CTEMEHN. A 3HAKU ¥ COOTBETCTBYOIINX CIATAEMBIX COBIIA,JAIOT
[0 MPABWILY ONMpENeJeHNA 3HAKA MapOCOUYeTaHuA u B cury Gpopmysl (8).

3. IIAPOCOYETAHUSA B ILJIOCKOM I'PADE

IMonpo6yeM BBIMUCAUTL KOIMYECTBO COBEPIIEHHBIX MAPOCOYETAHUU B rpade, uc-
nob3ysa ndadpduan. [Iaa 5TOro 3aHyMepyeM BEPIIUHBI Tpadga U OPUEHTUPYEM €ro
pé6pa, mocae dero comocTaBuUM Tpady OPUEHMUPOBAHHYID MAMPUYY CMEHCHOCTNUL:
A = %1, ecin mapa (jk) aBrsercsa pe6poM rpada (3HAK OIPEIEIIeTCS OPUEHTA-
muen); A = 0, ecin mapa (jk) He aBmgercsa pebpom rpada. IIdpadduan Takon
MATPUILI PABEH CYMME 3HAKOB COBEPIIEHHBLIX MapocodeTanun rpada.

I'pad mazoBem ngaddosvim, eciu CymecTByeT OpueHTaus ero pedbep, OTHOCHU-
TeILHO KOTOPOU 3HAKU BCEX IapocoderaHuél B >ToM rpade pasubl. (Takyio opu-
eHTauo OyxeM HaswBaTh n@ad@osoti.) IlosToMy UUCIO COBEPIIEHHBIX HAPOCOUE-
Tanun B 1npad@doBoM rpade COBIATAET C TOYHOCTBLIO N0 3HAKa C IpadduanoMm
(T.e. KBAOPATHBIM KOPHEM W3 OMNPEIEIUTENA) OPUEHTUPOBAHHON MATPUILL CMEK-
HOCTH.
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Baxupmv wacTHBEIM caydaeM mgad@doBex rpadoB, ¢ KOTOPOrO U HAYAIACH BCS
5Ta TeOopuA, ABIAIOTCA MIAHApHEIE Tpadbl.?) [lianapwbil Tpad MOKHO HAPUCOBATH
Ha IJIOCKOCTUW TaK, IYTOOBI JIUHUM, U300paxawlme ero pébpa, He MepeceKaTuch
(ecrecTBenno, 3a uckarodeHueM KOHUOB). CaMy KapTUHKY, H300DaXKarourylo rpad
YKA3aHHBIM BBIIIE CIOCOOOM, OyAeM HA3LIBATL NA0CKuM 2pagom. I'panp mIOCKOTO
rpada — DTO IUKJ, BHYTPA KOTOPOT'O HE JEKUT HU OTHOU BEPIIUHBLL. Beckoneunasn
2pamnb — DTO IUKJI, BHE KOTOPOT'O HE JEKUT HU OJHOU BEPIIUHEL.

TrEOPEMA 1. Ilnockun rpad asagerca ndadpoBbIM.

IIpexk e 9eM JOKa3bIBATH TEOpeMy 1, ciesaeM HeCKONbKO YIPOIIAOUINX 3aMeda-
HUI U TOKAYXKEM [Be JEeMMEL

3aMeTuM, 9TO OTHOIICHNE 3HAKOB NAPOCOYETAHUN ONPENENIeTCs 3HAKAMUA IIUK-
110B. IIo5TOMY JOCTATOIHO PACCMOTPETH TOIBKO CBA3HBIE IIOCKHE IPAdBL 6€3 MOCTOB.
(Mocm — »ro peGpo rpada, depes KOTOpoe He IPOXOAUT HU OFHOro nuxia. Opu-
eHTALUVM MOCTOB He BIMAIOT Ha 3HAKWU mapocoderanuin.) Ecim B mmockoMm cBasHOM
rpade HeT MOCTOB, TO KaxKIO€ €ro pedpo CMEXKHO B TOUHOCTH C IBYMs CPAHAMI
(KOHEUHBIMU I GECKOHEYTHON ).

JIEMMA 3. IlycThb B OPMEHTHMPOBAHHOM ILIOCKOM CBSI3HOM rpade 6e3 MOCTOB n
BHYTPEHHUX BepIIuH (He Jexalux Ha 0OeckoHedHou rpanum). Torga 3Hax GeckoHed-
HOU I'DAaHU PaBeH IPOU3BEIEHUIO 3HAKOB KOHEUHBIX IPAHel, yMHOXKeHHOMY Ha (—1)™.

MOKA3ATEJIBCTBO. Pukcupyem HampapaeHre 00X01a IPOTUB YACOBOU CTPEJIKH.
Kax goe pebpo, He Bxosiee B 6ECKOHEIHYIO IPAHb, OOXOIUTCA B IMIPOTUBOIOJOKHBIX
HANPABJICHUAX OPU 00XOMAX CMEXKHBIX C HUM TpaHed. [lodToMy BKIAI B MPOU3BELE-
HUe OpPUEHTAIMi OT Takoro pebpa scerga paser —1. Ilycts B rpade m pebep Ha
OECKOHEYHOU I'PaHu, k BHYTPEHHUX pedep U f KOHEIHHIX IDaHEN.

[Ipomsseenne 3HAKOB KOHeuHBIX Tparei papHo (—1)+/a, rne a — nmpoussegenue
opueHTAIUU pebep BAOIbL OECKOHETHOU IPAHU. SHAK O€CKOHEYHOU IPAHU PABEH —a.
ITo Teopeme Dumepa

(n+m)—(m+k)+(f+1) =2,
OSTOMY
—a=(=1)"""a=(-1)"(-1)"*7a, (9)
9T0 U TpebOBATOCH TOKA3ATh.

JIEMMA 4. CymecTByeT OpMEHTAIUsA IIOCKOTO CBA3HOTO rpada 6e3 MOCTOB U
C YETHBIM YUCIOM BEPINUH, OTHOCUTEIHLHO KOTOPOU 3HAKU BCEX TpaHEU paBHBI +1.

[MOKA3ATEILCTBO. JlemMmy mpoime HOKa3aTh, MEPEXOAs K TBOMCTBEHHOMY T'pDa-
¢dy. HamomuuM mocTpoeHmne IBOMCTBEHHOTO Tpada. B Kaxk 10U rpaHu UCXOIHOTO Ipa-
da meXUT POBHO OQHA BEPIIMHA ABOUCTBEHHOTO T'pada, BEPIIMHLI TBOUCTBEHHOTO
rpada coeuHUM pebpoM, mepeceKarmuM pedpo UCXOIHOro rpada, KOTOPOe CMeX-
HO 06erM I'PaHAM, COOTBETCTBYIOIINM BEHIODAHHBIM BEPLIMHAM (8 eCId TAKOro pebpa
HeT, He Oy1eM COeJUHATH BEPLIMHBLI PeOPOM).

3)H0—BH;UAM0My, Teopemy 1 Bmepseie copmyamposan u goxasaxn II. Kacrerenn [5].
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ITo opuenTamuu rpada MOXHO MOCTPOUTHL OPUEHTAIINIO IBOUCTBEHHOTO Tpada:
moTpebyeM, 9TOOBI KPATYAUIIAN MOBOPOT OT OPUEHTHUPOBAHHOTO pEOpa MCXOTHO-
ro rpada K OPpUEHTAPOBAHHOMY PeOpy ABOUCTBEHHOT'O MPOUCXOIUT MIPOTUB TaCOBOU
CTPEJIKH.

IMocMoTpes Ha puc. 3, TErKo MOHATH, YTO MOCHE TePeX01a K JBOUCTBEHHOMY Ipa-
¢y yTBepKAeHUE JeMMBI 3BYYUT TaK: B CBA3HOM ILTOCKOM rpade, UMEIeM YeTHOe
YUCI0 MPAHeN, MOXKHO TaK OPUEHTUPOBATEL PEOPa, ITOOLI U3 KaxKIOU BEPIINHEL BLI-
XOqUIO HedeTHOe Iuciao pebdep. [Joxaxem 3TO mocrenHee yTeep-
K ICHIIE.

BosbMeM mpousBoabHy o opuedTanuio. [IockoabKy rpasen —
YETHOE KOJUYECTBO, B CUIYy TEOPEMBI JUIepa YeTHOCTb UUCIA
BEPIIUH U T€THOCTH YuCIa pebep coBmagaior. IlycTs vy, vy —
KOMUYIECTBO BEPIINH, U3 KOTOPBLIX BEIXOAUT COOTBETCTBEHHO IE€T-
HOe MM HedeTHOe KoamdecTBO pebep. Torga vy +vi = e = vy

c'> (mod 2), T.e. vg — dverno. Pazobbem BCe BepUIMHBL, U3 KOTO-
PEIX BHIXOAUT YETHOE KOMMIECTBO pebep, Ha Maphl U COCITHUM
Puc. 3 KaxIylo mapy myTeMm B rpade. IloMmensem opueHTammu pebep

BIOMH BCEX BHIOPAHHBIX MyTen. JeTHOCTH KOMUYIECTBA BBIXO-
IAIMX pebep B MPOMEXYTOYHLIX BEPIIMHAX HE U3MEHUTCA (MOCKOMbKY MEHAETCA
y 9YeTHOro 4uciaa pebep), a KOHIEBBIX — WM3MEHWUTCs. [lomydaeM UCKOMYIO OpUeH-
Tanuio.

OpuenTanuo, OTHOCUTEIHLHO KOTOPOU 3HAKU BCEX MPAHEN MOJOKUTETHLHBI, HA30-
BeM 0dnopodnot. JlemMma 4 rapaHTUpyeT CyIIeCTBOBAHME OTHOPOTHOU OPUEHTAIN
U1 TIOCKOTO rpada. Mbl 3aBepmuM [OKA3aTEJbCTBO TEOPEMBI 1, ecin JOKaxKeM,
9TO OQHOPOJHAA OPUEHTALNA IIOCKOro rpada apaserca ndaddosoun. las >Toro uc-
OTB3yeM JIEMMY 3.

Urak, nycTs mapocovyeTaHus B INIOCKOM CBS3HOM rpade PasIndaloTCs HA [IUKJIBL
Fi, ..., F,,. BuyTpr KaxX10ro Takoro MuKjiIa HaXOIUTCA IeTHOE KOJIMIECTBO BEPIINH
(oHU Beab PA3GUTHL HA MAPHI TAPOCOICTAHUEM ), TIOITOMY B CULY JEMMEL 3 3HAKA 3TUX
MapOCOYETAHUN OTHOCUTEIBLHO OJIHOPOTHOU OPUEHTAIINN COBIAIAIOT.

Teopema 1 moxasaua.

4. TTOOACYET IMAPOCOYETAHUI B NPAMOYIOJILHON PEIIETKE

IIpumenum Teopemy 1 K MCXOOHOU 3afade MOACYETA MAPOCOYETAHUUM B MPAMO-
yroabHOU perieTke. [Ipexkie Bcero Hy:KHO yKa3aTh KaKyi-HUOY Ib OJHOPOLHYIO OPU-
enTamuio (OHA, KaK OBLIO JOKa3aHo, sBigercs ndaddoson). Ha puc. 4 ykazana og-
HODPOJHASA OPUEHTAINA, KOTOPYIO MBI Oy €M UCHOJb30BAThH.

Teneps HyXHO COCTABUTHL OPUEHTHUPOBAHHYIO MATPHUIY CMEXHOCTH Pa3Mepa
mn X mn, ICHONIb3ysA YKA3aHHYIO OPDUEHTAINIO, 3aTEeM BBIYUCIATL €€ ONpeIeanTeNb
U U3BJIEYL U3 HErO KBAAPATHHEIN KOPEHb. [oMydeHHOe YUCI0 U JACT KOJUIECTBO IMa-
POCOYECTaHUIN.

Muorowren det(A] — A) HABBLIBACTCA TaPAKMEPUCTIUUECKUM MHOZOUALHOM MATPU-
sl A. Ero cremens paBHa pazMepy MATPHUIIHL 71, TAK ITO €CTh POBHO 1 KOMILIEKCHBIX
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Puc. 4.

KODHEN XapaKTePUCTUIECKOrO MHOrowiIeHa (¢ yderoMm KparHocTw). KopHu xapax-
TEPUCTUIECKOTO MHOTOWICHA ABISAIOTCA COOCMEEHHbIMY wucaamy MaTpunslr A. U3
TeopeMbl Buera mosydaeMm, UTO OMPEIeIUTENh — DTO MPOU3BEICHUE COOCTBEHHBIX
TUCe.

OpUEHTUPOBAHHYIO MATPUILY CMEXHOCTU KBAIPATHOU PELMIETKUN M X N, ONpeIe-
JIseMylo opueHTaluen Ha puc. 4, 0603Ha4uM depe3 A, ,,. Ee onpexernrens mer Gy-
IeM BBIPAXKATh Yepe3 MPOU3BENEHNE COOCTBEHHBIX YUCET. PacCMOTpUM TEH30PHOE
TIPOU3BEIEHUE 171-MEPHOT'O MPOCTPAHCTBA, B KOTOPOM BHIIEJICH GA3UC €1, ..., Enm, U
N-MEPHOT'O MPOCTPAHCTBA, B KOTOPOM BBIAETCH 0A3UC f1, ..., fn. [lepBLIT COMHOXKUT-
TeIb OTBEYAET CTPOKAM PEIIeTKHU, a BTOpou — croabmam. Bygem paccmarpuBaTth
Ap,,n KaK MaTPHILy JHHEUHOI'O omeparopa B 6asuce e; ® f. Cepusumcs ¢ puc. 4,
IEUCTBUE 3TOT0 OMEPATOPA MOXKHO 3AMUCATEH KaK

Am’n: €e; X fk — Hmej [024] fk + (—].)je]' [024] ank, (].0)

rge Hy = — A 4, T.e. omepaTop, COOTBETCTBYIOMIMI MATPHIIE d-LIENOIKH, CM. PUC. 5.
Onepatop, gericTBytomui mo mpasuiy e; — (—1)7e;, 1 < j < d, o6o3naum gepes Py.

Pwuc. 5.

N3 (10) u guHEHHOCTH OIEPATOPOB MOLYYUM (POPMYJILy AIi LeucTBud A, , Ha pas-
JIOXKUMOM dJeMeHTe ([IPEeNCTABAMOM B BHUAE TEH30PHOI'O IIPOM3BEJEHUsA BEKTODOB):

Apniz@y— Hyz @y + Pz ® Hpy. (11)

3ameTum, ato P? = I (ToXecTBeHHbIN onepaTop), a PyHy + HyPy = 0, Tak kaxk H
MEHfeT YeTHOCTb MHIEKCA y OA3UCHBIX BEKTOPOB €;. Iloaromy

A iz @y— Hiz®y+o®Hy. (12)

Omnepatop H2 — BpPMUTOB, €ro COGCTBEHHEIC HMCIA OGO3HAMUM )\%,k. Ecmur yr, —
COOCTBEHHBIN BeKTOp H?2 ¢ cOOCTBeHHBIM TmCIOM A2 ;) TO

A Lz @uyr e (HY + X D @ g (13)

W3 (13) momyuaeM, 9TO COOCTBEHHBIE BEKTOPA A%l,n UMEIOT BUJ T; ® Yk, TAC Y —

COOCTBEHHBIN BeKTOP H. % C COOCTBEHHBIM YIUCIOM )\% > & Tj — COOCTBEHHBIA BEKTOD
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2 2 2
H,, c cobereernbM smenom A7, . CoGereennbie uncna A;, , PaBHBI
i +XNg 1<ji<m, 1<k<n (14)

YTO yiKe HAmOMUHAET uckoMmyio gopmyry (1). Onpegerurens Marpunst Ay, , paBeH
MIPOM3BEEHNI0 KBAIPATHBIX KOPHEU U3 BCEX TUX 4ucen. W3BredeHre KBaapaTHOTO
KODHs [TeJAeT HEONPEeNeJeHHBIMEU 3Haku MHO)uTegaen. O THAKO MBI 3HAEM, YTO Ompe-
[EJIUTENb T0JKEH ObITh HEO TPULATEILHBIM HEeJAbIM Y1CIoM (KBaapaToM ndadduana).

Ocranock HAUTU COOCTBEHHEBIE YMCIa OnepaTopoB H,. [[1a 3TOr0 BEIMUCIUM Xa-
PAKTEPUCTUYICCKUN MHOT'OWICH OPUEHTUPOBAHHON MATPUIIHI CMEKHOCTHU TPOCTON I1e-
TOYIKY

7 CTPOK. (15)

Pazaoxum onpenenuTent mo mepBou CTPOKE, & 3aTeM IO mepBomy croabiry. Io-
Jy9aeM PEKyPPEHTHOE COOTHOIICHIUE:

Cu(N) = ACo_1(A) + C_z(N). (16)
Ha‘IaJIO STOﬁ moCIe10BaTCIbHOCTY MHOTOYJIEHOB HAXOAUTCA MIPAMBIM BBITUCJICHUEM
A -1

Ci(N) =X, Ca(\) = = A2 41 (17)

1 A

OcTajabHbIe WIEHE IOCIEI0BATEILHOCTY MOXKHO BLIPA3UTL Y€pe3 MHOIOWIEHE! de-
OLIMIEBA BTOPOT'O POIa, OMPEeaeIIeMble COOTHOIIEHNEM

sin ny

Un(cosg) = sing (18)
KOTOPO€, KaK JIETKO IPOBEPAETCA, SKBUBAICHTHO CICAYIOMEN PEKYPPEHTHOCTH
Un(z) = 22Up_1(x) — Up—2(z), Ui(z)=1, Uz(z)=2=. (19)
Tokaxxem, 9TO
CuN) = "V (=5). (20)

B Beruucrenusax momaraem —iA = 2x. [IpoBepum coBnaqeHne HAYAMBHBIX IEHOB U IO
UHIYKINA 3KBUBAICHTHOCTEH PEKYPPEHTHBIX COOTHOIICHUN:

Co(N) = N +1=—((—i))? — 1) =i*(4a® — 1) = i°Us(),
Cn(N) = ACh1(A) + Cra2(N) =
=i"( = iAUp(2) — Up—1(2)) = i"Ups1 ().
Kopuu muorourena Yebeimésa U,,11 () paBHBI COS nk—fl , k=1,...,n. Hosromy

kopHy MHOrOuteHa C)p(\) paBHBL

. km
)\k—Q'LCOSn—H, k—l,...,n. (21)



Hpappuaser nim BCKycCTBO PaCCTABAATH 3HAKH. . . 139

O6beanusa (14) u (21), monxygaem coGCTBEHHEIE UmcIa oneparopa A2,

—4<cos2 mﬂil + cos? n7f1>, 1<j<m, 1<k<n. (22)

Taxum 06pazoM u npuxogum K dpopumyJe (1).

SAMEYAHUE 2. BHUMATEILHBIN YATATENb OOPATUI BHUMAHUE HA HETOYHOCTH
B nocaenuen ¢pase. Popmyaa (1) yTeepxkgaeT GoJbIIe, OHA TAET MPOU3BOIALILYIO
QYHKIUIO IS 9MUCIa pa3OUeHud M0 KOJAMYEeCTBY I'OPU3OHTANLHBLIX U BEPTUKAILHBIX
momuuo. Ha camoMm meme, »Ta popMy/Ia IOJYIAETCA COBEPIIEHHO aHAJOTMIHBIMUI Pac-
cyxaeHuaMu. HyKHO mpunmucaTh BepTUKAILHBIM pedpaM BeC v, TOPU3OHTATBHBIM —
Bec h, a BMeCTO omeparopa A, , pacCMOTPETh OIepaTop /Imm, KOTOPHIU IEUCTBYET
10 IPpABUTY:

J‘Im’n: e;j X fk — UHmEj [024] fk + (—l)jej X thfk (23)

[MansHenme pacCy X IeHUs TPOBOAATC AHATOTUIHO: TOKA3BIBAEM, YTO COOCTBEHHBIE
3HadYeHus oneparopa A2, | paBHEL

VAL, i AL (24)

5. EIIE OAVH NPUMEP: AITEKCKUI IUAMAHT

OnuCaHHBIN BHIIE CIIOCOO MOACYETA IUCAA MAPOCOYETAHNN B IIOCKOM Tpade ak-
TUBHO UCTIONL3YETCA B MEPEIUCIUTEILHON KOMOUHATOPUKE. SAUHTEPECOBAHHBIN -
TaTelb MOXKET Y3HATH MOAPOOHOCTH B cTaThax [4,6,7], Tam xe MOXKHO HauTH Gosee
noapobHyo 6ubauorpadurio.

MEr OrpaHUYIUMCA BCETO OMHUM MOMOJHUTENLHBIM IPUMEPOM: MOICIETOM TUCTA,
pa3OueHN Ha TOMUHO aymexcroeo duamarnma (cM. puc. 6a). DTOU 3aja4e HOCBAIIEHA
oTaenbHaA cTaThi [4] B 5ToM c6opHuKe. IHTEPECHO CPABHUTDH YUCTO KOMOUHATOPHOE
pemienue B [4] ¢ BBIMUCIEHUEM ONPEIEIATEN, IPUBOAUMBIM HUXKE (3TO BBIYUCICHUE
B3aTo u3 crarsu I'. Kymep6epra [7]).

Aurexckun guamant 4-ro mopsgka usobpaxkeH Ha puc. 6a). Y nuamanTta n-ro
OPSAKA 1O 2N BEePTUKAJIBHBEIX U COPU3OHTAJIBHBEIX PIJOB KJIETOK, & BCEr'O KJIETOK
2n(n + 1). AHATOMUYHO TPAMOYTOJBHOU NOCKE MBI PACCMOTPUM Tpad COCENCTBA
KIeTOK. DTO TOXKE MIOCKUU Tpad, TO3TOMY y HEero ecTh mdaddOBE OPUECHTAINN.
[na BeramCIeHUsA HAM Oy1eT yaoOHO MCIOJb30BATH OPUEHTAIINIO, N300paKeHHYI0 Ha
puc. 66). Bepmunbl rpada guamManTa pacKpacuM B MIAXMATHOM IIOPALKE B I€PHBIN
u Geanit neer. Ha pucyHke BUIHO, 9TO BCE MOPU3OHTAILHLIE PEOPA OPUEHTUPOBAHLI
CIeBa, HAIIPABO, & BEPTUKAILHLIE — OT YePHOU BepmmHLI K Oeson. IldpadpdosocTs
TAKOU OPUWEHTAIMU TPOBEPSAETCA JErKO: y KaxkIOr'0 KBAIPATHUKA €CThb Mapa COHa-
TIPABIEHHBIX TOPU30HTAILHBIX CTOPOH U Mapa MPOTUBOHATIPABICHHBIX BEPTUKAILHBIX
CTOPOH.

MBI BOCTIONB3yeMCA MIaXMATHOU PACKPACKOU €IIe U A TOTO, YTOOLI YIPOCTUTH
BBEIUUCACHNE. 3AMETHUM, ITO 5TA PACKpPacKa — MNPABUIbHASM, T.e. pEOpa COeINHAIOT
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Puc. 6.

BEPIINHBI PA3HBIX UBETOB. 1l0DTOMY OPMEHTHPOBAHHAS MATPUILA CMEXHOCTU 3TOrO
rpadga uMeeT BUL

0 M
A= , (25)
-M 0
3/I€Ch IEPBAas MOJOBUHA CTPOK U CTOJAOIIOB OTBEIAET YE€PHBIM BEPIIXHAM, 8 BTOPAL —
6ersiv. Hecmoxxmas mposepka nmokassipaeT, uto det A = (det M)? = (Pf A)2. MoaTo-
My uckomoe quciao ects | det M.

Oraugnsie oT Hya sneMenTsl MaTpuisl M pasaer +1. PaccranoBky 3HakoB uso-
O6paxaer puc. 7a), Ha KOTOpoM +1 m300paxkaroTCs CILIOMHBIMY JAHUAMEA, 8 —1 —
MITPUXOBEIMU. M — 5TO MaTPUIA JUHEXHOTO IPE0OPa30BaHUA IPOCTPAHCTBA, 6A3UC
KOTOPOI'0 WHIEKCUPOBAH OETBLIMU TOYKAMU, B MPOCTPAHCTBO, 6A3UC KOTOPOT'O WH-
OEKCUPOBAH YepHBIMU TOYKaMu. Kak BUIHO Ha puUC. 7a), U Te, U Apyrue o6pa3yioT
IPAMOYTOIBHUKY pasmepoB (n 4+ 1) x n u n X (n + 1) coorsercrBenno. O6o3HaIuM

Puc. 7.
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wepes V™ mpocTpaHCTBO ¢ 6asucom {eg, . . ., en—1}, a depes V! — npoctpancTro ¢
6a3ucoM {eo,...,e,}. VI3 GeIBIX BEpIIMH BHIXOAAT PEOPA B UETHIPEX HANPABICHUAX.
Ecmu caurats, uTo M oTobpaxaer VT @ V™ B V™ ® V™!, 10 ero MoxHO 3amm-
CaTh B BUE CJEAYIOMEN CyMMBI, DIe KAXKJI0€ CIAraeMOe OTBEYAeT COHAPABICHHBIM
pe6pam:

M=-LeL"+LoR"+RoR" + Ro L. (26)

3mecs L, R — MaTpulbl mpeoOpa3oBaHUN, 3a1aBACMBIX CJACIYIOIIAMU MPABUIAMU:
Le, =0,Lej=¢e;mpu 0 < j<n—1, Rey =0, Rej =ej—1 mpu 1 <j<n;aXT
0003HAYAET TPAHCIOHUPOBAHHYO MATPUILY.

Ompenenurens TPOU3BEICHUA MATPULL PABEH MPOU3BEICHUIO OMPEICTUTEICN DTUX
MATPUI. ¥ MHOXEHUEM Ha MO IXOIAININE MATPHUIILI YIIPOCTUAM BEIMUCICHUAE OIIPEIeIUTE-
Jaa M. DTu MaTPUILLL OTYIAKTCA U3 MATPUL GMHOMUAILHEIX KOa(hduimenTos B(n),
DIEMEHTHI KOTOPBIX PABHBI

B(n)p = <i) (0 < j, k <n), (i) =0 mpu j < k. (27)

Marpuiuer B(n) — HuXKHETPEYTOIbHBIE C €JUHALAMA HA [VIABHOU UATOHAIM, IODTO-
MYy UX OIpeIeJUuTeIN PABHEL 1.

Pagencrsa
B(n)L = LB(n +1), T.e. Bn)LB(n+1)~' = L,
B(n)R+ LB(n+1) = RB(n+ 1), T.e. Bm)RB(n+1)'=R-1L,

TIPOBEPSAIOTCA HEMOCPEICTBEHHBIM BBIUUCICHAEM C MCIOJIB30BAHUEM OCHOBHOI'O TOXK-
IeCTBa s OMHOMUATIBLHBIX KOD(DPUIUEHTOB

J Jy _[(i+1
(k—l) " (k) - ( k )
C moMOmIBIo 3TUX PABEHCTB MOXKHO IIPOBEPUTH, ITO

(B(n)® (Bn+1)" )Y M(B(n+1)"' o Bm)7) =
=-LoLl"+L®R-L)T"+R-L)o(R-L)T"+R-L)L" =
=R®RT —-2LoLT. (28)

Crpyxrypy marpuist R ® RT — 2L ® LT moxuo yBumers ma puc. 76), rae +1
0003HAYEHBI OUHAPHEIMU pedpaMu, a —2 — MBOUHBIMU. BUIHO, ITO MATPUIA PaC-
manTach Ha HECKOMHKO 0m0KOB. IIpeoOpaszoBaHusa BHYTpPU KaXKIOTO OJTOKA 3aTaI0TCSA
HIKHETPEYTOMLHEIMEA MaTpuiiaMu. Ha mIaBHOU AUArOHAIM OJOKA U3 BEPXHEU MOJIO-
BUHBI CTOAT +1, & HA MIABHOW AMACOHAAU O/OKA M3 HUKHEU IIOJOBUHLI CTOAT —2.
Onpegenurens MATPUIBL PABEH IPOU3BEACHUIO ONpeaeauTenen 6JMoKoB. OKOHIATENb-
HO IOy 9IaeM:

|det M| =2'-2%.... .27 = 2n(n+1)/2, (29)

OTO U €CTh YUCI0 PA3OUEHUN AITEKCKOTO AMAMAHTA HA, JOMUHO.
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Pazbuennsa Ha JOMIHO

K.II. Koxacp*

Meur npuBeieM HECKOIBKO (PaKTOB O PAa3OMEHUU KIeTIATHIX (PUCYP HA TOMUHO U
IaguM KOMOMHATOPHBIE TOKA3ATEILCTBA DTUX (PAKTOB. BoJbIle Bcero Hac uHTEpecy-
0T KOIMYECTBA PA30UEHNU HA JOMUHO IIPAMOYTOJBHUKOB U AITEKCKUAX AUAMAHTOB.
AnTexkckun IMAaMaHT PAHra N — TO «KJIETUYATHLIM POMOUK» CO cTOpoHOHU n. Ha pu-
CYHKe HUXKe M300pPaKEHBI AllTeKCKIE TUaMaHThl panra 1, 2 u 3. Aurekckun quaManT
panra 4 MoxHO yBUAeTH Ha puc. 6a, c. 140.

H BH B

KonndecTpo pasbuenun janHou pUrypsl Ha JOMUHO OygeM n300paKaTh MUKTOrPaM-
MOU TaHHOU (PUTYPHL, C CUMBOJIOM «#» mepen meu. Hampuwmep, #EE‘ =2.

Crarbsa manucana Bo MuoroMm Omarogapsa XVI JlerHen kondepeHmuu TypHEpa
rOpOJOB, I'Jie aBTOP MPENCTABIAIL 33434y O PAa3sOUeHUAX KIETIATHIX GUryp Ha L0-
muuo BMmecte ¢ C. Bepaoseiv, U. Borgamoeemm u K. KyroMikusas, KOTOpbIM OH O4UeHb
6marogapeH 3a APY:KEeCKHUe COBETHI U IIeHHBIE 3aMeUaHUA.

1. TEOPUA NETAJIEN

ONPEJAEJEHUE 1. ByneMm HAa3LIBATL n-0demaabio KBAIPAT 1 X N, y KOTOPOTO, BO3-
MOXHO, BBEIPE3aHBI HEKOTOPBIE KJIETKU BEPXHErO WM MPaBoro xpas. IIpomymepyem
CTPOKHU N-AeTaau duciaamu 1, 2, ..., n CHU3Y BBEPX, a CTOJOLBI — CJIeBa HAIPABO.
KrneTky 6ymem 0603HaYaThL Mapoud HOMEPOB €€ CTPOKHU u cToaba. Bymem HazwBaTh
N-IeTalb NPasuAbHOt, eCIU U3 Taphbl KIeToK (n,1) u (i,n) npu i < n BEIPE3aHa POBHO
OIHA, & TAKXKE BHIPE3aHa, KIeTKa (1, n).

Ha pucyuxe B xadecTBe mpumepa m3o0pakeHa HempaBuiIbHas 9-meTans u mpa-
BUJILHASA 8- meTamb.

*Toxnepxkano rpanrom HIM-2251.2003.1

MaTemaTu4eckoe npocseiyeHune, cep. 3, sbin. 9, 2005(143-163)
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KaeTxku mpaBoro cTomOna 1 BEPXHEN CTPOKU KBAAPATA N X N HA30BEM KAEMKOU.
Bce kmeTku kaeMKu, KpoMe MIPABOr0 BEPXHET0 yriia (Ha30BEM ero yIVIOBOU KJIETKOM ),
MOXHO pa3bUTh Ha Maphl CUMMETPUYIHBIX OTHOCUTENBHO AMATOHAIN KBAIPATA.

TEOPEMA 1. Koauuecmeo pazbuenuii n-demast ua 0omMuno Heuemmo moz20a
moavko moezda, Koeda demasb — NPABUALHASL.

HOKABATEJBLCTBO. Unaykmnua no n. Baza n = 2 oueBuana. /fokaxeMm mepexon.

PaccmoTpum cHauama npasuabayio (n + 1)-gerams D. BoipexeMm u3 Hee TOMUHO-
KV, MOKPBIBAOUINE KIETKA KaeMKU. B pe3ysibprare MOLyduTCs N-IeTalb, KOTOPAas
OyJeT MPABUIBHOU TOJBKO B TOM CIy4ae, €CIM KAaXIas U3 BBIPE3AHHBIX JOMUHO-
[IeK COJepKaia POBHO OTHY KJIETKY KAEMKHU. 3AMETUM, 9TO TAKOU CIOCO0 MOKPHITH
KIETKM KaeMku petanu D noMmMuHOmkamu equwHCTBeHeH. WTak, cpemim BCEX CIIOCO-
OOB MOKPBHITUS KAEMKHU AeTaau [) TOMWHOIIKAMU TOJIBKO ONUH CIOCOO MPUBOIUT
(mocae ypameHus STUX NOMUHOIIEK) K NPABWILHOU N-IE€TAIU, & OCTAILHBIE CIIOCO-
OBl IPUBOAAT K HENPABWIBLHBEIM N-TeTAMAM. [IPUMEHss MPEeANoN0KeHNe WHIYKIIH,
3AKJIOYAEM, ITO IUCIO CIOCOOOB pa3buTh mpaBumibHyio (n + 1)-meTans Ha JOMUHO
HEYETHO.

IIycte Temeps D — umenpaswibHaa (n + 1)-merans. W3 mpegsigymmx paccyxkie-
HUI CTeAyeT, 9TO KOIUIeCTBO pasbuenun (n + 1)-meraiu Ha TOMUHO HEYETHO TOTIA
¥ TOJBKO TOT'[Ja, KOTJA yIaJeHHEeM NOMUHOIIEK, JEeXKAIMINX 6HYMPU KAEMKHU, U3 Hee
MOXKHO [IOJLY9UTh HEUETHOE KOJIMIECTBO NPAaBWIBHLIX (n + 1)-geranen. Paccmorpum
HECKOMBKO NOMUHOIIEK, MEJIUKOM JeKAIUX BHYTPU KAEMKU HEMPABUILHOU NETAIN
D. IlycTe nocne ux ynaneHus m3 getanu D moryduTcs npaBuiabHag. Torga, Tak Kak
MPaBUWIbLHAA AETATb COAEPKUT POBHO OTHY KJICTKY U3 KaXK JOU MaPHI KI€TOK, CUMME-
TPUYIHBIX OTHOCUTEIBHO AMATOHAIN KBAPATAa, KAeMKa netatun D conepXKuT KIeTKH,
CIMMETPUYHBIE BCEM BBIPDE3AHHBIM U3 Hee goMuHOmKAaM. Ho TOorga MOXKHO BHIpe-
3aTh 3 KaeMKu ) TOMUHOIIKU, CUMMETDPHUYHBIE BBIPE3aHHLIM B IIEPBOM CIOCO0E,
U TOIYYIUTCA 0pyeas TIPABIWILHAA TeTalb. TakuM 06pa3oM, BHIPE3as U3 KAEMKU He-
MPABWILHON JETATA JOMUHOIIKU, MOXKHO TOIYIUThH YeTHOE KOIMIECTBO MPABIILHEIX
JgeTalel. SHAIUT, KOIUIEeCTBO pa30ueHull HempasuwibHOU (n + 1)-geraau Ha JOMUHO
4eTHO. NHAYKIMOHHBIN MEPEXO TOKA3AH. O

Onpegenenue qeTanu U KPUTEPUU YETHOCTU UUCIA PA3OUEHUN NETAIM HA [OMU-
Ho m3o6pen [I. B. Kapmos B 1997 r. B HeonmyGamkoBaHHOU pabore [2] (dacTudHO ee
pesynbTaThl onmy6aukoBaHsl B [1]). EMy e mpuHaITeXUT I0KA3aTEIBCTBO KPUTE-
PUs 9€THOCTY YUCJAa Pa3OMEHUU MPAMOYTOJbHUKA HA JOMUHO (TeopeMa 2 Huke) ¢
nomombio geraten. CaM 3TOT KPUTEPUU, BUAUMO, CTAJI U3BECTEH HE3AM0JC0 A0 pa-
6orer [I. B. Kapnosa, nanpumep, on ymomunaercs B [10], kak npobaeMa, oxugaromas
KOMOMHATOPHOTO JOKA3aTEIbCTBA.

TEOPEMA 2. Koauuecmso pazbuenuti npamMoy2oabruKka m X n wa doMuno neuem-
HO moz2da u moabko moeda, ko2da wucae m+ 1 un + 1 83aummno npocmut.

MOKABATEJLCTBO. Muayknus, peanusyiomasa atroput™ Eskiauga. Ilycts m >
> n. PaccMoTpuM JIMHMIO CETKE — «OCh», KOTOPas OTCEKALT OT MPAMOYIOJIbHUKA
KBAApAT N X 1. Y IaJIUM BCE TOMUHOIIKU, KOTOPHLIE OHA mepecekaeT. Torma ocTasia-
SCSL IACThb KBAApaTa m X 7, OYEBUIHO, ABAAETCA HeTanbio. [locraToyno pasobparh
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caydan, KOrga 3Ta JeTalb MPAaBUIbHAA. B 3TOM CIydae OCh MEPECeKaeT POBHO 1. J0-
MUHOIIEK, HAIIA JeTalb — DTO IPAMOYTOIbHUK 1 X (n — 1), a BTOpas 9acTs — 3TO
OPAMOYTOIBHUK (m — 1 — 1) X n, 118 KOTOPOrO BLIMOJIHEHO WHIYKIMOHHOE IPEAIIO-
JIOXKEHUE. O

2. TEOPUSA «DJIUIIOB»

MEI HAYHEM C HECJIOXKHOU JEMMHBI.

JIEMMA 1 (O IMATOHAJM). ITycmv dana dueypa, xomopas codeprcum @Ppae-
MEHM, COCTOoAUWUT U3 MPET (UA2OHAALHBIT PAJ0S KACMOK, KUK NOKAZAHO KA PUCYHKE,
npuueMm KACMKL, NOMEUECHHbIE KPECTUKAMUL, He npunadiexcam duaype.

X
Hh
mE

I
L1 X
X
Toz0da Koauuwecmso pasbuenuli maxot Guaypvl Ha JOMUHOUKY YEMHO.

MOKABATEJIBCTBO. PaccmMoTpuM cpeiHuyt 13 3TUX JUArOHAILHLIX pAnos. [oka-
JKeM, YTO HaWJeTcsa KBaapaT 2 X 2, COCTOANMEA U3 IBYX IOMUHOIIEK 3aMOIICHUS 1
COMEP!KALIMA BE KJICTKU DTOT'O JAUATOHAIBLHOTO pANa (epecTaBiasd JOMUHOIIKA B
TaKOM KBAJIPaTe, MBI JEI'KO Pa300beM MHOXKECTBO pa3bueHuu Ha mapsl). [lencTBu-
TEeJIBHO, €CAM TAKOr'O KBaIpaTa He HAUIeTCS, TO, MIPOCMATPUBAA DTOT PAL KIETOK,
HAYUHASA C BEPXHErO JIEBO'O yIVIA, MBI BUAWM, UTO KaXKIAsd OUEPEIHAs TOMUHOIII-
Ka, HAKPLIBAOIIAA TUATOHAJBHYIO KIETKY, HOMKHA HAKPLIBATH TAKKE JTUOO KIETKY
cmpaBa, b0 KIeTKy cHu3y. [[ouga oo mpaBOTro HUKHETO yIVia, MOIYYaeM MPOTUBO-
peune. O

B kadecTBe MPUIOKEHUA TOKAXKEM, HATIPUMED, UTO KOJUIECTBO Pa3OUEHUN KBa-
opata 2n X 2n Ha TOMUHO neauTcs Ha 4. [JencTBUTENBLHO, OTMETUM B KAXKIOM Pa3-
OVEHUN HA NOMUHO CAMBIM HUXKXHUU NUATOHATLHBI KBaapaT 2 X 2. [[1s Kaxmoro
BO3MOXKHOT'O MOJOXKEHUS AUATOHAIBHOT'O KBALPATA, KOIUIECTBO PA3OUEHUu, COMep-
KAIUX KaK Pa3 Ha 5TOM MECTe OTMEYEHHBIN JUATOHAIBHBIN KBAIPAT 2 X 2, YeTHO —
OCeBas CUMMETPUA OTHOCUTEIBLHO BCE TOU e NUArOHAIM Pa3bUBaeT MHOXKECTBO Ta-
KUX pa3duennn Ha napbl. Kpome TOro MBI MOXKEM BEIOUPATEH, KAKAM U3 ABYX CITOCOOOB
pa3buT Ha TOMUHOIIKK NUATOHATLHBIM KBaApaT. [losToMy oO6IIee Iucio pa3OueHun
neanTcsa Ha 4.

[okaxxeM emie OqHY MONE3HYIO JIEMMY.

JIEMMA 2 (O MOJYAUATOHANN). [Tycmv dana dueypa, xomopas codepicum
Ppaemenm, cocmoswutt u3 mper OUGZOHAALHLIL PAC0S KAECMOK, NOKAZAHHLIT KA DU-
CYHKE, NPUUEM KACTVKU, TIOMEUEHHbIE KPECTNUKAMY, He npunadiexcam guaype.
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Ecau ydasums u3 maxot guaypbl 0oMUHOWKY, NOMEUEHHYIO HCUPHOLMU KPYHCOUK MU,
mo y ocmaswetcs Puaypvl KoAuuecmeo pazbuenuti na domuno 6ydem umemyv my e
YEMHOCTb, UMO U Y UCTOOHOT.

MOKABATEJIBCTBO. PaccmMoTpuM cpenHuy u3 >TUX IUArOHAJBLHLIX panos. Pac-
CyX)Jasg KaK U B JleMMe O JUATOHAIN, MBI JUOO0 HauJeM AMarOHAMbLHLIN KBAApaT 2 X 2
(MHOXECTBO pa3bUEHUN, CONEPKAIINX TAKOU KBAIPAT, ABTOMATUICCKA PACIAIACTCA
Ha mapsl), 1ub0 yOemquMcs, ITO IOCIeLHAA TOMAHOIIKA B DTOM DALY KAK Pa3 HAKPHI-
BAeT ABE OTMEYEHHLIE KJIETKU. O

Jlemma 2 mpempcraBaseT co60M ¢ BUAY OECXUTPOCTHBIM, HO TOBOJBHO MOIIHBIN
UHCTPYMEHT [ U3YYEHUSA I€THOCTU KOMUIECTBA PA3OUEHUN Ha, JOMUHO.

JIEMMA 3 ([10]). IIycmb damna nocaedosameavbrnocms xaemuamuvis Guzyp

H, =00, Hy=11_, H3= -

]

Dueypa H,, noayuaemcs uz H, 1 dobasaenuem caesa 8epMUKEALHOZO NPAMOY204b-
nuka 2% (2n—1). Tozda sce gueypvr H,, pasbusaiomcs mwa 00Mumo Heuemublm YUciom
cnoco6os.

MOKA3BATEJILCTBO. PaccMoTpuM AmaroHanib, UAVIIYIO U3 JEBOT'O BEPXHErO YIVIa,
durypsr. Paccyxgas kak B JeMMe O HOJYAMATOHAIN, MBI MOXKEM MOCJIEI0BATENBLHO
yaamuTh u3 Gurypsl (CHU3y BBEpX) BCe M300PAKEHHBIE JOMUHOLIIKHY.

| [

B sToMm caytae He3aMoleHHASA YacTh eCTh nepeBepuyTas durypa H,_1 1 yTBepKIe-
HUE CTeNyeT [0 WHIYKIINN. O

C moMoIIL0 JJeMMEL 2 MBI MOXKEM [aTh €IIe OJHO JOKA3aTeJLCTBO TEOPEMEL 2.

BTOPOE MOKA3ATEJLCTBO TEOPEMBI 2. MHAyKIUA, peamusyomas aIrOpuTM
Erkauga. PaccMOTpuM IMATOHANBHBIU PN KIETOK, BHIXOAAMIMU w3 yrua. 1lo mem-
M€ O IIOJyIuarOHaJINu, JOCTATOYTHO OPDAHUYIUTHCA U3Y1ICHUEM YEeTHOCTHU KOJUIeCTBa

pa3bueHuu, coaepKAIMUX OTMEIEHHYIO JOMUHOIIKY .
X
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Tenepb MBI MOXKEM B3ATH QUATOHATBHBLIN DA KIETOK CHU3Y OT TOJBKO UTO PACCMOT-
PEHHOI'O U, MPOCMATPUBAA €r0 CHU3Y BBEPX, CHOBA IIPUMEHUTH JEeMMY O IOy Iuaro-
HAJIA.

'>-<><
IIpogomxas onyckaTs paccMaTPUBAEMYIO NUATOHAIL, HE M3MEHSS YETHOCTH <UCIA
pa3bueHnt, MBI CMOXKEM yOpaTh BCe KJIETKH MEPBOrO CTOJONA, a TAKXKE BCE KIeTKA
HIUKHEN CTPOKH, JEKAIINE JeBeE OTMEICHHON JOMUHONIKY. [[ocIe 3TOro OnAThL MOXKHO
TIPUMEHUTH JEMMY O TOIYANArOHAJIM.

e

Ipomomkasn manbiie, MBE yOepeM KJICTKA BTOPOTO CTOAOIA U BTOPOU CTPOKHU (Je-
JXKalue JeBee HauIeHHOU moMuHOKY). [lencTBys Takum o06pasoM, Mbl yOepeM B
KOHIIE KOHIIOB U3 HAIIErO IPAMOYTOJBLHUKA 1 X N IPAMOYTOJBbHYIO 9aCTh Pa3sMepa
(n+1) xn. Ocrasacs 9actb (m—n—1) X n, KOTOPas yAOBAETBOPSET MIPEAIOI0KEHIIO
VHIYKIIN. |

AnBanornyHo MOXKHO TOKa3aTh u TeopeMmy 1.

ONPEAEJEHUE 2. IlycTts mano nBa pasbueHus HA JOMUHO HEKOTOPOU (PUTYPHI.
[omycTum, 9TO TOMUHOIIKY, HAKPHIBAIOIINE HEKOTOPYIO KaeTKy A srou ¢purypsr, e
coBmagaior. Ilenouxoi ¢ nauasom 6 kaemxe A; = A Ha30BEM MOCIEIOBATEIBHOCTD
JOMUHOIIIEK D1 = {Al,AQ}, E1 = {AQ,A3}, DQ = {A3,A4}, E2 = {A4,A5}, ey
rae gomuHOmKY Dq, Do, ... OpuHAITeKAT MEPBOMY pPa3dbUEHUIO, a JOMUHOMKYN ',
E,, ... — BTOpOMY. JTa UENOYKA €CTECTBEHHBIM 00PA30M MPOMOMKAETCI OO TEeX
II0p, ITOKa B HEH CHOBA HE BCTPETUTCA KIeTKa Aj.

MoxkHO TakX)e paCCMATPUBATH LEMOYKY, TOCTPOEHHEIE I10 Pa3OUEeHUM Ha, JOMUHO
IBYX mepecekarommxcsa ¢uryp. B sToMm crydae memouka MoxkeT 060pPBATHCA, KOI'IA
MBI BEIAJEM 33 TPENENLI OQHOU U3 PUryp.

uaz2onaavnoti npamoti 6yneM HA3LIBATH MPAMYIO C YIVIOBBIM KO3 duineHTom 1,
IIPOXOJAIIYIO Yepe3 IEeHTPHI KIeTOK.

JIEMMA 4. ITyemp dana xaemuamas guaypa, Cummempuunas 0muocumesbro ne-
Komopot duaeonasvnoti npamoti. Tozda, ecaw na 0CU CUMMEMPUU AEHCUM 21 KALMOK
Pueypei, mo wucao paszduenuts wa domunowry maxot duaypvr deaumesa wa 2m.

OTMeTuM, YTO ecau HA OCH CUMMETPUH (PUTYPHI JEKUT HEYETHOE YUCIO KIETOK,
TO 1 BCA PUI'ypa COCTOUT M3 HEUETHOI'O YUCIa KJIETOK U ee Heab3s pa3pe3aTh Ha
JTOMUHO.

[MOKABATEJBLCTBO. [uaroHatbHYI OCh cuMMeTpuu GUTYpPHl OyAeM B JaTbHEen-
IIeM Ha3BIBATH IIPOCTO OCBIO, & OCEBYI0 CUMMETDPUIO OTHOCUTEILHO OCA — IPOCTO
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cuMmMeTpuer. PackpacuM KJIeTK QUACOHAIA MOTEPEMEHHO B YePHBIN U OEIBIN [[BETA.
Ilycts A — omHa U3 YEpPHBLIX KJIETOK. BO3bMeM MpOou3BOJILHOE pasbuenue. Hammem
B HEM (MUHAMATBLHOE» MHOXKECTBO JOMUHOINEK, COAEpKAIlee KICTKY A U mpu >ToM
CUMMETPUIHOE OTHOCUTEJBHO OCH. JTO MHOXKECTBO MOXKHO IMOCTPOUTH CJIEAYOIIAM
o6pasom. Paccmorpum ucxonuoe pasbuenue, paszbueHre CUMMETPUIHOE €My OTHO-
CUTEILHO OCHU, U TIOCTPOUM TIO DTUM DPA3OUEHUAM IEMOYKY C HAYAIOM B KiIeTke A.
HerpyaHo cO06pa3uTh, 9TO, KpOMe KIETKA A, 3Ta HMemovYka uMeeT eIIe POBHO OJHY
KIETKY, JEXKAIIyI0 Ha OCH, IPUYEM 3Ta KIETKA 6etad (B IPOTUBHOM CAydae MOCTPO-
€HHAs [EMIOYKa JOMUHOIIEK OXBATBHIBAET CUMMETPUIHYIO 00JaCTh, pa3bUTyIo Ha IO-
MUHOIIKY, HO [IPU 3TOM COEPXKAILYI0 HeYeTHOe YUCIO KJAeTOK). SIcHO, 4To ecau B
kadecTBe A B3ATH IPYTYIO YEPHYIO KJIETKY OCH, TO MOJYIEHHOE MHOXKECTBO HE OyaeT
IEPECEeKATHCA C TOCTPOEHHBIM PAHEe. SHAYUT, MBI MOXKEM MOCTPOUTH 7l HEMEPECEKa-
IOIINXCS MHOXKECTB, fafee Tak u OyJeM HA3bIBATh UX MUHUMATBLHBIMU. [[OMUHOIIKY,
He NpUHALJIEKAIINEe HI OTHOMY U3 dTUX MHOXKECTB, OyJeM HAa3BIBATH CTAOUILHBIMIU.

3aMeTuM Temnepb, ITO eCau J0O0e U3 N MUHUMAJIBHLIX MHOXECTB OTPA3UTh OTHO-
CUTEJIBLHO OCH, & OCTAJIbHBIE TOMUHOIIKY PAa30UeHNUs He TPOraTh, TO IOJYIUTCA HOBOE
pasbuenue Ha JOMUHO. Torma MBI MOXEM Pa30UTh BCE MHOXKECTBO Pa30OUEHUN HA I0-
MWHO Ha, 6JOKY 1O 2" MITYyK — A1 KaxXK I0r0 pa3dbueHms BO3bMEM BCe ero CTaOUIbHLIE
TOMUHOIIIKY, 8 OCTABIIYIOCA IACTh (PUTYPHI 3AMOCTUM, TIOTL3YACH MJIA KaXKIOTO U3 N
MUHUMAJIBHBIX MHOXECTB BEIOOPOM — OTPAaXKATh €r'0 OTHOCUTEIHLHO OCU WIN OCTa-
BUTBH KaK €CThb. BMecTe ¢ KaxXIbIM 13 2" BAPUAHTOB 3TOr'0 BEIOOPA MBI HOJYYIUM CBOE
pas3bueHne Ha TOMUHO — BCero 2" mrykK. O

Caenyromas JeMMa yTOIHAET TOJBKO ITO NOKA3AHHBEIN PE3YJIbLTAT, IPUBHOCA HE-
KOTODPYIO CTPYKTYPy BO MHOXKECTBO pa3bmeHMi Ha AOMUHO. [IJI allTeKCKOro Iua-
MaHTa >TO yTBepkKJeHue Toka3aHo B [13] (HeKOMOMHATOPHO), a AT MPOU3BOILHON
durypst — B [5] (MBI IPUBOIMM 3ECH DTO TOKA3ATEABCTBO).

JIEMMA 5. ITyemp dana xaemuamasn Guaypa, CuMMEMPUUHAL OMHOCUMEABHO He-
Komopoti ua2onasvuot NPaAmots, u NYCMb WA 0CU CUMMEMPUL ALHCUM, 21, KAEMOK PUu-
2ypvl. OmMmemum n u3 IMUL KAEMOK YePE3 00HY U NOMECTIUM 8 OMMEUEHHbIE KACTNKY
nPou3soabrbiM 00pazom wucaa 0 u 1. Pacemompum maxue pazbuenus guzypol wa do-
MUNO, KOMOPbIE CO2AACOBAHL CO COCAGHHOT PA3MEMKOT CALOYOUUM 0OPA3OM: 6 HUT
044 KaHcA0T JoMUNOWKY, HAKPBIBAlOWEl Kaemky ¢ yudpot, emopas Kiemra Jomu-
HOWKYU PACNOAONCENG NPABEE UAU HUMCE, ecal Ima yudpa — 0, u sesee uau biure —
ecau 1. Tozda das Kancdol paccmanosky 6 OMMEUEHHVIT KAEMKGT HYydet U edunuy
KOAUNECTNBO CO2AACOBANNLIL ¢ Hell pasbuenuti dueypvt na JomMuno 00HO u Mo e
(m. e. me 3a6ucum om paccmanosry).

MOKABATEJILCTBO. Bcio TexHUveckyio pabOTy MBI yKe MPOXEIAId B MOKA3a-
TEIbCTBE MPEABIIYIIEN JeMMbL. ByaemM cauTarh, 9T0 KIeTKYU AUATOHAIN MONEePEeMEeH-
HO PACKPAIIEHBI B YEPHBLIM U Oeabln [BeTa u 9To wuciaa 0 u 1 paccTaBigioTcsa Ha
YepHLIX KJETKaX. PaccMOTpuM JII00yI0 YepHYI0 KJIETKY. [lycTh Ha Hen cTouT, Ha-
npumep, qucio 0. Bosemem npousBosbHOe paszbueHue Ha JOMUHOIIKY, COMVIACOBAHHOE
¢ pasmerkon. Hama depHas KiaeTKa NPUHAIICKUT MUHAMAJLHOMY CAMMETPUIHO-
My MHOXECTBY B 5TOM pa36I/IeHI/II/I. ECJII/I CIMMETPUYIHO OTPa3UTh 3TO MHOXKECTBO,
TOJSYYUTCSA HOBOE pPa30UeHue, COTVIACOBAHHOE C HOBOU Pa3METKOU — TOU, KOTOPasd
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B HAOMIOA€MOU YEPHOU KIETKE COAEPKUT 1, a B OCTATLHBIX Y€PHBIX KJIETKAX — TO
XKe, 94TO OBLUIO 10 CUMMeTpuu. [oMb3ysACh TAKUMU CAMMETPUAMEU, MBI CMOYXKEM IIO-
CTPOUTH B3aUMHO OJHO3HAYHOE COOTBETCTBUAE MEXKIY JIOOBIMU IBYMsA MHOXKECTBAMU
COIIACOBAHHLIX Pa30ueHu. O

Temepb MBI MOXeM JOKa3aTh OCHOBHYIO TEOPEMY O Pa3OUeHNM KBAaApaTa Ha J10-
MEHO. JTa TeopeMa CHadala ObLIa JOKA3aHA HEKOMOMHATODHBIME MeTOxaMu (C uc-
noas3oarueM dopmyasr (1) Ha c. 129) (cm. [8]). KombunaToproe goKa3aTeibcTBO,
npuBoguMOe Huxke, npuHagiexut J1. laarepy [10].

TEOPEMA 3. Koauuwecmeo pazbuenut xsadpama 2n X 2n wa doMUuno — 4ucao
suda 2"(2k + 1)2.

[MOKA3ATEILCTBO. Byngem monb30BaThCsa pa3sMeTKOU U3 yTBEPK JEHU JEMMBIL 5.
Torga MBI MOXKEM OTPAHUYUTHCA MOACYETOM Pa30OUEHUU, B KOTOPHIX TOMUHOIIKH,
3aKpBIBAOIINE OTMEUYEHHLIE KJIETKHU, 3aKPBIBAIOT TaKXke KIETKY Jub0 CIpaBa, Jub0
CHU3Y OT OTMEYEHHOU, — TAKNEe PA30UEHNs HA30BEM PeIyIIUPOBAHHEIMU. BOoT mpuMep
DPACIIONOXKEHUA TOMUHOIIEK, HAKPHIBAOIINX PAa3MeUIeHHBIE KIETKU B PEIYINPOBAHHOM
pa3buenuu.

OueBuIHO, KOIMIECTBO PEAYLUUPOBAHHLIX PA3OUEHUN KBaIpaTa Ha JOMUHO B 2" pa3
MEHBIIE KOJUIECTBA BCEX PA3OUCHUN.

Ecnu B maxMaTHOU pacKpacke pacCMaTpUBAEMasa JUATOHATL COCTOUT U3 IePHBIX
KJIETOK, TO OOJACTh HAJ IUATCOHATBIO COMEPKUT OEIbIX KIETOK Ha N OOJbIIe, YeM
gepHBIX. [[o3TOMY npy nanbHEnIIeM pa3OUeHWM Ha JOMUHO BCE OCTANbHLIE KIETKN
MUACOHAIN HAKPHITH JOMUHONIKAMU U3 BepXHen dacTtu. Takum 06pa3oM, mocie pas-
OVEHUA HA TOMUHOIIKA BECH KBAAPAT OyAeT Pa3OUT HA ABE YaCTU — KJICTKU OIHOU
U3 HUX MOMEYEHbI KPECTUKAMU, KJIETKU APYron — He moMedeHwl. Kaxmas w3 >Tux
JacTen eCTh B TOYHOCTH durypa H,, uz mremmer 3. I TeM caMBIM KOTUYIECTBO PEIYIU-
POBAHHBEIX Pa30MEHWN HA JOMUHOIIKA BCero kBaaparta pasHo (# H,)?2, a kommaecTso
Beex paszbuennit — 2" (# H,,)?. OcTanocs BCIOMHATE, 9TO 110 yTBEPK ACHHIO JeMMbL 3
wucao # H, HedeTHO. O

3. AITEKCKUE IUAMAHTBI

Ml HAMHEM BTOT Pasmen ¢ I0KA3aTeabCTBA OLHOTO COOTHOmenus (Teopema 2.1
u3 [9]), KoTopoe obranaeT HECOMHEHHOU NPUTACATENLHOCTHIO U HAIPABIAET MBICIM
B HYXXHYIO CTOPOHY.

JIEMMA 6. Koauuecmso pazbuenuii na domuno npamoy2oavrukae 2n X 2m u @u-
2YP, NOAYUGOUULCA YOGAEHUEM U3 HE2O J8YT UAU YEMBIPET Y2A08bIL KAECMOK, CBA3A-
Hbl COOMHOULEHUEM
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i | m i | i
# i | = 7 A +  # A g

[IOKABATEJILCTBO. PaccMoTpuM pasbuenue Ha TOMUHO BCETO TPAMOYTOTLHU-
Ka U emle OMHO pa3OueHne Ha JOMUHO MPAMOYTOJIBHUKA 0e3 yrios. Bospmem onny m3
YIVIOBBIX KJIETOK U MOCTPOUM [EMOYKY C HAYAJIOM B DTOU KJIETKE. JTa HEMOIKA KIETOK
MOXKET 3aKOHYUTLCS TONBKO YIVIOBOU KJIETKOHU Ha CTOPOHE, MPUIEraloeln K Hadalb-
HOU YIVIOBOU KJIETKE. AHAMOTMYHAA IEMOYKa, MTOCTPOEHHAA U3 MPOTUBOIMOIOKHOTO
yIUla, 3aKOHYUTCA B YETBEPTON YIVIOBOU KJIETKE U HE OyAeT MepeceKaThCa C MepBOU
nernoukor. COBUHYB JOMUHOIIKYA B MEPBOU HEMOYKe (B 000MX pa3OUEHUAX), MBI MO~
Jy9UM W3 MCXOMHOU Maphl pa3bueHud napy pa3OMeHHy OJHOI'O U3 TUIIOB B IPABOU
9ACTH.

Apamornyso ompegenserca oOpaTHOe OTOOpaxkeHue. PaccMOTpUM, HAIpUMeEp,
pa3bueHne Ha TOMUHO BCETO MPAMOYTOJbBHUKA 0€3 IBYX BEPXHUX YIVIOB U pa3bueHume
HA TOMUHO MPAMOYTOJIBHUKA 6€3 IBYX HIKHMAX yIVIOB. IIOCTPOMM HEmOYKy NOMUHO-
IEK, HAIMHAIOULYIOCA B HUXKHEH JEBOI YIVIOBYIO KIETKe (IIyCTh 3Ta KIETKA Y€PHOrO
useTa). JoKaxeM, 9TO 5Ta [EenoIKa MOXKET 3aKOHIUTHCA TOMBLKO B MIPABOM HUKHEM
yruy. [[encTBUTENBHO, OHA HE MOXKET 3aKOHUUTLCSA B IPABOM BEPXHEM YTUIY, TOCKOIh-
Ky TOT[a Apyras Iemouka (U3 JeBOr0 BEPXHEro yria) BOOOIIE HE CMOXKET HUTIE 3a-
KOHUIMTBLCA — LEMOYKHA HE MOTYT MEPECEKATHCA, a MyThb K MPABOMY HIKHEMY yTUIy
«OTPE3aH» MePBOM HEMOYKON. TakKe He MOXKET HAIA HEeMOYKa KIETOK 3aKOHIUTHCA
B JIEBOM BepxHEM yriy. [JerCcTBUTENbHO, eCIr OBI 3TO MPOU3OILIO, TO JEBLI BePXHUN
yroa (6enas kaeTka) 6bLT OB BTOPOU KJIETKOU B TOCAEIHEN TOMUHOLIKE mernouku. Ho
B HAIIEW [EMOYKe TOJBKO y JOMUHOIIEK U3 MEPBOTO PA3OWEHUA «(BTOPAA» KIETKA —
6enan (2 y JOMUHOIIEK BTOPOrO Pa3bUEHUs «BTOpaM» KJIeTKa — depHas). Ho geBas
BEPXHAA yIVIOBAA KJIETKA HE MPUHALICKAT IEPBOMY Pa3OneHMIO.

Urak, MOCTpOEHHAA IEMOYKA KICTOK 3aKAHIMBACTCA B TPABOM HUKHEM YIUIY.
AnanmoruvHo, MenovYka KIeTOK, MOCTPOCHHAA U3 BEPXHEU JEBOU YIVIOBOU KJIETKU, 3a-
KAHYUBAETCSA B TPABOM BepxHeM yriay. [[OMeHAR B IEPBOU IIEMOYKE TOMUHOIITKY, TPU-
HAIEXKAIINE MePBOMY Pa3OUeHuto, 1 TOMUHOIIKYA, TPUHA,IJIEKAIIE BTOPOMY, MOJYy-
UM Pa3OUeHne MOJHOTO MPAMOYTOJLHUKA U PA30MEHNEe MPAMOYTOJIBHUKA 6€3 IeThI-
pex yriioB. JTO u eCTh Tpebyemoe ob6paTHoe cooTBeTcTBUEe. CaeqoBaATEIBHO, TOCTPO-
€HHOe OTOOpaXKeHue ABIACTCA B3AUMHO OTHO3HAMHBIM. O

JIEMMA 7. ITycmb dana npousdsoavhas ceasnas (£odom aadvu) kaemuamasn Pu-
eypa D. U nycmov npu o6zode ee 2panuybl 6cmpevatomca (ne 0043ameavbrno noopao)
Kaemxu a, b, ¢, d, npuuem 6 WATMaMMOl Packpacke KALMKY a U C uepHuble, ¢ KACMKU
bud— beavie. Tozda

#(D)#(D \{a,b,c,d}) =
= #(D \{a,b)#(D \{c,d}) + #(D \ {a,d})#(D \ {b,c}). (1)
MOKABATEJBCTBO. AHalIOrMIHO NOKA3aTEILCTBY MPEILLIYIIEN JEMMEI.

Oo6ozuauumM vepes T, KOTUIECTBO PA30OVEHUN aIlTEKCKOTO TUAMAHTA PAHTa 7 HA,
TOMUHO.
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TEOPEMA 4. Ilocaedosameavnocmb Ty, ydosaemeopaem pekyppenmmomy coom-
HOULEHUIO

Tpi1Tno1 = 2T2. (2)

Orciona crenyer, 4TO

Tn — 2n(n+1)/2

KonuiecTBo pa3OueHNI anTeKCKOro JUAMAaHTa Ha JOMUHO BIEPBLIE MOIyUeHO B [6]
HEDJIEMEHTAPHBIMY CpeacTBaMu. MBI mpuBeqeM TOKa3aTelbCTBO TeopeMbl 4, omupa-
IOIIeecs Ha JeMMy 7. DTO fokasareabcTBo npuHaniexut U. Borganosy. Ilocae sToro
MBI QUM eIle OLHO JOKA3aTeIbCTBO, pakTudecku caenys [9], u eme oqHO KOMOUHA~
TOPHOE MOKA3aTEIHLCTBO, B KOTOPOM HU NOMUHOIIKY, HU COOTHOIIEHNE 2 HE UCIOIb-
3YIOTCA.

MOKA3BATEJILCTBO. /loKaeM «OPUEHTUPOBAHHYIO» BEPCUIO COOTHOIICHUA 2:

[Iycte dpurypa D u3 geMMbl 7 — 5TO AUTEKCKUN [AAMAHT
parra n + 1. OTMerum B HEM BOJU3U «BEPIIUHY KIETKU G,
b, ¢, d (cm. puc. cupasa). Takoe HazHAUEHUE KIETOK @, b,
¢, d IOIyCTUMO, TOCKOMBKY B [OKA3ATEIbCTBE JEMMBL 7 OT
5TUX KJIeTOK (KpoMe 1Bera) TPeOyeTcsa B AeNCTBUATEILHO-
CTU JUIIb OMHO: YTOOBI CYIIECTBOBAHUE IEMOYKHN JOMUHO-
IeK, BEAYLIEN U3 G B ¢, IPENITCTBOBAJIO CYIIECTBOBAHUIO
1ernovku, Beayien us b 8 d. OCTasocs 3aMeTUTh, 9TO yIa-
JIEHVE TOMEYEHHBIX KJIETOK MPUBOAUT K MOABICHUIO 0OJIb-
[IOr0 YUCJAa TOMUHOIIEK, PACIOJOXKEHIE KOTOPBIX OMpee-
Jasgercsa ogHosHadHo. Hampumep,

#D \ {a,b} = #[
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Ananorwano #D \ {a,b,c,d} = # T,,_1. CregoBarensHo, cooTHOIIeHNE (3), KOTOPOE
MBI TOKA3bIBAEM, €CTb B TAHHOM CIydae B TOUHOCTH cooTHOomenue (1) us semmur 7. O

IIpex ne 9em IpUBOAUTHL BTOPOE JOKA3ATEILCTBO TEOPEMEL 4, MBI B KAYECTBE MO/I-
FOTOBKU PACCMOTPHUM €0 «OTHOMEDPHYIO» BEPCHIO, a 3a0JHO Y3HAEM HEKOTOPHIE MO-
IPOOGHOCTH O (PYHKIMOHATHHEIX COOTHOIICHUAX.

PaccmoTpum umciaoBon Tpeyronbuuk [Ipomma [11]

a c e g
b d f
h k (4)

00pa30BAHHLIN 10 IPABUIILY: 1A JIOOLIX Y€TEIPEX YUCEeT, 00Pa3yIomnX «POMOUK», BEI-

HOJIHEHO COOTHOIICHTE
w
T v wz=zy+1. (5)
Hanpuvep, mycTs mepBas CTPOKa DTOCO TPEYrOIbHUKA COCTOMT M3 €IWHUL, A
BTOpas — u3 ABOeK. TOr1a 09eBuAHO, 9TO IPU BCEX N TUCIA B N-1 CTPOKE OJMNHAKOBHL,

0603HAYUM UX fa,_2, U BBIIOTHEHO COOTHOIICHNE
fons2fon—2 = f3, + 1. (6)
Orcoga fo =1, fo =2, f41 =5, fo = 13, ... ¥Yauaere? Iro uuciaa Pubonadyn.
JIEMMA 8. Hucaa Dubonauuu ydosaemeopsiom coommoueruto (6).

MOKABATEJIBLCTBO 1. B camom mene, dnciao Pubonaddu f,, — 3TO KOIUIECTBO
pPa30MeHny MPAMOYTOJBHUKA 2 X 1 Ha, JOMUHO, TTOTOMY UTO DTU KOJIMIECTBA TIOIIU-
HEHBI OYEBUIHOMY PEKYPPEHTHOMY COOTHOIIECHUIO

#HHH = #HHH0 + #HH-H-

A rTorga Bomoanenue ToxaecTBa (6) mua uucen PuOGOHAYYIU CPA3y CAEAYET U3 TO-
xnectsa (1): gocraTodno B semMe 7 B KadecTse Gurypsl D B3ATH 10Ky 2 X (2n + 2)
U PACCMOTPETh KIETKM, YKA3AHHBIE HA PUCYHKE.

Mur gagum apyroe, ewe 6oaee dOMUROULHOE TOKABATEALCTBO DTOU (POPMYIHL.

MIOKA3ATEJBLCTBO 2. PaccMOTpUM BCEBO3MOKHEIE (YIOPATOUYEHHBIE) MAPHL Pa3-
OMEeHNN MPAMOYTOJLHIAKA 2 X 21 Ha TOMUHO, a TaKXKe [Iaphl, COCTOAIINE U3 Pa3OueHus
OPSAMOYTOIbHUKA 2 X (2n 4 2) u pasbuenus npamoyrousHuka 2 X (2n — 2). Ilpumep
TAKUX Map U yAOOHBIU CIOCOO B3AUMOPACIOJIOKEHUS DJIEMEHTOB Maphl MOKA3AHBL HA

PUCYHKE.
=1 HITH
[HH [

OnuiieM B3auMHO OJHO3HAYHOE COOTBETCTBUE MEXK Iy STUMU MHO)ecTBaMu nap. [Ipu
DTOM HAM MOTPEeOyeTCs NOOABUTHL B MEPBOE MHOXKECTBO OIUH JUNTHUN 3JEMEHT.
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CooTBeTCTBIE YCTPOEHO OYEHB MPOCTO. KCIM B HIKHEM MpAMOYTOJBHUKE TIep-
BOU MAPHI €CTh IIOB», OTPE3AIOMIAN MPABEIU O6JI0K 2 X 2 (T.e. ecau 3TOT GJIOK 3aMO-
[IEH IBYMA LEIBLIMA JOMUHOIIKAME), MBI IEPEIBUHEM DTOT OJOK BBEDX, (IPUKJICUB)
K BEPXHEMY MPAMOYTOJBHUKY. DTOT CIyIall U300PaKkeH BEIIIE.

Ecmm xe mBa HET, T.e. IPOLOTKEHUE BHU3 MPABOM CTOPOHBI BEPXHErO MPAMO-
YTOMBHUKA Pa3pe3aeT B HEM KAKyHO-TO TOMUHONIKY, MBI OyZeM MpOCMATPUBATE BCE
BEPTUKAILHEIC JUHUYA CIPAaBa HAJICBO B BEPXHEM NPAMOYTOJbLHUKE A0 TeX MOp, HO-
Ka HE HalJeM TaKOH IIOB, MPONOMKEHHE KOTOPOrO BHU3 OOpasyeT IIOB U B HUXK-
HeM OpAMOYToIbHuKE. HeTpyIHO IpOBEpUTh, 9TO TAKOU IIOB 00A3aTEIBHO HAUICTCA
(B KpamHeM Cay4ae OH MOXKET MPOXOIUTH TI0 JEBOU CTOPOHE HUKHErO MPAMOYTOIb-
HuKa). Halas mos, MBI OTpe3aeM 1Mo HeMy 9acTd MPAMOYTOJbLHUKOB, PACTIOI0KEHHEIE
paBee, U MEHAEM WX MECTaMM.

-7 ;

SAcHO, 9TO MOCTPOEHHOE COOTBETCTBUE PA3HLIM MapaM 3aMOIIEHUUN MPAMOYTOJLHU-
KOB 2 X 2n COHNOCTABJSAET PA3HBIE HAaPHI 3AMOIIEHUN IPAMOYTOIBHUKOB 2 X (2n + 2)
u 2 X (2n — 2), HOCKOIBKY OYEBUAHO, KAK yCTPOEHO OOPATHOE COOTBETCTBUE: MBI
IPOCMATPUBAEM HIKHUN IPAMOYTONBHUK 2 X (21 — 2), HAYMHAA C TPABOX CTOPOHLI 1
IBUCAACH BIEBO, B TIOUCKAX MEPBOTO XKe IIBA, KOTOPHIU Pas3pe3aeT 06a MPAMOYTOIb-
HUKA, TOCJE Yer0 MEHSEM MEeCTAMU OTPE3aHHBIE YACTU. JDTOrO IIBA HE CYIIECTBYET
JIUIIb B €IUHCTBEHHOM CJIy4ae, MOKA3aHHOM HA PUCYHKE.

(=]
=

[lna >TOro crydas moTpebyeTcsa B IepBOe MHOXKECTBO JOOABUTH JUITHUN >JaeMeHT. [

Bor sameuarenbHoe yrBepxkaenue u3 [11]. CHOBa paccMOTpUM TPEYrONBHUK
[Iponma (4). Bygem cauraTh, 9TO DIeMEHTHL IEPBHIX ABYX CTPOK — 3TO HE3aBUCUMBbIE
MEPEMEHHBIE, & BIEMEHTHI BCEX OCTAIbHBIX CTPOK — 3TO PAIMOHAILHBIE (DYHKIUA OT
HUX, 3aJaHHBEe Tpu nomomu cooTHomernus (5). Herpyaso nogcuurars, HampuMep,
9TO »1eMeHT { B TpeyroibHuke (4) umeer Buj

bd+1 df+1
_hk+1 ¢ e
T4 d
=bclde 'f+ctetfretd et b tet +dt. (7)

+1

14

Temepsb BLINUINIEM BCEe PA3OUEHUA TPAMOYTOILHUKA, 2 X 4 HA, JOMUHO U TPOIETaeM
CIEAYIOUe NeUCTBUS:

1) mo6aBuM K Kax I0M KOPOTKOU CTOPOHE MPAMOYTOIBHUKA, TOPU3OHTAILHBIN OT-
PE30K;
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2) masA KaxkIOTo y3/ia KIeTIYATON GyMaru, HaXOAMEr0CA Ha, CPEqHeN JUHUY TIPA-
MOYTOJBbHUKA, HAIIUIIEM €0 PEeIYIINPOBAHHYO BAJECHTHOCTH: KOMTUYIECTBO € TMHUTHBIX
OTPE3KOB Pa3OUEHNsA, CXOMAIIMXCA B 3TOM y371€e, MUHYC 3;

3) BO3bMEM ITOMTYYEHHBIE YIIOPALOICHHBIE HAOOPHI U3 5 UIUCET B KAIECTBE MOKA3a-
TeJer CTeleHer y IepeMeHHbIX b, ¢, d, e, f B mpoussexenuu b*c*d*e* f*.

1-11-11 0-10-11 0—-1-1-10 1-10-10 00-100
bctde™t f c et f cld et bele™ ! d=!
CpaBHUTE TO, 9TO HOLYIMIOCH, C IPABON JacThio (7).

JIEMMA 9. Habmodenus, npodesanmnvie 6viuie, A6A410McA 00wum Gaxmom, a
UMEHHO:

1) payuonasvnvie Pynryuu uz mpeyeosvrura (4) cymo cymmvt 00HOUAEHOB, KadHC-
Ovitl u3 KOMOPLIT — Mo Npoudsedenue UCLOORLIL nepemenubit 6 cmenewt +1 uau 0.
Bce o0dnounenvi 6xodam e cymmy c xospduyuenmonm 1.

2) Odnousenwvt, cocmasaarwue Gynkyuio u3 (n + 2)-i cmporu, naxodames 60
B3GUMHO 00HOZHAUKOM COOMBEMCMEUY € PA3OUEHUAMY NPAMOY2OALHUKG 2 X 21 Ha
QOMUNOUKY NO ONUCAGHHOMY BLIULE AAZOPUMMY.

DTO COBEPLIEHHO yauBUTEAbHBIN (dakT. [mans ma coornomenue (5), y HAC HeT
OCHOBAHUU IyMaTb, 9TO OHO HE MPUBOIUT K MOABICHUIO TPOMO3AKAX PAIMOHAILHBIX
apoben, a aJrOpUTM IIOCTPOEHMA OJHOWICHOB IO pa3bueHuAM Ha JOMMHO BOOOLIE
BRITVIIIUT KaK MUCTUKA.

MOKABATEJIBCTBO. Paccmorpum GyHKIMOHAILHLIN TPEYTOJIbHUK,
A b d f

a ¢ e g
h k 14
p q
r
COCTOAIINN U3 PAIMOHATBHLIX (DYHKIINU OT TEePEeMeHHBIX a, b, ¢, d, e, f, g, ..., 3a-

QAHHBLIX HE TPU TOMOIIU COOTHOMmEHUA (5), a C MOMOIIBI0 OMUCAHHOTO BHIIIE KOMOU-
HATOPHOrO aIropuTMa. MBI OrpAaHUYIUMCS PACCMOTPEHMEM YACTHOrO ciaydas n = 4.
[lokazkeM, 9TO BHEIITOJIHEHO COOTHOMIEHNE «poMOuKay kr = pq+ 1. Il 5TOro BOCIONE-
3yeMCS B3AMMHO O JTHO3HAYHBIM COOTBETCTBUEM U3 BTOPOI'O TOKA3ATEILCTBA JEMMHEI 8.
Kaxgas pyHKIUS B 5TOM COOTHOIIEHUM — CYMMa OTHOWIEHOB, COOTBETCTBYOIINX
Pa3bUeHUAM OMPEIeJEHHBIX MPIMOYTOJbHUKOB HA, JOMUHO. ITOOBI MOJYyIUTEH TPOU3-
Benenue kr, MbI MOXeEM mepedbpaTh Bee Maphl pa3bueHnn Ha, JOMUHO MPAMOYTOJILHUKOB
2 X4, 11s Kax [0 TAKOU Maphl MEPEMHOKUTH COOTBETCTBEHHBIE OHOWIEHHI, 8 IIOTOM
CJIOXKUTD BCE, UTO MONYIUIOCH. AHAJOTUYIHO MOXKHO TOIYIUTh npousBegenue pg. Or-
METHUM, 9TO MPU TAKOM BBIUYUCICHUU MBI JOJKHEI OPATH IEPEMEHHBIE, COCTABIIAIONINE
OJHOWIEHEI, B COOTBETCTBUU C MOJOKEHUEM TEPEMHOKAEMEIX (DYHKIIUUA B TPEYTOThb-
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uuke. Ha pucyHke CHU3y TMpUBEIEHBI PUMEPHI Map pa3OUeHuy, & CHU3Y TOMUCAHBI
TIepeMeHHBIe, «OTBEeYAIOINe) 33 KaX IyI0 BEPTUKATD.

abcdefyg abcdeifyg

3aMeTuM Ternephb, YTO B3AUMHO OJHO3HAYHOE COOTBETCTBUE U3 JEMMBI 8 COMOCTA~
BIAET APYT APYTY Mapbl PA30UEeHuu, MOPOXK JAIIINE PABHBIE OJHOWIEHEL. JTO OUe-
BUHO: IIPX COOTBETCTBUM MBI BCEI'O JIHUIIL MeHsaeM MecTamu 10 Beprukanu (!) Kycku
pa3bueHuy; Ipu >TOM CYMMEBI PEIYIUPOBAHHLIX BAJEHTHOCTEN KOHTPOJIUPYEMBIX Y3~
JIOB Ha OJHOU BEPTUKAJIM HE MEHAIOTCS (B TOM 9UCIe, HA IIBE), & TOJbKO DTUM U
OTIIPENEAIOTCS CTEMEHN MEPEMEHHBIX B OTHOMICHE.

ITorHOEe mOKA3ATETHLCTBO MPOBOAUTCA TO MHAYKINY. [IpuBemeHHOE pacCyXkIeHue
O0OCHOBLIBAET MHIYKIMOHHBIA [IEPEXO/. (I

4. JIPYTOE TOKA3ATEJILCTBO TEOPEMBI OB AIITEKCKOM
IVAMAHTE

Tenepb MBI Ja,IUM BTOPO€ I0KA3aTEIBCTBO TEOPEMBI 4, OIATH HPOBEPAA COOTHO-
menne (3).

ONPEJEJEHUE 3. PaccMOTpUM alTEeKCKUU IUAMaHT paHra n + 1. Yiauxaa nsa
IUATOHATBHBIX PALA KJIETOK, UAYIIUX BIOJHL €r0 MPABOM BEPXHEUN U JEBOU BEPXHEN
CTOPOH, MBI MOXEM TOJIYYIUTh U3 HErO aIlTEKCKUN MO IAAMAHT PAHTA, 1.

HaszoseMm »>TOT mMOAIMAMAHT PAHTA N HUNCHUM. AHATOTUIHO MOXKHO TOIYIUTH GepL-
nul, se6bili M npasviti mogauaMaHThl. [lepecedenremM >TUX MO IMAMAHTOBR SIBIAETCSA
YEHMPaAbHLLY TOIINAMAHT paHra n — 1.

Paccmorpum MHOXKECTBO A, COCTOsMIIEE U3 MAp HE3ABUCUMBIX PA3OUEHNN AITeK-
CKOr'O TMAMaHTA PAHTa N U ero MeHTPATbLHOIO MOLAMaMaHTa paHra n — 2. Pacemo-
TPUM MHOXKECTBO B, KOTOpO€e COXepPKUT maphl, COCTOSAIINE U3 HE3ABUCUMEBIX Pa3bu-
€HUU BEPXHErO M HUXKHETO MOJAMAMAHTOB AIITEKCKOTO TUAMAHTA PAHTA 1, a TAKKe
MaphI, COCTOAIINE U3 HE3ABUCUMBIX PA3OMEHUN JIEBOIO U IPABOrO MO IUAMAHTOB. YT-
BEPXKIEHUE TEOPEMEI CPa3y CIEAYeT U3 CJIeAYIOUIEN JTeMMHEL.

JIEMMA 10. Cywecmsyem 63aummo 00HO3ZHAUHOE COOMBEMCMEUE MEHCIY MHO-
ascecmeamu A u B.

TOKA3ATEJBCTBO. ITocTpoum orobpazxkenue n3 MHOXKecTBa A B MHOXeCTBO B.
BosbMeM saeMeHT MHOXKeCTBA A, T.e. pasOMeHMe alTeKCKOr'o AMAMAaHTa paHra n U
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pasbueHue ero MeHTPAILHOrO MO InaMaHTa paHra n — 2. PaccmoTpum cuagana ciy-
Yal, KO3 K JEBOW WM MPABOU (BEPUIMHE» TUAMAHTA ([IJA ONPENeJeHHOCTH — K
JIEBOU ) IPWJIETAET OJOK pa3OUeHUs B, E| B sToM cryvuae Bce JOMUHOIIKY, TPUIE-
raole K JeBOMY KPa AMAMaHTAa, PACIOJIOXKEHBI FOPU30HTAILHO. Toraa mocTpoum
CJAEeIYIONIYI0 Mapy Pa3sOUeHUuu JEeBOTO U MPABOrO MO IUAMAHTOB. OTOIBUHEM B CTO-
POHY BCE TOMUHOIIKY, MPUJIETAONINe K JeBOMY KPAaio, & CaAMyI0 BEPXHIOI U CAMYIO
HIKHIOIO U3 HUX BOOOIIE yaaauM. Y HAC OCTAHETCSI pa3bueHne mpaBoro Mo InaMaHTa,
pauran — 1. A oTOABUHYTHII GPATMEHT OOBLEIUHUM C HEHTPATLHBIM MO INaAMAHTOM
paHra n — 2, mory4IuTcsa pa3bueHue JEeBOro mojgIraMaHTa panra n — 1.

{}@ -

Anamorungno ompenenruMm oTobpaxkeHue B CIydae, KOraa K BePXHEU WM HUXKHEU Bep-
muHe GOJIBIIONO AMAMAHTAa IPUIeraeT OJ0K D]

B o6mmem crydae, KOTOPBIA IeTaJbHO OMUCAH HUKE, OTOOPAKEHUE YCTPOEHO TaK:
yAalIuM IB€ TOMUHOIIKY, IPUIETAIONIME K IBYM TPOTUBOIOIOKHEIM BEPIIUHAM O0Ib-
moro guaMaHTa (CKaxKeM, K JEBOU U IIPABOM; IIPU >TOM BBIOOD MEX Iy JEBOU-TIPABOU
U BEPXHEV—HUXKHEU BEPIINHAMU 3ABUCAT OT MCXOJHBIX PA3OUEHUN), HATOKUM JUa-
MAHT ¥ €r0 HeHTPAJbHLIN TOAIAAMaHT APYT Ha APYyra W paspexem o6a IMaMaHTa,
Ha, 1Be 9aCTU (YCJIOBHO MOBOPSA, BEPXHIOK U HUKHIOK) TAKUM 00DPa3oM, YTOOLI pa3pes
IIPOXO I TOJABKO IO CTOPOHAM JOMUHOIIEK B 000UX Pa3ObueHnsIX, mocae Iero o6buenm-
HUM HUXKHIOIO 9aCTh OOIBIIOrO AMAMAHTA C BEPXHEHN YaCThI0 MATEHBKOIO (IIOLY IUTCA
pa30ueHre HIKHErO IO JUAMaHTa) U BEPXHIOK YaCTh OOJIBIIOrO UAMAHTa, C HUXKHEN
YACTBI0 MAJEHBKOTO (MOTYyYUTCA Pa3OueHne BEPXHEro MOqIUaMaHTa).

Ilepengem k geTamaM, HY TO €CTh HE K IeTaJAM, KOHEUHO, a K MOAPOOHOCTAM.
[onyctuMm, 9TO pa3bueHre GOJBIIOTO AMAMAHTA HE OTHOCUTCS K yXKe pa3oOpaHHO-
My THIY, T.€. CBEPXY U CHU3Y PACIOJOKEHBI TOPU30OHTAIBHEIE, & CJAEBA U CIPABA —

BEPTUKAJBHBIE JOMUHOIIKA. B 3TOM ciaydae Ha KaxkJIOU CTOPO-

j_ly_;l; HE QUAMAHTa MOXHO yKA3aTh Pa30eistouyto KIeTKY, TAKYI 9TO

o L 0 OJHY CTOPOHY OT HEe NOMUHOIIKYA OPUEHTUPOBAHLI TOPU3OH-

[IE TAJBHO, & [0 IPYT'YI0 CTOPOHY — BepTUKAILHO. Ha pucyHnke s>tu
™ ] KJIETKU TMOMEYEHBI KPECTUKAMU.

| IIycte K1 — mo6as u3 pasaensionmx KaeTok. [locTpoum e-

Llir MOYKY JAOMUHOIIEK, HAYMHAIONULYIOCA ¢ kaeTku K. DrTa menodka
KJIETOK 3aKOHUMATCS, KOTa B HEM BCTPETUTCS €IIe OTHA PA3Ie/IIOmas KIeTKa, CKa-
xeM, K,,. Knerku K; nu K,, He MOT'yT HaXOIUTLCSI HA MPOTUBOIOJOXKHBIX CTOPO-
HaX QUAMAHTA, 9TO JErKO BUAETh, HANPUMED, U3 COOOPAKEHUN MAXMATHON PACKPAC-
xu. Takum 06pa3oM, MBI IOCTPOMIN LEMOYKY KIETOK, COSIUHAIONIYIO Pa3Iesiomme
KJIETKM HA IBYX COCEIHUX CTOPOHAX OOJBIIOrO IMAMAHTA, IYCTh IJIS ONPENeJIeHHO-
CTH DTO JIEBas U NPABAs HUXKHUE CTOPOHBL. TOrga OYEeBUIAHO, YTO BEPXHSIA IDAHULA
MIOCTPOEHHOI'0 MHOMXKECTBA KJIETOK €CTh JIOMAHAsA, KOTOPas He PACCEKALT HU OTHOU
TOMUHOIIIKYA B 060UX Pa3OUEHUAX U MPU DTOM IEIAT MATHU IMAMAHT HA IBE TaCTH.
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Paspesom manoro guamMasTa HA30BEM YaCTh DTOU JOMAHOM, JIEKAIILY IO BHYTPU MAJIOT0

IUaMaHTA.

K7 Kg K7|Ks
L] K>|K3|Kg|Ko Ko K3|Kg|Kg
K1 |K4|K5K10K 11 ] .K1|K4K5K10K11

K19 IK12.

Y6epem u3 60JBLUIOTO UAMAHTA CAMYIO JEBYIO K caMylo IpaByio gomuHomKku. [[omom-
HUM Pa3pe3 MAJIOro TUAMAHTA, NOOLOOAUUMY OMPEKAMU 2PAHUYbL MAA020 OUAMAH-
ma, ITOOBI MOTYIWICA pa3pe3 OOMLIIOTO IMAMAHTA, CJIEBA, HATIPABO.

3aMeTuM, 9TO OJHOBPEMEHHO C DTUM Pa3dpe3oM HE MOXET CYIIeCTBOBATH Pa3pesa
GOJIBIIOTO [UAMAHTA, UAYIIErO CBEPXY BHU3, MOCKOJILKY TAKOU pa3pes mepecekal Obl
IOCTPOEHHYO LEeNoYKy Ki1eTOK K; u, ciieqoBaTeabHO, padpe3au Obl JOMUHOIIKY B OX-
moMm u3 paszbuenunn. C IPyrou CTOPOHEBI, PA3PE30B, UAYIIAX CJIEBA, HAMPABO, MOXKET
OBITH HECKOMBKO. /711 0 THOBHAYHOCTY KOHCTPYKIIUU BEIOEPEM CPEIN HUX CAMBIA HU3-
xuu. Temeps MBI MOXEM pa3pe3aTh 00a AMaMAHTa U MOMEHATHL OTPE3AHHbLIC HUKHUE
vactu. MbI noty4dnM pasOueHus BEPXHErO U HUXKHErO JUMaMAaHTOB.

1 ] [ [ L

TH Eil TH HHh

|
T ;[D]E -l

Nrak, MBI omucaan OTOOpaKeHMe U3 MHOxKecTBa A B MHOXecTBO B. OueBuj-
HO, 9TO 5TO OTOOPaKEHME COMOCTABIACT PA3HLIM DIEMEHTAM MHOXeCTBa A pasHble
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DaeMeHTH MHOXeCTBA B. OHO ABIAETCSA B3AUMHO OJHO3HAYHBIM, IOCKOJIBKY HETPYIHO
co00pa3nTh, KaK yCTPOEHO 0OpaTHOoe oTobpaxkeune. OHO ycTpoeHo Tak. [Lis npous-
BOJILHOU Taphl Pa3OUEHUN, CKaXKeM, JEBONO U MPABOT0 MO IAAMAHTOB PACCMOTPUM
MaJILII IMAMAHT, ABIAIONMICA X IePecedeHreM.

Ecir x HUXHEN BEpIIMHE HUXKHETO MOJIMAMAHTA MPUIETaeT OJ0K D], MBI UMe-
eM [eJIo CO ciydaeM, obpaTHeiM K cay4aio (8). Ecau ke Takoro 6/10ka HET, HAYHEM
CTPOUTH LENOYKYy KJIeTOK, aHanorum4uyio memnoduke K;. IlepeiM paszbuenumem 6yaem
HA3BIBATH PAa30MeHUe HUXKHErO AMAMAHTA, BTOPHIM — BepxHero. Paccmorpum pas-
IETAIINE KICTKA, MPUIEraillne K HUIKHUM CTOPOHAM HUXKHErO TuaMaHTa (ecan
BCe MTOMUHOIIKY, MPUIETAIIINE K HIKHEMY KPA0, OPUEHTUPOBAHLI MOPU30HTAIBHO,
Pa3IeIAIONEeN HA3HAYAM BEPXHIOK U3 ABYX KJIETOK B CAMOM JEBOM M B CAMOM IIpa-
BOM Dsfy), mycTb K; — paspgessiomias KJIeTKa Ha JEBOM HUKHEU CTOPOHE, U IMyCThb
oHa OyneT 4epHOro usera (Ipy MaxMaTHOU packpacke). llenouka KieTok ¢ HaYaIOM
K 3aK0oHYATCA, KOTIa HA OYEPEIHOM IIare MBI OKAYKEMCs BHE MepecedeHus mepBoro
¥ BTOPOT'O IUAMAHTOB, MPUYEM TOCIEIHAA KJIETKA B DTOU MEMOYKe OYyAEeT «BTOPOW»
KJIeTKOU MOCJAeTHEeN AOMUHOIIKU. Ecau 5Ta NOMUHOIIKA U3 BTOPOro pa3bueHus, TO
ee BTOpas KJIETKA YepPHAsd, U 3HAYUT, MBI OKA3AIUCH HA MPOTUBOMOIOKHOU CTOPO-
He OOBEIUHEHUs AUAMAHTOB. DTOrO HE MOXET OBIThH, MOCKOJIBKY OOJACTH CHU3Y OT
MTOCTPOEHHON IIEMOYKU CONEPKUT HEIETHOE UUCIO KIETOK, XOTA TPU dTOM pa3bu-
Ta HA TOMWHOIIKY MEPBLIM crocoboM. CrenoBaTenbHO, 5T JOMUHOIIKA, U3 MEPBOTO
pa30ueHnsa U TTPUBEIA OHA HAC HA Pa3AeIAIONIYI0 KICTKY MPABOU HUKHEN CTOPOHHI,
4T0, cobcTBeHHO, u Tpebyercs. [laabmie pexem, mepecTrapiseM U roroeo. Jlemma
IOKa3aHa. O

U3 nokaszamuon JdeMMbl 10 MOXKHO TOJYYIATH MPOCTOE KOMOWHATOPHOE IOKa3a-
TEABLCTBO YTBEPXK JeHUs, 0600Aaoero JjeMMy 9, o nupamuie u3 QyHKIUN, 33 TAHHOU
MIPU MOMOIIU COOTHOIIEHUS OKTAAPA, U CBA3U DTUX (PYHKIUY C PA3OUECHUAMEI ALlTEK-
CKOro AmamaHTa (Tak HasbBaeMbIN >hdeKkT JopaHosoctH, cM. [11], [7]). Eme oxHo
DNIEeMEHTAPHOE MOKa3aTeTbCTBO TeOpPeMBI 00 AaITEeKCKOM IUAaMaHTe, OCHOBAHHOE HA
PaCCMOTPEHNUN B3BEIIEHHBIX CYMM ¥ OCTPOYMHOU MHAYKINW, MOXKHO TIPOYecTh B [12].

5. IIOACYET KOJUYECTBA PA3BUEHUN HA JOMUHO

IMoxaxkeM, Kak, UCTIONBL3YA TOIYICHHBIE PE3YIbTATHl, MOXKHO MOACINTATEH KOIAIE-
CTBO pa3bueHun kiaeTdaron Gurypsl Ha goMuHo [3]. HaM Bce-Taxku npumercs mepen-
THU Ha IBOUCTBEHHLIN A3LIK I'PadgOB U COBEPIIEHHLIX TapocovYeTaHuu. [|BONCTBEHHLIN
rpad auTeKCKOro guaMaHTa u3obpaxkeH Ha puc. 606, c. 140 (mam He morpebyercs
pPaCKpacka BEepIIMH U OpueHTanus pebep 5Toro rpada, IOKa3aHHBE Ha YTOM PUCYH-
ke). PaccMoTpuM cHAMaIa BOIPOC O MOICIETE B3BEIICHHBIX CYyMM MapOCOYeTAHUN I
AllTeKCKOrO AMAMAHTa. JTO CACAYIOMAa 3a1a4a. [lyCcTh B IBOUCTBEHHOM rpade m1sa
AlITEKCKOrO TUAMAHTA KAk IOMy peGpy COMOCTABIEHO HEKOTOPOE IUCI0 — «Becy. Be-
COM COBEPIIEHHOT'O MapOCOYETAHUA HA30BEM MPOU3BENEHUE BECOB BCEX BXOAAIIUX B
uero pebep. CyMMy BECOB BCEX BO3MOXKHBIX MAPOCOYETAHUU AINTEKCKOO TUAMAHTA
paura n o6oszuauuMm depes W, u OyjJeM HA3LIBATH B3BEIIEHHOW CYMMOU HapOCOYe-
TAHUN.
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Hampuwmep, ecmu Bce Beca paBubl 1, To W, = T),. A ecmu Bec kakoro-To peépa
paBeH HY.TI0, TO MBI MOXKeM BOCIPUHUMATH 3TO KaK 3aIpeT Ha ydacTHe 3TOro pedpa
B MIAPOCOYETAHUAX. Y TBEPKIEHUE TEOPEMEI 4 U TOXIeCTBO (3) MIHOBEHHO 06006IIA-
IOTCs Ha CIydal B3BEIICHHLIX [IapPOCOYeTAHNUMN.

TEOPEMA 5. ITycmu dan deoticmsennviti 2pad aumerckoeo duamanma panaa n.
Anano2uuno onpedesenuto 3 paccmompum 8eprnut, wurcnutl, eevil, npasvil U UueH-
mpaavubil nodouamanmsl, 0603nawum coomsememeenno uepea Wy, Wy, Wy, W, W,
836eUWeHHbIE CYMMbL Napocouemanuti das smux nodduamanmos. Iycmy u, d, £, r —
8€CA COOMBEMCMBERHO CAMOZ0 BEPTHER0, CAMO20 HUNCHE20, CAMOZO ALB020, CAMO20
npasoeo pebpa 6 ucrodwom epagde. Tozda svinoarneno coommowenue.

Wanzg"'Wqu'i'UdW[Wr (9)

[loxa3aTeasCTBO A3TOM TEOPEMEI MOMYIAETCA AHAJOTMYHO BTOPOMY NOKA3ATETh-
CTBY TEOPEMHI 4, €CIU BMECTE C TepPeKIaILIBAHNEM JacTed B Oueknuu u3 aeMMbr 10
paccMaTpUBATh TaKXKe IPOU3BENEHUA BECOB JOMUHOIIEK, COCTABIAIONINX DTH JACTH.

Bynem Temepn cumTaTh, UTO Beca pebep MPUHUMAT TOJbKO 3HadeHus (0 m 1.
Torga MOACYET B3BEIIEHHOU CyMMBI TAPOCOYETAHUN AIITEKCKOTO TMAMAHTA MOXKHO
OpPraHU30BATH CICAYIOMUM 00pa3oM. [[Ia Kaxk IOU 3aKPAIIIEHHON HA, PUCYHKE KICTKU
MOACIUTAEM CYyMMY IMIPOU3BEEHUN BECOB €€ MOPU3OHTAIBHEIX PeOep U BePTUKAIBLHBIX
pebep.

W/%/ 7.

[ToBepuem mmaMaHT Ha 45° W 3amuIIeM BCe MOACUUTAHHBLIE MUCAA B BUAE MATPUIILI
n x n, o6osmaunm ee A(™ . Bpegem Takxke BCIIOMOT'ATEIbHYIO MATPUILY Alnt1) y
KOTOPOU BCE DIEMEHTHI PABHBI eIuHUIE. [lanblie BLUUCINM TOCAEJOBATEILHO MAT-
puist A=Y A no caegyomemy npasury. Marpuna A% umeer pasmep k x k
u Berancasercs mo marpumam AKTD g AR+2) npy momormm cooTHOmEHMIT

(k+1) ,(k+1) (k+1) 4(k+1)
AT AL YA A

(k+2)
A

) _
AP =

Toraa marpuna A1) cogepXuT eAMHCTBEHHOE YMCIO, KOTOPOE I 6CTh MCKOMAS B3BE-
ImeHHasa cyMMa. lIpuBeneHHOe IPaBUIO IPAMO CIEAYyeT U3 PEKYPPEHTHOI'O COOTHOIIe-
Hus (9) Mo MHAYKIUU.

Paccmorpum Teneps npousBoibHyoo 10cKy. [loMmecTuM ee B AlITEKCKUN TUAMAHT,
Tak, 9YTOOBI NOMOJHEHNE 3TOU JOCKUA MO BCErO0 UAMAHTA MOXKHO OBLIO 3aMOCTUTH
nomuuo. Pukcupyem 3amouienue nomogHenus Gurypsl. B gBoucTBeHHOM rpade ai-
TEKCKOI'O AUAMAHTA PEGPaM, MPUHA,IJIEKAIIIM TBOUCTBEHHOMY I'pady TOCKHU, COIO-
craBuM Bec 1. Kpome Toro comoctaBum Bec 1 pébpam, u300paxKaiommM JTOMUHOIIKY
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u3 JOmoJHeHusa nocku. BeeM octambHbIM péOGpaM comocTaBuM Bec (. Burmosnus omum-
CAHHYIO BHIIIE TIPOIEAYPY, MBI HAUJEM KOJUIECTBO PA3OUEHUN JOCKU HA TOMUHOIIKHA.
EnuucTBennoe, 4To TpedyeTca Qs KOPPEKTHOCTHU PAOOTHI 3TOT0 aIrOPUTMA, — DTO
4TOOLI «(BHYTPEHHIE» d1eMeHTH Marpunbl A(™ 6bum me pasubr 0. Hampumep, s
OpAMOYroabHUKA 4 X 5 mosrydaem

-

—>[ —
0 1 1 0

— 1221%232411 1612 — 95
2 2 21 6 6 1 42 16 '
1 2 10

6. EME OOHO MJOKA3ATEJHLCTBO TEOPEMBI OB AIITEKCKOM
IUAMAHTE

B sakimrouenue Mbr opuBeneM eme OJHO JOKa3aTeJIbCTBO TEOPEMEI O ,zmaMaHTel),

OCHOBAaHHOE Ha OCTPOYMHOU neped)OpMyIUpPOBKEe, KOTOPas OCTABIACT HALEKAY Hall-
TH «COBCEM YK DIEMEHTAPHOe» JOKa3aTelbcTBO. B [14] moxoxkas nmepedopMyampoBKa
IPUMEHAETCS K HIPAMOYTOIBHBIM TOCKAM.
3 wazmamuoii docku (n+1) x (n+ 1) supesana xaemxa al. Ha ecex
OCTMAALHBIT KAEMKAT B8EPMUKAAY G CIMOAM (IPOMBIEY ULATMATHBIE KOPO-
aw. 3a 0dun TO0d TPOMOU KOPOAL MOHCEM COBUHYMbCA 6NMPABO, BHU3 UAU
6npaso-enuz na 0wy xaemxy. Toeda cywecmeyem 2™"H1/2 yenepece-
KQIOWULCA HAOOPO8 MAPULPYMOB, J8ULAACL NO KOMOPLIM, 6Ce N KOpPosetd
MORYM Nepelimu wa Kiemru nuxcwed 20puzonwmant, (nopadokx £0dos wecy-
wecmeenen, BaHCER MOALKO 6u0 MPaEKMOput).
Hamex Ha TO, KaK 5TO OTHOCUTCA K IUAMAHTaM, IPUBEAEH HA KADTUHKE.

|lT ]
V+\V§ —I‘——|
= *

[ TOro 9TO6LI HAUTY KOMUIECTBO HAGOPOB MAPIIPYTOB BOCHOMBL3YEMCA CACTY-
fomen Teopemon Kapauuna—Max-I'peropa—Jlungcrpoma (cum. [4]).

Dloka crarhs roToRMIACH K TEYATH, B CETH MOABMIOCH AHAIOTHYHOE [OKA3ATEIhCTRO, CM. Sen-
Peng Eu, Tung Shan Fu. A simple proof of Aztec diamond theorem.
http://www.arxiv.org/math.CO/0412041.
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TEOPEMA. Ilycmb dan ayukivueckuti opuenmuposarnbil epagd, umerouut n 8xo-
006 U N 8LIL0D06, NPOHYMEPOBARNBIT WuCAaMU oM 1 do n, npuuem 6 awbom Habope u3
N HENEPECEKAOUULCA MAPUPYMOS8, 8e0YUUT 0M BL0J08 K BLILOOAM, KaHcIbIT MAPUL-
pym. coedunsem 6x0d u 6u1iz0d ¢ 00HuUM U mem KHce nomepom. Ob6o3navum weped Agp,
wucao nymet, sedywuxr om k-2o0 8xoda x m-my evixody. Tozda wucao nabopos uz n
HENePeCerOUULCA MAPWPYMO8, 8edYUUT 0m 6T0008 K 6uirodam, pasno det A.

BorapcanM MaTpUIly, ONUCHIBAOILYIO IBUXKeHNe Koposer. ['pad BO3MOXKHBIX mepe-
MEIIEHN KOPOIen n300paKeH HiKe. MBI MOXeM CINTATh, ITO HA Y IATEHHOU YIVIOBOK
KJIETKe JOCKM TAKXKe CTOUT KOPO/JIb, KOTOPOMY IPOCTO HE HyXKHO IBUraThCA. Torga
saementsr Marpumsl A = (Ap,,) (amomunu, aT0 510 MaTpmma (n + 1) x (n + 1))
MOXKHO BBIYUC/IATD HOCJIEI0BATEIBHO [0 IPABUILY , CXOTHOMY C IIPABUJIOM BBIUUCICHUS
OGUHOMMAIBHBIX KOD(DPUIMEHTOB B Tpeyroabuuke [lackams:

Apm = Ap—im + Apm—1 + Ap—1m—1 -

Tak, nis mocku 5 X 5 mmeem

AN 11 1 1 1
13 5 7 9
:::::::: AB =11 5 13 25 41
1 7 25 63 129
RVANANAN 1 9 41 129 321

3aMeTuM, 9TO TO K€ CaMOe KOJIMYECTBO MAPIIPYTOB MBI MOIYYUUM, €CIU ONATEL yoe-
PEM YTJIOBOT'O KOPOJA W 3AMpPETUM ABUKEHUE KOPOTIEU BIONL MEPBON BEPTUKAIA U
BJIOJb TIEpBOI TopusonTatn. Pacemorpum mMaTpuny B(™) | omucHBaoOIIyO IBUKEHIE
KOPOJIE B 3TOU CUTYaIiu.

NI 9 9 9 9

NN 206 10 14

BSASASAN “l2 10 26 50

.\\\\ 2 14 50 126
Kak Buanm, B®) = 244,

JIEMMA 11. O6o3nauum by, — Koauuecmeo cnocobos, KOmMopwvimu Tpomot Ko-
poab moxcem npotimu ¢ kaemxu (1,p) na xaemxy (q,1), ne 3ax004 no nymu ma Huxc-
nue p— 1 xaemox nepeoti sepmuraiu (m. e. na xaemxu (1,1), (1,2), ..., (1,p— 1))
u Ha aesbie ¢ — 1 Kaemox nepeoli 20pU3OHMAAY; 4 UEPE3 Ap; — KOAUUECTNBO BCET

cnoco608, KOmMopwvimu TPOMOT KOPoab moxcem npotimu c kaemxu (1,p) na xaemxy
(¢,1). Toeda
bpg =2ap-14-1 .
MOKABATEJILCTBO. PaccMoTpuM Mapmipy Tl KOPOJIA HA AOCKE P X ¢ U3 JEBOT'O
BEPXHEr0 yIvia B IPABLIU HUKHUU, IPU KOTOPBIX OH HE 3aXOMUT HA TEPBYIO BEPTUKAID
U TEPBYIO TMOPU3OHTANb. ECIu nepBLIN XOA KOPOIA — TCOPU3OHTAIBHBIA, TO KOPOJIb

MOXKET Gp_1 ¢g—1 CIOCOOAMHU TOOPATHCA K KICTKE HaJ IPABLIM HIDKHUM YIVIOM 1 JaJIee
chenaTh X0 BHU3. FKCau e MepBhIN X0 — QUATOHATILHBIN, TO U MOCJIE 3TOTO KOPOJIhb
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HMEET Ap_1 ¢—1 BAPUAHTOB IBIKEHIA K IPABOMY HrkHeMy yriay. HekoTopsle 3 Hux,
IpaBia, IPUBOIAT €0 HA MEPBYIO TOPU3OHTAML (1 Y DTUX MAPIIPYTOB MOCIEIHAN X0
COPU3OHTANBHBIN) — TAK U3MEHUM 3TU MApIIPYTHI, MEPEIBUHYB BCIO UX CPEIHION
YaCThb HA OJHY KJIETKY BBEPX M 3aMEHUB CAMBIU [EPBLIA (IMAarOHAIBHBIN) XOJ HA
COPU3OHTAIBHBIN, & CAMBIA MOCIEAHUN (FOPU3OHTAJILHEIN) XOJ HA AUATOHAJLHBIN.
HeTpymHo BuaeTh, ITO 3TO OMEKITHA. |

Hucra apq, bpg — 3TO MATPHUIHBIE DJIEMEHTHI MATPHII A B Y3 remmer caexy-
er, uro B(™ = 24(=1) A rax xax sermaunst det B(™ u det A Bripaxator ogHO 1
TO e KOJTUIEeCTBO HAOOPOB MAPIIPYTOB, MBI TIOIYYIAE€M PEKYPPEHTHOE COOTHOIICHUE

det A™ =27 . det A1) |

73 KOTOPOI'O CPa3y CIeqyeT yTBEPkKAeHUE TeOPEMEl O JUAMAaHTe.
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O6 onMCaHHBIX OKPYXKHOCTAX YEeBUAHHBIX U
meJaJbHBIX TPEYTOIBHUKOB U HEKOTOPBIX KPUBHIX,
CBA3AHHBIX C TPEYTOJIbHUKOM

E. [I. Kyranun

TToxaxeM, 4TO 1A TI060M TOIKYM OKPYKHOCTU OUIEPA TPOU3BOILHOIO Tpe-
YTOIBHUKA CyIIECTBYET CEMEACTBO OKPYKHOCTEH, IPOXO0 AAIUX IePe3 3Ty TOUKY,
anamorudnoe «cemeuctry Penepbaxay U3 ogHoUMeHHou cratbu JI. A. Emensano-
Ba u T. JI. Emensauoson B Ne6 «MaTeMaTUIECKOTO TPOCBEIIECHU.

Tunep6ora, OEMCTBUTEILHAS U MHAMAS MOJYOCH KOTOPOU PABHEI, HA3LIBAETCA
pasrocmoponnet. ACAMOITOTE PABHOCTOPOHHEH TUIepOOJLI B3AMMHO MEPICH TUKY-
JIAPHEL, TIO3TOMY KX MOXKHO IPUHATE 33 OCH IPAMOYT'OJLHOU CUCTEMEL KOOPAWHAT, B
KOTOPOU €€ ypaBHEHUe 3anuiiercsa B Buie vy = k. Takum o6pa3om, 0OBIMHAA IIKOIb-
Hag rUnepOoIa, COBMAIAMAA ¢ TPadUKOM 06PATHO MPOMOPIMOHATLHOU 3aBUCAMO-
ctn y = k/x, apasercsa pasHocTOpoHHen. [lapa mepneHInKyIAPHBIX NPAMBIX TAKKe
ABIAETCA PABHOCTOPOHHEN TUNEPOOJION.

Ecau xonuka (kpuBas BTOPOro mopanka) 3ajgaHa ypasuenueM @ (z,y) = 0, rae

Q(z,y) = az® + 2bxy + cy® + 2dx + 2ey + f,

TO OHA ABIAETCA PABHOCTOPOHHEN TUNEPOOION TOT A U TOIBKO TOTIa, KOraa a+c¢ = 0.

W3 TeopeMsbl 0 myvke KOHUK, IPOXOIAMMX Uepe3 deTwipe Touku [4], cregyer, 9To
B 00ImEeM CIy9Yae eCThb POBHO OJHA PABHOCTOPOHHAA TUIIEPOOIA, MTPOXOMAMIAS T€Pes
YeTHIPE 3aJAHHBIE TOUKH.

N ckmovenneM ABAAIOTCA 9€TBEPKA TOYEK, OOPA30BAHHBIE BEPIIMHAMYI TPEYTOIb-
HUKA U er0 OPTOLEHTPOM, U YeTBEPKU TOYEK, JEKAIINE HA OTHOU TpAMOu. Jlrobas
KOHUKA, POXOIAIIAA I€PE3 BEPIITUHEI TPEYTOJbHAKA U €T'0 OPTOIEHTD, ABIACTCA PAB-
HOCTOpOHHeN rurnepboaon. CnpasesanBo u 06PATHOE:

[IPEAJIOXKEHUE 1. Opmouenmp 4106020 MpPeyzosbrHuKa, SNUCGHHO20 8 DABHO-
COPORHII0 2unepboay, aexcum Ha 3mot xce 2unepbode.

Ioapo6Guee 06 sTux dakrax cm. [1, c. 149].

IIycts D — Touxa B mmockoctu Tpeyroabiuka ABC, Ay, By, C; — nepecedenus
npaverx DA, DB, DC ¢ npameimu BC, CA, AB coorBercrBenno. Orpesku AAj,
BB, C'C) nasuiBaiorcs uesuarami. Bynem HaspiBaTh Tpeyroiabuuk A B1Ch wesuan-
HbILM MPEY2oabHuKoMm TOUKU D oTHOCUTETHHO Tpeyroabauka ABC, a OKpYXHOCTH,
OTMCAHHYIO OKOJO YeBUAHHOTO TPEYTONBHUKA, — UEe8UGHHOT.

MaTemaTu4eckoe npocselyeHune, cep. 3, sbin. 9, 2005(164-182)
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Pwuc. 1. Puc. 2.

IMycts P — Touka B miockocTu Tpeyromsuuka ABC, Ay, By, C; — ocHOBaHUA
MEPIEH IUKYJIAPOB, OMyIeHHbIX u3 Touku P #a mpsaveie BC, CA; AB cooTBeTcTBEH-
uo. Torga Tpeyroavuuk A By (| HasbBaeTCA nedasbhblm Mpey2oabuukom TOIku P
orHOocuTeabHO Tpeyroabuuka ABC. Ecau Touka P coBmagaeT ¢ OJHOU W3 BEpIIUH
Tpeyroabauka A BC, TO megaabHBIN TPEYTOJbHAK 3TON TOYKY BEIPOXK IAETCA B BHICO-
Ty, TPOXOIAIILYIO Yepe3 3Ty BepIuHy. [[11 ToOUeK OMUCAaHHON OKPY KHOCTHU MMEIATLHBIA
TPEYrONLHUK TAKkKe BEIPOXKIAETCA: OCHOBAHUA MEPIEHINKYIAPOB JeXKAT Ha OTHOU
MPAMOR, KOTOPAs HA3LIBACTCA Npamot Cumcona.

OKpPYKHOCTB, ONMUCAHHYIO OKOJIO TEeJATHEHOIN0 TPEyTrOMbHAKA, Oy 1eM HA3BLIBATDL 7.6-
0aabHOG.

PasuHoCTOpOHHUE TUMEPOOILI, OMUCAHHBEIE OKOJIO TPEYTOJbHUKA, OKA3BIBAIOTCS
CBA3AHHBIMU C MEJATbHBIMA U YEBUAHHBIMU OKPYXKHOCTAME (cM. puc. 1 u puc. 2).

TEOPEMA 1. ITyemv P — npou3soavhas mouka pasrocmoponuet, 2unepbovi,
omanunas om mouex A, B, C' moii sce 2unepboavi. Tozda nedaibnas oxpyrcrocms
mouku P omuocumeavno mpeyeoavnurxa ABC nporodum uepes yewmp amoti 2unep-
60.4bl.

TEOPEMA 2. Ilyemv A, B, C';, D — mouxu na pasnocmoponneti 2unepboae. To-
200 wesuanKaL oOKpYHcHOCMb mouku D omuocumeavno mpeyzosvrwura ABC npozo-
dum wepe3 yewmp amoti 2unepboabl.

B crenyrommx nByx pasgenax MBI JOKaxKeM TeopeMbl 1 u 2.

1. OKPY)KHOCTI/I, OIIMCAHHBIE OKOJIO IMTEJAJIBHOI'O
TPEYT'OJIBHUKA

B sTom pasgene mbl gokasbiBaem Teopemy 1. Cregyiomui XOpOIIO M3BECTHBIN
dakT dnTaTen o npesIaraeTcs TPOBEPUTH CAMOCTOATEIBHO.

YTPAKHEHUE 1. O6osuaunm uepes AHy, BHs, C H3 BHICOTHI HEMPAMOYTOIb-
umoro Tpeyroabuuka ABC. Mokaxure, uro Tpeyroasauku AHsHz, BH3H,, C H{ Ho



166 E. I. Kyrauun

nono6Hbl Tpeyroabuuky ABC ¢ xosdduunmentamu mogobus |cos A, |cos B|,
| cos ,C'| cooTBeTcTBEHHO.

JIEMMA 1. I[enmpbi 8cex pasnocmoponuus 2unepbot, nporodiuur wepes 6epusi-
nor mpeyeoavuura ABC, aexcam wna oxpysxcwocmu Ilaepa (oxpyrcnocmu desamu
MOYUEK) IMO20 MPEY20AbHUKG.

MOKABATEJIBLCTBO. IlpueBemeMm mokasareabCcTBO, nmpuHamiexamee A. Akomamy.

IIycte D — gerBepras (kpome A, B, C) Touka nepecedeHus runepOOIbl U O~
carrOU OKOJIO Tpeyroabuuka ABC okpyxuoctu, A', B', C', D' — opTouenTpu Tpe-
yroasaukoB BCD, CDA, DAB, ABC, koTopble N0 IPeNIoKeHuio 1 J1exar Ha TOu
xke runep6oae. O6o3HayuuM UYepes R paauyc OmucaHHOU OKOJIO Tpeyrombuuka ABC
okpyxHOCcTU. Ucnmonb3ysa ynpaxkseHue 1, momydaem

CD' =2R|cos ,BCA| = 2R|cos . BDA| = DC".

Tax kax CD' || DC', ro CDC'D' — napamnenorpamum, t.e. C'D' || CD u C'D' =
= CD. Cremoeareasno, versipexyronbauku ABC'D u A’ B'C' D' uenTpansao cumme-
Tpranel. X OEHTp CUMMETpHME ABAAETCA HEHTPOM rumepboaer. [Ipm sToM on
COBIANAET C cepeauHon oTpeska DD’ u, 3HAYMT, MEXKWT HA OKPYKHOCTH ODUIEPA
rpeyroasanka ABC (a Takxke tpeyroasaukos BCD, CDA u DAB). O

M3 nemmer 1 BeITEKaET

CHENCTBUE 1. /as 410661z uempipexr mouex, wi 00na 43 KOmMopbir we cosnadaem
C 0PMOUEHMPOM MPEY20ALHUKE C BEPUUHAMU 8 MPET 0CMAAbHBIY MOUKAT, OKPYHC-
Hocmu Jiaiepa wembiper mpeyeoabHuK08 ¢ 6EPUUHAMY 8 A0OLIT MPET U3 IMUT we-
MBIPET MOUEK UMEIOM 00UYI0 MOUKY.

JIEMMA 2. Ompe3zox, coedunstowutd cepeduny 00not u3 cmopon mpeyeoibhuKa
C OCHOBANUEM BbICOMBL, Aexcawell Ha Ipy20tl e2o cmopone, suden u3 00not u3 J8Yx
0CMAALHBIL CEPEIUH CNOPOH NO0 Y2AOM, PABHBIM MOMY YAy MPEY20ALHUKG, HG CNO-
POHAT KOMOPO2O AEHCAM IMG NOCACOHAL CEPEJURG U OCHOBAKUE BbICOTNL.

[MOKABATEJILCTBO. OTpesok HyM| ABAAETCA MEIUAHOUN TPAMOYTOILHOTO TPE-
yroasuuka BH>C', npoBefeHHON U3 BepIIUHLL npsamoro yria He (puc. 3), nosTomy

B

M M,

A M, H, C

Puc. 3.
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Puc. 4.

HoMy; = CMy u ,MHyC = ,MCH,, no M1 Mj3 || AC xax CpeiHAa JUHUS Tpe-
yrombuuka ABC, otxyma momydaem ,MsMiHy = ,M{H>C = ,MCHy = ,ACB,
49T0 U TPebOBATIOCH. (I

TEOPEMA 3. IIycmv P — mouka, omauunas om yenmpa onucanmoti 0KpyHcHo-
cmu u opmoyenmpa mpeyzoavnura ABC. Toeda nedasvnas okpyrcnocms mouku P
nporodum uepes mouky nepecevenus oxpyxcnocmet Iiaepa mpeyeoaprnurxos ABC,
APB, BPC, CPA.

[MOKABATEJILCTBO. O6osuauum depes i, Fs, F3 cepequunt orpesxos AP, BP,
CP, a gepes Dy, Dy, D3 — mpoexuuu Touku P ua cropoust BC, CA, AB coor-
BercTBeHHO (puc. 4). lIycts K — BTOpas TOUKA MEPECeYeHusa OKPYKHOCTEN DUIepa
S1 u Sy Tpeyronvuukos APB u APC (orawunas ot Ej). Ilockoabky y deTwipex
OKPYKHOCTEU DUIepa, 0 KOTOPHIX UAET Pedb B TEOPEMe, COTIACHO CIeACTBUI 1 eCTh
obrmas Touka, To 510 Touka K. [TosToMy mocTaTovHO MoKa3aTh, 9TO TOUKA K JeKUT
Ha onucanuoun okpyxuocTu DDy Ds. Paccmorpum yroa NK Ds, CMEXHBIA C yTUIOM
D> K D3, n nokaxem, uto ,NK Dy = ,D>DyD3. Torna

+DsD1 D3+ ,DsKD3 = ,D2D1 D3 + 180° — ,NK D>, = 180°,

a »To u o3HavaeT, uTo Touku K, Dy, Dy, D3 nexar Ha OgHOU OKpyX)HOCTH. [len-
crBurensuo, ,NKDs = /\NKE; + /E1KD>, 5o /NKFE, = ,D3FE>FE;, TOCKOIbKY
veTnpexyroabunk D3 FEs B K Boucax B OKpyXHOCTBL S1, a ,E1KDs = ,EyE3Ds,
KaK BIUCAHHBIE, onupatoiumecs Ha ayry Fy Dy okpyxuocTtu S2. B cBoro ouepens mo
JeMMe 2 mMeeM 4D3E2E1 = 4ABP = 4D3BP, 4E1E3D2 = 4ACP = ADQCP.
Tax xax ,PD1B = ,PD3B = 90°, To okoao deTbipexyroabauka Dy BD3P Mox-
HO OMUCATH OKPYXKHOCTB, OTKYIa monydaem, uro , D3 BP = ,D3 D, P. Anamorudno,
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ADQCP = 4D2D1P. I/ITaK,

+«NKD> = /NKE, + E1KD> = /D3FE;FE, + (E1E3Dy =
=,D3BP+ ,Dy;CP = /D3D1P+ ,DsD1P = ,DyD1Ds,

4uT0 u TpeboBanock. [pyrue caydau B3amMHOro pacnomoxenus touexk A, B, C' u P
PACCMATPUBAIOTCSA AHAJOTUYIHO. O

Tax kak TOdYKa mepecedeHns OKpyKHocTen Jdunepa rpeyroasaukos ABC, BPC),
CPA coBnagaet ¢ IEHTPOM PABHOCTOPOHHEN T'UMep GO, MPOBEIEHHON Yepe3 TOUKA
A, B, C, P, To u3 TeopeMHl 3 BEITEKAET Teopema, 1.

OTMeTuM emie OmHO caeqcTBue TeopeMm 1 u 2.

CIENCTBUE 2. Odna u3 mouex nepecewenus wesuannot u nedaibmotli OKPY#CHO-
cmeti npouzsoavnoti mouxu P, omauunotid om eepwun mpeyzoavnura ABC, aexcum
Ha OKPYHCHOCTIU IFAEPa IMO20 MPEY20AbHUKA.

[MOKA3ATENLCTBO. IIposenem uepes touku A, B, C' u P paBHOCTOPOHHIOIO M-
nepboay I'p. Torga mo Teopeme 2 YeBHaHHAA OKPYKHOCTHL TOUKK P mpoxonut depes
neutp K runep6onst ['p, gexammi Ha, OKPYKHOCTEU Dunepa Tpeyroabuuka ABC, a
cormacHo TeopeMe 1 meqaabHas OKPYKHOCTEL TOYKN P Takke TPOXOIUT Uepes IEHTD
K sTon runep6oeL. O

2. OKPY>XHOCTHU, ONUCAHHBIE OKOJIO YEBUAHHOT'O
TPEYT'OJIbHUKA

ABTOpPY OBLIO M3BECTHO TOJBKO AHAMUTUYECKOE IOKA3ATEILCTBO TEOPEMBI 2.
A. 3acmasckomy u A. AkonsaHy ynagoch IpuIyMaTh T€OMETPUIECKOE [OKA3aTeIbCTBO
STOU TEOPEMEI, KOTOPOE MPUBOIUTCA HUKE.

JIEMMA 3. ITycmov damnvr deéa mpeyeomvnuxa A1 B1Cy v AsBCy. A', B', C' —
mouxu nepeceuenu, coomsememsenno, B1Cy u BoCsy, C1 A1 uCsAs, A1 By u A Bs.
Ecau mpeyeoavnur A' B'C' nepenexmusen xax mpeyzoavwury Ay B1Ch, max u mpe-
yeoavrnury AsBoCo (¢ yewmpamu nepenexmuswvt Dy u Do), mo mouxu Ay, By, Cy,
Dy, As, By, C3, Dy aexcam wa 00noti xonuxe.

HOKABATEJILCTBO. PaccmMoTpuM MpoekTuBHOE MpeoOpa3oBaHUe, IEPEBOIAIIee
veTepexyronbauk Ay B1C1 Dy B kBagpat. Touka A’ 1exxuT Ha mepecedeHnn TpAMBIX
B1C1 u A1 D1, Touka C' — ma nepecedenun npamuix Ay By u D1C1. IlosTomy Touxn
A’ m C' mpu 5TOM Tpeo6pPa3OBAHUY TIEPEXOIAT B OECKOHETHO Y IAMCHHBIE TOYKHA, COOT-
BETCTBYIOIINE MIEPIEHIUKYIAPHEIM HAIPABJICHUAM, a IeTLIPEXyroabHUK AsBsChDo
[IEPEeXOIUT B IPAMOYTOJLHUK CO CTOPOHAMH, MapaLIeIbLHLIMU CTOPOHAM KBaIpaTa.
Kpowme Toro, meHTpoM Kak KBaapaTra, TaK U NPAMOYTOJLHUKA OyaeT o6pa3 TOYKU
B'. O4eBugHO, YTO KOHUKA, TPOXOIAIIAL I€PE3 BEPIIMHLI KBAIPATA U OMHY BEPIITHY
TIPAMOYTOIBHUKA, TPOXOAUT U Ue€PE3 TPU OCTANBbHBIE BEPIIUHEBL IPAMOYTOJbHUKA. [

TEOPEMA 4. Ilycmw dan mpeyzoavnurx ABC u mouxa P, omauunas om e2o op-
mouyenmpa. Tozda yenmpor 6NUCAHNOT U BHEBNUCAHHBIT OKPYNHCHOCTET YEBUAHNO20
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mpeyeoavnuka P omuocumeavno ABC' aesxcam wa pasnocmoponnet eunepbose, npo-
zodawet uepez A, B, C, P.

[MOKABATENLCTBO. Iycts A’B'C' — 4eBuaHHBIl TPEyronabHUK TOYKU P, [ —
LIEHTP €ro BIUCAHHOUW OKPYXKHOCTH, I1, I, I3 — LEHTPBI BHEBIMCAHHLIX OKPYKHO-
cren. Torga rpeyroavuuku ABC u I I5 I3 yaOBIETBOPAIOT yCJIOBUAM JEMMBI — OHU
nepcrnekTuBHLl Tpeyroabauky A'B'C’ ¢ menrpamu mepcrmektuBer P u [ cooTBeT-
creerno. Cregosarensuo, Touku A, B, C, P, Iy, I, I3, [ mexat Ha OIHON KOHUKE.
DTa KOHUKA ABIAETCA PABHOCTOPOHHEN TUMIEp 600N, MOCKOIBLKY | — OPTOIEHTD Tpe-
yroapuuka I I I3, O

MOKABATEJLCTBO TEOPEMBI 2. Ilo Teopeme 4 1meHTpPBI BHEBIUCAHHBIX OKPY K-
HOCTEH YeBUAHHOrO Tpeyroabuuka I, I, I3 sexar ga rumepboue. Tak Kax YeBuaHHas
OKPYKHOCTb ABJIAETCA OKPYKHOCTBIO Jiiepa Tpeyroabauka I I I3 (BepimHer 1eBu-
AHHOT'O TPEYTOJBHUKA — OCHOBAHUA BHICOT TpeyrombHuka [1lsl3), To mo jsemme 1
OHA MIPOXOIUT Uepe3 IEHTP T'UnepOOJIHL. O

3. EIIE PA3 O CEMENCTBE PENEPBAXA

IMoxaxkem Tenepnb, KAK U3 TEOPEMHL 2 CJIeLyeT pe3yabTar o «cemeuctse denep-
6axay, noaydennsint JI. EMensanoBeiM u T. Emensauoson. [IpoBenem uepes BepuinHb
A, B, C tpeyroasuuka ABC u uenTp | BONCAHHOU B HEMO OKPYXKHOCTU PABHOCTO-
poumuioro runep6oay I'r. O6o3uadum vepes J Touky 2Keprouna, a uepes N — TOuUKy
Harens, T.e. TOUYKY TlepecedeHrs IeBUAH, OCHOBAHUAMYU KOTOPHIX CAYKAT TOUYKU Ka-
CaHUsA BHEBIUCAHHBIX OKPYKHOCTEN CO CTOPOHAMH (& HE C IPOJOIKEHUAMHA CTOPOH)
rpeyronbauka ABC. Hamomuum, uro maaa touexk A, B, C, D, mexamux Ha OTHOU
npsamon, seipaxkenue (AC/BC) : (AD/BD) uasbiBaeTcs ABOUHBIM OTHOLICHHEM U
o6ozuadaercs (ABC D). IIpu srom orHoterne AC/ BC' canTaeTcs MON0KATETLHBIM,
ecnu Touxa C nexuT Ha oTpeske AB, 1 OTpUIIATEILHBIM B IPOTUBHOM CIydae. I 0BO-
pat, uaro Touku A, B, C, D 06pa3yloT rapMOHUYIECKYIO Y€TBEPKY, €CIN X IBOMHOE
oruomenue paBuo —1. [Iposenem u3 Bepumubl A Tpeyroasauka ABC 6uccexkTpucs
AL u AL, BHyTpeHHEro 1 BHEIIHEro yIvioB npu BepumHe A coorsercrsenno. Torma
rouku B, C, L, [; o6pa3yloT rapMOHUYECKYIO YeTBEPKY. B camMoMm gesie, o CBOU-
cTBaM GUCCEKTPUC BHYTPEHHErO U BHEIIHEro yruia Tpeyroasinka BL/LC = AB/BC,
BL,/L,C = —AB/AC, orkyna (ABCD) = —1.

Ilycts I — menTp BOucamHOu, a I, — IEHTDP BHEBMUCAHHOU OKPYXKHOCTHU, Kaca-
romencs croporsl BC tpeyroasuuxka ABC, L — ocxoBanue 6uccekrpucst AL, I! ) I'
u A" — npamoyronbubie npoekmun Touek I, I, A ma cropony BC. B rpeyroasauxe
ABL orpesku Al u Al, aBasoTCca OUCCEKTPUCAMY BHYTPEHHETO U BHEITHET'O YTJIOB
mpu Bepummae A, mostomy wersepka A, L, I, I, — rapmonudveckas. Tak kak mpu
MapaLIeIbHOM NPOEKTUPOBAHUN TBOMHOE OTHOIIEHUE COXpaHAeTCA, TO Touku A’ L,
I', I rakxe 00pa3ylOT apMOHUYECKYIO Y€TBEPKY, a cOOTBeTCTBYyomue ayuun AA’,
AL, AI', AIl — rapmonuueckunn my4dok. flcao, uro ma croponax CA u AB Tpe-
yroabauka ABC' pacmonaraioTcs €Iie IBe aHAJOTMYHBIE MapMOHUYECKUE YeTBEPKH,
KOTOPHIM COOTBETCTBYIOT MapMOHUYECKUE MYYUKHU JYIer, UCXOAIINX U3 BepiH B u
C. D10 o3uHauaer, uTo opromneHntp H u Touku I, J, N NpPOEKTUDPYIOTCA U3 KaxkK JOU
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BepIMHLI TpeyroabHuka ABC deThIpbMaA Jdydamu, 00pa3yOMIAMU TapMOHUYIECKUN
nydok. [losromy Touxku H, I, J, N nexar Ha KPUBOU BTOPOTO MOPAIKA, TPOXOIA-
Imen vepes BepiuHbl Tpeyroabuuka ABC.

Ho mm06as kpuBas BTOPOro MOPAAKA, KOTOPAsA MPOXOJAUT UePe3 BEPIIMHLL TPe-
YTOJBHUKA U €0 OPTOUEHTD, ABIACTCA PABHOCTOPOHHEN IUIEPOOION, T. €. COBIAIAET
B JaHHOM cayuae ¢ runepbomon [';. Takum 06pa3om, MbI fokasanu, 9To Touku J u N
aexar Ha runepooste ['y. Torga omucanHas OKPYKHOCTb Y€BUAHHOT'O TPEYTOJBHUKA,
TOUYKH J, COBMATAIONIAA C BIUCAHHON OKPYXKHOCTBIO Tpeyroabuuka ABC, mpoxoaut
10 Teopeme 2 4epe3 HeHTp runepOosl [y, mexamun coriacto jeMme 1 Ha OKPYKHO-
ctu duaepa rpeyroabauka ABC. Ho o Teopeme PenepbHaxa BiucaHHasA OKPYKHOCTH
KACaeTCsA OKPYXKHOCTH JWIepa, T.e. UMeeT C Hel eqUHCTBEHHYI0 o0y Touky F
moaToMy 1eHTp runepboast [y cormagaer ¢ Toukon Penepbaxa F.

Urak, onucanHas OKPYKHOCTh Y€BUAHHOTO TPEYTOJLHUKA, JTIOOOW TOUKHU, JIEKAa-
men Ha ['7, npoxogut vepes Touky F. B qacTHOCTH, OKPYXKHOCTD, ONMCAHHAA OKOJIO
ocHoBauuu 6uccexkrpuc tpeyroabauka ABC, mpoxoaut vepes F. ITockoabky Touka
Harena N gexwur ma 'y, TO TOYKM KacaHUsa BHEBINCAHHLIX OKPYKHOCTEH CO CTOPO-
mamu Tpeyromsauka A BC' u Touka F' Taxxke 1eXaT HA OMHOU OKPYKHOCTHU, KOTOPYIO
MBI Oy 1eM 0603HAIAThH Yepe3 Sy.

JIEMMA 4. Paccmompum mpeyzoavuux ABC, snucamwnviii 6 pasrocmoponmion
2unepooay I'. IIycmv X — mouxa nepecevenus xacameabublz x 2unepboqe I', npo-
sedenwnvir 6 sepwunar A u C mpeyeoavnuxa ABC,Y — 6 sepwunar A u C, u 7 —
6 sepwunar A u B; P — npoussoavnaa mouka 2unepboavt I', omauunas om A, B,
C; PL =APNBC, P, = BPNAC, P; = CPN AB. To2da npamvie P,P3, P3Py,
P, P, npoxodam uepez mouxu X, Y, Z coomsemcmesenno.

[JOKA3ATEILCTBO. PaccMOTpUM BBIPOXKIEHHBIN BIUCAHHBIM MIECTUYTOJLHUK
BBACCP. Tornza X = BBNCC, Ps = BANnCP, P, = AC N PB u no Teope-
me Mackana Touku X, Pz, Py JexaT Ha OJHOU MPAMOU. AHAIOTUIHO MOKA3HIBAETCS,
uTo npambie P3P u Py Po IpoXomaT Yepe3 TOYKU Y U Z COOTBETCTBEHHO. |

Tax kak oprouentp Tpeyroabuuka ABC gexur Ha 10060M PABHOCTOPOHHEU -
nep6oe, ONUCAHHON OKOJIO Tpeyronbauka ABC, TO npsaMbie, COIepKAaIIue CTOPOHEL
€ro OPTOIEHTPUIECKOr'O TPEYTOIbHUKA, IPOXoaaT depe3 Touku X, Y, Z. Ipyrumum
crmoBamu, Touku X, Y, 7 jgexkaT HA TPAMBIX, CONEPKAIINX CTOPOHBI OPTOIEHTPUYE-
CKOT'O TPEYTrOMBHUKA, U [JA UX OMPEeIeIeHUusa JOCTATOYHO HAUTU TOYKU MEPECeTeHUs
MPAMBIX, CONEPXKAIIMX CTOPOHBI YEBUAHHOT'O TPEYTOJbHUKA TOUYKUA P, ¢ cooTBer-
CTBYOUIIMY MPAMBIME, COAEPKAIIAMEA CTOPOHBI OPTOLEHTPUIECKOrO TPEYTOJbHUKA
ABC.

Jlerxo Bugets, uto B caydae I' = 'y Trouku X, Y, Z coBmagaior ¢ moarocamu Agyg,
By, Coo n3 crarbu EMeTbLAHOBBIX.

JIEMMA 5. Ecau pasnocmoponnue 2unepboavt, 0nucawuble 0K040 mpeyeoibhuKa
ABC, umerom obwuti yewmp, mo onu coénadaiom.

MOKABATEJIBLCTBO. Ilycte D — ToYKa, CHUMMETpPUYHAA OJHOU U3 BEPIINH TPe-
yroabanka ABC OTHOCUTENBLHO OOIIEro MEHTPa TUIepOOa U OTINIHAA OT OPTOIEH-
tpa ABC'. Torga pasHOCTOpOHHME runep6osl I'y u I's umeror 4 obmue Touku A, B,
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C, D, uu onHa U3 KOTOPBLIX HE SABIAETCSI OPTOLEHTPOM TPEYTOJBHUKA C BEPIINHAMU
B TPeX OCTAIbHBIX, M TOXTOMY COBIIATAIOT. |

TEOPEMA 5. Ilyems P — mouxa, omauwunas om eepwun A, B, C mpeyzoan-
nuka ABC; AP, BP,, CP; — wuesuanbl, nepecexarouuecas 6 mouxe P; Hy, Hs,
H3 — ocnosanus svicom AHy, BHs, CH3 mpeyeoavbnuxa ABC; X = PoP3;N HyHs,
Y = PPsNHHs, Z = PP, H Hy; T'p — pasnocmoponunss 2unepbosa, npo-
gedennas uepez mouku A, B, C, P; ATy, BTy, CT; — uesuanbvl, nepecexaouuecs
6 moukxe T, npuuem npamvie ToT3, T1T3, TiTo nporodam uepez mouxu X, Y, Z
coomsemcemsenno. Tozda mouxa T aexncum wa 2unepboqe I'p.

[MOKA3ATEJALCTBO. IIpoeemem wepes Touku A, B, C, T paBHOCTOPOHHIOW T'U-
nepboay I'r. To memme 4 Touku X, Y, Z coBmagamoT ¢ TOYKaMU MEPECEICHUS COOT-
BETCTBYIOIIUX KACATEAbHBIX K Tunepbonam ['p u 'y B Bepmmnax A, B, C' Tpeyroib-
uuka ABC, T.e. runep6oasl I'p u I'r uMmeroT obume kacarteabubie B Toukax A, B,
C. O6osuauum uepes My, My, M3 cepemuunt cropon BC, CA, AB TpeyroabHUKa
ABC. Torga npavee My X, M>Y |, M3Z nepecekatorcsa B meutTpe runepbon I'p u I'p.
Tax xak runep6oust I'p u I'p umeroT o6mun meuTp, TO MO JeMMe 5 OHU COBIALAIOT.
Takum o6pasom, Touka T mexut Ha runepbdone ['p. a

CHIENCTBUE 3. B cayuae, koeda mouka P uz meopemvt 5 cosnadaem ¢ uewnmpom
I snucannoti oxpyxrcnocmu mpeyzoavnurxa ABC, ece mouxu T, ydosaemeoparwujue
YCa0BUI0 Meopembl 5, AeHcam Ha pasnocmopornet cunepbose I'y ¢ yewmpom 6 mouxe
Detiepbaxa F mpeyeoavnuxa ABC.

3aMeTuM, 9TO B CIEICTBAU 3 TOBOPUTCS O TEX TOYKAX 1, OMUCAHHASI OKPYKHOCTD
YEBUAHHOT'O TPEYTOJbHUKA KOTOPBIX MPUHALICKUT «ceMencTBy Denepbaxay U3 cra-
TbU EMEIbLAHOBEIX.

O6o3uadum gepes I, Iy, I, UeHTPH BHEBOUCAHHBIX OKPYKHOCTEN, KACAIOMINXCS
cropou BC, CA, AB tpeyronsauka ABC, a uepes F,, Fj,, F, — Touku KacaHusa
BHEBMUCAHHBIX OKPYX)HOCTeU ¢ meHTpamu I,, Iy, I. ¢ OKPYKHOCTBIO DUIepa Tpe-
yroasuuka ABC.

CHEACTBUE 4. Ecau mouka P u3 meopembt 5 coenadaem coomsemcmeenuo ¢
moukamu I, Iy, I., mo ece mouxu T, ydossemsopatoujue Yycaosuam meopembl 5,
AEHCAM COOMBEMCMBENRHO KA PasHocmoponrur 2unepboaax It , I, U1, ¢ yewmpamu
6 mouxar F,, Fy, F,.

IMycts A,, By, C, — TOYKU KACAHUA BHEBMUCAHHOUW OKPYKHOCTHU C LEHTPOM I,
mpeyroasauka ABC ¢ npavmuimu BC, C A, AB coOTBEeTCTBEHHO. AHAIOTMUYIHO Ompe-
nemum Ay, By, Cy, u A., B, C., u nycts Ay, By, C1 — TOYKU KacaHUA BIUCAHHOU
OKpyXKHOCTU I C DTUMU XKe NPAMBIMA B TOU XK€ MOCAeI0BATENLHOCTH. Kak 6BLIO 1Mo-
Ka3aHo BeIe, TOYKYU Ay, By, C. u F j1exart Ha 0THOU OKPYXKHOCTH ST.

3ATAYA 1. [JokaxuTe, 9TO Kaxkgasd U3 CACAYIOMNX TPEX YeTBEPOK Touek: Aj,
B, Cy, Fy; A, By, Cy, Fy; Ay, By, Cr, F, 1eXUT Ha OTHOU OKPYKHOCTH.

O603HaMMM >TU OKPYXKHOCTHU 4Yepe3 S,, Sp, S. coorBercTBenHO. Bynem B manb-
HEUIEM Ha3BIBATH OKPYXKHOCTU Sy, S;, Sp, S OKPYKHOCTAMEI UETHIPEX TOUEK TPE-
yroabuuka ABC. U3 moaydeHHBIX pe3yabTaToB CAeIyeT
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TEOPEMA 6. [lecmnadyamb mouex KacCanus 8NUCAHHOT U MPET 6HEBNUCIHHIL
OKpYAHCHOCTET MPEY2OALHUKG C NPAMBIMU, COOEPHCOUUMY CMOPOHbE IMO20 Mpe-
Y20ALHUKA, U €20 OKPYHCHOCTBIO DUaepa AexHcam Hna uembiper Ipy2us oKPYHCHOCNAL
no uemblpe MOUKY Ha KaHCJIOh OKPYHCHOCTU.

SATAYA 2. JJoKaxuTe, 9TO KaXKIad U3 CIEIYIOMUX MEeCTH IeTBEPOK TOYeK: A,
AI; Fa7 Fa Aba A67 Fba FC; Bba BI) Fb7 F; Bca Ba7 FC) Fa; CC) CI) F67 Fa Caa Cba Fa7

F}, nexuT HA OTHOU OKPYXKHOCTH.

3ATAYA 3. [JokaxuTe, 9TO TOYKA KACAHUA BIUCAHHOU U TPEX BHEBIUCAHHBIX
OKPYKHOCTEU MPAMOYTOJIBHONO TPEYTOJBHUKA C €r0 CTOPOHAMMU, MPOTOIKEHUIMU
CTOPOH U OKPYXKHOCTBIO DUJIEpa JeXKAT Ha, IBYX OKPYKHOCTAX, IO BOCEMb TOYEK HA,
KaXK IOU OKPYXKHOCTH, MPUYEM IIEHTPHI 3TUX OKPYKHOCTEN COBMATAIT C CePeIUHAMA
MOJMYOKPYXKHOCTEN, Ha KOTOPHIE MEJUT TCUIOTEHY3a OMUCAHHYK OKPYKHOCTH 3TOTO
TPEYTOJbHUKA.

4. TEOPEMA PENEPBAXA U YEBUAHHBLIE OKPYXKHOCTU

IIpu nokasarenncTBe TOrO, 9YTO HEHTP rumepboust I'; coBnamaer ¢ Toukoun Pen-
epbaxa F', Mbr ucnonb3osaau Teopemy PDemepbaxa. [lokaxkem, 9TO HA CAMOM [eJe
Teopemy Demepbaxa MONKHO BHLIBECTU U3 TeOpeMbl 2. [l1a 3TOro HaMm MOHAI0OUTCA
CIEYIOLIAs JIEMMA.

JIEMMA 6. ITyemb AAy, BBy, CC; — wuesuanbt mpeyzomnuura ABC, Ay, Bs,
Cs — 6mopble MOUKY NEPECEUEHUA OKPYICHOCTIU, ONUCAHHOT 0K0AO0 MPEY20AbHU-
xa Ay B1C1, coomgememeenno co cmoponamu BC, CA, AB mpeyzoavnurxa ABC
(puc. 5). Tozda ompesxu AAs, BBy, CCy nepecexaromeca 6 odwoti mouwke, m. e.
maKxHce ABAMOMCA wesuanamu mpeyeoapbrnukae ABC.

[MOKA3ATEJALCTBO. IMockoneky AAy, BBy, CCy — 4eBMaHBI TPEYTOJLHUKA
ABC, To mo Teopeme YeBnt

AC\ BAy CBi _, 0

Ci1B AiC BiA ’

U, TaK KaK MPOU3BEICHUA CEKYIIUX, MPOBEIEHHBIX K OKPYKHOCTYU U3 OJHOU TOYKWU,
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Ha X BHEIIHME 9acTu paBHBL, TO ACy - ACy = AB> - ABy, BAs - BA; = BCs - BCh,
CBy-CBy = CAy - CA;. TlepeMHOXUB MOYIEHHO DTU PABEHCTBA, TIOIYIUM

AC, - AC, -BAy-BA, -CBy-CBy = ABy - ABy - BCy - BC, - CAy - CA

nIn

A02 . BAQ . CB> . ACl . BA1 . CB; -1
C>B AsC BsA C1B A C BjA 7

oTKyza, yaursiBaa (1), Hangem, 9To
ACQ . BA2 . CBs -1
CsB AsC BoA
T.e. 0 TeopeMe, obpaTHon Teopeme Uesw, orpesku AAy, BBs, C'Cy nepecekaioTcs
B OJHOU TOYKE. O

)

Nrak, B 00meM Caydae YeBHAHHAA OKPYKHOCTH TPEyTOIbHUKA ABIACTCA IeBUAH-
HOU OKPYKHOCTBIO IBYX TOYEK. Uepe3 BEepIIVHLI TPEYTONbHUKA U KAXKIVIO U3 DTUX
TOYEK MOXKHO TTPOBECTHU eIUHCTBEHHYIO PABHOCTOPOHHIOI rumep6oay. CormacHo Teo-
pemMe 2 o0mas YeBUAHHAA OKPYKHOCTHL DTUX TOYEK MPOXOAUT UepPEe3 IEHTPHI MPO-
BENEHHBIX TUNEPO0, JeXalme Ha OKPYXKHOCTH JWIEPa TPEYrOJIbHUKA, U MO3TOMY
UMEET C OKPYXKHOCTBIO JUWIepa ABe OOIIUe TOIKHU.

IMockoabKyY BIUCAHHAA U TPU BHEBIUCAHHBIE OKPYKHOCTHU ABIAIOTCA YeBUAHHBIMU
OKPYKHOCTAMU OJHOU TOUKHU, TO KAXKAAA U3 DTUX OKPYKHOCTEN UMEET C OKPYIKHO-
CTBIO DUIEPa TPEYTOJbHUKA, €IUHCTBEHHYIO OOIIYI0 TOUKY, T.€. KACAETCA OKPYIKHO-
cTu Durepa.

5. NI30TOHAJILHOE COIPAXKEHUE

IIpsvmbie, npoxogsmpe Yepes BepLUINHY NAHHOrO yIVIa U CUMMETDPUYIHBIE OTHOCH-
TeIbHO OMCCEKTPUCHL 9TOI'0 YIVIa, HA3BIBAIOTCA U3020HAALHBIMYU OTHOCUMEADHO IMO-
20 yeaa.

TEOPEMA 7. Iycmb P — mouka, He 4eHcawas na ONUCGHHOT 0KPYHCHOCTY Mmpe-
yeoavuura ABC . Tozda npamvle, uzoeonasbrble coomsemcemeenno npamvim PA, PB,
PC ommocumeabno yzaoe A, B, C' amozo mpeyzosvnura, nepecexawomeca 6 o0not
mouke P'.

[MOKABATEJALCTBO. Ilycts A1 B;Cy — mnegatbHBIN TPEYrOILHUK TOUYKKA P, He
JIEXKAIIEN Ha OMUCAHHOW OKpy¥KHOCTH Tpeyroashuka ABC (puc. 6), P, Py, P; —
TOYKHU, cuMMeTpudHble P oTHOCcuTenbHO cepenun cropor BiCp, C1 Ay, A1 By coor-
BercTBeHHo. Torga Tpeyroabauk Py P, P3 rOMOTETUYEH CepEeInHHOMY TPEyrOJLHUKY
Tpeyroabauka Ay B1C ¢ IeHTPOM roMOTeTHu B TOYKe P 1 K0O3PPUIIMEHTOM MOMOTE-
tuu, pasuabiM 2. CiaenoBarensHo Tpeyronsauk Py Py Py paBen Tpeyronbuuky Ay B1Cy,
MpUYeM CTOPOHBI DTUX TPEYTrOJILHUKOB COOTBETCTBEHHO MapatenbHbl. [amee, mo-
CKOBKY derwipexyronbauku PBi P Cy, PCiPyA,, PA,; P3;B; ABIAIOTCA mapaJlIeo-
rpammamu, 7o Py, Py, P; — oprouentpsl Tpeyroasuukos AB;Cy, BC1 Ay, CA1 By
coorsercrBerHo (puc. 7). [lostomy AP, L B1Cy, BP, L C1A;, CP; L A1 B;. Ho
3101 || P2P3, C’lAl || P1P3, AlBl || P1P2, OTKYyOa BBITEKaET, ITO Apl L P2P3,
BP, 1 PP;, CP; 1 P P,. Takum o6pasom, npameie APy, BP,, CP; cogepxar
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Puc. 6. Pwuc. 7.

BEICOTEI TpeyroabHnka Py P> P3 1, caeqoBaTelbHO, IepecekaloTea B Touke P — op-
ToueHTpe Tpeyroabuuka Py P, Py. Tlockoasky ,PA1B = ,PCiB = 90°, to BP —
IUAMETP ONMMCAHHOUW OKPYXKHOCTHU Tpeyrombuuka BCi Aj, a, Kak J1erko yoemauThes,
TIPAMEIE, COMEPKAIINE BEICOTY U TUAMETP OMUCAHHOU OKPYXKHOCTU TPEYTOILHUKA, U
BBIXOSIINE U3 BEPIIMHBI OJHOIO U TOrO K€ YIa TPEyrOJbHUKA, N30IOHAJIBHEL OT-
HOCHUTEJIBHO 3TOr0 yria. KCTeCTBEHHO, YTO TO K€ CaMOe CIPABEeIUBO 1A yrioB A
u C tpeyroasuuka ABC. O

Touxku P u P’ HA3HIBAIOTCA U3020HAALHO CONPANCEHHLIMY TOIKAMU OTHOCUTEIb-
Ho Tpeyromsuuka ABC win mpocTO M30TOHANLHBEIMU TOYKAMU. TOYKYU OMMCAHHOU
OKPYKHOCTH TPEYI'OJbHUKA OKA3BLIBAIOTCA U30IOHAJIBHO CONPAXKEHHBIMU 0€CKOHEYTHO
yIAJTeHHBIM TOIKaM.

TEOPEMA 8. IIycmb moukxa P aexcum na onucannot oxpyrcrocmu mpey2oabri-
xa ABC'. Toeda npambie, uzo2onasvubie npamvim PA, PB, PC omnocumeavno yeao8
A, B, C, napaaseavubi. Beprno u obpammoe: npamvie, u3020H0AbHbIE TLAPAAAEALHBIM
NPAMbIM, NPOTOOAULUM YEPE3 BEPULUHBL MPEY20AbHUKG, NEPECEKANOMCEA 8 00HOT MOoU-
Ke, AeHcauwett Ha ONUCAHHOT OKPYHCHOCTILU.

[JOKA3ATENLCTBO. OGosuauum depes APy, BP,, C'P; upsMbie, ©30rOHAJIbHBIE
upsMeim AP, BP, C'P coorBercrBeHHO (cM. puc. 8). M30roHaIbHOCTD BIeYeT paBeH-
CTBa yIJIOB

LCAP = ,BAP,, ,CBP = ,ABP,, ,BCP = JACP;, ,BAP = ,CAP; .

Yruwt ,CAP u ,CBP onwmpatorca wa ayry PC u moromy paBHBI. AHAJIOrMYHO,
+BAP = ,BCP. llostomy ,P,BA = ,P,AB, ,PLAC = ,P3CA, 4T0 u o3Hada-
eT mapaLIenbHOCTh NpAMEX APy, BP,, CP3.

JlokazaTeabCcTBO OOPATHOTO YTBEPK ACHUI AHAJIOTUTHO. |



OnucaHHBIE OKPYXXHOCTH 9€BUAHHBIX U MEJATBHBIX TPEYTOJbHUKOB 175

B

P,

Py

Py

Puc. 8.

Puc. 9.
TEOPEMA 9. ITyemvs P u P’ — mouku, u3020HaAbHO CONPANCEHNHBIE OMHOCU-
meavno mpeyzoavnuxa ABC, a A1 B1C; u A|Bi{C{ — nedaavnvie mpeyzoavpnuky

amuz mouex. Tozda sepwuntt mpeyzoavnuros Ay B1Cy u A B{C| aexcam na 00not
OKPYHCHOCTNY.

[MOKA3ATEJILCTBO. [okaxem, 9To Touka E — cepenuna orpeska PP’ — apua-
eTCs LEeHTPOM OMUCAHHOU OKpyKHOCTU Tpeyroabruka A ByCy. llockoasky (P') =
= P, To orciofa OyIeT CaeqoBaTh YTBEPK ICHUE TEOPEMbI.

Ucnonn3yem Te xe 00603HAUEHUA, ITO U B OKA3ATEILCTBE MPEALIIYIIEN Teope-
mbl. O6o3uaydum vepes M cepenuny A;C,. Tak kak derwipexyroabuuk PA) PoC; —
napasenorpamm (cM. puc. 9), o M — cepeguna orpeska PP, uo P,P' 1 PiP; u
P, P; || A1 Cy, nosTomy cepepunnbil nepuenaukyasap k A;C) coBmnagaer co cpegHen
muHEen Tpeyroabauka P’ PP;, T.e. Touka F JeXAT Ha CepeIuHHOM MEPIeHINKYIApe
x oTpesky A;C].
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AnanornyHo mokasniBaeTCA, 9YTO F JEXKUT Ha CEepeIUHHBIX MEPIeHINKYIAPAX K
A1 By u B1Ci u, TakuM 06pa3oM, COBMAJAET C IEHTPOM OMUCAHHOU OKPYKHOCTHU
Tpeyroasauka A By C. O

Jlerxo BugeTs, 9To meHTp O OMUCAHHOW OKPYKHOCTU TPEYTOILHUKA U TOYKa H
MEPECEeveHns ero BEICOT U30TOHAIBHO COnpsikeHsl. [loaToMy u3 Teopemsl 9 moaydaeM,
YTO CEPEIUHBI CTOPOH MPOU3BOJBLHOIO TPEYTOILHUKA U OCHOBAHUSA €r0 BLICOT JEXKAT
HA OMHOU OKPYXKHOCTU (OKPYKHOCTH DWIEPA).

IMono6uwie Tpeyromsuuku AHsHs, BHsH,, C Hy Hy ABIAIOTCA yMEHBIIEHHEIMA
konuamu Tpeyroiabauka ABC (cM. ymp. 1), mosTOMY MOXKHO pPacCMaTpPUBATDL TOUKMU,
OJMHAKOBO DACIIOJOXKEHHBEIE OTHOCUTENLHO Tpeyronbuukos ABC, AH,H3, BH3Hq,
CH,H,.

TEOPEMA 10. Iyems Ay, Bi, C1 — npoexyuu mouwku P na cmoponst (uau npo-
doaxcenus cmopon) BC, CA, AB mpeyeoavnurxa ABC; Py, Py, P3 — mouku, cum-
mempuunvie P omuocumenvno cepedun cmopon B1Cr, C1A;, Ay By mpeyzoavhnuxa
A1B,Cy; Hy, Hy, H3 — ocnosanus evicom AH,, BH>, C H3 mpey2oavnuxa ABC.
Tozda mouxu P, Py, Py, P3 00unako60 pacnoioxcenbt no 0OMHOWEHUI0 K MPEY20ib-
nukam ABC, AH>Hz, BHsH,, CHyHy coomeemcmeenno.

MOKA3ATEJILCTBO. IloCKOMBKY TpM CUMMETPUU OTHOCUTEIBLHO OUCCEKTPUCHI
yruia B tpeyronbuuk BH3z Hy epexouT B TPEYrOJILHUK, TOMOTETUIHLIN TPEYTOIhb-
uuky ABC ¢ kosdduimerTom romoretru paBasiM cos , ABC = cos 8, TO 0 fuHAKOBO
pacmojoxenuse TOUYKU TpeyroabHukoB ABC u BH3H; nexar Ha OPAMBIX, X30T0-
HAJIBHBIX OTHOCHUTEIBHO yriia B. Pamee Obu10 mokasaHo (CM. IOKa3aTelbCTBO TEO-
peMul 7), 9To npaMmsie BP u BP, u30roHanbHbl, a P» — OPTOLEHTD TPEyTroJIbHUKA
BC A;. C apyrou ctopousi, PB — nuamMeTp OMUCAHHOUN OKPYKHOCTHU TPEYTOJBHUKA,
BC4 A;. llpumenss pesyabrar ynpaxHenus 1 Kk Tpeyroasauky BCy Ay, mpuxoaum K
BBIBOY, YTO B P, — muaMeTp OKPYXKHOCTH, OMUCAHHON OKOJIO TPEYTOJbHUKA, 01006~
woro BC1 A; ¢ xoapdunmentom nonobus cos f. 3uauur, PB = BP; cos 8, u To4kn
P u P 0IuHAKOBO PACIONOXKEHBI OTHOCUTEILHO TpeyroasaukoB ABC u BHsHy. O

KoMmbunupys npeasiayimme TeOpeMbl, MOIyIaeM TaKOoe CIeICTBUE.

CHENCTBUE 5. ITyems Hy, Hy, Hy — ocnosanus evicom AHy, BHy, CHy mpe-
yeoavuurxa ABC; mouku P, Py, Py, P3 00unax080 pacnosoxicenbt. no 0mmouLenuio
x mpeyeoabnukam ABC, AHyH3, BH3H, CH{Hy coomsemcmeenno. Toeda mpe-
yeoavuur Py Py Py pasen nedaabrnomy mpeyeoavbnuky A1 B1C1 mouxu P ommnocumens-
no mpeyzoavnura ABC, npuvwem cmoponsvt mpeyzoavnuros Py PoPy u Ay B1Cy coom-
BEMCMBEHHO NAPAAALALHDL.

IMepengem K MOKA3ATEABCTBY CJAEIYIOUIETO BAXKHOT'O YTBEPK TEHUA.

TEOPEMA 11. Ilycmv P — npou3soabhas mouka 6 NA0CKOCTU MPEY20AbHUKG
ABC, ne aexncawas wa e2o onucannoti oxpysrcnocmu; AH,, BHy, CH3z — e2o sbico-
mut, nepecexatouyuecs 6 mouke H; By, Ey, Es — cepedunvt ompesxos AH, BH, CH;
P, P,, P3 — mouxu, 0dunaxoso pacnosoixcennbie ¢ P omuocumeavno mpeyeosvuu-
xoe AHsHz, BH3sH{, CH1Hy, ABC coomsemcmeenno. Tozda npamvie E1 Py, EsPs,
E3 P; nepecexarwmes 6 maxot mouxe K oxpyscnocmu Iiaepa mpeyzoavnurxa ABC,
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Pwuc. 10.

uepes Komopyo Nporooum oNnUCaANKas OKPYHCHOCMb NEAGABHO20 MPEY2OALHUKE MOU-
xu P omuocumeavno mpeyeoavnuxa ABC'.

[MOKABATEJLCTBO. O0O3HAYMUM IIEHTDP ONMMUCAHHOU OKPYKHOCTU TPEYTOJbLHUKA,
ABC uepes O. Touku FEi, Es, E3 ABIAIOTCA MEHTPAMU OMUCAHHLIX OKPYKHOCTEN
Tpeyroapaukos 1y = AHsHs, T = BH3H,, T3 = C Hy H> cooreercrserno. [losto-
My npsamee E; P; oiuHaKOBO pacnotokensl ¢ mpsaMon O P OTHOCUTENIBHO TPEYTOJbHI-
xoB T;, ABC' cOOTBETCTBEHHO. 3HAYUT, OHA U3OTOHAIBHBI MPAMBIM {7, TPOXO IAIIM
uepes E; napamrensuo OP. (HamoMuuM, 910 10106U€, COBMEIIAIONIEE TPEYTONbHUKN
ABC u, ckaxem, T}, ABIAETCA KOMIIO3UIIMEN TOMOTETUM C IEHTpoM B A um oTpa-
JKEHUA OTHOCUTENbHO OuccekTpuck yrua A.) Ilo Teopeme 8 momydaem, 9TO mpaMEIE
E; P; mpoxomar depe3 To4Ky K Ha OMUCAHHOU OKPYXKHOCTU TpeyroabHuka FiFEsFEs,
T.e. HA OKPYXKHOCTU Duiepa Tpeyroabunka ABC.

Oo6osuauum ugepes Ay, By, C1 npoeknun Touku P ua cropouwst BC, CA, AB
tpeyroasauka ABC, ,CAB = a, ,/ABC = 3, /BCA = ~. Tak xak P, u P3 —
opronesaTpsl Tpeyronabuukos Ay BCy u BiC Ay (cm. Teopemy 10 1 moxasaTerbcTBO
TeopeMsl 7), 10 , Py Ay Py = 180°— P, Ay B— ,P3 A1 C = 180°—(90°— ) —(90° —~) =
= ﬂ+’)/ = 180° — a. ﬂa.nee, 4P2KP3 = 4E2KE3 =180°—a = 4P2A1P3 (HaHOMHI/IM,
4TO TpeyronabHuk FiFsE3 romorernden Tpeyronbuuky ABC ¢ meHTpOM romMoTe-
tuu H, nostomy ,F2FE1E3 = ,BAC = «). U3 pasenctsa yrios P KP; u PyA P
crenyer, 9To Touku P, K, Ay, P; nexaT Ha OTHOU OKPYKHOCTU. AHATOTUYHO TMO-
Ka3bIBaeTCA, 9To Touku P3, By, P, K Takxe jexar Ha OJHOU OKPYKHOCTH.

Teneps moxno mantu yront B1KA,: /,Bi1KA, = /\BiKP;+P3;KAy,80 /B KP3; =
= /B P, P; kak BIOuCaHHBIE yIVIBL, OmUparommecs Ha ayry P3A; okpyxHOoCTH
B,PiKP;, a /\P3KA; = P3P, A; kak BIOUCAHHBIE YIUILI, ONMUPAIOIIAECS HA Y-
ry P3A; okpyxusoctu A P3P, K. Kak u3BeCTHO M3 NOKA3aTEILCTBA TEOPEMBI 7,
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verwipexyronsauku PyCy PBy, PiC1A1P;, BiC1P,P3, C1 P, AP sBaswoTca napai-
JeqorpaMvamu, nosromy By PPy = ,PC1A u ,P3P,A; = ,B1C1 P xak yrin ¢
COOTBETCTBEHHO MAPALICILHEIMUA CTOPOHAMM.

Nrak, okorvarensuo noaydaem ,B1 KA, = .BiKP;+ P3KA, = ,B1P,P; +
+,P3PA = ,PCiA1+.,B,CiP = 4B101A1, T.e. /B1KA = /Bi1CiA1n IIO3TOMY
Touka K JeXUT Ha ONMMCAHHOUW OKPYXKHOCTHU Tpeyroasuuka A BiCY. O

3AMEYAHUE 1. /J0Ka3aTeabCTBO CYIIECTBEHHBIM 0OPA30M OMUPAETCA HA puc. 10.
Touku K u C'y MODYyT HAXOAUTLCS MO Pa3HbIe CTOPOHEI OT mpamon A; B. B srom cay-
Jae aHaJOIMYHBIMU PACCYKISHUAMU MOXKHO NOKa3aTb, uro ,A1C1By + LA1 KBy =
= 180°.

3AMEYAHUE 2. Teopemy 11 M0OxHO mepedOpMyInpOBATEH CASIYIONIM O00PA3OM:
Ilycts P — mpousBOAbHAA TOYKA B TIOCKOCTU Tpeyroabuuka ABC; AHy, AHs,
AH3; — ero BBICOTHI, Iepecekalomumecs B Touke H; Ey, Es, E3 — cepequHnLl OTPe3KOB
AH, BH,CH; O — ueutp onucaaaou okpyxuoctu tpeyroabuauka ABC; by, b, (3 —
npsAMBIe, Tapamtenbase npamon O P u npoxogamme depes Touku Ey, Fy, F3 cooTBer-
ctBenno; ), 0}, £ — npsamble, n30roHANbHEIE {1, {5, {3 OTHOCUTEIBHO TPEYyTOMbLHIKA
E,\EyE3. Torga mpsmeie £, 0, ¢4 mepecekaioTcsi B Takon Toduke K OKPYKHOCTH
Dunepa Tpeyromsauka ABC, Yepe3 KOTOpYyIo MPOXOIUT OMUCAHHASA OKPYKHOCTE Te-
TATBLHONO TPEYrodbHUKA TOUKKM P orHOcuTensHo Tpeyroasuuka ABC.

YTOPAYKHEHUE 2. [loxkaxwute Teopemy 11 qjsi TYIOyTOJIBHOO U IPSAMOYOJBHOTO
TPEYTOJLHUKOB.

IMockoabKy 1 Beex Touek P, mexanmx Ha (GUKCAPOBAHHON TPAMOU, TIPOXOIAIIEH
gepes uentTp O onucaHHOU OKPy:KHOCTHU Tpeyroabuuka ABC, Touka K OKpyXHOCTH
Dunepa 3TOr0 TPEyroabHUKA OyIeT OJHOU W TOU XKe, TO u3 TeopeMmbl 11 BhITekaeT

CHIENCTBUE 6. ITyems £ — npamas, nporodsuas wepes yewmp O onucanmuot
oxpyrcnocmu mpeyeoasvnurae ABC. Toeda onucanmubie 0Kpy#cHocmu nedaibwbis mpe-
yeoabnuKos ecer mouex P, aexcawur na npamot £, umerom obwyro mouky K, npu-
nadaexrcawyio oxpyrcnocmu iaepa mpeyeoavrnuxa ABC'.

U3 noxasarenscrBa Teopemsl 11 caenyeT Takke, YTO PA3IAYHBIM IPSMBIM, IIPO-
XOIAMIMM 9epe3 MEeHTP OMUCAHHOU OKPYKHOCTH, Oy IyT COOTBETCTBOBATDL PA3IMIHBIE
TOYKU OKPYKHOCTU DWIepa.

6. TEOPEMA PENEPBAXA U IEIAJILHBIE OKPYXKHOCTHU

Kak yxe rosopwiocsk, neganbHble TPEYTOJbHAKYA TOYKA P 1 M30rOHAIBHO COIPSI-
JKEHHOU el Touku P’ uMeroT 06IIy0 OMUCAHHY I OKPYRHOCTE (Teopema 9). U3 aToro
daxTa u Teopemur 11 cregyeT, ITO HTa OMUCAHHASL OKPYKHOCTD MEPECEKAET OKPY K-
HOCTB Duaepa tpeyroabanka ABC B nByx Toukax K u K', mpuaem K — »T0 TOUKa,
nepecedenus upameix By Py, EoPs, E3P;, a K' — Touxa nepecedenus npsameix £y Py,
E,P;, EsP; (P, Py, P; — TOuKH, 0fuHAaKOBO pacnonoxenusie ¢ P, a P/, Py, Py —
¢ P' ornocurensro tpeyronbuukos AHyHs, BH3Hy, CH, Hy, ABC).

Ecmu npamas PP’ npoxoauT depes meaTp () OMUCAHHOW OKPYXHOCTH TPEyTOIb-
muka ABC, TO, KaK ACHO W3 CKA3aHHOTO BhIIE, TOYKK mepecedenns K n K' obmen
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OTMCAHHOUN OKPYKHOCTU TEAATHHBIX TPEYTOILHIKOB N30TNOHATHHO COMPAKEHHBIX TO-
vex P u P' 6ygyT coBnagaTh, T.€. OMMCAHHAS OKPYKHOCTE MeJATHHBIX TPEYTONbLHU-
kxoB Touek P u P' 6ymer kacaTbcsa okpyxkHOCTH Jutepa Tpeyronrbauka ABC. Taxkum
00pa3oM, uMeeT MecTO

CHEACTBUE 7. IIyemv P u P' — u30201a10Hb1e 0MHOCUMEADHO MPEY20ALHUKG
ABC mouxu maxue, umo npamas PP' npoxodum uepes yewmp O onucannoti oxpymrc-
nocmu mpeyzoavruxa ABC. Toeda obwas nedasvbras oxpyxrcnocms movex P u P’
Kacaemca oxpyxcnocmu Ilaepa mpeyzosvrura ABC.

Ilycte [ — MEHTP BOMCAHHOW OKPYXXKHOCTW TPEYTOJTLHUKA, TOTAA NeNATbHASL
OKPYKHOCTb TOYKHK | COBIANAET CO BIUCAHHOUN OKPYKHOCTBIO 3TOrO TPEyTOJLHAKA.
IMockoabKy TOUKa | M30rOHATBLHO CONPXKEHA CAMOE Ce6e, TO M3 HAIIMX PACCY XK ICHIN
CJAEIYEeT, 9TO BIMCAHHAA OKPYXKHOCTb TPEYTOIBHUKA KACACTCA OKPYKHOCTHU DUIEPa
DTOrO TPEYTOJbHUKA, (MIPEATIONOKEHNE O HATAYIUA BTOPOM TOYKU MEPECEeICHNs BIIU-
CAHHOU OKPYXKHOCTHU C OKPYKHOCTBIO DUWJIepa MPUBOAUT K MPOTUBOPEUNIO, TAK KAK
B DTOM CIy4ae NOKHA CYIIECTBOBATH TOYKA [, M30TOHATLHO COMPSXKEHHAA ¢ [ u
orauaHasa ot [).

Apasornvyso, HeHTPLl BHEBIMCAHHBIX OKpyxXHOCTEU I,, I, I. ABIAIOTCA M30rO0-
HAJIBHO CAMOCOIPAXKEHHBIMA TOYKAMU ¥ [TOSTOMY BHEBIMCAHHEIE OKPYKHOCTH TAKKE
KACAKTCA OKPYKHOCTU DUIEPa, JAHHOTO TPEYTONLHUKA.

Nrak, Hamu fokasaHa emie pas Teopema Penepbaxa.

leomerpuyeckoe mecTo Towek P Takux, uto mpamas PP', rme P' — Touxa,
M30roHATbLHAA P, TPOXOAUT 4Yepe3 IEHTP OMUCAHHOU OKPYKHOCTHU TPEyrONbHUKA,
HasbiBaeTcsa Kyoukon Mak-Kos storo tpeyromsuuka ([5, ¢.575]). IlosTomy 060061me-
uue Teopemer Penepbaxa MOKHO CHOPMYIUPOBATH CIEAYIOMIM 06PA3OM: TEIATLHAL
OKPYXHOCTb 000U TOuku Kybuku Mak-Kna naHHOrO TpeyroabHmKa KacaeTcs
OKPYKHOCTHU DUWIEPA 3TOCO TPEYTOJLHUKA.

7. U30TOHAJBHBIA OBPA3 IIPAMON, IPOXOAAIIEA YEPE3 IIEHTP
OIIMCAHHOM OKPYXKHOCTU TPEYTIOJIbHUKA

BcenoMmuuB, 9T0 n3orosanbEbe TOYKH P 1 P’ nMeroT o0mIyo meqalbHyo OKPY K-
HocTh (Teopema 9), u yuuThiBas ciegctsue 6 u Teopemy 1, mOLydIMM emie OHO
YTBEDXK IEHUE.

TEOPEMA 12. Hzozonaabubim 06pazom npamoii £, nporodawet uepesz yewmp onu-
cannott oxpyrcnocmu mpeyzoavrura ABC u ne codepacawets e2o epuun, A6A5€MCA
PABHOCTNOPOHHAA 2UNEPOOAL, ONUCAGHHAA OKOAO IMO20 MPEYZOALHUKA, NPUUEM GCUM-
nmomamy Mot 2unepbosbt asastomcea npamvie Cumcona mouex nepecewenus npi-
moti £ ¢ onucannot oxpyrcrnocmoio mpeyzoavuuxa ABC'.

MOKABATEJIBCTBO. Paccmorpum Touky P Ha npamon { 1 M30rOHAILHO COIpPs-
xenuyio e Touky P’. IIposenem 1epes P', A, B, C' paBHOCTOPOHHIOK TruUIep6OIy
I'. llerTp »TOoM rUMepOOILI JEKUT HA OKPYKHOCTUA DUNEPA U HA OOMIEN MeqaTbHON
OKPYXHOCTH TO4YeK P m P'. Y »Tux AByX OKPYXHOCTEH €CTh, BOOOIIE IOBOPS, IBE



180 E. I. Kyrauun

OO0IIe TOYKH, OTHA, U3 KOTOPHIX, HA30BeM ee K | IeXUT Ha BCEX MENATLHBIX OKPYKHO-
cTax Tovek npamoun OP, a Bropas (K') — Ha Bcex meqalbHBIX OKPYXKHOCTAX TOUYEK
npamonr OP’. Ileatp runepboast I' coBmagaer ¢ K (ecau IBuraTh TOUKY IO CHUIED-
6oxe, To K' 6yner MeHATHC).

ITosTopuUB 5TO paccyx aeHue i1 000U Apyron Touku P Ha mpavon v IpuMeHuB
JEMMY O, MOIYYIaeM yTBEPKIEHUE TEOPEMEL. (I

CHEACTBUE 8. [eomempuueckum mecmom mouex P, nedasvnas oxkpyrcrocmp
Komopuix nporodum uepez mouky K oxpyscnocmu Iisepa mpeyeosvnuxa ABC,
Asasemes 06 vedunenue pasnocmopornet 2unepboavt ¢ yewmpom 6 mouxe K, onu-
cannoti okoao mpeyeosvnura ABC, no 6ez mouex A, B, C, u npamoti £, uzo2onasb-
ot amot 2unepbose.

U3 crencTBus 8 BHITEKaeT, 9TO K «cemencTBy Derepbaxay U3 CTaTbu EMETbAHO-
BEIX MOXHO JO0ABUTH CEMEUCTRO MEAANBHEIX OKPYKHOCTEN TOYeK P, Jexanmx au6o
Ha paBHOCTOpPOHHen rumepboue 'y, mpoxonsamen depes menTp I BIMCAHHOU OKPYK-
voctu Tpeyroabauka ABC u umerommen cBouM meHTpoMm TouKy Pemepbaxa F', aubo
ua npamoun O, rge O — HEHTP ONUCAHHOUN OKPYXKHOCTHU Tpeyromsuuka ABC. Ana-
JOoruyHbIe (bAKTH CIPABEIIUBHL U 1A Apyrux Todek Denepbaxa Fy, Fy, F. (Toukn
KACAHUA CO BHEBIUCAHHBLIMU OKPYKHOCTAMHU).

Ha pasnocToponnen runepbone ['y, omucannon okono ABC, nexar, Kpome Bep-
ume A, B, C, uentp Bnucansou okpyxuoctu I, Touka 2Keprouna J, rouka Harens
N u ecrectBenno oprouentp H. Breibupas mobwie 4 Touxku u3 ykasaHHbIX 7 (Kpome
rpusBnanbHon kombunamyu A, B, C', H) u paccMaTpuBas YeBUAHHBIE U [EIAJIbHLIE
OKPYKHOCTU OTHOU U3 DTUX 4 TOYEK MO OTHOIIEHWIO K TPEYTOJbHUKY C BEPIIMHAMU
B TPEX OCTAMBHBLIX, TIOIYYIUM C YIETOM CICICTBUL 2, YTO DTU OKPYKHOCTU MPOUIYT
qepes Touky Penepbaxa F', coBnagaolryo ¢ meHTpom runepooast ['y. Anamoruansie
axTBI CupaBelIUBLL U L1 OCTAIbLHEIX TouekK Penepbaxa Fy, Fy, F..

PaccMmorpum Teneps paBHOCTOPOHHIOKW runep6oiy o, ABIAIIYIOCT T30rOHATb-
HBIM o6paszom mpsamon Jdunepa OH tpeyroasuuka ABC. JTa runep6oaa mpoxoauT
4gepes uenTp O onucaHHOU OKPy:KHOCTHU Tpeyroabuuka ABC u Touky L, n3oroHaib-
HyI0 TOUKe mepecedenus Menuad TpeyroabHnka ABC. Kak mssecto (cMm. [5,7]),
Touka [ HasbiBaeTCa Toukou Jlemyana. [[asa HAXOXKIEHUA IIEHTPA DTOU TUMIEPOOIHI
ucnoab3yeM ciaenyiolryio Teopemy B. Te6o u3 coopuuka «A36paHube 3a a4 U3 XKy P-
mana American Mathematical Monthly» [2, ¢.81].

TEOPEMA. ITyermv AHy, BHy, CH3; — svicomvt mpeyzoavnuka ABC. Toeda npsa-
mbie Dtaepa mpeyzoavnuros AHyHs, BH3Hy, C Hy Hy nepecexatromea 6 maxoti mou-
xe T oxpyscnocmu IJiaepa mpeyeoavnura ABC, das xomopoi odun u3 ompesxos
TH,, THy, TH3 pasen cymme 08Yxr 0cmasbHbiL.

O6006mmenune reopemsl Te6o npuseneno B [3].

Bymem HasbBaThL TOYKY mepecedeHus MPAMBIX Juiepa TpeyroabHukoB AHyHs,
BH3;H,, CHyHy Toukou Te6o Tpeyroasuuka tpeyroabauka ABC. U3 cnegcrsus 6
BEITEKAET, ITO ONUCAHHBLIE OKPYKHOCTH IIEIAIBLHLIX TPEyTOJBHUKOB BCEX TOYEK P,
JIeXKAIINAX HA, TIPAMOU DUIEepa, MPOXOIAT Yepe3 ToUKy Tebo Tpeyromsuuka ABC, Tak
YTO OHA ABIAETCA HeHTpoM rumepbornsl ['o. Taxk kak Touka nepecedenus menuman G
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TPEYrOILHUKA, JEKUT HA €T'0 TIPAMOU DUIEPA, TO OMUCAHHAL OKPYKHOCTD e JATLHOTO
TPEyroIbHUKa, TOUYKU (G POXOMUT Uepe3 TOUKy Te60 3TOro TpeyroiLHUKA.

YeBuaHHbIe U TEeJATBHBIE OKPYKHOCTH BCEX TOYEK, JeKaIuX Ha [, a Takxke me-
TATbHBIE OKPYKHOCTH BCEX TOYEK, Jexkamux Ha mpamon Juiepa OH TpeyroabHuKa
ABC, mpoxonsat uepes Touky Te6o. Ha runep6ouae I'p aexar Trouku A, B, C, H, O,
L. TlosTOoMy, B 9aCTHOCTHU, Y€BUAHHAA OKPYXKHOCTEL TOUYKM (), & TAKXKe IeBUAHHAA U
efabHasg OKPYXKHOCTU TOUYKH Jlemyana L mpoxoasatT uepe3 Touky Te6o. Ecau matep-
TUTH PABHOCTOPOHHIOI TUMEPOOIYy U U3 MIOOOU €e TOYKYM KaK U3 [EHTPa TPOBECTU
OKPYKHOCTb, MEPECEKAIONIYI0 DTy TUnepboIy B 9eTHIPEX TOYKAX, TO IJIA MOJSYIeH-
HBIX 9€THIPEX TPEYTOJbHUKOB C BEPIIMHAME B YKA3AHHBIX TOYKAX IEHTDP MUIePOOJIBL
oyaet Toukou Te6o.

8. SAKJIOYUTEJbHBLIE 3AMEYAHUS

Ananorusa Mex 1y meIaTbHEIMA U YeBUAHHBIMU TPEYTOMbHUKAME, KOTOPAA PO CTIe-
JKUBAETCA B MPUBEACHHLIX BBIIE PE3YJIbTATaX, HE UMEET YIOBICTBOPUTEILHOTO 00h-
acuenus. [[eno ycyryOmaeTcesa eme u TeM, 9TO 3Ta aHAJOTHUA HEMOMHA. B YacTHOCTH,
BOIIPOC O KACAHUM YEBUAHHBIX OKPYXKHOCTEH C OKPYXKHOCTBIO JWIEPa OKA3BIBALTCS
HAMHOT'O CJIOXKHEE BOMPOCA O KACAHUU TEeJATBHBIX OKPYXKHOCTEN U OKPYKHOCTH DU-
aepa. B mocrennem ciydae orser gaer kybmka Mak-Kosa. Anajorndnoe MHOXKECTBO
[T IeBUAHHBLIX OKPYKHOCTEN YCTPOEHO MOPAa3 a0 CJAOKHEE.

leomeTpuveckoe MecTO ToUeK P, UYeBMaHHAA OKPYKHOCTH KOTOPHIX TPOXOJUT
qepes Touky K okpyxkuoctu durepa ABC, cocTOUT U3 paBHOCTOPOHHEN MUNepOOJIbL
I’ ¢ nenTpom B Touke K, u3 koropou yganeust Touku A, B, C, u HEKOTOPOU KPUBOU
L, xoTopylo onuceBaeT BTOpas Touka P’ ¢ Tou ke caMOi YeBUAHHOU OKPY2KHOCTBIO,
aro u P (cM. temmy 6), B TO Bpema kak Touka P npobGeraer runep6oay I'. Hazosem
DTy KpUBYIO L uesuannbim 00pazom 2unepoovi.

Bompoc o cyimecTBoOBaHUM Y€BUAHHBIX OKPYIKHOCTEH, KACAIOIIUXCA OKPYXKHOCTH
Dunepa Tpeyroabanka ABC, cBOAUTCSA K BONPOCY O CYIIECTBOBAHUYU PABHOCTOPOH-
HUX TUIepO0J, OMUCAHHBIX OKOJIO Tpeyronbauka A BC' u npoxoaamux depes o6e To4-
ku P u P’ T.e. 0 mepecedeHnn runepOOILI U €€ YeBUAHHOTO 06pa3a.

Oo6o3uauuM Yepes M MHOXKECTBO TOYEK, YEBUAHHAS OKPYKHOCTH KK IOU U3 KO-
TOPBIX KACAETCA OKPYXKHOCTH DWIEPa TaHHOT'O TPEYTOJbHUKA. JDTO MHOXKECTBO HE-
MyCTO [ JIOOr0 TPEyrOJIbHUKA, MOCKOJAbKY IEHTPHI BIUCAHHOU U BHEBIIMCAHHBIX
okpyxuocten npuragrexar M. C 1pyrou cTOpOHBI, KOMIBIOTEPHBIE SKCIEPUMEHTEI
MOKa3BIBAIOT, YTO CYMIECTBYIOT TPEYTOJbHUKU, MHOXKECTBO M KOTOPBLIX COIEPKUT
HEKOTOPHIE NOMOJHUTEIBHBIE TOIKY.

Pesy bTaThl KOMIBIOTEPHBIX DKCIEPUMEHTOB MPUBOMAT TAKXKE K MPEIIOIOKE-
HUIO, 9YTO ecau M ABAAETCSA KPUBOU, TO €€ ACUMITOTHI — IMIPAMBIE, COAEPKAIIUE
meauransl Tpeyroabauka ABC.

ApTop BrIpaxkaer Omaromapuocts M. H. Banomy 3a yaydinenue wu3/ioxXeHus u
CTPYKTYpHI cTaThu, a Takxke A.3acrasckoMmy m A. Akomany — 3a TperoCcTaBIeH-
HOE UMU TeOMETPUIECKOE TOKA3ATEILCTBO TEOPEMEI 2.
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O marpunax ['pama

B. A. FO 1un

PaccMoTpuM HECKOMTBKO M3BECTHBIX 3a1a4 U3 TUCKPETHOUW reoMerpuu. Pernenus
IPAKTUYIECKYN BCEX CErONHS HEU3BECTHHI.

Yepes zy = 21y1 + ... + TpY, 0O03HAYUM CKATSIPHBIE [IPOU3BEIEHUS BEKTODOB
T W Yy U3 N-MEPHOr0 eBKIMIO0BOTO mpocTpaHcTBa R". /lag mpomsBoiabHOro Habopa

W = {e1,...,€q} PABIMIHBIX €JUHUYIHLIX BEKTOPOB BHIIMIIEM UX Marpuiy I'pama
1 €ie2 ... €1€g
esel 1 ... ese
G(W) = I (1)
eqer egea ... 1

(B manpmenmeMm GyneM OTOXKAECTBJATH €JUHAYIHBIE BEKTOPBL C TOYKAMHU €IUHUTHON
cheput S"L = {z e R* : zz =1}).

1. BOCCTAHABJ/IIMBAEMBIE KOHDUT'YPAIINNA

Bce pasmuunbie ckajgapHbIE TpOUW3BeneHusa, BecTpedamommecs B (1), samumem B
CTPOYIKY

S(W):{]_,tl,,ts}, ]‘>t1>>ts (2)

Hanpuwmep, ecmu W cocrout u3 (n + 1)-i BepUIMHEL IPABUILHOTO CUMILIEKCA, BITU-

canroro B S"~!' To S(W) cocromr Bcero ms gByx umcen {1,—1/n}. Ecm W —
COBOKYIHOCTB BEPIIUH IPABUILHOTO 2¢-yTOIbHUKA, TO

SW) = {1,cos§,cos 2Fﬂ,...,—l}.

IIycTb MBI 3HAEM BCIO CTPOUKY (2) Mg HEKOTOPOU CHEPUIECKON KOHMDUTYDAIAN
W. MoxeM a1 Mbl €IMHCTBEHHBIM 00pPa3oM BOCCTAaHOBUTL W7

Buauase onpegeaumcs ¢ eguacTBeHHOCTHIO. [IBe KoHpUrypamuu Wi, W, cunraem
OJMHAKOBLIME, €CJIN CYIIECTBYeT BpaiueHue p takoe, uro Wy = pWs. Ilox Bpamenn-
eM p TIOHUMAaeM JUHenHoe mpeobpasosanue R B R, ocymecTBageMoe mocpeqcTBOM
oproronansaon Matpunsl 1, TT' = T'T = E ¢ det T = +1. sMmeHerne opueHTAIIINA
pornyckaeTcs. OpTOroHaIbHAA MATPUIA «COXPAHAECT» CKAJIAPHLIE TTPOU3BEICHUS

TzTy = 2T'Ty = xEy = zy,
CJIEI0BATENBHO, 1 «noBopoTay p crpouku S(W) u S(pW) onuHakoBeL
B o6men curyanum oTBeT Ha BOIPOC, KOHEYHO, OTpUIATEAbHLIN. O IHAKO HEKO-

TOPBIM 3arafovHBIM 00pa3oM cdepuieckue KOHGUIypaln JeIATCS Ha IBa KIACCA:
BoccTanapauBaeMble 1o S(W) u HeBocCTaHABIMBAEMBIE.

MaTemaTu4eckoe npocsewyeHune, cep. 3, sbin. 9, 2005(183-188)
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YTBEPXKIEHWE 1. Jlobas chepudeckas koudurypanusa W = {ej,eq,e3} us R”,
n > 2 mo S(W) BoCCTAHABIUBAETCA EQUHCTBEHHBIM 00DPA30M.

YTBEPXKAEHUE 2. Ilycts chepuueckas xondurypams W = {ej, ..., eg} mz R
TaKOBA, 9TO

ST S S
S(W) = {1, .~z 1}

Torma W — Bocemb BepiinH KybHa.

YTBEPKIAEHUE 3. (Hantjes, 1948) Ilycre cdepudeckas xoudurypauus W =
={e1,...,e12} w3 R® Taxosa, aT0
1 1
S
\/57 \/5 ) }
Torga W — aBeHAINATHL BepHIMH MKOCAApa. CKaMTApHBLIC MPOU3BENEHUA €0 MOTHO-
CTBIO XapaKTEPU3yIOT.

S(W) = {17_

[lokazaTenbCTBa MEPBBIX ABYX YTBEPKICHUU HECJIOKHBI, OTHOCUTEJIBLHOTO Tpe-
Tbero cM. [1], rae Takxke o6cyxgaercsa pajg Gauskux Bompocos. Hamia mens — mo-
Ka3aTb, YTO IPHU 7 > 3 HEBOCCTAHABIMBAEMAS KOH(MUTYPAIUA CYIMIECTBYET yKE IPU
q = 4. Hocrarouno B R® mpueectu gBe pasmble xondurypamuaun Wi, We ¢ oguna-

kKoBbIMI cTpoukamu (2). Ilycts W) cOCTOMT M3 BEKTODOB e; = {%, E,O}, e =
= {%,—%,0}, es = {—%,0,%}, ey = {—%,0,—%}, a Wo — u3 BekTOpOB
er = {1,0,0}, ex = {0,0,1}, e5 = {—%,?,0}, e4 = —%,—?,0}. Beraucamv ux
Marpuisl I'pama
r _1 17 1 1
S Lo -3 =
0 1 _% _% 0 1 0 0
G(Wl) = 1 1 ; G(WQ) = _l 0 1 _l )
-3 3 b0 2 2
11 _1 _L
-3 -z 0 1] : V73 !

u yBuaum, uro S(Wy) = S(Ws) = {1,0,—1/2}. Ograko Wy u Wy — pasusle koHDU-
rypauuu, nockoabKy Hyaen B G(W;) gerwipe, a B G(Ws) — mects.
YcaoxuuMm Teneps Bonpoc. [loctaBum Habopy W B coorBeTcTBHE TabIULy

Lt |t || ts
: 3
AR AR 3)
rae BepxHsasa cTpoka ectb S(WW), a HIKHAA ONpPeReIAeTC s KPATHOCTAMA
Ni= Y L Ni+..+N.=¢-q
z,yeW, zy=t;

[l KaKoTro HAMMEHBIIIET0 ¢ MOYXKHO MOCTPOUTH IBa pas3Hbx Habopa Wi, Wy, umero-
MUX ONHY U Ty X)e Tabmuiy (3).
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2. KOJIMYECTBO PA3JUYHLIX DJIEMEHTOB MATPUIIBI ['PAMA

CKOJIBKO pasInvIHbIX DJIeMEHTOB cogepxkutca B marpuie (1)? Ecau ve yanTeBaTh
NIaBHYIO TMaroHaTb, TO BepXHsAA rpanuma (¢° — ¢)/2 oueBuIHA, U OHA JOCTUTACTCA.
ITpr ¢ — 0O OTHOCUTETLHO HUKHEN TPAHUIIEI IPU 1 > 3 HEM3BECTEH JAKE €€ TTOPALOK
pocra. Caygau n = 2 mpocT.

YTBEPXKAEHUE 4. IlycTh HA € [UHUYIHON OKPYKHOCTHU PACIOIOKEHO ¢ PATUIHBIX
Touek. Torga KoIMIecTBO § PA3IUYHBLIX PACCTOAHUU MEXKIY HUMHU yIOBICTBOPSET
HEPABEHCTBY

qg—1
5 4 HEUeTHO,
s> q (4)
3 q — IeTHO.

[lencTBATETLHO, BO3LMEM MPOM3BOJIBHYIO TOUKY 2 Hammen koHpurypanmu W m
mposegem depes mee nuamerp. OH pa3zobbeT OKPYKHOCTH Ha ABe myru. HyxHO pac-
cMoTpersb aBa caydas: Touka —x € W u —x & W. Eciu —z € W, To Ha ogHOUn u3
Iyr GyoeT pacmosaraThesa He MeHee deM (¢ — 2)/2 Tmouex W, ecim ¢ — 9€THO, U He
menee (¢ — 1)/2 Touek W, eciu ¢ — HedeTHO. ITOCKOIBKY BCE PACCTOSHUA OT & 1O
STHUX TOYEK PA3HEIE, TO MOLYIAETCA OUEHKA

q+1
e q — HEYeTHO,
Ep q
2 q — YeTHO.

Ananoruyno paccmaTpusaeTca u BTopou ciaydan. Huxkuas onenka (4) TodHa, OHA
NOCTUTAETCA MJIA ( BEPIIMH MPABMILHOTO ¢-yTOJIbHUKA.

Bocnoabsyemcs ogauM coobpaxkenueM I1. Spaéma [2] n gnsa pasmepHOCTH 1 = 3
DauM «Caa0yo» OLEHKY CHU3Y IJIUHBI CTPOUKY (2).

YTBEPYKAEHUE 5. Ilyete W = {ey,...,e,} C S?. Toraa
s =s(q) > ¢'/*.
Bce omenku 6ymeM mpOBOAUTH, YUUTHIBASA JUIIL MOPAIOK. Bo3bMeM MpPOU3BOIL-

HyI0 TOUKY & € W u coeInHIM ee CO BCeMU OCTANbHBIMU. IIycTh Okasamrock m pas-
JIUYIHLIX PACCTOAHUN, 3HAYUT UMEEM OLEHKY

5> m, (5)

HO OHA TUIOXA, €CJIU M, «MaJoy. B 3TOU CUTyalnu MpOIOIKAM PACCY X IeHus. Bcero B

W umeercs q Touek, ¢ — 1 U3 HUX PACHOIATAIOTCA HA 1M OKPYXHOCTAX. SHAUUT, HA,
qg—1

OHOW M3 HUX DACIOJOKEHO He MeHee deM [+——| Todek. W3 mpeabigyImero yTeep-
m

K TCHUA HAXO UM
5> q/m. (6)
N3 (5) u (6) moxyuum
s> max{m,q/m} > ¢'/%.
[MoaHMMAACH IO PA3MEPHOCTH, MOBTOPAEM DACCY K ICHUA W HAXOIUM, ITO Ipu n = 4
s> ¢/t uron
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B eBKIMIOBBIX MPOCTPAHCTRAX HA PACCMATPUBAEMBIN BHIIIE BOMPOC CMOTPAT U C
npyrou croponsl. MuoxkecTro W n3 R Ha3zwIBaeTCA MHOXECTBOM C IBYMS PACCTOA-
HUSAMU, €CJIU BCEBO3MOXKHBIE PACCTOAHUA MEX Iy ToUukamMu W paBHBI TOABKO dy u da,
0 < d; < dp. KakoBo Hauboabiee xomudectBo Touek N = N(n) comzepxurcs B Ta-
kux MHOKecTBax? To4HbIe 3HAMEHUA U3BECTHEI [3, 4] Wb /18 MaIBIX PA3MEPHOCTEN.
Hopsanok pocta N(n) mpu n — oo m3secTes, 570 n’. HUkHAT OeHKa TeTaeTcs TaK:
B R*"! paccmorpum corokymrocTs n(n + 1)/2 Towex W = {12,0"~'} — ame mpo-
U3BOJBHBLIE KOODAWMHATHI PABHEL 1, & ocTaabHble N — 1 koopauHATH paBHEI 0. MoxHO
cunraTth, uto W C R”, Ttak kak kaxnmas Touka ¢ w3 W JeXdT HA TUIEPILIOCKO-
CTH T1 + ...+ Tp41 = 2. W ecTb MHOXECTBO C ABYMSI pacCTOSHUAMU di = V2 u
dy = 2. Bepxuss ogenka N(n) < (n+ 1)(n+ 2)/2 (A. Blokhuis) BeiBoguTcs TpynHee
(mogpoGuoctu B [4]).

3. MHOXXECTBA C OJHUM PACCTOSIHUEM

B »ToM pasgere MBI ocTaeMCsa B KOHEYHOMEPHOM OAHAXOBOM IPOCTPAHCTBE, HO
yKe He 00s3aTeThHO €BKINIOBOM. BymeM OIleHMBATH MOIIHOCTH MHOXKECTBA, V KO-
TOPOT'O BCE B3aUMHLIE PACCTOAHUA PABHLI OMHOMY U TOMY XKe uucay. Mcmonb3oBaTh
TEePMUHOIOTHIO0 (HYHKIMOHATLHOIO aHaau3a He xoderca. O6cyx nenue OyaeM BeCTH B
TEPMUHAX PA3HOCTHBLIX MHOXKeCTB. MHOXecTBO

M ={z=z—-y : zeM, ye M, x#y}, MCR"?,
HA3BIBAETCA PA3HOCTHBEIM. B R" paccMOTpUM BBHITYKIyIO, HEHTPATbHO-CUMMETPUAT-

HYI0 OTHOCUTEIBHO HyJA 061acTh D ¢ rpapumen [,

3ANAYA. [Tna samamson [ mantu B R” MmHOXeCcTBO M HamOOJbIIEH MOIIHOCTH
N = N(n), ynosaersopsiomee ycaosuto M* C T

Ecm T' = S™! — cdepa, To ouesuno, aro N(n) < n+1, n oneHxa 1ocTAraeTcs Ha
BEPIIMHAX TPABUILHOIO cuminiekca. Ecau T' — rpanuna ky6a, To N(n) < 2. Ouenka
TOYHAsdA, B KadecTBe M crexyer B3ATh 2" BepmuH Kyba. Ecin

F={zeR" : |z1|+...+|zn] =1}, (7)

TO 3aja4a PelleHa, JUlllb TP pasMepHocTAX n = 1,2, 3, 4, mpuydeM mOCIeTHUN CILIyIan

pasobpaH coBceM HenaBHO [5]. Paccmarpusas B kadecTse M 2n TOUeK ¢ KOODAWHA-
1 1

Tavu { + 3 0,...,0},...,{0,0,...,0, i§} nory4daem ouenky cuusy N (n) > 2n. Ona

cayxuT ocHoBaHueM aus runoressl N(n) = 2n, n € N,

IMocTanoBKA 3a4a4MK JOBOABHO OIM3KA K AHAJOCUYHEIM U3 TEOPUA KOLWPOBAHWA.
onpoGyeM NCIOIb30BATE U3BECTHBIE METOABI TAPMOHIIECKOIO AHAIN3A, CBA3AHHBIE
C TOMOXUTENLHON OTIPEIEIeHHOCThIO.

YTBEPXK/JIEHUE 6. IlycTs Tpuronomerpuieckas CyMMa,

f(CU) = Z >\s€2ﬂ—ism, ST =81T1 + ...+ Spxp
S

yIOBIETBOPAET yeaoBuaMm 1) As = 0, Ag > 0; 2) f(z) <0,z €T.
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Torga
Ny < 1O (8)

Tencreurensro, mycrs M = {z(®}N u M* C T, rorga mo yciosmio 2

N
I=73 f® -2y =NfO)+)_ fa® —20) <NF(0).

k=1 k#L
C gpyrou cTOpOHBI, IO yCaoBuio 1
N

I=Y"0 3 et Z 5

s k=1

2
2 A0-]\[27

§ : e2ﬂ'isz

zeEM

OTKyza BeITeKaeT (8).
j— n . j—
Hua T = {z € R" : maxigrgn [Tx| = 1} HyxkHaA TpUroHOMETpIIECKA CyMMa
CTPOUTCSA MIHOBEHHO
n n
_ 2 ML _ 5—n i
flz) = Hcos - = 2 H(l + cos ;).
Jj=1 Jj=1
Nmveem f(z) = 0, ¢ € T; B cunty GopMysa TPUNOHOMETpPUM BCE KOD(DMUIMEHTEL Ag
HEOTPULATEIbHEL, \g = 27 ". 3uauuT, u3 (8) Haxoaum Tpebyemyto onenky N (n) < 27.
[na pasauasex [ MOXKHO TOCTPOUTH COOTBETCTBYIOMIAE TPUTOHOMETPUIECKUE
CYMMBI, KOTOPBIE IPUBOAAT K XoporuM ouenkam N (n), Ho aaa ', onpegenennon (7),
HyXXKHAas TPAUTOHOMETPUIECKASA CYyMMa CTPOUTHLCA MOYEMY-TO HE XO9eT.
Paccmorpum eme ogua npumep. IlycTsb e1, €3, €3 — HOPMAIU K Pa3IAIHBIM CTO-
POHAM HPAaBWIBHOrO mecTuyroibuuka (cM. puc.) [Momoxum

1
f(x) =cosejx coseyx cosezr = Z(l + cos 2e;z + cos 2e2x + cos esx).

Ha pucyHKe 3aIITPIXOBAHO MHOXKECTBO
F={zeR: f(z) <0}

Bribpas B kadecTse ' mpoussoasHOe moaMuoxkecTBO 13 F'| u3 HepasencTsa (8) momy-
TaeM, UTO MOIIHOCTE 0600 MHOXKecTBa M Taxoro, uro M* C I', He mpeBoCXOAUT
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qeTwIpex. I3 5Toro nmpumepa BUIHO, ITO «MIAIKOCTH [ 1 BEIMyKIOCTE D 0COOEHHO
U «HE IIPU IEM».
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3aJau U OTMMIINA TbI

O I[IOBTOPAOIMNXCA 110 ACJI0BaAX

P. M. TpaBkuu

N3BecTHO, 9TO CymecTByeT 6€CKOHEYIHA MOCIEI0BATEILHOCTE OYKB TPeXOyKBEH-
HOrO anpaBUTa, B KOTOPOU HUKAKOE CIOBO HE MOBTOPAETCA MOAPAL (6eCKOHEeIHOEe
6eCKBaIpaTHOE CI0BO). II0CTpOEHNE TaKOU MOCJAEI0BATEILHOCTA — IOBOJBHO TPYI-
Hafd 3a/a9a; eCIN 3allCLIBATE OYKBEI CJIOBA KAK HOMAJI0, TO MOXKHO MPUUTHA K KOHEI-
HOMY CJIOBY, KOTOPO€ HeJIb3f IPOMOMKNTL, COXPAHAA CBOMCTBO OECKBAAPATHOCTH.

[ast 57-i1 MmockoBckon maTemarudeckon onmuMmuaisl (1993 r.) A. B. Cnusak npea-
JIOXKHIT CIACAYIOMYIO 3a,TaMdy.

3A1A4YA 1: Cywecmsyem au nocaedosameavnocmsb u3 32 6yk8 pycckozo aafda-
suma, He codeprcawas 08YT 00UNAKOBHIT KYCKOS, UOYWUT NOOPAD, MAKAA 4MO NPU
NPUNUCHIBAHUY CNPABa 40601 OyKkevl yKkazannoe ceoticmeo wapywaemca?

IMocTpouM Takyio MOCIEIOBATETLHOCTD HA TIPOU3BOILHLIM AIhaBUTOM U3 k CUM-

BouoB {A1,..., A} no uagykuuu. ITonoxum
21 =A1, 2z2=A142A, ..., =2z 14Ar2k 1,
Ecmu x cnoBy z, = zp_1Apz,_1 TpUMucaTh CUMBON Ap, TO MOIyIUTCA CIOBO

2p—1Agzp—1 A, comepxkaliee IBa OQUHAKOBBEIX KycKa, (mogcmoBa) moapsan. Ecau npu-
MUICATH 000U APYrou CUMBOT Ag, MBa OQMHAKOBLIX KYCKa B 2j HAUAYTCA B CUIY
[PENOJIOKEHNA UHAYKIUA (2}, 3aKAHIUBAETCA HA Zj_1). 3a4ada DEIIeHaA.

B cBasu ¢ 3amaden 1 ecrecTBeHHO BO3HEHKAET BOMPOC: Kako6a Munumaibno 603-
MmoKcHas dauna lp nocaedosameavnocmu, ydosaemsoparowet ycaosuwo zadauu?
(k — momnoCTb andasuTa.) N3 NpuBeqéHHOrO BBIIE PEIICHAA MOLYIAETCA OLMEHKA,
I, < 2% —1. Ha 2-M decTuBaIEe MATEMATHICCKAX GOEB «Ky6ok mamaru A. H. Koamo-
roposay A. fI. Kameib-BenoBeiM ObLIa MpENIOKeHa 3343494, B KOTOPOU MpeIIaraioch
HaUTU TOYHLIM OTBET HA DTOT BOIPOC.

B sTom craTbe MBI paccmarpuBaeM 6ojee OOHIYI0 MOCTAHOBKY 3a1a491, KOUIa 3a-
IIPEIeHo N-KPaTHOe IOBTOPeHNe cIoBa. Iloxyyuen Tounbii oreeT: nf — 1.

[Manmas paboTa NOKIAILIBATACH HA MEXTyHAPOTHON KOH(MEPEHINU ITKOJILHUKOB
FOHUOP-99, oprauusosannou kopropamuern INTEL (mayumein pyxoBoguTens —
A. f1. Kanens-Benos).

MaTemaTu4eckoe npocselyeHune, cep. 3, soin. 9, 2005(189-193)
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OBO3HAYEHUA U ONPEAEJEHUA

HanomuuMm onpexenenus u 0603HaAYEHUS, UCIIOAB3YEMEIE IPX PAOOTE CO CIOBAMU.

C1060 — 5TO KOHEUHAA MOCIENOBATEILHOCTD CUMBOJIOB (OYKB) U3 HEKOTOPOT'O AJl-
dasura. CroBa MbI Oy1eM 0003HAYATH CTPOYHBIMY JATHHCKUMY OYKBAMU, 8 CUMBOJIBI
andaBuTa — IPOMUCHBLIMA. [[TUHON |u| CIOBa U HA3BIBAETCA KOIMIECTBO GYKB B CJIO-
Be. YIOOHO TakXKe MCHOOMB30BATH U IIYCTOE CJIOBO HYJEBOU IIUHBLI, KOTOPOE BOOOIIE
HE COAepPXKUT OyKB.

Ci0BO v momyvaeTcs MPUINCHIBAHEEM ITOCIe CJIOBa u ci1oBa v. [logcmoBo — »To
MOATIOCAEOBATENLHOCTh CUMBOJIOB, UAYINUX TOAPAL. B OOpasHOM TEepMUHOJOTHUM
OMMMIIMATHBIX 330aY MOJCJAOBO HA3BIBAETCA KyckoM. Uepes w"™ Oygem 0603HAYATH
CIOBO, COCTOAIIEE W3 N pas3 MOBTOpeHHOro cioBa w (w® 0603HAMAET MyCTOE CI0BO).

IMycts w — memycToe caoBo. Torga HA30BEM CJIOBO BUIA WW KEGIPAMUUHBLM,
BuAa www — Kybumwdeckum, w” — n-cmenennbim. CI0BO, HE comepKallee MOLCIOB
BUIA WW, www, w", 6y1eM Ha3bIBATHL COOTBETCTBEHHO 0eCK6adpamubim, 0eckybnvim,
n-beccmenennvim. HazoBeM n-GeccTemeHHOE CIOBO N-KPUMUYECKUM, €CIA TIPUA IO0-
OaBIeHNM K HEMy CIpaBa Ji000u OyKBLI aipaBUTa yIIMHEHHOE CIOBO HE ABIAETCH
n-6eCcCTeneHHbIM, TO €CTh UMeeT Bui rw™.

MUHUMAJBHAA IJIAHA KPUTUYECKOI'O CJIOBA

OCHOBHOE YyTBEpXKICHUE TAHHOU PAOOTHl COCTOUT B TOYHOU HUKHEW OLEHKE [TV~
HBEI N-KPATHIECKOr'O CJIOBA.

TEOPEMA 1. MunumMaivbnas O04una N-KPUmMuuecko20 ci06a 6 aadasume u3 k
6yxe pasna nk — 1.

Brauaue JOKaXKeM, ITO 9Ta OLICEHKAa OJOCTUrAETCAd.

[IPEATOKEHNE 1. Jas a06biz namypasbubiz k v n cywecmsyem n-kpumuye-
ckoe ca060 6 aafasume uz k Oyxe.

[MOKA3ATEJLCTBO NMPOBOAUTCA UHIYKIIUEN TIO KOTUIECTBY OYKB andasuta. [Ipu
k = 1 yrBepxk aenue odeBuguo. [lycTs yTBepx)aenue BuimoauseTcs mias k = m. O6o-
3HaYUM 4Yepes u(n,m) COOTBETCTBYIOIIEE N-KPUTHIECKOe CI0BO. ToGaBuM K andasu-
Ty eme OaHy OykBY A, 11. Torga croso

u(n,m+ 1) = (u(n,m)Api1)"  u(n,m)

ABIAETCA N-0€CCTEIeHHBIM.

Hencreurensuo, nycrs u(n,m + 1) cogepxur cioso v = w". Torga B v HET
OyKBbL A, 11, HOCKOIbKY B u(n,m + 1) ectb Bcero n — 1 6yksa A,,11. 3Ha4uT, v
comepxkUTCA B u(n,m), ITO HEBO3MOKHO TIO MPEITIOJIOKEHNAID UHAYKIMA. B TO XKe
BpeMa npu nobasreHun K caoBy u(n,m + 1) kax GykBoI Ay, 11, Tak u J0000U IPYroOn
OyKBEI, MOIY9IaeM CJAOBO, 3aKAHIMBAIONIEECA HA, N-YIO CTEICHb. O

Ilo wHAyKUUU JErKO OPOBEPUTH, UTO LAMHA CJA0Ba u(n, k), MOCTPOEHHOO HpU
IOKA3aTeIbCTBE IpeIokenns 1, pasra n* — 1.

[okaseIBaTh HUKHIOI OLEHKY OymeM caenylommm obpaszom. HazoeeMm ci1oBO
X /N -nepacwupsembim, €CIN IPU IPUOABIEHNAN K HEMY CIpaBa GYKBEL X OHO puoGpe-
TaeT Bug zw” . 31ech N — HEKOTOPOE HATYPATLHOE THCI0, KOTOPOE Oy1eM HA3HIBATE
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undexcom X -nepacwupsemocmu). Ecin croso B andasure u3 k 6yxs (k > 1) aBms-
€TCA HEePACIIUPAEMBIM TI0 BCeM OyKBaM aadgaBATa COOTBETCTBEHHO ¢ mHAeKcamu Ny,
Na, ..., Ng, To HazoseMm ero (Ni, N, ..., Ni)-nepacuupaemoim. SICHO, 9TO n-Kpu-
TUYECKOE CIOBO OyJ€T HEePACIIUPAEMBIM IO KaXKI0U OyKBe aapaBUTa C MHIEKCOM 7
(xoTs 0b6paTHOE, BOOOLIE IOBOPS, HEBEPHO).

JIEMMA 1. ITycmb cao6o u asasemcea (Ny, ..., Ni)-nepacwupsemvin. Tozda
|u| > Ny-...- N — 1. (1)

W3 sTou seMMBI BEITEKAET HIKHAA OLEHKA B Teopeme 1. B camom gene, moGoe
N-KPUTIIECKOE CJIOBO ABIAECTCA (N, . . ., N)-HEPACIIUPAEMBEIM, & IPABasA IaCTb HOPMy-
aet (1) mpu Ny = -+ = Ny = n maer n* — 1.

OCHOBHAA KOHCTPYKIIUA

OmnpepnenuM Ha cI0Bax mpeobpasoBanue Fu n. 3gecs A — mpousBoabHAA OyKBa,
N > 2 — marypanbHoe 4ncao (gas KpaTkocTu BMecTo Fy n Oynem mucars F, eciu
nOHATHO, Kakue 3HadeHus A, N mmerorcs B Bugy). Hycre L > 1, X # A. Ilo on-
penerenmio momaraem Fa y(AF) = Amn{L-LN=2} ) V(ALX) = Amin{L-1LN=2} x|
F4 n(X) — mycroe cioBo. ITober onpegeants npeobpasosanue F4 n Ha IPOU3BOIL-
HOM CJIOBE U, Pa300beM CIOBO U HA A-GI0KU, KOTOPHIE CTPOATCA CACTYIOMMM OGPA3OM.
Kaxmoe cJI0BO OIHO3HAYHO MPENCTABAIETCI B BUIE

u = AT1X1AT2X2_”ATSXSA7‘5+1, (2)
PIe § — YUCAO OYKB B CIOBE U, OTMUIHBIX OT A, r; > 0mpui=1,...,s+1u X; # A
mpu 1 = 1,...,s (mpu s = 0 pasencrso (2) mpuaumaer Bug u = A™'). Ucnonbays
npencrasieHue (2), CI0BO U MOXKHO Pa30UTh HA MOICIOBA
A" Xy, ATX,, ..., AT X, ATt

KOTOpHIe HaskiBaOTCA A-6a0xamu (ecau u He KoH4UaeTcsa Ha A, To mogcaoBo ATs+!
mycTo u He cumtaerca A-6rokom). Hampumep, ctoso A2B2AC A% paszbupaetcsa Ha
A-6noxu A’B, B, AC, A%, a cioBo A2B2AC — na A-6noxu A’B, B, AC.
Ecau cioso u pasnoxeno wa A-610ku by, bs, . ..,bs, TO O onpeneIeHnIo
FA7N(U,) = FA7N(b1)FA7N(b2) .. -FA7N(bs)-
IIpeo6pazoBanne F4 n 00JaA€T CIEIYIOMINMI CBOACTBAMU:

(F1) ecau u xonuaercs Ha A un 6ykBa X # A, o F(uX) = F(u)X;
(F2) ecau u He xonuaercs Ha A, 10 F(uv) = F(u)F (v);

(F2') (cnexcteume cmoucrea F2) mycts ui,...,u, — OPOM3BOILHLIE CJIOBA, HIPUYEM
U, - - -, Up—1 He KoHgarorca Ha A. Torma F(uq ...up) = F(u1) ... F(uz);

(F3) F(u) sBasercs HadamoM caoBa F(uv);

—
ES|
g

=

F(v) sBnsercs koHuoM ciaoBa F(uv);

/\
S|
[S24

=

KaX bl A-OIOK YMEHBIIAETCA HA OTHY Win 6oJee OYKB;
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(F6) pesyabTaT npeobpaszoBanus Kaxmgoro A-6moka umeer aaumy < N — 1.

Hecnoxuas npoBepka 3TUX CBOUCTB MPEIOCTABIACTCA TUTATEIO.
[loxa3aTeabCTBO TeMMEL 1 MCHOIB3YeT CIeAYIOUIYIO JIEMMY

JIEMMA 2. ITyemb u — X /M -uepacwupsemoe ca060, xonuaouweecs wa A u
N > 2 — namypaavnoe. Tozda caoso Fa n(u) asasemca: a) X/M-uepacwupse-
moim, ecaw A # X; b) X/(M — 1)-nepacwupsemvin, ecau A =X uw M = N.

BruiBoa JIEMMBL 1 U3 JJEMMBI 2

Teopema 1 TOKA3BLIBAETCA MHIYKIVEH MO CymMMme mHIEKCOB Ny + --- + Nj. Bes
OT'PAHUYIEHUS OOIIHOCTH MOXKHO CIUTATE, UYTO U OKAHIUBACTCA HA OYKBY A, MMEIOIIy 0
uoMmep 1 B andaBure.

Cay4ait 1: Ny = 1.

Ilycts @4 — cmoBO, modyvarolneecsa U3 u oTOpachiBanumeM Bcex OykB A. Torma
1 SABJIAETCSA CAOBOM HAI aXhpaBUTOM, COCTOAIINM U3 BCeX OYKB MCXOTHOTO asdaBu-
Ta, kpome A. Ouesugmo, uro @ asagerca (Na,..., Nj)-HepacupseMbIM U UMeeT
CYMMY UHIEKCOB MEHbIIYI0, ueM %. CaeqoBaTeNbHO, I U CIPABEINBO TPEAIOI0KE-
uue uaaykuuu. [Hostomy |u| > 4| > No-...- Ny —1=N;-Ny-...- Ny — 1, 9aron
TpebOBAIOCH MOKA3ATh.

Ciydait 2: Ny > 1.

B cuny memumer 2 cioso F'(u) ssasercs (Ny — 1, Na, . .., Ni)-HepacmupseMsIM, 10~
DTOMY K HEMY MOXKHO IPUMEHUTDb OPEANOIOKeHne MHAyKuun. [lomyanM HepaBeHCTBO:
|[F(u)| = (N1 —1) No-...- Np — 1. (3)

IMycts X — mobas 6yksa andasura, oTaudHas 0T A. [IOCKOIBKY © KOHIAETCA HA
A, To

Fu)X = F(uX). (4)
Bouy (3) u (4
|[F(uX)| = [F(u)X] > (N1 —1)- Ny - ... N. (5)
Beuxay (F6) u (5) xomugecrBo A-Gmokos B cioBe F(uX) ue menee Na - ... - N,
nosromy ¢ yaeroMm (F5) momyvaem ouenky:
uX|>(Ny—1) No-...-Ny+No-...-: Ny =Ny No+...- Ny,
orkyga |u| = Ny - Ny-...- N — 1, 970 1 TpeGOBAIOCH JOKA3ATh.

[TOKA3ATEJILCTBO JEMMBI 2

HoxazarenscTBo a). Ilockonbky u sBasgercs X /M-HepacumpsieMBIM CJIOBOM, TO
HAWJETCA Takoe CIOBO T W Taxoe HemycToe cioso w, ato uX = zw™. Cormacro
ceoitcty (F4), cioso F(uX) korwaerca ma F(wM). Manee, cormacuo ceoictsy (F2'),
nockoabKy w kordaerca xa X, F(wM) = (F(w))™. Tlockombky w xorvaerca na AX
(3a mckmovenneM TpuBuanbHOro caydas M = 1), ro F(w) xouuaercs Ha X, u, cle-
goBaTenbHO, He mycTo. [Ipumenss ceouctso (F1), norywaem, uto F(u)X = F(uX).
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Taxum o6pazom, morydaem, uto F(u) X komwaerca wa (F(w))™ . Cregosarensno, mo-
cxonbKy F(w) me mycro, F(u) asaserca X /M -HepacumpsaeMbIM, ITO 1 TPEGOBATOCH
IOKA3aTh.

Hoxkazareasctso b). [lockonbky u sBaserca A/N-wepacumpsaeMbiM, TO uA = zw
I HEKOTOPOrO CJIOBA X M HEIyCTOTrO CIOBa w. Bosmoxuer msa ciaydas. Ecam u
konvaerca Ha ANT' 1o F(u) xomwaerca ma AN~2 u, cregomaTemsbHO, ABIAETCA
A/(N — 1)-HepacumpsaeMbIM.

B nporusHOM cayuae BuimoaHaerca pasencTso F(u)A = F(uA). Kpome Toro,
ATOT CIydan Bo3MOXKeH Jquinb npu N > 2. Ecau 661 w cocTosno us oguux 6yks A, To
coBo xw” xomuanocs 661 Ha AN . Ho 5T0 HEBO3MOMKHO, HOCKOIBKY MBI IPeIIOJOKIIH,
aro u He xomuaerca Ha AV, CregoBarensHo, B w ecTh GykBa, oTimdHas or A.
[MoaToMy w MOxKHO TpeacTapuTh B Buge zAF, rge k > 1, a 2z He konwaeTca Ha A.
Torga cioso uAd = x(zA*)N xomuaerca ma AF(zAF)N—1 = (AF2)N—1 A*. Cornacmo
ceoiictBy (F3), maiinercs memycTtoe oo ¢, Takoe, ato F(AFz) = F(AF)t.

Coruacuo (F2'),

F((A*)N1AR) = (F(A*2))V T P (AY) =
= (F(ANH)NTIF(AY) = F(AR) (R (AR)N

N

Mockombky uA xomwaerca ma (A¥)N-1A* 1o F(u)A = F(uA) xomuaerca Ha
F((A*2)N—1 AF) xoropoe, B cBOIO 0uepes, kordaeTcs Ha (LF(A*))N 1. Takum o6pa-
3oM, F(u) seaserca A/(N — 1)-HepacummpsembIM, UTO U TpeGOBAIOCH NOKA3ATh.

P. M. Tpaekus, crynear BKM HMY
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DyHKIIMOHATEHBIE KOPHI

Baag Bukoa Amocror AnocTosos

dyukunonanrbHoe ypaBHeHue f o f = g, rae g — cTporo yObIBaomias, He-
IpepBIBHAA (DYHKINA, HE UMEET HENPEPLIBHBIX PEIIeHN, ONPeNeIeHHBIX Ha BCEU
IHCIOBOU IPAMOU. B cTaThe mccrenyerca CHTyaunus, KOrga NOILYCKAeTCA KOHET-
HOE WM CIeTHOE IUCJIO PA3PBIBOB. B 4acTHOCTH, MOKA3aHO, UTO €CIN PA3PEIINTh
f ¥MMeThb UMb KOHEYHOE YMCIO PAa3PHIBOB, TO YPABHEHUE HEe UMEET PEIIeHUN Ha,
YHCIOBOH MIPAMOM.

1. BBEIEHUE
k pas

——N—

Bcem xopomro 3uakomo obosHadenme fF)(z) = fofo---of(z). Dyuxmma
f®) () masemaercs k-it mwrepammenn dymkmum f. Ipu srom f(—V(z) obosmazaer
obparayo dyuxmmo, a f(~F)(z) ects (F(-D)R) (). fdcmo, uro (f)M)(z) =
= fmn)(z). Ecrecrsenno ompegemnts f(/?)(z) xax ¢yHkmmo g, Takyio €TO
g(9(z)) = f(z) (amamormuano onpegerserca f(1/F) (z) u ganee (/9 (z)). Takyio pyuk-
WO MBI HA30BEM (PYHKUYUOHAADHBIM WAL UMEPAUUOHHBIM KoPpHeMm. DYHKIMOHATBHEIE
KODHU ABIAIOTCA BAXKHBLIM MHCTPYMEHTOM AHAIN3A TMHAMAYECKUX CUCTEM, TAK KAK
OHU [IeTAIOT BO3MOXHBIM €CTECTBEHHBIN [E€PEX0] OT NUCKPETHOO BPEMEHM K Helpe-
PHIBHOMY. [IeMCTBUTENBHO, MYyCTh MMEETCA MOCIeIOBATEILHOCTH MOMEHTOB BpeMe-
HE ...,—1,0,1,... u cocrosHue cucTeMbl MeHsaeTca M0 3akoHY w(t + 1) = g(w(t)).
Ecim MBI mepexoimM K HENPepLIBHOMY BPEMEHW, TO, HATIPUMED, MPeoGpa3OBaHue
w(t) = w(t + 1/2) pomxuo ompenenstbesa Takon pyuxuuen f, aro f(f(z)) = g(z).

MaTtemaruieckne npuioxkenus HyHKIMOHATLHEIX KOPHEM BKIIOYAIOT TAKKE U-
CJIEHHEBIE METOIET, AHAIN3 JAHHLIX B XAOTUIECKAX CUCTEMAX U MHOTOe Apyroe. Urepu-
POBAHME UTPAET BAXKHYIO POJIb U IIPY OMUCAHUY SBOTIOLNN CUCTEM B IPYTUX HAYIHBIX
06JaCTAX, KAK HAIIPUMED, B DKOJIOTUN, SIIUIEMIOIOT AN, ONTUMU3AIUA WHIYCTPUAT-
HBIX IIPOIIECCOB, TEOPUM ABTOMATOB U Teopuu TypOyaeHTHOCTH. Bosee moapo6uHo 06
»TuX Bompocax cM. [1-10].

Hac maTepecyeT Bonpoc o CymecTBOBaHNN PYyHKINOHATLHOTO KOPHA BTOPOU CTe-
neHy, T. €. 0 QYHKIUOHATLHOM YPABHEHUN

fof=y (1)

Jlerko BugeTh, 9TO €CaM g MOHOTOHHO yOBIBAaeT, TO ypaBHeHue (1) He uMeeT perueHun
B KJIACCE HEMPEPBIBHLIX (byHKIMEA. B camMoMm mere, MOHOTOHHO yOBIBAIOMIAA (DYHKIIUA
OPUHUMAET KaXKIO€ CBOE 3HAYUEHUE MO pasy, T.e. paBeHCTBO ¢(z) = g¢(y) Breder

MaTemaTu4eckoe npocsewyeHune, cep. 3, sbin. 9, 2005(194-202)
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paserctBo © = y. Ilockonbky us f(z) = f(y) cnienyer f(f(x)) = f(f(y)), 1o paBHO-
cubhO () = ¢(y), IPUXOAUM K BBIBOAY, YTO f MPUHUMAET KAXKIOE CBOE 3HAICHUE

POBHO OJWH pa3. BMecTe ¢ HENMPEPLIBHOCTHLIO f TO BICYET €€ MOHOTOHHOCTH, T.e€.
f 1mmbo MOHOTOHHO BO3pacTaeT, JubOO MOHOTOHHO yObIBaeT. B oboux ciydasx f o f
MOHOTOHHO BO3PACTAET, ITO IPOTUBOPEIUT BEIOOPY (.

C mpyrou CTOPOHEL, ecau pa3pernTh GyHKIun f OBITH PA3PLIBHOU, TO YPABHEHUE

(1) wacTro umeer pemenue, Hanpumep npu ¢(r) = —x. ITOT CAYIaU UHTEPECEH TEM,
YTO MHOXKECTBO (PYHKIWUHU f, yIOBJETBOPSIONIAX YPABHEHUIO
f(f(2)) = —=, (2)

— DTO B MOUKOCMU MHOXKECTBO (PYHKINU, MPAPUKN KOTOPHIX MEPEXOAAT B CeOI Ipu
moBopoTe Ha 90° OTHOCUTENBHO HAYAIA KOODAWHAT.

SATAYN

1. IposepbTe 5TO CBOKCTBO IPadUKOB pelIeHul ypasHerus (2).

2. HoctpouTe GyHKIMIO f CO CIETHHIM YUCIOM TOYEK Pa3PBIBA, YIOBIETBOPAIO-
Iy YPABHEHWIO (2) U ONPEIENEHHYIO HA BCEU IUCAOBOU MIPAMOU.

YKA3AHUE. Hoaoxum f(0) = 0, g = 0. Beibepem mocrenoBareasHOCTD T,

k=1,..., rakyio aro x > 0, xx — oo. [Ipegcrasum R \ {0} B Buge 06beauue-

HUs HENepeCeKaIUXCsa map NoayuHTepBaioB Dy = (zp_1, x| U [—2k, —Tg—1).

Tp—1 + Tk
2

¢ obmacteio ompenenenus Dy, HepecTaBgoOmIee TOLYUHTEPBAILL (Tg_1, Yk,

(ykaxk]v [_mka _yk)7 [_yka _mk—l)'

IIycTs 4y, = . llocTpoum KycovuHo-ITUHENHOE pelienne ypaBpHeHus (2)

3. Ilocrpoure peuenue ypasrenus (2) ¢ obaacteio onpegenenus (—1,1). A rak-
ke HaianTe yHKIMOHAIbHBIE KOpHH ao6on crenenn f(2¥) = —z co caerHBIM
YUCIOM TOYEK pasphiBa. IIposepbTe, uTo Beerga f(0) = 0, u, kpome TOro, 0TO-
6paxenue f OGMEKTUBHO.

2. DDPDPEKTBL UETHOCTHU

MuTepecubie 5OdEKTH BOZHUKAIOT, KOMIa PACCMATPUBAECTCA DPelleHne (hyHKIIO-
HaubHOTO ypasHenus f(f(z)) = g(x), rie g — HenpepbIBHAA MOHOTOHHO YOBIBAIOIIAS
dyHKUIUA, B KIacce Pynkyut ¢ Koneunvim (@ He CUEMHBIM) YUCAOM MOUEK PA3PBIBA.

Ha 53-u Mockorckon maremaTudeckon onummuaae A. fI. Berosbim 6nuta mpemio-
KeHa CAeIyIAsd 3a8a4a.

3ATAYA. Cywecmsyem au Gywkyus f ¢ KOHEUHDLM YUCAOM MOUEK PA3PLIEA, YIO-
gaemsopatowas ycaosuro f(f(x)) = —x, obaacmev onpedesenus xomopol ecmov a)
ompesox [—1,1]; 6) omxpeimbiii unmepeas (—1,1)7

OTBeTHl B IyHKTaX a) U 0) HEOXKUTAHHO OKA3HIBAIOTCA pasHEIMK. B myHKTE a)
OTBET «CYIECTBYET», B IIyHKTE 6) OTBET «HET»!
HanoMHuM, ITO 0p6umoti mouky o HABEIBAETC MHOXKECTBO

orb(zo) = {f™ (o) | n € N}.
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Ananoruano, opbumot muoxcecmea I IBAAETCS CEMENCTBO MHOXKECTB
orb(I) = { {f" (D)} | n € N}.

PEWEHUE TIYHKTA a). [ocrpoum ¢yukuumio f: [—-1,1] — [—1,1] ¢ xomeunbM
YUCJAOM TOYEK pasphiBa, Takyio, 4To f(f(z)) = —z. Momoxnm f(0) = 0, u mycrs
dyukuus f geurcreyer mo mpasuay 1/2 — —1 — —1/2 — 1+ 1/2. Ha ocrasmuxcs
OTKDBITHIX MHTepBaJax (PYHKOUSA NEUCTBYyeT KakK U300DaxkeHo Ha puc. 1,
T.e. f((_1/27 0)) = (_17 _1/2)7 f((07 1/2)) = (1/27 1)7 f((1/27 1)) = (_1/27 0)7
f((-1,-1/2)) = (0,1/2). CpaBuure ¢ puc. 2, rge n3obpaxkena opbura Touku r. O

1/2

—1/2

Puc. 1. I'pagux f Pwuc. 2. Opbura x

PEMEHUE TYHKTA 6). [Mokaxewm, uTo ne cywecmeyem dynwxyuu f: (—1,1) —
(—1,1) ¢ KOHEUHBIM YMCIOM TOUEK pasphiBa, Aust kotopou f(f(z)) = —x.

Ecnn takas gyrkumsa cymecrsyer, TO f OuexTuBHA, 8 ) — eqMHCTBEHHAA HEIO-
JBIKHAA TOUKA.

B camom gene, f(z) = f(y) = f(f(x)) = f(f(y) = -2 = —y = = = y;
z=—(=2) = f(f(=2)) = f(s), rae s = f(=2); f(z) =2 = f(x) = f(f(z)) = -2,
oTkyga x = —x, T.e. £ = 0.

IMokaxkeM, 9TO OpOMTA KAXKAOM TOYKM, KPOME HyJd, COAEPKAT 6 MOuKocmu 4
BJIEMEHTA.

B camom gmene, f(f(f(f(x)))) = —(—2) = z. Ecim © # 0, T0O, Kax MBI BULEIH,
f@) #x, f(f(@)) = —z # zmwecm x = f(f(f(2))), ro f(z) = f(f(f(f(2))) = =,
T.e. z = 0.

Paccmorpum muEOXecTBO A = {aj,as,...,a,} TOYeK paspuiBa GyHKIMU f 1 TO-
JIOXKAM

A" ={0}U U orb(a).
a€A
ITO MHOKECTBO 6N0AHE UHBAPUAHMHO OTHOCUTEIBLHO f, T. €.

fly) e A" <= ye A"
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Ilycts by, bo, ..., by — DIEMEHTHI MHOXKECTBA, A*, TIepeYnCIeHHbIe B TIOPAIKE BO3Pa-
cranus. [lockoabKy opOuTa MI0O00U TOYKEA U3 A*) KpoMe HyJsa, conepkuT 4 saeMeH-
Ta, TO
m=4k+1, keN (3)
Honoxum It = (—=1,b1), Ij1 = (b, 1), m gma 2 < j < m oyers I; = (bj—1,bj).
Ipumensas aemmy 2, npusegénnyo Huxke, K I = (—1,1) u M = A*, noryuaeM,
uTo f-op6uTa KaxkIoro mHTepBana I; coctont u3 4 saemenTos. [losTtomy m+1 = 4p
nast Hekoroporo p € N. Ho sTo nporusopedur ypasaeruio (3), T.e. CyLIECTBOBAHUIO
dyukuuu f ¢ KOHEYHBIM YUCJIOM TOYEK PA3PHIBA. O

31ech MBI HAOTIO aeM KoMOunamopublli acnexm 3agadn. Ml mokasanu, 9To [1am-
Ha OPOUTHI KAXKJIOU TOYKH, KPOME HEMOIBUKHOUN, PABHA 4 U TOTOMY KOJUYIECTBO UH-
TEPBAJIOB MTOMYIEHHOrO pas3buenus umeeT Bul 4k + 1. Ho okaswiBaercs, 9To u qinHa,
OpOUTHI KaxX OO0 MHTEPBAIA TOXE PaBHA 4, OTKYIa MOJyYIaeM TPOTUBOPEIHE.

3. OCHOBHASI TEOPEMA

EcrecTBenno BosHuKaeT Gonee OOmMMU BOIPOC: daka cMpo2o yobiéaow,as nenpe-
PoI8Has PYHKUUA §, ONpedesennas na 8cetl wuca08ot npamoti. Moxcem au cywecmso-
8amb PyrHKYUL [ ¢ KOHEUHBIM YUCAOM TOYEK Pa3puiea, makai umo fo f = g?

OTBeT Ha >TOT BOMPOC TaeT

OCHOBHASA TEOPEMA. Ilyemb g: R — R — cmpoeo monomonno ybvisarowasn
nenpepvienas fynryus. Tozda ne cywecmseyem wmepayuorno20 KOpHra 6mopot cme-
Neny U3 g ¢ KOHEUHbIM YUCAOM MOUEK PA3PHIBA.

Buaganre JOKaXKeM HECKOJbKO BCIIOMOT'aTE/IBbHBIX yTBep)I(,E[eHPII;’I.

JIEMMA 1. ITycmv wa mexomopom unmepsase 3adawbt Gynkuuu [ w g, npuuem
g HENpepuiena U 63aumno 00no3nauna. ycms f u g xommymupyiom, m.e. fog =
= go f. Toeda nenpepvisnocms dynrxuuu f 6 wexomopoli mouwke To PABHOCUALHA €€
nenpepvisnocmu 6 mouxe g(xo).

[MIOKA3ATEJLCTBO. 3aMeTuUM, 9TO 13 OUEKTUBHOCTYU U HEIPEPHIBHOCTU (DYHK-
UK ¢ CIeyeT GHeKTHBHOCTD 1 HempepuiBHOCTD dyrkmun g\, TlosTomy gocrarod-
HO JOKA3ATh TOJIBKO OHY MMILTAKAIMIO, & IOTOM 3aMeHnThb g Ha g~ 1),

Ilycre f mempepwiBHA B TOUke To. IlomoxuMm yo = g(rp) U paccMOTPUM IPOU3-
BOJBHYIO TIOCIEOBATEILHOCTE (Y, ), TAKYIO UTO Yy — Yo. Homoxum z, = ¢(=1) (y,,).
Torga x,, — o, nockoabky g~ — mempepsiBaas Qyukmusa. Tak Kak f HeIpepLIBHA
B TOYKE Ty, TO

flyn) = f(g(zn)) = g(f(2n)) = 9(f(20)) = f(g(20)),
9TO U TPEOOBATOCH. O
IIycts fo f =g. B oaTom ciydae f u g KOMMYTHUPYIOT, 1 MBI [TOIyIaeM

CaenCTBUE 1. IIpu ycaosuu (1) opbuma mouxu paspwisa dynkyuu f nod deii-
CMBUEM g COCTOUM U3 MOUEK Pa3pbiea. Fcau mnoxrcecmeo mouer paspoviea KoHewHo,
mo u opbuma 40601 U3 HUT KOHEUNA.
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o0
CAEACTBUE 2. ITyems I = () g™ (R), 2de g — cmpoeo ybvisarowan Gynryus,
k=0

) (z) = g(x). Ecau Pynryua [ umeem Komeunoe Muo*cecmeo mouex paspuisa, mo
sce onu npunadasexcam I.

MOKA3ATEJIbLCTBO. Jlwobas Touka Bue I umeeT 6Geckoneunyio opoury. Ocraercs
TIPUMEHUTH caeacTBue 1. |

3AanA4A 4. Ilycte g — cTporo yobBatomas HenpepbiBaaa Gyuakuus, g(R) — or-
kperThii ay4. Torga mus moboro s > 1 ypasraenme f(¥)(x) = g(x) He numeer pemrermit
B KJIacce PYyHKIUA ¢ KOHEIHBIM YUCIOM TOYEK Pa3pPHIBA.

YKABAHME. C noMOmpio CAACTBHA 2 MOXKHO MOKA3aTh, ITO [ HENPEPLIBHA U
youiBaeT Ha R\ ¢g(R). Ecin ¢ — rpaununa g(R), To f(c) # ¢, nnade 6su10 611 g(c) =
= ¢. Ilo menpepuBrOCTH f(C) € g(R), orxyza f(R\ ¢g(R)) C ¢g(R). B To xe Bpems
f(g(R)) = g(f(R)) C g(R), T.e. f(R) C g(R). Tak kax f B3aMMHO OJHO3HAYHA, TO
9(R) € g(R) — nporusopeuue.

OTmeruMm, 9TO OTCIOAA BEITeKaeT pemenue 3agadn K. Maabkosa, omyOinkoBaH-
mou B cOopHuke «(Maremaruieckoe mpocsernenuner, Ne3, 1999, c. 232, mog momepom
3.3; pemernne K. ManbkoBa omybaukoBano B «MaTemMaTuaeckoM mpocBerneHumy, Neb,

2001, c. 227-228.

JIEMMA 2. ITyems I C R — omxpoimuii unmepsaa, o f: I — I — buexmusnas
Pynryus. Paccmompum muoxcecmeo mouex M C I, | M| = m, enoane unsapuanm-
m+1
noe ommuocumeavno f. Iycmo {Ij}j:1 — paszobuenue I na omxpvimbie uwmepsavl
moukamu muoxcecmea M. Toeda:

(i) Ecau f nenpepvisna na xagcdom uwmepsane I;, mo f(I;) = I, daa nexomopoeo
1<k<m+1.

(i) Ecau, donoanumeavno % (i), fo f empoeo y6usaem, mo fM(I;) = I; das scex
1<j<m+1.

(iii) Ecau, donosnumesvrno x (i) u (ii), nexomopas mouka xo npunadaescum M u
f(f(z0)) = zo, mo opbuma xaxicdozo unmepsasa I; umeem 4 asemenma.

[JOKABATENBLCTBO. (i) 3amymepyeMm uHTEpBaJIbL Pa30UeHN CIeBA HATIPABO U PAC-
cmoTpuM HekoTophin mHTepBal [;. @ymkums f orobpaxaer I; ma f(I;) Hempe-
peiBHO U OumexrusHO, mostomy f(I;) = (¢,d) musa mexoropsix c¢,d € I. Ilockoabky
I; "M = @, a M BnomHe MHBApUAHTHO OTHOCUTEILHO f, TO (c,d) C Ij, muas Heko-
toporo 1 < k < m + 1. Ucmomsaysa f(— u paccyx1as aHATOMMYHO, MOTyYaeM, 9TO
fI;) = I.

(ii) Tax xak @ crporo y6eBaer, To f*) crporo Bospacraer. Mmeercs posno
j — 1 urrepBanos caesa or [;. IlpuMensas yreepxaenue (i) k | moxyuaaem, aTo
CYIIIECTBYET Po6#0 j — | MHTEPBAJIOB CJIEBA OT f(4)(lj). CaenoBaTensHo, f(4)(lj) =1

(ili) Ws (i) cmexyer, uTo opbuTa Kaxoro marepsata I; cocromt um3 1, 2 mmm
4 snementos. Ilpexnonoxum, uro f(f(I;)) = I;. Tak xak Qpyukmus f o f cTporo
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yOBRIBaET M HENpEPHIBHA HA [j, TO MO TeopeMe O TMPOMEXKYTOYHOM 3HAYEHUN CYIIec-
Byer & € I;, i koroporo f(f(x)) = z. Ho cTporo yOuIBatomas (GpyHKIMA MOXKET
MMETh JUIIb OJHY HENOIBUKHYI TOUKY. SHAUUT, T = xg € M, — mpoTruBopedne.
CaenoBarenbHo, OpOUTA KAXKIOIO UHTEPBAIA UMeeT IuHy 4. (I

JIEMMA 3. ITycmb g — cmpozo y6uisaou,an nenpepuiénas Gynkyi 1w 6binoaneno
ypasnenue f o f = g. Toeda gynwxyuu f v g umerom eduncmsennyio Henodeurcnyio
MoOUKY, NPUUEM 06ULYIO.

[JOKABATEJNBCTBO. O4¥eBUAHO, 9TO CTPOro yOLIBAONLIAL (DYHKIUA MOKET NUMETh
JIAIIb OJHY HENOJBUKHYO TOUKY. Ecau npu 5ToM (QyHKINS HENpepPHIBHA, TO IO TEO-
peMe O MPOMEXYTOYHOM 3HAYEHMM Takas TOuka o cymectByer. Torma f(zg) =
= f(g(z0)) = g(f(x0)), T.e. f(xo) TakxKe ABIACTCA HENOABUKHON TOUKOU (DYHKIIAU
g. 3uauur, f(xg) = zo. ObparHo, ectu f(z) = z, To g(z) = f(f(z)) = z, oTkyza
T = xg. O

JIEMMA 4. ITyems I C R — omxpuumuiii unmepsaa, a f,g: I — I maxossr, wmo
fof = g, npuuem g nenpepvina u OUEKMUBHA, G [ UMEEM KOMEUHOE UUCAO TO-
wex paspvisa. To2da kaxncdas uz amMus mouex AUO0 ABAAEMCA HENOISUNCHOT MOUKOT
dynryuu g, subo umeem f-opbumy uz 4 saemenmos.

MOKABATEJILCTBO. Ilycts A — MHOXecTBO TOuek paspwiBa yukiuu f. Io-
ckobKy ¢ u f koMMmyTupyior, To mo creacrsuio 1 gmemmer 1 g(A) C A. Tak kak A
KOHEYHO, a ¢yukuusa g uabexkTusHa, T0 g(A) = A. lycrs a € A u g(a) # a. Ilo-
CKOBKY g o g cTporo Bospactaer u g(g(A)) = A, 1o g(g(a)) = a, T.e. f*(a) = a.
Tak kax g(a) # a, To f(a) #a n f®(a) = f~Y(a) # a, T.e. a nveeT opGuty u3 4
TOYeK. |

[JOKA3ATEJLCTBO OCHOBHOW TEOPEMBIL. [lomycTuM, YTO CYIIECTBYET (DYHK-
musa f, obrajaiomas cBORCTBaME U3 ycaosua Teopemer. Owuesmgmo, ¢ tD(R) C
C g™ (R) maa Bcex n € N. IIOCKOIBKY ¢ HENPEPHIBHA W CTPOrO MOHOTOHHA, TO

g (R) — orkperreii uarepsan B R. omoxuum
1= ¢ (m).
k=0

[MockonbKy g HenpepbIBHA U CTPOro yOBIBaeT, TO ypaBHeHUE ¢(r) = & UMeeT POBHO
oaro pemesnne zo. Torma ¥ (xzy) = xo ama Beex k € N, orkyna o € I, T.e. I # @.

ITockonbky I — cyeTHOe mepecedeHrne OTKPBITHIX UHTEPBAIOB, TO I cBsa3HO. [Ipn
srom g(I) = I. Jlerko BugeThb, 9T0 I HE MOXKET OLITH MOJYUHTEPBAJIOM B CUIY MOHO-
rorHOCTH ¢. [Ipegnonoxum, uro I = [a,b] gna HexoTopwix a < b. Tak Kax g cTPOro
youiBaet, To g(a) = b, g(b) = a. Ho KOHIBI IPOMEXKYTKA He BAMAIT Ha HAIIU PACCY-
JK IEHVS, TAK ITO MOXKHO CUMTATL | OTKPBITHIM MHTEPBAJIOM.

IIycts MHOXKECTBO Aeyxy COCTOUT U3 BCEX TOYEK PA3pbIBA GYHKIUU f U TOUKA
zo. U3 caegcrBua 2 jgemmbl 1 BoiTekaeT, 9TO Aexy C I. Ilpumenus jgemmbr 3 u 4
x f,g: I — I, noxydaeMm, 9T0 MHOXKECTBO Aexy cocTouT u3 4p + 1 saemenToB 41
umexkotoporo p € N. CooTBercTByiomee pazbuenue naTepBaaa I JOMKHO COCTOATH U3
4p + 2 oTKpHITHIX UHTEpBAIOB. [Ipumenus k I memmy 2(iii) ¢ M = Aeyg, moTydaeMm,
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ITO OpOUTA KAXKJOT0 MHTEpBata [; COCTOUT U3 eTHIpeX DJIeMEHTOB U MOTOMY “HC/IO
WHTEPBAJTIOB JOJKHO TeTUTHCA Ha 4, TOraa Kak oHO uMmeeT Buf 4p+2. Takum o6pasow,
TIPENIOJOXKEHNE O CYIIECTBOBAHUM (DYHKIUU [ BEOET K MPOTUBOPEUUIO. |

4. TIONBITKA ITAJBHERIIEIO OBOBIIEHUS

EcrecTBenno monelTarhbes 0600MNUTL OCHOBHYIO TeopeMy. A 4To ecim QpyHKIuUA
g: R — R MoHOTOHHO yOBIBaeT, HO HE 00sA3aTENbHO HempepbiBHA? fICHO, 4TO ecan
g nMeeT GEeCKOHETHOE YUCIO TOYEK Pa3phiBa, TO (PYHKIMOHAILHLIM KOPEHb f, 1
xoToporo f o f = g, Toxe umeeT OECKOHEYHOE YUCIO TOYEK paspbiBa. [lodToMy
norpebyeM, YTOOBL PYHKUYUSL § UMEAQ KOREUHOE YUCAO MOUEK PA3PLIBA.

OxasbiBaeTcs, B 5TOM caydae ypasHenue (1) MOXET UMETh DEIIeHus, OpeneIeH-
HbIE Ha BCEU YUCJIOBOU TPAMON.

IIPENJIOXKEHUE 1. Cywecmsyem omxpumeiti uwmepsas I C R u dynxyuu
fo9: I = I ¢ Koneunbim wucAoM MOUEK PA3PbIBa, MAKUE 4Mo g Cmpo2o ybvisaem
u f(f(z)) = g(x) das ecex z € I.

[TOKABATEJIBCTBO. 3IeCh MBI HAYMHAEM HE C BLIOOPA (DYHKIUU § C IMOCAETYIO-
M [IOCTpoeHueM f, a ¢ mocTpoerusa camon gpyakimu f. [Jaa obaerdenus BLIMUCIe-
uun paccmorpum I = (—16,16), Bmecto (—1,1).

g +2 mpuaze (16, -8),
—g+10 npu z € (—8,0),
—g—l() npu z € (0,8),
llyere f:(-16,16) = R, f(z) = g —2 npuz € (8,16),

—2 mpmx = -8,

—10 mpu z =0,

2 nopmax =8.

Jlerko npoBeputs, 9To f uMeeT 3 TOUKHU pas3puBa U uTO ¢ := fo f cTporo yOeiBaeT
U TOXE UMeeT 3 TOYKU PaspbiBa. UTOOLI Jydille YBUAETH MOLYYUBIIYIOCA KAPTUHY,
cM. puc. 3 u puc. 4. a

3AMEYAHUE 1. OTmerum, uTo rpadux GyHkuuu f cumMmerpudeH (3a UCKIOUe-
HUEM OJHOU TOYKU) OTHOCUTEIBLHO IOBOPOTa miockocTu Ha 180° (cM. Takxe puc. 1).

BJIATOZIAPHOCTHT

Mzur xoTuMm nobaarogaputh Anekces Benosa u I'érua Ilpangepa, koTropere mo3ua-
KOMIIN HAC ¢ (PYHKIMOHATBHBLIM ypaBHeHumeM f o f = —id, a Ttakxke Amexcangpa
BydeToBa 3a nonesusie 3amedanusa u bopuca PpeHKrHA 3a PETAKIINOHHYIO MPABKY.
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Pwuc. 3. I'pagux f Puc. 4. I'pajuk g

M=er ocobenno Gaaromapust Amekcero BenoBy, KOTOPBIM MOMIEpKAT HAIIA TOMBITKA
0600InTE 5TO (PYHKIMOHATHFHOE YDABHEHNUE.
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KpaTuanmme myTy 1o moBepxXHOCTH
apaJsIeIenunena

M. H. Baapm

Msur paccMaTpuBaeM NpAMOYTOJbHBIE Tapauteaenunegsl. [auHsr pebep napadie-
Jgenumnena OyayT o603HAYATHCA ¢ > b > a.

[UHy KpaTIanIero my T Mo MTOBEPXHOCTH MapaIeIemuend, COeIUHAOIIEr0 IBe
TOYKH, OyeM HA3LIBATH PACCMOAHUCM MEXKIY TOTKAMMU.

B ocennem Type 25-ro Typuupa ['opomos 6wLta mpemioxkeHa 3agada (aBTOp —
C. B. Mapxeuos):

Bepno au, umo camoti ydasennoti om 8eputunbl napasieienuneda mowkot
ABAALMNCA YCHMPAALHO CUMMEMPUUHASL €l seputuna’

OTBeT 3aBUCUT OT 3HAYEHUU @, b, ¢ U HETPYIHO MPUBECTU MPUMEPHI, KOTIa OH
orpunarenes. Huxe MBI 1aeM OTBET HA >TOT BOMIPOC [IJIsA BCEX BO3MOXKHEBIX 3HAMCHUN
a,b,c.

OTMeTuM IBa OUYEBUAHBIX CBOUCTBA KPATIAUIINX TyTEU:

(a) ecau TOYKHK JEKAT HA OJHOU MPAHU MAPAIETENANEA, TO U KPATIAUNIIAN 1Ty Th
MeXIy HUMHU JEXKWUT B DTOU IPaHU (HOCKOIBLKY OH ABIAETCSA U KPATIANIINM
OyTeM B IPOCTPAHCTBE MEXKIY DTUMHU TOYKAMIU);

(6) xpaTYalUI IyTh He IPOXOAUT ABAXKILL YepPe3 ONHY U Ty ke paHb (yIacTOK
OyTH MEXIy ABYMSA 9aCTAMU OyTH [0 PPAHA MOXKHO 3aMEHUTH Ha OTPE30K BHY-
TPU FPAHU ¥ YMEHBIIUTh IJIUHY IIyTH).

T'eodezuueckum HA30BEM MyTh, KaXAasd AOCTATOYHO MAJIAA IaCTh KOTOPOrO —
KPATYANIINKA MIyTh MEXAy ee KoHmamu. QUeBuaHO, 9TO KPATIAUIIAN OYTh ABIACT-
ca reoge3wdeckuM. SICHO Takxke, ITO JIOO0U Te0Ae3UIECKUN MyTh MO MOBEPXHOCTU
MApAJLIETENNIE[A ABAACTCS JOMAHON.

leomeanveckuit My Th MOKET 3aKAHIUBATHCA B BEPIIMHE MTAPALICICTUNE A, HO BEP-
[IMHA TAPALICTENUEIa HE MOXKET OBITh BHYTPEHHEN TOYKOU TMe0qe3UIeCKOT0 My TH.
[ercTBUTENBHO, MIOOBIE IBE TPAHU MAPALTEIEIUNENA, KOTOPBIM TPUHA IIEKUT TaH-
Has BepmuHA, uMeoT obmee pedbpo. Ocranbaoe acHo u3 puc. 1.

Taxum 00pa3oM, TeOMEe3MIECKUN MyTh MOXKHO MPOIOIKATHL IO TEX IMOP, TOKA
(v ecnu) oH He MoOmALET B OQHY W3 BEPIIUH Tapajuierenunena. llpu mepexone de-
pe3 pebpo reoJe3MIecKul MyTh HYKHO MPONOTKATL TaK, YTOOL HA Pa3BEPTKE OH
6bu1 mpameiM (cMm. puc. 2). Kom6umamopubim munom Ceone3sUdecKoro MyTH Ha30-
BEM MOCIEI0BATEIBHOCTD Pebep mapallleenunesa, KOTOPEIE MEPECeKaeT STOT My Th.
leopesudeckunl my Th BOCCTAHABIMBAETCS OJHO3HATHO IO KOMOMHATOPHOMY TUILY, Ha-
YATBbHOU M KOHEIHOU TOYKaM (MOCAE PA3BEPTKU I'PAHEH, Y€PE3 KOTOPHIE IPOXOIUT
DTOT MyTh, B OAHY ILIOCKOCTh, OH CTAHOBATCA OTPE3KOM IIPAMOMN ).

MaTemaTu4eckoe npocselyeHue, cep. 3, sein. 9, 2005(203-206)
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Puc. 1. Puc. 2.

Paccmorpum rpann F nmapajuienrenunena 1 KpaTIalIie Iy TA 13 TOYKA X B TOYKU
rpauu F'. 13 cBoucrsa (6) caeayer, 4TO TaKuX Iy Tel KOHEIHOE ducio. PazBopauusas
KpaTJYalIie myTH B MIOCKOCTbL TpaHu F' B COOTBETCTBUU C UX KOMOWHATOPHBIMU
TUTIAMHU, TIOIYIUM MHOXKEeCTBO 06pa3oB Touku X: Xi,..., X,.

Hamomuum, uro duaepammoti Boponoeo muoxecTsa TOueK X1,..., X, Ha3LIBa-
erca pasbueHne IIOCKOCTH Ha obmactu 6am3octu: obaacts Bopororo V; cocront ua
TaKUX TOYEK &, LI KOTOPLIX TOuKa X; — Oamxammad. I'paHunsl obmracTen nua-
rpaMMbl BOPOHOTO KOHEYHOTO YUCIA TOYEK — MPAMOJUHENHBIE OTPE3KN WU JTyHd,
JIEXKAINE HA CEPEIUHHBIX MEePIeHINKY/IIPAX K HEKOTOPBIM IapaM 3THUX TOYEK.

B rouky Y, xoTopas fBIgeTCA BHyTpEeHHeN TOUKOHN obsacTu Bopororo V; nua-
rpamMmbl BopoHOT0 MHOXECTBA 06Pa30B TOUKK X , BEIET € IUHCTBEHHBIN KPATIANIITAN
oyTh u3 X (Ha pasBepTKe eMy COOTBETCTBYET OTPe30K X,;Y), a B TOUKHN C'DAHUIILL
quarpaMMbl BOpOHOrO, OTIMYHBIE OT BEPUINH MapaJLIeJIenunesa, BeIeT M0 KpanHen
Mepe IBa KpaTJallnX IyTH (B TOUKY Y, KOTOpas JexXuT Ha rpanuue obracren Vj,
Vi, BEOyT ABa KPATIAUIIAX MIYyTH, KOTOPBIM HA PA3BEPTKE COOTBETCTBYIOT OTPE3KU
X,Y, XiY).

HaszoBem ToUky Ha MOBEPXHOCTHU mapaJuienenunena dadbueti or X, eciu B Hee Be-
net 6omee oqHOrO KpaTyauniero mytu w3 X . Mbl mokasanu, 970 TOUYKM HA CPAHUIIAX
nuarpamMm BopoHOTo rpaHen mapaJuieaenunena ABIAITCA farsauMu oT X . O6paTHOe
OYEBUHO IO MOCTPOEHUIO. 3aMETUM, UTO caMas yaaneHHas oT X Touka 06ga3aTelb-
HO JIEKUT HA CPAHULE TuarpaMMbl BopoHoro m moroMmy Oyaer mauabHen oT X (g
TOuKM Y, JexKalen BHyTpu obaactu Vj, MOXKHO IPOJOLKUTE 0Tpe30oK X ;Y BHyTpu
obaacru Vj).

JIEMMA 135. ITyecmb dse 2epanu napaasesenuneda umerom obwee pebpo VW,
a mouka X aexcum wa 0dnoti uz amur 2pawneti, npuuem (XVW > 45°. Toeda

8 OKPECMHOCTIU BEPULUHBL V MHOHCECTNB0 JAABHUT MOUEK COCMOUM U3 UHMEPBALL
VY, npuvem ,XVY = 135°.

[MOKABATEJALCTBO. Cwm. puc. 3. B mamoun oxpectHocTu V reome3mdeckue my-
T epe3 pebpo VW KOHKYpUPYIOT TOJBKO C IYTAMU, TPOXOAAIIIMU I€PE3 TPETHIO
rpaHb, cogepxkanrywo V. Ecin pasBepHyTh 5Ty TPEThIO IpaHb BBEPX OT MPABOU pa-
HU, TO CJeBa OT Hee OyaeT rpaHb, cogepxkamasn Bepumuy X . [eogeswyueckunt myTh,
UAYIIIA 9epe3 TPU TPAHU, TPU TAKOU Pa3BEPTKe M300PAKAETCA OTPE3KOM, HAYHU-
HAIOMMMCA B TOYKe X', KOTOpad moaydaeTcsa us X mosoporom Ha 90°. Touxa V
JIEXXUT HA CEPeIUHHOM MEPIeHINKyIape K oTpesky X X', Ttax uro ecam VY nexut
Ha CepeIMHHOM TepHneHaunKyaape, To , X VY = 135°. |
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Puc. 3. Puc. 4.

O603HaYUM BEpIIMHEL U [IUHE pefep Kak MOKa3aHo Ha puc. 4 (HATIOMHUM, 9TO
¢ > b > a). Ha aToM xe pucyHke n300paxkeH0 MHOXKECTBO TOYEK, NATBHUX OT BEpP-
mHeL A.

Bce Bepmmmasr, kpome C') mexat B ogrou rpaau ¢ eprmmHOu A. ITosToMy Hampa-
BJEHUA OTPE3KOB MATLHUX TOYEK, BLIXOIAMIUX W3 3TUX BEPIIMH, ONPEIEIAIOTCA IO
aemme 135. Ilo stum mHanpasiaeHusm HaxoxwMm Touku F, K; HanpaBieHus oTPe3KOB
EF (KH) onpegensiorcsa w3 ycaoBus pasencTsa mimH myten tunos (BB’ B'C') n
(A'D") (coorserctrenno, (DD') u (BC),(CC")). Orpesox HC' Takxke COCTOUT U3
IaIBHUX TOYEK, TaK KaK B €r0 TOYKM BenyT KpaTdauiue nytu tunos (DD') u (BB').

KOppeKkTHOCTE MOCTPOEHHON IUATPAMMBI MOYKHO TIPOBEPUTE, PACCMOTPEB MO O9e-
pemu Bce 00JACTH, Ha KOTOPBIE OHA pa3bUBaeT I'paHd mapasienenunena. Hampumep,
B Touku obnactu BB'C'H Beayr xparuanmmue nytu tuna (BB'). JeucrBureasHo,
myTH, Ipoxoasamuye depe3 pebpo BC, maunHee, Tak Kak AauHBL yTed Tunos (BB')
u BC pasuer a orpeske BH. Illytu tuna (DD', CC"), npoxogsamue 1epe3 0TPE30K
HC', navanee, Tak kax nauasl nyten Tunos (DD') u (BB') pasubt Ha orpeske C'H.
[yTu, mpuxogAmue Ha PACCMAaTPUBAEMYIO T'paHb depes pebpo B'C’, miuumee, Tax
KaK UX OTIe1eT OT >Tou rpanu Jomanas B' EFC’ (Ha 3BeHbAX 3>TOU JOMAHOU DABHBIL
pauael myten tuna (BB, B'C') u nyren, koropse nonajgaior Ha rpaus A'B'C'D'
“Yepe3 TPU OCTABILUECH CTOPOHLL DTOU IDAHM).

AHaTOrnIHO TPOBEPAETCA KOPPEKTHOCTE BCEX OCTAMBLHLIX OOIACTEM.

Teneps HAMIEM CAMYIO yAAIeHHYIO TOUKy OT BepmmHEl A. Ha BCex oTpeskax MHO-
JKECTBA JAJbHUX TOYEK, 3a CKaodenneM somanon FF (') manpasienue BO3pacTanms
PACCTOSHEA OTIPEIEIASTCA U3 PUCYHKA U H300PAKEHO HA HEM CTpeakamu. PasBepHyB
KpaTJyauIme myTH, BeIyIre K TOYKaM 0Tpe3ka K F' | Kak MOKa3aHo Ha PUC. 5, BUIUM,
YTO HATIPABICHUE BO3PACTAHUA paccToauusa — oT F k F. tak, Haubosee y1aJIeHHON
Toukou or BepmmHbl A 6yget au6o C', mu6o F (paccToaHue OT TOYKA N0 TIPAMOU —
BBy KJIas (DYHKIU).

PassepTka myren, pegymmx k otpesky C'F, mokaswiBaer, uto ,FC'D' = 45°.
OcTanoCh BLIMOJHATEL HECIOKHEE BLIMACICHUA. BBeneM cucTeMy KOOPIWHAT C HAYA-
aom B C' (puc. 5), ocb abcuucce KoTopon Hampasiena no aydy C' D', a ocs opaunar —
no ayay C'B'. Touku orpeska C'F umeror xoopausaTs (t,t), Touka F cooTBeTCTBY-
et 3Hadenuo t(F) = a(c—b)/(2¢) (mpoBepky 5TOro (hakTa OCTAB/IIEM IUTATENIO IS
CaMOCTOSTEIBHOTO YIPAKHEHNS).
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A(=c,a+b) =4 Al
/I T Ala+e¢,b) = Ay
B B’ /’ A’
¥
23 D’
C c’
c A(a‘ + b, _C) = A3
Pwuc. 5.

PasHocTh KBAIPATOB PACCTOAHUN PABHA,
|41 F|? — |A, O = 2t + 2(c — a — b)t.
Mostomy Bepumua C' (HeHTpaIbHO cuMMeTpUIHAA BepuvHe A) GygeT caMou yaa-

JIEHHOW OT BEPIUHEI A MPU BBEIMOJHEHUN YCIOBUA
alc—>b
c<a+b-— alc—b) .
2c
3aMeTuM TakXke, 9TO €ClIu ¢ > a + b, TO caMOU yIaNIeHHOU TOYKOU OT BEPIITUHEI
A saBenomo 6yger Touka F. (B aTom caydae paccTOSHME MOHOTOHHO PACTET IPU
nekernu ot C' x F.) lpu ycrosun

a(lc—b
0<c—a—-b< alc—b)

C

(dbysKIMA paccTosHUA OT A MMeeT OBa JOKATLHEIX MakcuMyMa: B Toukax F u C' n

cenmoByIo TOUKy Ha orpeske C'F.
B sakimiouenne — HeCKOILKO 3a1ad.
1. (C. B. MapxkenoB) Moxer i1 KpaTdaumuil Iy Th MEXKAY IBYMS BEPUIMHAMY HA

[IOBEPXHOCTY APAJLIETEINIeAa IPOXOAUTE 0 4 rpanaM? Mo 5 rpadaM? MO BCEM I'pa-
wam? (Kpardanmun myTs u3 BepmuHel A npoxoquT He Gomee, 9eM 10 TPeM TDAHAM. )

2. (A. lens) Kakoe MakcuMaabHOE KOIMYECTBO PABIAIHLIX KPATIAUIINX MIyTEH
MOXET BECTU U3 TOUKU HA CPAHU MAPALIENENUnena B TOUYKY HA MPOTHUBOIOIOKHON

rpann?
3. Yemy paBeH AuamMeTp MPAMOYTOILHOIO MAPALIENEIUNETA B 3ABUCUMOCTHA OT

nauH pebep a, b, ¢?

Asrop 6aarogapur A. A. 3acrasckoro 3a uennsie oocyxaenusa u C. A. [lopudenxo

3a IIOMOIIIb B IMOAT'OTOBKE rI[&HHOIt/’I 3aMETKMN.



207

Problems.Ru n mpobaemsr kraccudgpukalimm

I1. B. Ceprees . B. Amenko*

1. BBEIEHUE

B sTon crarbe Mbl xoTeau ObI pacckaszaTh untareraMm «Maremarudeckoro IIpo-
CBEIeHMA» O HaIleM MHTepHeT-mpoekTe Problems.Ru'); o Tex TpyasocTax, ¢ koTo-
PBIMU TIPUXOIUTCSA CTAJKABATHCA MPU PEATU3ANUN CTOJb MACIITAOHOrO TIAHA, U O
TeX CKPOMHBIX yCIIEXaX, KOTOPHIX HAM BCE Ke yIalI0Ch NOCTUYL. MBI HameeMcs, ITo
HAIIM KOJLUIETM, B CBOIO OYEpEelb, MONEJATCA C HAMU CBOUMU 3HAHUAMU U LEHHBIMA
pexkomer gamuamMu. [ToCKOIbKY [0 CUX MOP, MO KPAWHEH MEPEe B PYCCKOA3BIYHOM CEK-
TOpE BCEMUPHOU Ay TUHBL, HE CYLIIECTBOBAJIO CANTA, COAEPKAIIETO TAKOE KOMUIECTBO
06paboTaHHEIX 33/1ad, BCe YUYACTHUKHU HAIIEr0 MIPOEKTAa OIIYIIAI0T HEKOTOPYIO He-
XBATKY ONBITA U C PALOCTHIO MPUCIYIIAIOTCA K BAIIIIM COBETAM.

OmHrM 73 TVIABHBIX BOMPOCOB, BCTABIIMX mpu co3mauuu Problems.Ru, 6uur BO-
MPOC, KAK XPAHUTh U MOKA3BIBATH MOIL30BATEN0 TAKOE KOIMYECTBO 33434, ITOOBI
MOXHO OBLIO HAUTH TO, YTO HYXKHO, U HE 3a0JyIUTHCA B OPPOMHOM KOJIUYECTBE Ia-
pameTpos. O TOM, Kak 5Ta mpobaeMa OBLIA PEIIeHa HA HAIIEM CAUuTe, MBI PACCKAKEM
HIUKE.

2. HEMHOT'O UCTOPUA

IMepBbiM HamMGOMIEE 3HAYMMBIM MPOEKTOM CO3JAHUA DIEKTPOHHOU 0a3bl 3agad
ObLIa cucTeMa «3ajadmy, pazpaboTanHas 60JabIIM KoweKTusoM aBTopos (M. A. By-
sunuep, P. K. Topauu, A. fI. Kaneas, C. . Tpudouos, U. ®. llapeiruw. . . ). B nacro-
AIllee BpeMs 3Ta, CUCTEeMa MHTerpupoBaHa B cocTas Problems.Ru. O1o 6511 coBMeCT-
HBII 1poekT MOCKOBCKOU mKouasl Ne57 u JTHHTM (pumuan Mockosckoro T'opogckoro
Oeopua derckoro u FOuomeckoro Teopuecrsa). Cucrema «3ajga<dmy pacmpocrpa-
HSIACh HA AUCKETAX, C KOTOPHIX IOTOM YCTAaHABAMBAJIACHL HA KOMIbOTED. B maman-
menmem cuctema passusaiack B MITHMO u Gwita mepeHeceHa Ha WHTEPHET-CAUT
«3a1a9u O TeOMEeTPUM», ABIAIOIMINNACA YacThbio BeO-yaaa Mockosckoro IlenTpa He-
npepeiBaOoro Marematudeckoro Ob6pasosanus (MITHMO). JlokanbHas, HECKOIBLKO
VIOPOIIEHHAs s yIoOCTBAa IOJBL30BAHUs, Bepcus ObLIA MOCTABJIEHA BO BCE IIKO-
apl 7. Mockeel npu comencteuu lemapramenrta obpasosamua r. Mocksol. B Ha-
CTOSIINEE BPEMs UMEETCS DSl WHTEPHET-NMPOEKTOB, CONEPKAIINX 33AaYU MO MaTe-
MaTuKe W He TOIbKO. Kpome yxke ymomsmyToro camra MHIIMO, ma xoTOpom

*Tloxnepxano rpanrom HIIM-2251.2003.1
1)HpoeKT ocymecTBiseTcs mnpu nomnepxke [lemapramenTa obpasoBamus r. Mockser u AHO
«Hayuno-meroandecknu nentp ,IlIkosa HOBOro mokoJaeHUs*y.

MaTemaTu4eckoe npocselyeHue, cep. 3, sein. 9, 2005(207-214)
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pPa3MeIIeHa caMas KPYMHAS KOLIEKIIU 33039 OJIUMIINAL U KPYKKOB, BAXKHOE MECTO
3QHUMAET MUTEPCKUN MPOeKT «MaTeMaTuIeckne OMUMIUAIE U OMUMITAAIHEE 33,14~
am» (http://zaba.ru). Muoro 3agad Tak:xe co6pano Ha cainte Kuposckoro IlenTpa mo
pabore ¢ ogapenubiMu gerbMu (http://www.kirov.ru/ sms/). K coxamnenmo, dege-
pPAJbHBIE TOPTAJLI IO €CTECTBEHHOHAYYHOMY OOPA30BAHUIO, CO31ABAEMBIE B DAMKAX
denepatbHBIX TPOrPAMM, YCTYIAIOT BCEM YIOMSIHYTHIM DECYPCAM [0 HAMOJIHEHWUIO 1
ITOCEIIAeMOCTH B COTHU Da3.

W3 51eKTPOHHBIX NPOEKTOB, COAEPIKAIIAX 33Ma4M, HE BBIXOIAIINE 33 PAMKU
IIKOJBHOW TPOrPAMMBI, HAMOOIEE KPYIMHBIM U 3aKOHYEHHBIM MPENCTABIACTCA TTPO-
ekt «Bce 3a0avmM MKOIBLHOU MaTEMATUKWy, PEATM3OBAHHLIA COBMECTHO W3IATETh-
crBoMm «IIpocsemmenues, uzgarensscreoM «MurepakTuBuas guuausay u Uucturyrom Ho-
BBIX TEXHOJOTHU. DTa padboTa 6bita orMena npusoMm «Kuura roga 2003».

3. O HAIIEM NPOEKTE

Yro mpencrasaser cobou npoekT Problems.Ru? IMoayunts mpeactaBieHue 06
5TOM MPOLIE BCEro, 3alisa Ha cauT http://www.problems.ru .

B macrosmee Bpems 3gechk ony6aukosano okoao 10000 (mecsaTu Thicaw) 3a1ad mo
MaTeMaTHUKe, pa3bUTHIX MO0 TEeMaM U PACKIACCUDUIIPOBAHHBIX TI0 CAOXKHOCTH. Bosib-
mas 9acTh 3a/1ad IPUBOAUTCSA C PElleHuAMHA (WK, IO KPAUHEN Mepe, C OTBETAMHU).
3amaun PaCCINTAHBI HA IKOJBHUKOB CPEIHUX U CTAPIIAX KIACCOB. KOHEYHO, DTO HE
CTaHIAPTHBIE TIPUMEPHI «M3 YICOHUKAY, & 3a0a9d, TeM WM UHBIM OOPa3OM JOTMOJ-
HAOIINE MKOMbHYI0 nmporpaMMy. Ha canTe oueHb MHOTO KaK «OJIUMITUAIHLIXY, TAK 1
UCCAEOBATENLCKAX 33429, OTHOCAIIUXCSA K CAMBIM PA3HBIM PA3qeIaM MATeMATHKU.

Bce 3agadu B3ATBEL Mu60 U3 OTKPBITHIX UCTOYHUKOB, JUOO C Pa3peIleHus U3jia-
TEILCTB U ABTOPOB MEYATHLIX M3gaHuu. B oTaenmbHOM OKHe mHpOpMAIMM O 3aJa4e
MOXHO YBUAETD (IIPOUCXOXK IEHUE» KAXKIOU 330a41 U NOMOJHUTEIbHYO UH(OPMALIUAIO
o men. Bee mybaukyembie MaTepUAIBL (U YCIOBUA, U PEIICHNA) BEIBEPAKTCA HAIIAMY
pPemaKTopaMu, KOTOPhIE MPOCTABIAIT CJIOXKHOCTbL U TEMY B KaXKIOM KOHKPETHOM
caydae. Ha caure Takke pacrnonokeH HEOOMBIION CIOBAPUK, B KOTOPOM MPUBOIAT-
ca onpefeneHus u GOPMYIUPOBKU HEKOTOPBIX TEOPEM, HEOOXOMAUMBIX /IS PEIIeHUs
3aga4d. CroBapb MOMOIHAETCSA B COOTBETCTBUU C MOXKEIAHUAMY MTOCETUTENEN — MOXK-
HO 3aJaTh BOMPOC HA CAUTE, M B TEICHNE HECKOJLKO THEW UCKOMas (GOPMYIUPOBKA
nosiBuTca Ha Problems.Ru.

Paspaboran crenuanbHbI BHTEPGENC LIS COCTABICHUA 3aHATUA KPYKKOB, TTPO-
BeIEHUs OJUMIUAI U T. 1. [IpOCMOTPEB HyKHBIE Pa3IeJbl, TOCETUTENb OTMEYIAET MO~
XOJAIINE 331891, BBOAUT CBOU 3arOJOBKU (HAampumep, «3adatue 7. [IpuHnun kpan-
HEro»), 1aTy U T.I. U B (BEPCUU A [EYATH» IOLYIaeT POTOBOE 33 IaHUE.

4. 3AYEM (M KOMY) BCE 3TO HYXKHO?

IIpoexT cTraBuT mepen coO60U CAETYIOUINE eJIH:

1) Jamb 603M0HCHOCTIL 6CEM HCEAGOULUM NOZHAKOMUMbBCA C UHIMEPECHBIMU 3a-
dauamu no MaAMEMAMUKE.

Ha mamem caiiTe COOpaHBI KAK XEMUIYKUHBEI MATEMATUKA (TO, 9TO TOCTYITHO HA,
IMTKOJIBHOM ypOBHe), TaK 1 IIPOCTO MHOI'O OYE€Hb MHTEPECHBIX 3ada' N3 CAMBIX PA3HBIX
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obaacTen mMareMaTuku. MOXHO pelnaTh 3a1a494, TPOJUCTHIBAA PA3AEILI TI0 TEMaM,
WU TPOCMATPUBAA 38,0841 U3 KAKOT'O-TO OJHOT'0 UCTOIHUKA (6yIb TO KHUATA IO TLIa-
HUMETpUY WK 330391 «MaTeMaTuIeckoro mpasqHukay ).

Kouneuno, 3amad B 6a3e BeIUKOE MHOXKECTBO, [TIODTOMY MBI OTOMPAEM CAMBIE, HA,
HAIIl B3MVIA, KPACUBBIE WIN MOYYUTENbHBIE U MyOJUKYeM UX B pa3fese «3a1ada THs»
HA TUTYJILHOU CTpaHulle (Kax I JeHb 3a0a9a TaM MEHAETCA Ha Apyryw). Mol cra-
paeMcs, 9TOOBI B 9TOM pa3aene ObLIa MpeICTaBICHa, BCA (KIACCUKA XKaHpay. [[puBegem
IpUMEphl HEKOTOPBIX U3 TaKUX 33039 (Pa3IUIHOU CAOKHOCTH):

3ATAYA 63856. [IBa memexoia BLILLIA Ha paccBeTe. KaX Qb e ¢ moCTOAHHON
ckopocThio. Oqun men u3 A B B, gpyron — u3 B 8 A. OHu BcTpeTnInch B MOTIECHD
U, He MIPEKPAIasa IBUXKEHUs, TpUILTn: OauH B B B 4 yaca Bedepa, a apyron — B A B
9 gacoB Beuepa. B xoTopom wacy B TOT meHb ObLT paccBeT?

3ATAYA 77906. U3 aByX TPEyrOAbHLIX MUPAMUL C OOIIAM OCHOBAHUEM OJHA Jie-
JKUT BHYTpHU Apyrou. MoxkeT au OBITh CyMMa pedep BHYTPEHHEU MUPAMUILI GOIBIIE
CYyMMEI peGep BHeITHen?

3ATAYA 35241. Ha xoopIuHATHOU IIOCKOCTU HAPUCOBAIN Mapabory — rpaduk
by y = 2, a 3aTeM CTepIM OCH KOOpAMHAT. Kak ¢ HOMOIIBIO IUDPKYJIA I

JUHENKN BOCCTAHOBUTH OCh CUMMETPUM TMApabOIbI?

3ANTAYA 78148. Ha mmockOCTH TAHBI Y€THIPE MPAMBIE, U3 KOTOPLIX HUKAKUE IBE
HE MapaIeNbHBL, U HUKAKWE TPU HE TEePEeCceKaloTcsa B ogHoun Touke. [lo kax goun mps-
MOH C IIOCTOSHHOU CKOPOCTBLIO MAeT Iemexosn. M3pecTHo, 4To 1- BCTpeYaeTcsa co
2-M, ¢ 3-M u ¢ 4-M, a 2-u BCTpedaeTcsa ¢ 3-M u ¢ 4-m. [JokazaTb, 9TO 3-U MEImexo
BCTPETUTCA C 4-M.

3ATAYA 35799. Buyrpu kpyruoro 6amnaa pagumyca 10 3amekam MOHETY paju-
yca 1. KakuMm HamMeHBOIUM YUCIOM TPAMOJIMHENHBIX PA3Pe30B MOXKHO HABEPHAKA
3a1eTh MOHETY?

S3ANAYA 56846. Memuannt Tpeyronsauka ABC paspesaoT ero Ha 6 Tpeyroin-
HUKOB. [[0Kax)uUTe, 9TO LEHTPHI OMUCAHHBIX OKPYKHOCTEUN DTUX TPEYTOJbLHUKOB Je-
JKaT HA OMHOU OKPYKHOCTH.

(Tlocnenusas Teopema, kak Ham coobmma Bukrop Bacuwinesuu Ipacosos, Gwuia
oTkpuiTa coBceM HegasHo — B 2002 roay. Ee asrop rowrangen Floor van Lamoen.)

2) ITomoub yuumenam u npenodasametsm MAMeEMGMUKY 8 NPosedenul HaKymb-
MaMuB08 U KPYHCKOS N0 MAMEMAMUKE.

Nurepdenc canta (B pekuMe (IOKA3BIBATE C PEIICHAAMMY ) MAKCUMAIBHO TPUCIIO-
COOJIEH [/ TPUT'OTOBICHUA 38 JAHUY I 3AHATAN KPYKKA UIN JOMAIITHUX 33 TaHUN.
MoxHO GBICTPO TMTPOCMOTPETH MHOTO 33434 MO JAHHOU Teme (TeMaM) U, OTMETUB
MIOHPABUBIIEECA 3AJA4U, PACIEIATATH MOTOBOE 3aganue. O IHOBPEMEHHO MOXKHO Ha-
[eYaTaTh U JUCTOK, DA T€ XKe 33Ja4IU IPUBOAATCS C PELIEHIAMA U OTBeTaMu (B HO-
MOILb [IPEONABATENIO). Y JOOHO NOIb30BATHCA CAUTOM U /I MOKCKA HECTAH AP THHIX
TOTIOMHUTEILHBIX 33024 M0 OOBIYHBIM IIKOJILHBEIM TeMaM — I HAUOOJEe CUILHBIX
YIEHUKOB.
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3) Jamb 603MOHCHOCTID WKOADKUKAM, 0COOEHHO HCUBYUWUM 6 0MOGAEHHBIT PE2U0-
HAT, UBYUUMD CaMble PA3Hble Pa3deabl MAMEMAMUKY.

HacTo MKONBbHUK, JKUBYIIAN TAJEKO OT OOJACTHOIO IEHTPA (BIPOYeM, U B 06IaCT-
HBIX LEHTPAX IIOJOXKEHVE He JIy4lle) U UHTEPECYOIUICI MATEeMATUKOU, HE MOXKET
Pa3BUBATHLCA JAJBIIE IIOTOMY, ITO HET HU KPYXKKOB, HI MHTEPECHBIX COOPHUKOB 3a-
ga4. C nomomsio Problems.Ru Takon MKOILHUK CMOXKET ITO3HAKOMUTBCA C PA3HBIMU
00JACTAMI MATEMATUKY, 3AHATHCSA PEIIIEHNEM 33,139 U3 UHTEPECYIOIIEro ero pa3aena,
MTO3HAKOMUTHCS C 330a9aMU OJUMITUAT PA3HOT'O YPOBHI.

Koneuno, camoe riiaBHOE pu M3y 4IeHUN MATEMATUKN — perrnenue 3anad. Hu yae6-
HUK, HA YPOK, HU HAII IPOEKT HUKOI'AA He 3aMeHAT (4 He CTPEMATCS K DTOMY) Ca-
MOCTOATENLHOE pelleHne 3a1ad. TeMm 6ojee, He XOTEIOCH ObI JUIIUTL PeOeHKa TOu
PaJoCTH OTKPEITUS, KOTOPAs MOABIACTCA [IPU PEIICHAN JaKe CAMOM IIPOCTON 3a1a4N.
NMeHHO mODTOMY HA CAUTE TIO YMOTIAHUIO MOKAZBIBAIOTCA TOIHKO TEKCTHI YCJIOBUA
(pemenus OTKPHIBAIOTCA B OTAe1bHOM OKHe). Ho 1 y mKombHUKA, U y IpenogaBaTes,
BCTPEYAIOTCA CUTYAINMU, KOT' A XOUETCs CPABHATHL CBOE PEIeHNE C aBTOPCKUM, WX
Y3HATh, KAK PEIIAIOTCA 330a9d Ha TAKyIo-TO TeMy. ABTOPEI yO€XIeHEBI, 9TO 3TO Cy-
IIIECTBEHHO HEOOXOAUMBIN DIEMEHT OOy YeHUS, ITOYEMY MBI U CTAPAEMCA MPEICTABIATL
OOJIBIITYI0 YACTh 33044 C PEIIEHUAMI WX KOMMEHTAPWAMUA.

5. TEMBI 1 METOBI

C camoro Hadasia mepen aBTOPAMHU MPOEKTa CTAJI BOOPOC O pyOpukarope. Bwi-
JIO IPUHATO MPUHIUIAAILHOE PEIIeHNe MeJATh KIACCUPUKALIUIO IO TEMAM HAy9IHOU,
COOTBETCTBYIOWIEN (HACKOIBLKO 3TO BO3MOXKHO B JAHHOM KJIACCE 334a4) PA3IUIHBIM
pasmenaM MaTEeMATUKH, & HE (HAYIHO-TIOMYAApHONy. MBI He MOXEM MPUBECTH B 3TOU
CTaThe BCE IePEBO TEM, HO MPOLUTUPYEM HUKE HEOOMBITON (hparMeHT:

88. Aure6pa u apudmeruxa

134. Teopus uucen. [JeaumocTts
138. Ilpusnaxu meauMoCTH

139. Tpusuaku gemumocTty Ha 2 u 4
822. Ilpusuaxku gemumoctu Ha 5 u 10
140. Tpusuaku gemumocTu HA 3 1 9
141. Ilpusnaku gerumocTu Ha 11
142. Hpussaku gemumocTu (mpoUee)

228. [leneHue ¢ OCTATKOM

836. HOT u HOK

232. Anropurm Eskauna

229. Cpasuenus mo mMoayao. Apudmeruka 0CTaTKOB
243. Manas Teopema Pepma,

136. IIpocteie gucaa. OcHOBHAA TeopeMa apupMeTUKn
960. Kuranckas Teopema 06 ocTaTkax

963. Apudpmeruvueckue QyHKIUN

964. Konu4uecTBo 1 CyMMa IEIUTENEN UUCIA,
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965. dyukiusa Iurepa
966. dyuxuma Mébuyca
967. Apudmerundeckue pysKimu (mpouee)

230. YpaBHeHus B LeJBIX ducIax ()
856. Ilpowssenenus u pakTOPUATLL
231. Teopusa uucen. [JerumocTsb (mpodee)

(Homepa TeM — BHYTPEHHUE, U MOJb30BATENIO HE BUIHBL. )

Yxe Ha >TOM (JOBOJIBHO IPOCTOM) MPUMEPE BUAHO, U9TO HA3BAHUA TEM MOLYT
0Ka3aThCsA HE COBCEM MOHATHBIMU MIKOJALHUKY. HecMOTpA Ha TO, UTO HEKOTOPHIE Te-
MBI CHAGXKEHBI CTATHAMU (JMO0 HATIMCAHHBLIMU ABTOPAMU CAUTa, JUOO U3 KypPHAIA
«KBaHT»), a pa3IWvIHBIE ONpENeJeHUA U (POPMYJUPOBKA HAXOIATCA B CAOBAPUKE HA,
cauTe, Mbl O0IyMBIBAEM BO3MOXKHOCTB CAEIATH [BA PA3HBIX BXOAA HA CAUT: [ IPe-
moJaBaTeled U A MIKOJILHUKOB. Bo BTOpoM ciydae TeMbl OyayT OoJee OOMMpPHEBE
(crpynnupoBasbl BMecTe) U O 60Jee IPOCTHIMU Ha3BaHUAMU. JIOrHIHO OBLIO GBI
TaK¥ke [ 3TOr0 BX0Ja 0TOOpPATh CaMble KDACUBBIE U MOYIUTEAbHBIE 3a1a4u. Bopo-
1eM, OKOHYATEJNbHOE PEIIeHre elle He TPUHATO.

Kak u npu mobou kiaaccudukanuu, Hem30€KHO BO3HUKAIOT CUTYAIUU, KOTAa B
Pa3HBIX pa3aenax BO3HUKAIOT OYEHDL MOXOXKUe TeMbl. Hampumep, TeMbl, OTHOCAIIINECS
K OMCCEKTpUCe, y HAC HAXOIATCA KaK B pasieie «3aMedaTelbHble TOYKA U JUHUUA B
TpeyroabHuKe» Tak u B pasgene «['eomerpuueckue mecra Touex (I'MT)». He Becerga
OYEBUIHO, B KAKOU K€ UMEHHO TeMe NOJKHA OBITh JaHHAM 3aJa49a. B Takux crydasx
MBI JaCTO MPUIIACHIBAEM 3aaa4de 06e TeMbl. [Ipu 5ToM, KOHEYIHO, XOTEI0Ch ObI, ITOOBI
KOMUYECTBO TE€M y MaHHOU 3aJa4Yd He MPEBOCXOIWIO ABYX-Tpex. B reomerpun, K
COXKATEHNIO, DTO He BCErJa MOIYydaeTcsa, HO KIACCU(PUKAINA MeOMETPUIECKUAX 3a,1ad
5TO BOOOIIE OTAENbHASI OYeHL CJIOXKHAA mpoOiaeMa. BmecTe ¢ TeMm, MBI IIaHUPYEM
CIenaTh HOACKA3KY BUIA «CM. TAKIKE TEMY TAKYIO-TO» y CXOXKuX TeM. EanncTBeHHbIM
UCKJIIOYEHNEM U3 OOIIEeN CTPYKTYPH KAACCUPUKATOPA ABIAETCA PA3IET «METOIBDY,
KOTODBIN JaeT «OPTOTOHAIBLHOE» DA3OUEHNE BCEX 3a,1a4 He 110 00IaCTAM MaTEMATUKHA,
a MO UCHOMb3YEMBIM METOMAM DElIeHUus (TakuM KaK WHIYKIWA, MOUCK WHBAPUAHTA
uT.m).

Ha camnre ecTh BO3MOXHOCTH MOMCKA 33134, OTHOCAIIMXCA OJHOBPEMEHHO, HA-
npumep, kK Teme «Teopusa uucen. [lerumoctsy u Merony «Ilpuunun /[upuxmes, IToO,
KaK MBI HAJIEEMCS, JeTAeT HAI TeMATUIECKUN PYyOPUKATOP JOCTATOYHO yIOOHBIM B
KCIIOJBb30OBAHUN.

6. CJIOXKHOCTHU CO CJOKHOCTBIO

Haunem ¢ Heckoabkux mpuMepoB. HacKOTbKO CJIOXKHBI TPUBEIEHHBIE HUXKE
3aJa4am?

ITpuMEP 1. [3agaga 60385.] Y Hunbr 7 pasusix mokoua aex Koudetr, v Koan 9
pasHeX KapaMenek. CKOTLKAMEI CIoCO6aMU OHM MOTYT OOMEHATBCA APYT C APYTOM
ATHIO KOHpeTaMu?
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Kazanocw 6bI, 3anada TpuBuadbHad, u oteer B Henr (CF - Cf) daxTudecku u
ABIAETCA PeIeHneM. A eciu MKOILHUK BOBCE HE 3HAKOM HU C COYETAHUAMU, HU C
cumpommkon CF| To Mano0 TOro, UTO MpuAETCA BCE MPUIYMATE (C HYTIA», TAK eIIe u
HETMOHATHO, B KAKON (hOpPMe MPEACTABIATEL OTBET. [IpUAeTCsa BEMUCIUTD CAMO IUCIO

(2646). 3agada okaxeTCsa COBCEM He IIPOCTOM.

pumEP 2. [3amawa 60508.] Joxaxure, uto wuncao 22" — 1 umeer mo KpaiHei
Mepe 1 PA3TUIHBIX TPOCTHIX IeTATEICH.

Ecau sra 3agata paccMaTpuBaeTCs caMa o cebe, TO PEIIUTh €€ TOBOJIHLHO CI0XKHO,
a ecau OHa (KaK U B KHUTE-UCTOYHUKE) UAET TOCJE 331894 O B3AUMHOU MPOCTOTE
qncesn Pepma, TO pellleHne ABIACTCA JETKUM YIIPAKHEHUEM.

ITpuMEP 3. [3agada 60837.] Tenepau xoueT IOCTPOUTD 15 APALA CBOUX COLLAT
B OJVHAKOBHIE KBaADATHLIE Kape (Kape, KOHEYHO, TOJKHO COLEPKATH 6osee OIHOrO
9eJ0BEKA), HO OH HE 3HAET CKOMBKO coagaT (or 1 1o 37) maxoaurca B gasapere. Joka-
JKATE, 9TO y TEHEPATa MOXKET OLITH TAKOe KOMMIECTBO COMAT, ITO OH, HE3ABUCUMO
OT BAMOTHEHWA JTa3apeTa, CYMEeeT BEIIOMTHATE CBOEe Hameperue. Hampumep, BOMCKO 13
9 wen0BeK MOXKHO IIOCTABUTL B BAE KBaApaTa 3 X 3, a eciu OJuH JeJ0BeK OOIeH, TO
B BU/E IBYX KBaApPaTOB 2 X 2.

XoTenocs 661, 9TOOLI YATATENE TIPEKAE, IEM IATATH JATLHEUIIAN TEKCT, OUEHMT
BTO CaM.

flcHo, 9TO ecau MKOALHUK BUAUT DTy 3343498 B NIaBe KHUTY (AIU B 33JaHUN) TOI
HazpaaueM «KuTalickas TeopeMa 06 0CTaATKax», TO OOMBIINX CIOKHOCTEH €€ PEIIeHne
HE COCTaBUT. A ecIM MIKOJILHUK BOOOLIE HUKOTAA 06 dTOM He CJIBIIAT, TO 3aJada
OyIeT O9eHb CIOXKHOU, MO0 MPUIETCA NOKA3ATb 3Ty TEOPEMY, MyCThb U B JaCTHOM
caydae (He Ha MHOrO Jerde, yeM B oOmewm). [lereHue Ha KIaCCHL 3IECH TAKXKE HE
MOMOXKET: KATAUCKYIO TEOpeMy 00 OCTATKAaX B MIKOJE BOOOIIE HE MPOXOIAT.

ITpuMEP 4. [3agaga 58329.] IocTponTe OKPYXHOCTH, KACAIOILYIOCA TPEX IaH-
HEIX OKPY2KHOCTEH.

Ecau mkoqbHUK He 3HAET TPO UHBEPCUIO (KOTOPYIO B INKOJE HE U3y9aloT), TO
PEIUTE 5Ty 3aaady KPaWHe CJIOXKHO.

W3 npuBeIEHHEIX IPUMEPOB BUIHO, 9TO OLEHUBATE CIOKHOCTH IO KAKOU-TO OTHON
MIKAJIE OYEHb TPYIHO. B KadecTBe WILTIOCTPAIIUA TOTO, 9TO MPOUCXOANT, KOT' 18 STUX
MIKAJT HECKOMBLKO, MPUBENEM IPUMEDP U3 APYTou OOJACTH.

B coBerckon (a Temepp — POCCUUCKON) IIKOJE ATLIUHA3MA BCE MAPUIPYTHI Ha
COPHBIE BEPIIVHBL OLEHUBAIOTCA HO enuHou mkate — or 1B (ciroxsoctun 1A mer
no ompenenenuto) 10 6B. [udpa osmavaer kareropuit, a 6yksa (A wim B) — mno-
JyKaTeropuw CJIox)HOCTH. Hampumep, MapmpyT Ha 3am0aIHYH BEPIIAHY DIbOPYCa
(5642m, KaBkas) mo kiaccuke umeeT CIOXHOCTH 2A, Ha muk Maskosckoro (4208 wm,
Samnunckui Anaray) no Bocrounou crene — 4A, na Isepecr (8848w, [umanan, Boic-
mas TOYKA ILIaHeTHI) o kaaccuke — HA, mapmpyr Cemunerkuaa na nuk CoGon-
uou Kopen (4740m, Kuprusckuu xpeder, Tanp-Illans) — 6A. Hangeemcs, aro gaxe
YeJI0BEKY, MaJI0 3HAKOMOMY C JbIIMHU3MOM, U3 DTUX MPUMEPOB ACHO, YTO ONPEIe-
JICHUE CJIOXKHOCTY MAapIIpyTa IeJ0 COBCeM He mpoctoe. M, 9To Gomee BaKHO, 3HAA



Problems.Ru u npo6ieMsr KIacCU(pDUKAIITT 213

TOJBKO CBOU JIMYHBLIA YPOBEHbL U TOJBKO KATETOPUIO CJAOKHOCTU BOCXOXKICHUA, Ha-
CTO HEBO3MOXHO MOHATH — OymgeT Ju Tebe »To mox cury. HyxHa nOmogsHuTe bHAS
uuadopmanua. Jeno B TOM, 9TO MPU OLEHKE MO eIUHON MIKAIE CYyMMUPYIOTCA CIEIYIO-
e (paKTOPBL: JIATEIBHOCTD U CJIOXKHOCTH JEJOBBIX YIaCTKOB, CKAJIBHBIX YIACTKOB,
MPOTAKEHHOCTD BCEI'O MAPIIPYTa, BO3MOXHOCTb OPTaHU3ALINN HAJTEXKHON CTPAXOBKHY,
BLICOTA BEPIIMHEL 1 OCOOBIE MOTOIHBIE YCIOBUA (Takue, K MpUMEpy, KAK Ha BEpIIU-
ue Cepo-Toppe, pacIoNoXeHHON B «PEBYLIUX COPOKOBHIX» MIUPOTAX) U T. 1. B KOHIE
TIOTyYaeTCa KaKasg-TO yCpemHeHHas caoX)HOCTh — 4B, x mpumepy. Iloayuaercsa oxa
C IMOMOIIBI0 CPABHEHUsI C HEKOTOPHIMU «OOPA3LOBBEIMIY MAPIIPYTaMU, PO KOTOPHIE
y2Ke TaBHO PEIIeHO, YTO OHU MMEIT TaKYIO-TO CJI0KHOCTD.

Ha 3amage xe gpyrou nogxoa. Tam Kax oMy MapIipyTy NPUIUCEIBAETCS KOMOU-
HAIWA U3 PA3INYHBIX OyKB U Iu(p, ONECHUBAKIINX PA3IAIHLIE (IeNOBbIe, CKATLHBIE
u T.1.) cocraBagromume MapmpyTos. K Tomy ke, AcHOe meno, ¢ppaHIly3CKas MIKAIa
OTJIUIAETCA OT AMEPUKAHCKOW, 8 AMEPUKAHCKasA OT OpuTaHckou. Hampuwmep, Ca0XK-
HOCTBH (YMCTO CKAJIBLHOI'O) MapIIPYTa IO CEBEPOAMEPUKAHCKOU MIKAJIE MOXKET UMEThb
Bug: V, 5.8, A2+. Do osmagaer (uurupyem c paspemenus caura Mountain.Ru), aro
V — mapupyT npoxogurcs 3a 1-2 qHs; HOYEBKa, KaK IPABWIO, Hem3bexHa, 5.8 —
CIOXHOCTD JA3AHUA HA KIIOYEBOM yYaCTKe paBHa 5.8 mo ckaabHOu mkame, A2+ —
HE OY€Hb HAMEXKHBIE TOYKU CTPAXOBKU, BIPOYEM CIOCOOHBIE IEPKATH MACCY TEIa U
naxKe HeOOJBIION CPLIB.

AmepukaHCcKue aJbIUHUCTHL YKE CIUTAIOT aXKe ATy IMIKATY HeJOCTATOYHO IO-
OpobHOU (HampuMep, IBHO He YKAa3aHA CPeqHss KPYyTU3HA MapIIPyTa).

O606muM: MBI pACCMOTPEIN [BA PA3HBIX MOIX0AA K oueHKe caoxuocTu. Ha Prob-
lems.Ru MBI peann3oBaau MepBLIM BADUAHT, OCHOBAHHBIN, TIPEXK € BCErO, HA CPABHE-
HUU C HEKOTOPLIMU OOPAa3IOBLIMU 33 JAYAMU, TPUBEICHHBIMUA B TAOJUIE HA CAUTE.
CI0XHOCTD KaXKIOU 309U OIEHUBAETCA KAK MOJOKUTEMLHOE YUCTO, C OMHOUN 3HA-
Jamer nuppor mocae 3amaTou. Ilonb3oBaTels xKe BUAUT yCPEeIHEHHOE 3HAYCHUE B
BUJI€ HATYPAJIBHOIO YUCIA CO 3HAKOM + wmiau —. Hampuwmep, 3+ osmadaer, 94TO 3a-
Iada UMEeT CJIOXKHOCTh UyTh BHINIE, YeM TPU. [Ipu 5TOM KaXIBIU PEJaKTOP CTABUT
CJOKHOCTD (TUIA1A HA TAOJIUILY) IO CBOEMY YCMOTPEHUIO, 9TO HE MOXKET He T0OAB/IATD
pasHoo6pasus. Tem He MeHee, KaK OBLTO IPOBEPEHO DKCIIEPUMEHTAILHO, IPYU JOCTa-
TOYHOU KBAMU(DUKAINA PEJAKTOPOB PA3IAYUUA B CIOKHOCTU KAK MPABIIO OCTAIOTC
B paMKaX 3aME€HBI + Ha —.

K coxamenuro, HaM He yIajoCh MPUIYMATh HUKAKUX IETKUX KPUTEPUEB BBHICTA-
BJIEHUSA CJIOXKHOCTU. Bojiee TOro, Mbl He 6€peMCs yTBEPXK IATh, ITO KaxKIasd 3a1a4a,
HAMPUMED, CIOKHOCTU 2 A Ka¥kK OO MOCETUTENA CAuTa, Oy AT MPOIIE, YeM KaxkK Jas
3aga4a CIokHOCTH 3. Ho MBI HageeMcs, YTO OOJBIIMHCTBO IOCETUTEICH CAITAa, COMIa-
CHTCS C HAMI B TOM, ITO (OIBIIAL YACTH 3a4ad CIOKHOCTH 2 TIPOLIE, YeM GOoaban?)
9aCTh 3339 CIOXKHOCTHA 3.

2)[loceTnTensh CINTACTCA COTTACHBIM C HAMHA B OIEHKE CIOXKHOCTH 2—3, €CIVM M3 33434 CIOKHOCTH
2 MOXHO BBIJEIUTH TAKOE MOIMHOXECTBO, COJepKallee He MeHee IOJOBUHBI 3234, U U3 32139 CIOXK-
HOCTM 3 MOXHO BBIJIEIUTH TAKOE MOAMHOXECTBO, COAepXkKalllee He MEHee MOJOBUHBI 3314, UTO, IO
MHEHUIO TaHHOT'O MOCeTUTEN, J106as 3a1a9a MepBOro MO IMHOKECTBA TPOIIE J060H 3348491 BTOPOTO
TMOJAMHOXECTBA.
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Koueuno, B oTivyume OT albOINHU3MA, MOIYYATH TPABMBI, HECOBMECTUMBIE C YKU3-
HbIO, TIPU HEMPABUIBLHOU OIEHKE CIOXKHOCTYU, B MATEMATUKE HEIL3s, HO UCIOPTUTH
OMUMNUANY WIN 3AHATHE, TOAOOPAB 33034 HE TOrO YPOBHA, OYEHb MPOCTO. XOTe-
JIOCH OBL DTOT0 U30€eXKAaTh.

Ecan ynraremn «Maremarugeckoro IIpocsemennsy MoryT HaM nocoBeToBaTh H0-
Jilee 9eTKNE KPUTEPUU OIEHKU CJIOXKHOCTHU, TO MBI OOS3aTEIHLHO MIPUMEM UX K CBEIE-
HUIO.

7. IIPUTJIANIEHUE K COTPY/IHUYECTBY

Bcex, 3aMHTEpPECOBABINUXCA HAIKAM MPOEKTOM, MBI MPUNIAIIAEM MPUHATL B HEM
yJacTue.

XoTenocs OBl PACHIMPUTE TUANA30H 33034, BKIIOYUB MHPOPMATHUKY, JAHTBACTH-
Ky, (PM3MKY, HO IMOKA HAII KOJJIEKTUB COCTONT W3 MATEMATUKOB. B Hammx naibHen-
XX TWIAHAX MMOMAEPKKA CIOBAPUKA U MOTHATHE €r0 10 YPOBHA HOJHONEHHOTO SHIU-
KJIOTIEIUIECKOrO CJAOBAPA M0 MATEMATUKE, HAMUCAHUE PA3JIUIHEIX CTATEU MO TEeMaM
HAIEro pyopuKaTopa, MOMOTAIOIINX KaK YICHUKAM, TaK U YIUTENAM, JYUIle Pa3o-
OpaThCsA B TAHHOU TeMe, BHECEHUE 3a0aY TeKYIIUX OJUMIUAL U Mybiukanusa on-line
BaHATUN PALA KPYKKOB.

Amenko, MITHMO, pyxosoauTesns mpoekTa problems.ru
C

n.B.
I1. B. Ceprees, mikoaa Ne57, TraBHBIM peqakTop mpoekTa problems.ru



IIo moTHBaM 3agavHMKA
«MaTeMaTHI€CKOr0 IIPOCBEIECHAI)

Teopema 0 610Xe U Ky3HEUNKE

A. A. BacraBckun A. B. CnuBak

OTa 3aMeTKAa MOCBSAIIECHA PeleHuto 3ana4u 8.5 us 3agadnuka «(MaTeMaTuaeckoro
npocserenusy. HamoMuaum ee popMyIupOBKY.

[ns wppanuosaasHOro yucaa « > 1 o6osuadum N(a) = {[na] | n €
N}. Ina xakux HATYPaJAbHBIX k HAWAYTCA GUCAA (U, ..., Qk, TAKUE, ITO
muoxkecTBa N(aq),. .., N(ag) o6pasyoT pasbueHne HATYPAIBLHOT'O PAIA.

Cpagzy mpusegem otrBeT: k = 2. CymecTBOBaHUE UCKOMBIX YUCEN 1 k = 2 BHITe-
KaeT U3 meopemvt 0 640Te U Ky3neuukre, TOKA3AHHOU M3BECTHLIM (DU3UKOM U MAaTe-
MAaTHUKOM JIOpIOoM Pameem.

TEOPEMA. Muoxectsa N(«a), N(f) sagaior pasbueHne HATYPAIBLHOIO PALA TO-
rIa ¥ TOJBLKO TOTAA, KOTAA 9ACIA & U 3 YIOBIETBOPAIOT PABEHCTBY

1 1

—+-==1 1
S5 (1
Heo6xoqumocts yeaosusa (1) mouru oueBuana. [JeUCTBUTENLHO, N4 JOGOTO 71 KO-
JMYIECTBO dIeMeHTOB MHOxecTBa N (@), He IPEBOCXOAMINX N, PABHO ["TH] IIpex-
1 1
TONIOKUM, ITO — + 3 > 1. Torga mpu n — 00
n+1 n+1 1 1
— —+=--1)-1
[a}_'_{ﬁ] n>n(a+ﬂ ) —1—= o0,

T.€. CymeCTBYeT GECKOHEUHO MHOrO 4ucea, Bxoaammx kak B N(«), Tak u B N(f).
1 1

Amnanoruano, npu — + 5 < 1 cymecTByeT 6€CKOHEIHO MHOT'O IHMCE, HE BXOIAIMX HA
«

B OJHO U3 IBYX MHOXKECTB.
HMoxaxem mnocrarognocts ycmosua (1). Ilpenmonoxum cHadatza, 9TO HEKOTOPOE
qucao n € N(a) N N(B). 1o o3HAUAET, 9TO HAUAYTCA HATYPAIbHBIE &, I, TAKUE,

MaTemaTu4eckoe npocsewyeHune, cep. 3, sein. 9, 2005(215-217)



216 A. A. BacmaBckuu, A. B. CnuBax

4T0 [za] = [yf] = n, T.e. BLIIOTHEHB HEPABEHCTBA

n<za<n+l,
n<ypf<n+l.

[IpeobpaszoBaB 5Ty cucTeMy K BUIY

8

AN
AN

3
< 4+
—_

3
+
—
N
RI= R+
N
Sl 318

U CIOXKWB HEPABCHCTBA, MOMYIIM
r+vy
n+1

wmn < +y <n-+ 1, 9T0 HEBO3BMOXKHO, TaK Kak =,y € N.

Awnanoruuno, ecau vexkoropoe n & N(a) U N (), To mHaungyTcs , y, yIOBIETBOPA-

IOIAE CUCTEMe HEPABEHCTB

<1<£L‘—+y,
n

ra < n,
(x+Da>n+1,
yB <m,
y+1)B>n+1,

13 KOTOPOU TIOC/E TPEOOPA30BAHUN BHITEKACT N — 1 < & + y < n.
Teopema Pases umeer odeBugnoe

CHENCTBUE. Ecau ducna o u f yIoBIeTBOPSIOT PABEHCTBY

m n
E+E:1 (2)

[T HEKOTOPHIX HATYPAIbHLIX m u n, To0 N(a) N N(B) = &.

HencrBurensho, ducaa o' = a/m, ' = §/n ygosrersopsior (1), creqoBaTeasHo,
N )NN(B')=a,80 N(a) C N(a'), N(B) C N(8').

OcCHOBHOU Halen Lenbio OyIeT NOKAa3aTeabCTBO OOPATHOTO yTBEPXKIEHUS: MIJIA
mobLIX @, 3, Takux, ato N(a) N N(f) = &, Hangyrcsa HATYypAJIbHLIE M, N, yIOBJIE-

TBOPAIOIINE DABEHCTBY (2).

1 1
IIycTes v — umcno, GOMOTHUTEIBHOE K (v (E + 5 = 1). Torga mo Teopeme Pames

/s mo6oro HaTypaasHoro n Mexay [nf] u [(n + 1)8] Hangercs umcio, kpaTHOe 7,
r.e. {[nB]/v} >1—1/y wm

{nB/7} = {nB}t/y € (1-1/7,1) (mod 1). (3)

Paccvorpum Top 0 < 2 < 1, 0 € y < 1 u 6yzem oTMedaTh HA HEM TOYKU BUIA

Zn = ({nB/v},{nB}). B cuny (3) Bce Z,, 1exar BHe napawienrorpamma P, orpanudes-
Horo mpaMbiMu y = 0,y =1, y = vz, y — 1 = y(x—1). 3amoanum sx3eMIApamMu TOpa,

{8}
{8/}

KO2(DMUIMEHT DTON MPIMOU UPPALNOHATEH, TOUKY 7, BCIOAY ILIOTHO 3aMOTHAIT TOD,
u (3) He BEIMOMHAETCA. [eNCTBUTENBHO, B 5TOM caydae uucta {3/}, {8} u 1 monapao

BCIO ILIOCKOCTB, TOI'Ia BCE TOUKN Z,, TONALYT HA MIPAMYIO Y = x. Ecau yruoson
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HECOM3MEPUMEL, U IO TeopeMe 06 0OMOTKE TPEXMEPHOT'0 TOPa MHOKECTBO TOYEK BHU-
na ({8/~vt},{Bt}, {t}),t € R mnorro B Tope 0 < x,y,2z < 1. COOTBETCTBEHHO, TOYKH
7, BCIOAY IIOTHO 3AMOMHAIOT I'PaHb 3TOr0 Topa z = (. AHATOrMYHO TOKA3EIBACTCA,
YTO eCIH YITIOBOU KOA(DMUIIMEHT paluoHAJeH, HO IpAMad IIepeceKaeT KaKou-Huby Ib
u3 mapannerorpammos P, (3) Takxke He MOXeT BRITOIHATHCA. U3 puc. 1 BuaHo, 9TO
IJISL TOTO, YTOOKI IpAMAas He mepecekana P, OHa JOMKHA IPOUTH depe3 KaKyIo-TO 13
Touek (m,m — 1), roe m > (m — 1)7.

VZ

VZ

Ny
Ty

\\\\\\\

Ny
R

A

Pwuc. 1.

Takum ob6pazom, umeem {(m — 1)3} = {mfB/y} nwmu (m — 1) = mfB/vy + n, aro
PABHOCWIBHO UCKOMOMY YTBEPKICHUIO.

Temepsb yxKe COBCEM MPOCTO YCTAHOBUTDL, YTO k = 2 IUHCTBEHHLI OTBET K 3a-
nade 8.5. [[eNCTBUTENBHO, MPEATIONOKAM, ITO HATYPATILHLIA PAL MOXKHO Pa3OUTh HA
k > 2 muoxects Buga N(«). Torga cymecTByoT Tpu 4ducia «, [, 7y, Takue, 9TO
muoxectBa N(a), N(8), N(7v) nomapHo He mepecekalTcs, 1 [0 T0KA3AHHOMY yTBEpP-
KICHUIO HAUAYTCA HATypPaIbHBIE M1, M3, M3, N1, N2, N3, TAKAE, ITO BLITOJHEHLI
paBeHCTBA,

m, n
Bty =0
n m
n3 M 1,
a Y
m n
_2 + _1 = 1_
a B
OTU PABEHCTBA MOXKHO PACCMATPUBATE, KAK CUCTEMY JUHEUHBIX yPABHEHUN OTHO-

1
cuTeabHo — , — , — . [lockoMbKY onpenenuTenb CUCTEMBL PABEH M1MamMms3 + Ninaong >
@ ¥

B
> 0, oHa TOMXKHA UMETHb eIMHCTBEHHOE, U TIPUYEM PAIMOHAJIBLHOE, PElleHre, YTO He-
BO3MOXKHO.

W3 npusenéHHOrO paccyX)IeHus clieqyer Takxke, 9T0 HUKakoe MHOx)ecTBO N («)
HEe MOXeT OLITHL Pa3dbuTo Ha 2 WM OOJbIIE MHOXKECTB TAKOr'O XKe BUIA.

A. A. Bacnasckun, IOMU PAH,
email: zaslavsky@mccme.ru

A. B. CnuBak, rumuazusa Ne1543,
email: spivak@mccme.ru



Ham murmyT

O ToxaecrBax Pamanymkana

C. B. MapkemnoB

B xuure B. 1. JleBuna [1] Hanucaso:
dIpusegem eme gBe 3amedarensabe Gopmyasr Pavany pxana:

3 cos 2 1 #leos 4T 4 3]eos 6T — 3/5=3V7
\/cos - +\/cos 7 + {/cos - = 5 )
5 cos 2T 1 #leos AT 4 3o 8T — 3/3V9 =6
\/cos 9 +\/cos 9 + {/cos 9 = 5 .

DTN TOYHEIE paBeHCTBa ABJAKTCA, KOHEIHO, YaCTHBIMU CJAyYasdMU 3HAIU-

TeAbHO 60Jee 00X COOTHOUIEHUN, KOTOPBIME pacnoraran Pamany mkaH,

HO O KOTOPBLIX OH HMKOMY Hudero He coobmmuma. [locrte ero cmepTu gacThb

2TUX OOLINX COOTHOIIEHNN OBLTa BOCCTAHOBICHA, IPYTUMU MaTeMaTUKAMU,

HO He [OJIEXUT COMHEHUIO, YTO HEKOTOPHIE U3 HUX YTePAHBEl HaBCEr Ja.»
WaBecTHBIE aBTOPY HMONBITKA BHIBECTH 3TH «O0OJee OOIIMe COOTHOIIEHNS) PEIIaioT

3aady ¢ alredpanvdecKOu TOUKYU 3PEHUs, BEIBOLA TOXKIECTBA «B OykBax». (cM. [3,4]).
B T0 xe Bpems, ecmm NOCMOTPETh Ha, CATYAIINIO ¢ TPUTOHOMETPAIECKON TOUKHA 3pe-
HUS, MOXKHO MPUATH K HOBBLIM TOXKIECTBAM, CM. CIEAYIONIyIo cTpaHuiy. [Ipenrarazo
KETAOMNM TIOAYMATh IOIPOOOBATH BEIMACATL AHAJOTHYHLIE TOXK IECTBA, 1A IPYTUX
3HAMEHATEJEN.

[1]
[2]

CIUCOK JIUTEPATYPBI

Jlesuu B. U. Pamanyodxrcan — mamemamuueckuts 2enuts Anduu. M.: S3uanne, 1968.
C. 32-33.

Ipaconoe B. B. Tosxcdecmsea Pamanydxcana [/ MaremaTudeckoe mpOCBELIEHNE.
Tpetbs cepus. Bem. 9. 2005. C. 104-107.

Pucenbepr . Teopema Buema u cymma paduxaros. 3agadu 0O MaTe-
matuke. 2000-2004. MITHMO, 2004. C. 168-175. danasr KHUTH:
ftp.mccme.ru/users/dotsenko

MaTemaTu4eckoe npocseyeHune, cep. 3, sein. 9, 2005(218-219)
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208 T+ 008 5T + 305 B 1 eos LT 4 5feos T 4 cog 0 — o/ T=3 V13
\/cos 13+cos 3 +\/cos 3 + cos 3 +\/cos 3 + cos 3= 5

oo T 4 cos 5T 4 cos BT 4 cos 2T 4 s 297
\/(30831+COS 31 + cos 31 + cos 31 + cos 31 +

[e05 3T 1 008 ™ 4 cos T 4 cos 19T 4 o5 257
+\/c0s 31 + cos 31 + cos 31 + cos 31 + cos 31 +

+Le0s 7T 4 cos O 4 cos LT 4 cos BT | cos 21T — o/2V/62 11
+\/c0s 31 + cos 31 + cos 31 + cos 31 + cos T 5

21 27 357 397 417

3/ cog 1 21 20 35 39 Ar
\/c0s43+cos 13 + cos 13 + cos 13 + cos 13 + cos 13 + cos 13 +

L0537 4 008 5T 4 c0s 2T 4+ cos BT 4 cos BT 4 cos 33T | o0s 37T
+\/c0s 13 + cos 3 + cos 13 + cos 13 + cos 3 + cos 13 + cos 3 +

Leos T 4 c0s 2 4 c08 BT 4 c08 5T 4 c0s 17T 4 008 25T 4 005 29T
+\/c0s 13 + cos 13 + cos 13 + cos 13 + cos 13 + cos 13 + cos 3

_ 3[/13-3¥/86

2

[4] Meeener B.C. Tpu dopmyavr Pamanyducana [/ Ksamr, Ne6, 1988. C. 52-55.
http://kvant.mccme.ru/1988/06/tri formuly ramanudzhana.htm
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CrenuaanucThl IPOTUB IPOCTOTHI

B. 1. Apuoasn

Kak <ieH pemgkoIerui, s 9acTO MOAY9Iald OT3BIBEI HA NPEAINOIAraeMble K
nyOJUKAIUU B XYPHATAX CTATbU. Huxe s BOCIPOU3BOXY OOUH OT3BIB, U3MEHUB
JAIIH HA3BAHWA HAYK W KUBOTHBIX, UMEHA JIUTHOCTEM W T.II. MEIOYu (TaK 4TO
BCAKOE OYKBATLHOE COBHAJEHUE C KAKOU-TUOO PEATLHOCTHIO OyAeT HempegHaMe-
PEHHBIM U CIy9IadHbIM, XOTA IyX dTOTO OT3BIBA U MHOTUX €My MOJOOHBIX APYTHUX
A MOCTAPATICA MePEIaTh TOTHO).

Penensenr numer:

Penensupyemoe uccienoBanue BaAuaHus (POHETUKY HA T'E€OJOTHIO HE UMEET IPel-
IIIECTBEHHUKOB HU Cpeau pabOT CIENUATUCTOB MO (hOHETUKE, HU Cpeau PadOT TeoIo-
roB. CTaThsA HAMKCAHA CTOJNb MOHATHO, YTO €€ MODJIN Obl MOHATH TAYKe CTYIEHTHI.
[Tonyuennrie aBTOPOM pPE3yIbLTATHI, BUAUMO HOBBI, XOTS U MOHATHBL. TeMaTUKa UC-
CJIeIOBAHUA BOCXOIUT K pabOTaM 3HAMEHUTHIX YIEHBIX U aBOKATOB CEMHAIIATOTO
BeKa.

IMosToMy MyOIUKAIUA TPUCTIAHHON CTATHYU B XKYPHAJIE TAKOTO BHICOKOT'O YPOBH,
kak Bam «IlIBaMOpaHCKMK aareOpamdecKun Uiea» IpeICTaBIACTCA MHE HEIeIeco-
00pa3HON: YK CJAUIIKOM OHA IOHATHA M JOCTYIIHA IMTATEIAM.

ABTOp UCTIONBL3yeT B KAYECTRE JJeMM HEKOTOPLIE (DAKTHI TEOPUU TUCEN, HATTPUMED,
qT0 6 X 7 =42 u 7 x 8 = 56. fI mpoBepm, ITO 3TN TEOPEMBI TEOPUU TUCET BEPHEI. X
MOYXKHO OBLIO OBI fa1eKO 0600MUTh, €CIN UCIOAB30BATH COBPEMEHHYIO BHIUUCIUTENb-
HYIO TEXHUKY: UX CHOCOOHBI MOKA3LIBATDH, HAIPUMEP, CTYIEHTHI YeTBEPTOrO Kypca
MATEMATHYIECKOTO (paKyJabTeTa yHuBepcurera mrata KoHHeKTHUKyT. DTO eme pa3
TIOKA3BIBAET, UTO PA0OTa HE 3aCAYKUBAET MyOINKAIIMY B BAIIIEM YBAXKAaeMOM KYpHAa-
JIe: ee pe3yJabTATHI CIUIIKOM DIEMEHTAPHO (GPOPMYIUDPYIOTCA.

Hapsany ¢ ykasaganiMu pesyiabraramu, paboTa COAEPKUT U APYTrOU SKCIePUMEH-
TaXbHBIN MaTepual (4TO yXKe caMo MO cebe sABJIAETCS OYeBUAHBIM JOBOAOM IPOTHUB
ee mybmukanun). [Ipu moneITke CHOPMYIUPOBATH TUMOTESLI, 0GOOIIAIOIINE STU CBOK
SKCIIEPUMEHTHI, aBTOP COBEPIIAET TEXHUIECKUE OUINOKU.

[leqo B TOM, ITO OH HmpeHeOperaeT B CBOEM aHAMM3E JOrAPU(PMUAICCKUMUI CIAra-
€MBIMU B CTEIEHHBIX aCUMITOTHKAX. Mex Iy TeM, CIeIUaIuCTaM IO TEOPUU TUCE]T
XOPOIIIO M3BECTHO, YTO MATEMATAIECKAA HAYKA COCTOUT UMEHHO B BBITUCICHUN DTUX
JOrapuPMUIECKUX MOMPABOK (OOBIMHO B TPEAMOIOKEHUN O CIIPABEIINBOCTY MUIOTE-
3l PuMmana 0 HyJaax n3eTa-QyHKIUU WA IPYTUX TOIO0OHBEIX (PAKTOB).

Omwmbka TPOUCXOIUT U3-33 TOT'O, 9TO ABTOP MPOBEJI CBOU DKCIEPUMEHTHI TOJBKO
B 00JACTU ABY3HAYHBIX UCE], U TTO3TOMY MPUHI 38 MOCTOAHHBIE JOTAPUDMUICCKI
MEIIEHHO MEHSIONINEC BEJIUMIUHEI.

MaTemaTu4eckoe npocselyeHue, cep. 3, sbin. 9, 2005(220-222)
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B pesyabrare B paboTe mOMYyUEeHBI HEBEPHBIE BHIBOALI. Hampumep, aBTOp mpu-
XOMUT K 3aKIIOYEHUIO, 9TO KOIUIECTBO KOPOB MacTu Ko B I'pemnanguu me MoxeT
TIPEBOCXOAUTD UCTO 3.

Mex gy Tem, runoresa Pumana npusoaut (kak 5T0 OBLIO MOKA3AHO B HEOILyOuau-
KOBAaHHOU IUCCEPTALUM DEIEH3EHTA, OCTABIIENCs, BUAUMO, HEU3BECTHOU aBTOPY) K
JOrapuPpMUAIECKOMY MOMPABOYHOMY CIATaEMOMY, YBEINYIUBAIOIIEMY OTBET 3 HA OXHY
mecATyio mpotenTa. Bomee Toro, a yoex aen, uro I'. Xapau 1erko Mor 661 YMEHBIITUTE
DTO 3HAYEHUE OTBETA HA HECKOJBKO MECATUTHICIYHLIX MPOIEHTA OT €r0 BeJUYIUHHI.

W3 cka3aHHOrO BUAHO, YTO MyOJUKALUA 3TOX PAOOTHLI IpUHECIa OLI Bpel, B OCO-
GEHHOCTH MOTOMY, YTO OHA MOIVIA OBl MPEMATCTBOBATH CEPHLE3HBIM KCCJIE[OBAHIIM
HACTOAIINX CIEIUATUCTOB B 3TOU OOJIACTH, KOTOPLIE 6€3 3TOU PabOTHI CMOTUIN OB
BBIBECTHU U3 TUNOTE3L PUMaHa MHOrO MHTEPECHOTO.

CaenyeT Taxxke MOTYEPKHYTH, 9TO PACCMATPUBAEMBIN aBTOPOM BOMIPOC O CPEH-
JAHJCKAX KOPOBAX HAYIHOI'O UHTEPECA HE IPEACTABLAET (B OTIUIUE OT KIACCAIECKO-
o BOmpoca 006 aHTAPKTUYECKUX KOPOBAX, KOTOPHIM 3aHUMAJINCH MHOTUE CIIEINAJIN-
CTBI, PA0OT KOTOPHIX ABTOP PEIEH3UPYEMOU CTATbY, BUJAMO, HE IATAI, U O KOTOPBIX
OH yMOTJAT).

Bce 5T0 eme pa3 moxkasbiBaeT, UTO MyOIUKAIMA HTOM CTATHU HAHECTa ObI YPOH
penyranuu Bamrero ypaxaemoro «/geamna.

Bpob6aBok k ykasaHHBIM HEIOCTATKAaM, B CTAThe MHOIO APyrux. B wactHOCTH,
OTCYTCTBYIOT [OKA3aTeJbCTBA PsAfa yTBepxkaenuu. Hampumep, aBTOp CTAThU IH-
mer, 6yaTro A. A. MapkoB BO3Pa3WiI: «HET, dTO MPOTUBOPEYUMIO OBI CYLIIECTBOBAHUIO
Y KaXJI0T0 YUCIa MOJOKUATETHHOTO KBAIPATHOT'O KODHSI).

OTOo yTBepkaeHue — 4To MapkoB mpousHec Takyo (ppasy — HyXKIaeTcs B 10-
Ka3aTeJbCTBe, a ero HeT B CTaThe. 110 MeHblnen Mepe HeoOXoAuMO OLLIO OBl yOpaTh
KAaBBIYKY (3AMEHUB Ha «BO3DA3WI, YTO») — MHAYE HEOOYIEHHBIE YATATEIN-CTY IeHThL
MOT'YT TMIPUHATE (DAHTA3UIO ABTOPA 33 JOCTOBEPHBIN (PAKT, TONAA KAK ¥ OTPULATET b
HBIX YUCET TOJOKUTEIbHBIX KOPHEN HET.

A. A. MapkoB He MOT' 3TOU (Ppa3kl TOBOPUTH, TaK KAK OH CIUTAT UUCIAMU TOMb-
KO IpOOU C YUCIAUTENAMYA U 3HAMEHATENAMI MEHBINE MILINOHA. A CpeIu HUX KOPEHb
ecTb He BCerjga (HaIpuMep, ero HeT M YUCIA 2, MOJOXKUTEILHOCTH KOTOPOrO yMe-
0T JI0Ka3bIBATH CTYACHTHI TPETHEro Kypca yuusepcurera Kamudopuun B Bepkin).

IMogBoaA UTOT, A MOBTOPAID, YTO CIYUTAN TyOIUKAIWIO MPUCTAHHOU CTATHU B
xkypHane (llBaMOpaHCKUN anrebpandecKui MIean HereaecooOpa3Hon.

* 3k ok ok ok ok

Mue noBemoCh BUAETH OTPUIIATENBHBIE OT3BIBEL «CIEIUAJUCTOBY HA PAabOoTH Ho-
6emeBckoro ypoBHsa. Hampumep, amMepukaHCKue acTPOPU3NKKA OOBACHWIN MHE, KaK
OHU OTBEPIVIM CAEJaHHBIE poccuickumu acTpoHomamu (Fapbkasoiv u @puaMaHoM)
npeacKa3anus OPOUT CIy THUKOB YPaHa, OCHOBAHHBIE HA OOHAPYKEHHOU MPU MOKPHI-
Tuu YPaHOM 3Be3Abl CUCTeMe ero Komeln (M [MOATBEPIKACHHBIE HECKOIBbKO MECSIEB
cuycrs npu nporere «Bosmgxkepar Mmumo Ypana). MoTusupoBka oTKa3a GbLIA TAKOM:
«Y Hac B AMepuke rocrnoJCTByeT Ipyras TEOPU Ineaen Mex Iy koabiaMmu CaTypHa,
YeM UCIONB30BAHHAA COBETCKUMU aBTOPaMU (TaK HA3LIBAEMASA (TEOPUA MACTYXOB),
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MOTOMY UX PaboTa OMyOIMKOBAHHOU B HAIEM MEXIYHAPOTHOM KYypHAJIEe OBITHL HE
MOXKET.»

[pyrou mpumep — OTKJIOHEHUE «2KypPHAIOM DKCIEPUMEHTAILHOU U TEOPETUIe-
CKOU (pu3UMKWy CcTaThbu (HAUPAXKIEHHOU 4Yepe3 mapy JeT JIeHMHCKOU mpeMuen): B OT-
3BIBE CAMOT'O BEICOKOKBAIM(PUIUPOBAHHOIO CIENUAIACTA AT CTATHA YIPEKAIACH B
CJIETYIOIIEM:

1) B men ynorpebasnucek Hegonmyctumbie B 2KOTD caosa «reopemar u «gokasa-
TEIbCTBOY;

2) aBTOp yTBEpXKIal, 9TO «u3 A BeITekaeT By, TOrga Kak KaxmgoMy (QU3NKY u3-
BeCcTHO, 9TO A u3 B He BrITEKaET;

3) B paboTe yIOMUHAIOTCA HEDU3UIECKUE TEPMUHBL ([IOBEPXHOCTH TOPa» U «Mepa
JleGeray («Mepbl OBIBAIOT AECATUYHBIE, (PPAHIY3CKME, — METDPHL U T.II., WIA
AHTVIUVCKUE — APIBI, AIOUMBL U T.IL., a Mep JleGera Mbl HE 3HAeM»).

YuomsHyTas CTaTbsi, OTBEPrHyTas (PU3UKAMU, ObLIA [IODTOMY OIyOINKOBAHA B
MATEMATHYICCKOM XKYPHAJIE, HO HA IPUCY K JeHUY 32 Hee JIeHHHCKOU MPEeMUY HACTOIN
BIIOCJECTBUM MMEHHO (DU3UKU, HOCTOSHHO €e UCHOAb3YIoume (a MaTeMaTUIeCKas
CEKIIUA MPOrOJI0COBATA IPOTUB).

* 3k ok ok ok ok

IIpouuras 5TOT OT3BIB (M MHOXKECTBO MOLOOHBIX €My MHEHWUU «CIELUATUCTOB) O
OPYTHUX CTATBAX ), S IPULIEJ K BEIBOAY, ITO ILyOIUKALUA HEKOTOPOI'O KOTUIEeCTBA, CJ1a-
OBIX WK JaKe OMMOOYHBIX HEPEIeH3UPOBAHHBIX paboT mpuHecaa ObI MEHbIIIE Bpena,
9YeM OTKa3bl B MyOINKAUYN, OCHOBAHHBIE HA OT3LIBAX MOTOOHBIX CIEIUATACTOB (OT-
BEprIMX B CBOE BpeMs MpeacTasieHHbie Akagemun Hayk DOpaHIun 3aMedaTeabHbIe
paboThl AGess, a mo3Ke, BO3MOXKHO, U TEeKCTHI [amya).

Muoro nogo6usix npumepos npusogur P. Knenn (B «Jlexkuusax o passurum ma-
remaruxku B XIX cronerum»), KOTOPOMY, KaKeTCs, TAK U He yAAIOCh TOOUTLCA OT
(CTIEIUATUCTOB HAYKU TIO MOIYJIO 5% JOCTOWHOrO OMUCAHUA PE3YILTATOB U3 KOLIEr
O MO0 7 IJIS CBOEU 3aMEYATETLHON (IHITUKJIOTICIUN .

Bo03MOXHO, UMEHHO BO3PAKEHUA (CIEIUATUCTOBY MPOTHUB «IPE3MEPHOU MOHATHO-
CTW» U «IOCTYIHOCTHU CTYAEHTAMY CTATEN IPUBOLAT K TOMY I'PYCTHOMY SABICHUIO, ITO
64bIIAsA YACTH MyOJUKYEMBIX CEr0QHA MATEMATHYECKUX CTATEN HAMCAHA B HAPOINU-
TO HenmouaTHOM cTmie. [lo moemy muenuto, ve To 90%, He To maxe 99% »Tux craren
HE CIeOBATO ObI MyOJUKOBATH MO MPUIMHE WX MOJHOU HEJOCTYMTHOCTU UUTATEIAM.

OnacHOCTb IPUBOAAIICH K HEMTOHATHOCTY CTATEN IPE3MEePHON Crenuaru3anin (He
TOIBKO B MaTeMaTHUKe, HO W B APYIUX HAYKAX) MPENCTABIAETCA MHE OYEBUIHOMN.
1. Kanuma sHegapoMm roBopwi, 9TO 4YeM (pyHIAMEHTAILHEE OTKPBITHE, TeM IIPOIIEe
€ro MOXKHO U3JIOXKUTD.
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B »ToM pa3sgene BHUMAHUIO IMTATEICH MPEIIAraeTCA MOAOOPKA 3a4ad PA3HOU CTeme-
HU CTOXHOCTH, B OCHOBHOM TPYAHBIX. HekoTopele m3 >Tux 331241 (He 06A3aTEILHO CAMBIE
caoxHbIe!) TPEOYIOT 3HAHUA (HEIIEMEHTAPHON» MATEMATHKA — AHAIN3A, JMHEMHOU AIreOph
u T.

CocTaBuTenaM >TOU MOAOOPKM KAXKETCA, ITO MpeAJaraeMble HWKE 3aTa9M OKAXYTCA
MHTEPECHBLIMU KaK A CUIbHBIX ITKOJILHUKOB, HHTEPECYIOMUXCA MaTeMaTUKON, TaK U /IS
CTYI€HTOB-MaTEMaTUKOB.

Mgr o6pamaemMcsa ¢ TIpOCbOOH KO BCEM TATATEIAM, IMEIOIIAM CBOU COOGCTBEHHEBIE TOAG0D-
KU TAKWX 3a7a4, TPUCHLIAThL UX B pefaknuio. VI, pa3yMeeTca, MbI C yIOBOILCTBUEM OyaeM
Ty6JIMKOBATE CBEXUE aBTOPCKUE 3aTa4M.

B cko6kax mocre ycroBua 3aJadd MPUBOAUTCA (HaMUIMA aBTOpa (YTOYHEHHUA CO CTO-
POHBI YATATENEN MPUBETCTBYIOTCA). ECIM aBTOp 3a4a4M HAM HEM3BECTEH, TO B CKOOKAX
YKa3bIBaeTCA «DOILKIODY.

1. Tlo BeTOUKe MOI3ET YEPBATIOK CO CKOPOCTHIO 1 MM/C, & BETOUKA, B CBOIO OUEPEb,
pacrer co ckopocThio 1 M/c. CMOXKET M 9EePBAYOK MPONOI3TU BCIO BETOUKY?
(BeTouka pacTeT paBHOMEDPHO, TAK UTO €€ CEePEIVHA YIAMAETCA OT KOHIOB CO
cxopocteio 0.5 m/c.) (A. . Cazapos)

2. [Mano n MarEMTOMOHHBIX KATYIIEK, HA KOTOPHIE HAMOTAHBI JEHTH KPACHBIMU
KOHIIAMY HAPYXKYy, 1 1 mycras kaTymka. MOXHO /I TEpEeMOTATH BCE JCHTH TAK,
ITOOBI KaXKIad OKA3ATIACh HA CBOEU KATYIIKE, HO KPACHBIM KOHIIOM BHYTpPb?
(lepemaTHBATE MOXKHO € JHOGOM KATYIIKM HA IIYCTYIO B JAHHBIA MOMEHT Ka-
TYIMIKY, IPA DTOM HAPYXKHBI KOHEl CTAHOBUTCA BHYTDEHHUM, M HA0OODOT.)

(A. K. Kosaabdocu)

3. Yaaul k-MepHOU IEJOYUCACHHON PEIIeTKN pacKpameHsl B [ mpeTos. [Jokaxu-
T€, 9TO HALAETCA MPAMOYTOJBHBIN MAPAJVIEIEIUIE] ¢ PeOpaMu, TAPALIeIbHEIMA
OCAM PELIeTKM, ¢ BEPIIMHAMY OTHOTO IBeTa. IlocTapauTech MOJYyUUTh OLEHKU
HA pasMep OOJACTU DPEIeTKY, T'Ie MOXKHO HABEPHIKA HAUTH MapaUeluern, B
3aBuCuMOCTH OT k u [. (A. A. Beaos)

4. [lama mocnegoBaTeIbHOCTD {ay }32,, Takas 910 a; = 1, ap = ap_1 + a[p/2) Opm
k > 1. Jokaxwure, 9To Hu oquH ee wieH He geaurcsa Ha 4. (M. JI. Kowyesuw)

5. CymecTsyeT Ju QpyHKIWA, HEMIPEPLIBHASA BO BCEX PAIMOHATLHBIX TOUYKAX U Pad-
PBLIBHASA BO BCEX MPPAIMOHAILHEIX ! (Poavkaop)

6. PaccmoTpuM BCEBO3MOXKHBIE OTHOKPYI'OBBIE TYPHHUDPHI N MIAXMATUCTOB. s
KaXKJIOT'0 TYPHUPA HAUIEM KOJUIECTBA S1 K -+ K S, OUYKOB, HAOPAHHBIX UT'PO-
KaMW, 1 BO3bMEM B 1i-MEPHOM IPOCTPAHCTBE TOUKY C KOOPAUHATAMIU (S1, - . ., Sp)-
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3agadHbI pasgen

10.

11.

[oka3aTh, 9TO BHIIYKIasd 060I0UKA ITUX TOUYEK ABAACTCA (1 — 1)-MEpHBIM MHO-
rOr'PAHHUKOM, KOMOMHATOPHO KBUBAJEHTHBEIM COOTBETCTBYIOIIEMY KyOy, a ero
BEPUINHBI COOTBETCTBYIOT TYPHUPAM, B KOTOPHIX B JIIOOON Mape y4IaCTHUKOB
HAOPABIIMK GOJBIIE OYKOB BHIUTPHIBAET B IUIHOU BCTPEUE.

(A. A. Bacaascrui, A. B. Cnusax)

O603Ha MM Uepe3 P MHOXKECTBO HATYpATbHLIX uucen Buga n®, roen > 1,k > 1.
HauTu cymMMy OOpaTHBEIX BEIUYUH BCEX YUCET U3 P, yMEHBIICHHBIX HA €IUHUILY,
T. €.

Z 1
ey 1 (JI. Diinep)

Moxker au ¢urypa, yKasaHHas Ha PUCYHKE, M300pPaxkKaTh HECKOIBKO IIOMAPHO
CKPELMBAIOIIUXCA MPAMBIX, CIPOEIUPOBAHHBIX HA, IOCKOCTD !

\ // /
AA

CKOIBKO CHHTAKCUYIECKN TPABUILHEIX BEIPAKEHUN U3 1 CAMBOJIOB MOXKHO COCTa-
BUTD, €CJIW UCIOMB30BATH TOMLKO CAMBOJBL IBYX TepeMeHHBIX X 1 Y, OTKphIBa-
IOIILYO ( ¥ 3aKPEIBAOLLYIO ) CKOOKM, 3AIATYIO (,), CUMBOJ IBYMECTHOU (DyHKIUN
¢ ¥ CUMBOJ OTHOMECTHOU (pyHKuIuu f7

(A. B. Cxonenkos)

CUHTAKCUIECKN TTPABAILHEIE BLIPAXKEHUA ONPEACTAIOTCA NHIYKTUBHO: X, Y —
CUHTAKCUYIECKN MPABUNLHLIC BBHIPAXKEHUA, JIOO0E€ CHHTAKCUYECKN MTPABMILHOE
Boipaxkenue umeer Bun f(A) wm g(A,B), rme A, B — CUHTaKCUYECKH Mpa-
BUJIBHEIC BLIPAKEHUA MEHBIIEH IIMHEL (Doavkaop)

Ipu xakux o, (3,7 CymeCTBYET HeNpepLIBHAA (DYHKIAA, OMPEJEICHHAS Ha OTPE3-
Ke [IUHLI 7y, MHTETPaI OT KOTOPOU MO JI0GOMY OTPE3KY [IIMHLI ( TIOIOKATEEH,
a 1o Jr00MY OTPE3KY IIUHHL 3 — OTpULATENCH? (II. Camoson)

TpeyroabHuK ¢ yriaaMu a, (3, 7 pa3buBaeTca GUCCEKTPUCON OHOTO U3 yIJIOB HA
IBE 9ACTH, OJHA W3 KOTOPHIX BHIOpacwBaeTca. C OCTABIIUIMCA TPeyrOJbHUKOM
NPOU3BOJUTCA Ta Ke Tpoueaypa u T. 1. 1 xkakux 3HadeHun «, 3, 7 MOXKeET
MOMY9IUTHCA TPEYTOILHUK, TIOHOOHEIN MCX0THOMY !

y pey » oA AHOMY (A. Beaos, A. H. Tasourumn)
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Pemenua 3amad n3 mpeabIIyIINX BBITYCKOB

6.2. YCJIOBUE. [JaHa mMaTpuma OpTOrOHAIBLHOIO IpeoOpa3oBaHuA (ai;) pasMe-
pa 3 x 3, mpudem Bce a;; # 0. Iycte B = (bsj) = (ai_jl). Joxaxure, aro det B = 0.

PEMWEHME. 3ameTuM, 4TO

3 12013 411213  QA11Q12
H Qg5 - det B = |a22a23 az1a23 az1a22|,
3,j=1 a32a33 3133 A31A32

a Y TOU MATPUILI CyMMa CTPOK PaBHA HYJIO, HOCKOIBLKY CTOMOILI MATPUILI A Op-
TOTOHATBLHLL. 3HAYNUT, OMPeIeIUTeIs PABCH HY.TIO, YTO 1 TPeOOBATOCK.
(B. B. Aouenxo)

6.3. YCJIOBHUE. [[oxaxkuTe, 9TO CUCTEMA YPABHEHUU C 7 MTAPAMETPAMU A1, . . - , Ay,
a1+ ...+ apx, =0,

2 2
azy +...+apx;, =0,

azy + ... +apz, =0
HMEET HEHyJEeBOE€ PEIIeHHEe TOrJa M TOJLKO TOrAa, KOTa CyMMa HEKOTODPEIX U3 a;
pPaBHA, HY.TIO.

PEMWEHUE. Mbr npuBeneM naxe ABA PEIIEHUS. 3AMETUM CHAYANA, UTO €CIU CyM-
Ma HEKOTODEIX @; PaBHA HYJIO, TO HEHYJIEBOE pelIeHWe, OYeBUIHO, €CTh: ITOJOXKUM
COOTBETCTBYIOIINE T; PABHBIMU €IWHUIIE, & OCTaIbHbIe — Hymto. [losTomy urTepec-
HO JIMIIb TOKA3aTEeIbCTBO OOpaTHOro yreBepxkaeHus. Wrtak, mycTh cucrema mmeer
HEHYJIEBOE peIleHue.

Ieproe pemenue. («/Iunennse CHCTeMm»l)) PaccMoTpuM cuctemy Kak JUHEH-
HYI0 OTHOCUTENBHO a;. Fe ompenennrent nonydaeTcsa us onpedesumens Bandepmonda
VMHOXEHUEM HA T1Z32 * ...  Tp. LCIM DTOT OIpENeIuTeTh He PABEH HYJI0, TO OTHO-
CUTEJILHO (; HAIlla CUCTEMA UMeeT JIUIIb HyJeBOe DEIIeHue, T. €. BCe 4; PABHLI HYJIIO,
970 maxe 60JbIIe, YeM TpeOboBaJIoCh. B mpoTuBHOM caytdae aubo0 cpeau x; eCTh HYJIH,
IGO0 HEKOTOPBIE U3 I; PABHBI MEX Iy COO0U. B Kaxk 10M M3 3TUX CIyIaeB HECKOTBLKO
TEPBLIX YPABHEHUU OOPA3YIOT AHATOTMYHYIO CUCTEMY MEHBIIEro MOpAAKa, Koahdu-
[UEHTH B KOTOPOU — HEKOTOpBIE U3 a; (B MEPBOM U3 DTUX CIyIAEB) WIA CyMMBI
napamMeTpoB @; (BO BTOPOM CIydae; 4TOOLI B 3TOM yOequThCs, Ha 10 CrPYNIUPOBATD
paBHBIE MeX Iy COOOU T;), U MOXKHO BECTU UHIYKIMIO IO 1.

1 Cu. 0630p A. A. Kupunropa «AHBapHAHTHEIE OIEPATOPHI HAJ T€OMETPIIECKIMI BeIMTHHAMEY,
BUHUTU, 1980, c. 11-12; Tam >TOT pe3yabTaT IPUBOAUTCA CO CChUIKOU Ha P. Y. Buriosa.

MaTemaTu4eckoe npocselyeHune, cep. 3, soin. 9, 2005(225-233)
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Bropoe pemenne. («Teopema Bueray) Iycts o — k-as daeMeHTapHAA CUMMe-
Tpuieckas GYHKIMA OT T, ...,T,. YMHOXUM [-0e ypasHenue Ha (—1)""lo,_; (I =
_ .\ n—1 -1 1y —
=1,...,n— 1) u croxum Bce ypaBHenus: y ., ap(zp + Y ,_; (=1)"'o,_z}) = 0.

Bocnonssyemcsa Teopemon Buera:

(x—z1) .- (x—xp) =" —oz™ .+ (Do R L+ (=1)"0,.

Ona nosBosigeT Ipeobpa3sOBATh MOMYYEHHOE DABEHCTBO K OYEHb IPOCTOMY BHIY:
(=D)™(ay + ...+ ap)op, = 0 (HyXHO NOLCTABUTH B BHIIUCAHHLIM MHOTOWIEH X = Tj,
YMHOXUTD HA Gj, U CJIOKUTH). DTO O3HAUAET, UTO JUOO CYMMa BCEX G; PABHA HYJIO

(ormmanol), mu6o 0 = 0y = T1Ta - ... - Tp. A €CIM OJHA U3 EPEMEHHBIX DABHA HYJIIO,
TO mepBele N — 1 ypaBHeHHE 06Pa3yIOT AHAIOIMIHYIO CHCTEMY MEHBIIErO IHOPAIKA
(cHOBa MHIYKIWA). (B. B. Jouenxo)

6.4. YCJOBUE. a) MoxHO a1 pa3bUTh MPOCTPAHCTBO HA OKPYXKHOCTU? A TLIOC-
KOCTB?

6) MOXKHO 11 MOKPHITH IIOCKOCTh OKPY KHOCTAME TAK, YTOOBI JTH00AA TOIKA, ObLIA,
IOKPBITa POBHO Tpu pasa’ A aa pasa?

PEWEHUE. a) [IpocTpancTBo MOXHO pa3buTh Ha OKpyxkHOCTU. [IpuBegeM ABHYO
KOHCTpPYyKIInio, npuHaarexaiyo /. Pomuny. flcao, uTo momaoTopue T HA OKPYyXK-
HOCTHU Pa3buBaeTCa (BHYTPU OKPYKHOCTb, Ha KOTOPYIO HAHU3AHBEI BCE OCTANLHEBIE).
[Iycte T — momuoTopue; S’ — OKPYyXHOCTB, MPOXOAAMAA 9epe3 HeHTp 1 Tak, ITo
nentp O okpyxuoctu S’ He conepxurca B T, a paguyc S’ 60JbIIE BHEITHEO PAITyCa
nomuoropus T'; T' — HOBOE MOJHOTOpUE, HOIyYalomeeca u3 1 BPAIEHUEM BIOJbL OCK
¢, mpoxoaamen vepes O U MepHeH UKy IAPHON TIOCKOCTH okpyxHOocTH S’. flcHo, 9TO
T US monomusercsa okpyxHOCTAMHA 10 T'. ITepupys 3Ty KOHCTPYKIINIO, JETKO MOy~
auTh cemeiictso nomaoropuit ') T+ = 7K' sanonamomee Beé mpocTpaHCTBO.
[Monyaurcs Tpebyemoe paszbuenue.

JloxaxkeM, 9TO MIOCKOCTH Pa3bUThb HA OKPYKHOCTYU HENb3s. [IpeanorokumM mpo-
tuBHOe. [locTpouMm mOCIEI0BATEIBHOCTE P; BIOXKEHHBIX OKPYXKHOCTEU Pa3OueHust,
PaguyChl KOTOPBIX CTPEMATCA K HYJTH0. [lepByr0 OKpYyKHOCTE Py BEIOEPEM MIPOU3BOIB-
HO. OKpyXHOCTb Pj11 IPOXOIUT Uepes HeHTpP OKpY:KHOCTH P;. II0CKONTBbKY OKPYIKHO-
CTU Pa3OUEHUSA HE MEPEeCeKaArTCA, PAIUYC CASAYIOMEN OKPYXKHOCTU B MOCTPOEHHOU
MOCJEJOBATENIBHOCTY [0 KPAUHEN Mepe BABOE MEHbIe panuyca npeasirymen. Ode-
BUAHO, 9TO P; nexwur BuyTpu Py npu i > k. [losTomy ects poBHO 0HA 00mas TOYKA
y KPYr'OB, OrPAHUYEHHBIX OKPYyXHOCTAMU P;. OKpy:KHOCTH pa3bueHus, mpOXOIAIIasn
9epe3 BTy TOYKY, MEPECEKAET BCE OKPYXKHOCTHU Py, mpu mocTaTovHOo 60abmoM k, 9TO
MPOTUBOPEYUT YCJIOBUIO.

6) Hpusenem mpuMep TAKOTO MOKPHITUA MIOCKOCTU OKPYXKHOCTAMU, ITO KaiK-
Iasg TOYKA MOKPHITA POBHO 2 pasza. DroT npumep mpuHagiexutr H.B. Bacuineny.
On crpouTcsa B gBa mara. BHagane BO3bMEM BCe OKPYXKHOCTU €IUHUYHOTO IUAME-
Tpa, JeXallue B MOJOCe eIUHUYHOU HIUPUHBL. JIErKo BUAETH, 9TO Yepe3 KaKAYIO
BHYTPEHHIOI TOYKY IMOJOCHI TPOXOAUT POBHO 2 OKPYXKHOCTH, a Yepe3 KAaXKIYI0 I'pa-
HUYHYIO — POBHO OfHA. Tenepb 3aKOHYUM MOCTPOEHUE, NOOABIAI OKPYKHOCTH, KO-
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TOpBIE MONYYA0TCA MapaLIeTbHBIMU CIBAIAMU HA IIeIbIe DACCTOSHNUA B HAIIPDABIECHUN,
TIePHIeHINKYIAPHOM II0JI0CE.

JlokaxxeM CyIIECTBOBAHME TAKOTO MHOKPHITUA IMIOCKOCTUA OKPYXKHOCTAMU, UTO
KaXK I1as TOYKA MOKPBITA POBHO 3 pasa. HazoBeM MHOXKECTBO OKPYXKHOCTEU 1P aB8UAb-
HblM, €CIN JI00aI TOYKA IIOCKOCTHU IMOKPLITA He 60sIee 4eM TpeMsa OKPYKHOCTAMU U3
3TOT'0 MHOXECTBA.

JIEMMA 1. IlycTh uMeeTcs mpaBUIBLHOE MHOXKECTB OKPYXKHOCTen P, comepxaiiee
MeHee KOHTHUHYyyMa OKpyxkHocTen. Torma s m1o00u TOYKK A MOXKHO NONOJHUTH
P xoueunbim (0T 0 10 3) 4MCIOM OKDPYKHOCTEH TaK, YTOOLI MOJYyYEHHAA CACTEMA,
OKPYKHOCTE! OCTaTaCh MPABUILHOU, a Yepe3 A TmpOoXOoamao OBl POBHO TPU OKPYK-
HOCTH.

MOKABATEJILCTBO. Todek mepecedenus oKpyKHOCTEN u3 P MeHee KOHTUHYyMa,
TaK KaK OKPYKHOCTHU MEPECEKAITCA He O0Tee UeM B ABYX Toukax. depes A u 100y
TOYKY, TTOKPHITYIO TPEMsA OKPYKHOCTAMU U3 P, MpOXoaAuT HE 60Iee ABYX OKPYIKHO-
CTeU eJUHUIHOrO PAAUYCA. SHAUUT, BCET'O TAKUX OKPYKHOCTEU MEHEee KOHTUHYYMA.
A Bcero oKkpyX)HOCTEU eUHUYHOTO PALUYCA — KOHTUHYYM. SHAYUT, MOXKHO, COXPa-
HAA MPABUIBHOCTH MHOXKECTBA OKPYXKHOCTEHN, NOOABUTEH OKPYKHOCTD, IIPOXOISIIILY IO
uepes A. IToBTOPSA Ty IPOIELypPy HYKHOE IUCIO0 Pa3, MOIYIAEM UCKOMOE PACIIADe-
HUE CUCTEMEBI OKPYKHOCTEN.

Bosbmem nepsoin oparaan MomuocTr KouTrayyMa C. [leperyMepyeM ¢ moMoImbo
C TOYKHU MIOCKOCTHU, OKPYKHOCTH, TTAPHI OKPYKHOCTEN U TPOUKU OKpyKHOCTen. [l
Kax 10ro opaunana a < C onpenennM TpaHCHUHATHON WHAYKINEN MPABUILHOE MHO-
JKECTBO OKpyx)HocTen P,. [Ina madambuoro opamuana 0 mosaraem Py = &. Ecinm
a = 4+ 1 — menpegensHBN OpAuHAIL, TO P, O6yner momrydarscs us Pg npumenennem
JIEMMBI OTHOCUTEIBHO TOUKHU pg, cooTBeTcTBYylomen 3. [ ompeneseHHOCTH CIUTa-
eM, 9T0 B P, Britodaercs C-MUHUMAIBHBIN HAGOP OKPYXKHOCTEN, Y IOBIC TBOPIIOMINN
ycaoBuio teMMbl. Eciu e o — TpeIeabHbIl Op JUHAT, (¢ = Uie[ @i, T0 Py = ;.7 Pa;-

Muo%)ecTBO OKPYX)KHOCTEN P maeT MCKOMOE MOKPHITHUE TLIOCKOCTH.

icl

3AMEYAHUE. [JaHHAsS KOHCTPYKIWS O3BOJIAET TAKIKE PELIATH IYHKT &), & TAKKE
pemaTh aHAJOTUYHbIE 330849 (HAIPUMEpD, TOCTPOUTL CUCTEMY MPAMBIX HA TIOCKO-
CTHU, HUKAKWE MBE U3 KOTOPBLIX HE MapajleqbHBI, 8 KaXKIasd TOUYKA MOKPHITA POBHO
2004 npaveivMu). OCTAETCA OTKPBITHIM BOIPOC, MOXKHO JU TPEIBABATH KOHCTPYK-
LU0, HE UCIOJIB3YIONLYI0 AKCUOMY BHIOOpa (MU, YTO TO XKe caMoe, TPAHC(HUHUTHYIO

MHIYKIIIIO). (A. A. Kaneav)

6.11. YcaoBUE. PaccmaTpuBarores crmoBa n3 O6ykB pycckoro aadasura. Crosa
Buga Sul U Suut UMEIT OZMHAKOBHIM CMBICT (34€Ch S, U, { — NPOU3BOJbLHEIE CJOBA,
BO3MOXKHO, ImycThe). [JJokaxuTe, 9T0 KOAUIECTBO PA3JIMIHBIX CMBICJIOB KOHETHO.

PEMEHUE. [[anuyio 3a1ady MOXHO mepedOpMyJupOBATH TAK: UIEMNOMEHMHAA
KOREUHO-NOPOHCOCHHAAL NOAY2PYNNA KOHEUHA.

IMoayrpynna P HA3BIBAETCA KOHEUHO-NOPOHCIEHHOT, €CIU CYIIECTBYET TAKOE KO-
HEYHOE MHOXKECTBO DIEMEHTOB {da1,...,as} C P, 9T0 M0607 APYTOU DIEMEHT Mpe[-
CTABJAETCA B BUJE IPOU3BEICHUA DTUX DJIEMEHTOB (OHU MOT'YT UATHU B IPOU3BOIHHOM
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HMOPAJKE, U KAaXKIBIA 2IEMEHT MOXKET BCTPEIATHCA HECKOABKO pas). Hoayrpynma P
udeMnomenmmua, €CIN KX LI 21eMeHT a € P udemnomenmen, T.e. a®> = a.
Beenem oTHOImIEHMS TOPAIKA U SKBUBAJEHTHOCTH:

s < v, ecau miaaA JIOOBIX t1,ts St; = sty = vty = vig; ()

s~v,ecmm s Lvnv<S. (~)

Yepes A Gygem 0603HAYATH MYCTOE CIOBO (€IMHUYIHBIA DJIEMEHT IIOJLYyTDYILIHL).
IIpuBeneM HEKOTOPHIE CBOUCTBA, BBEICHHBIX OTHOIICHUN.

JIEMMA 1. a) s < us; 6) auas ~uas; B) s ~t & st =s.

[JOKA3ATEJLCTBO. YTBepxkaeHue a) 04eBUAHO. HepaBeHCTBO uas < auas cie-
ayer u3 a). C Ipyrou CTOPOHEHL,
auas < uauas = (ua)’s = uas,
nosToMy auas ~ uas. OcTanocs nposepuTh B): tA = 2 = tt, OTKy[1a s$2=s5=sA=
= st.

ByneMm noxkasbiBaTh yTBepkKAEHHE 33Ja4M HHIYKUAEH IO 9YUCIY OODPa3yIOLIUX,
T.e. OykB amxpaBuTa. MOXKHO [I0Ka3aTh, IUCIO KIACCOB DKBUBATEHTHOCTH KOHEYHO.
[ust ogHOM 06pa3yIomer OHO 04eBUAHO. IIyCTh yTBEPK IeHIe 334U BEIIOIHEHO U1
UIEMIIOTEHTHBLIX HNOIYTPYHI ¢ N obpasyonmumu. PaccMoTpuM Temeps MIeMIIOTEHT-
HyI0 TOXyrpymnmy ¢ n + 1 o6pasyromen.

ConocraBuM KaxkIOMYy KJIacCy SKBABAJEHTHOCTZ B P ero mpencrasuresns, uMero-
mero MuHUMaIbHyIo aauHy. Ilycts a — camas jeBas OGykBa mpexcraBuTens v. 1o-
rga B cuay m. 6) JdeMMbl 1 GykBa @ B CJa0Be v OOabIne He BCTpedaercs. IlosTomy
KJIACCOB 3KBUBAJEHTHOCTHU KOHEYHOE UHUCIO: IPEICTABATENb KaXK 00 KIaCcCa MOXKET
OBITH MOIYYEeH TONUCHIBAHWEM K MIPOU3BOILHOUN OYKBE (g SIEMEHTA IMOAIOIYTDYIIIIL,
[IOPOXK JEHHOU OOPABYIOUIMHA (1, . . . , Gy, & UX — KOHEYHOE IUCJIO IO IPEIOI0KEHIUIO
MHIYKITUN.

[oxazxeM, 9TO JI000€ JOCTATOYHOE AIMHHOE CIOBO B PP MOXHO coxpamumb, T.e.
yKa3aThb CJIOBO MEHBIIEH NIUHEL, KOTOPOE 33IaeT TOT K€ DJIeMEHT HOoAyrpynmsr P.
C10BO 3aBEJOMO COKPATMMO, €CIM B HEM DsOM HAINCAHEBL IBA [I0LCAOBA, OTHOCAIIN-
ecs K OQHOMY KJIACCy DKBUBAJEHTHOCTH (CM. J1eMMy 1, IYHKT B).

ITocTpoum mo cia0By rpad, BepIIMHAME KOTOPOr'O ABIAIOTCA MO3UIUU CJIOBA, &
pebpy, COeIWHAIONMIEMY [Be IIO3UINH, COMOCTABICH KIACC DKBABATEHTHOCTH IIOCHIO-
Ba, KOHIEI KOTOPOI'0 HAXOIATCA B DTUX ABYX mo3uuuax. [lonydwminm packpalieHHBIN
monubin rpad. Useecrnas Teopema Pamces yrsepxkzpaer, 9TO mpum (QpUKCHPOBAH-
HOM YHCJE IIBETOB M NOCTATOYHO GOJBIIOM WHCIE BepIINH B rpade HAUAETCI Of-
HOIIBETHHIN TPEYTroOIbHUK. HO OHOIBETHOMY TPEyTOJBHUKY COOTBETCTBYIOT ABA 3a-
MUCAHHBIX NOAPAL MOLCIOBA, KOTOPHIE NPUHAMICKAT OTHOMY KJIACCY DKBHUBAJIEHT-
HOCTH.

SAMEYAHUE. Wcnonb3ys aHATOIMYHOE PACCYXKACHUE U OECKOHEYHYIO TEOpeMy
Pamces, MOXHO MOKa3aThb ClIeLyIOIIee YTBEPKACHUE: NYCMb 6CE CA0BG KOHEUHOU
OAUNBL PACKPGULENBL 8 HECKOADKO UBEMO6, M020a 41000e OGECKOREUROE BNPAEO CAOE0
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MOHCHO PA3OUMb KA KYCKU KOREUROT 0AUNRbL MAK, WMOoObl 6CE KYCKU, 34 UCKAIOUEHUEM
6b1mb MONCEM MEPBO20, ObLAL PACKPAULERLL 6 00UH UYBEM.
P ’ pacrp (A. A. Kaneav)

7.1. YCaoBUE. U3BecTHO, 9TO 1 < @2 < -+ < Xy U |2; — y;| < € mpm Beex 4
21 € 22 € -+ £ 2z, — DPE3YAbTAT MEPEyNnopsanouuBanusa Habopa {y;}1, B mOpsgKe
Bospacranus. [Jokaxure, 910 |z; — 2;| < € npu BCex i.

PEINIEHUE. YTBepX)IeHNWE 3aJa491 PABHOCHIBHO TAKOMY: €CJIM NI IBYX HEyOBI-
BAIOIIUX TOCTENOBATEILHOCTEN 1 < T2 < '+ < Tp U 21 < 22 < -+ < 2, TIpH
HEKOTOPOM % BBITIONHEHO HEPABEHCTBO |T; — z;| > €, TO misa n060l MepecTaHOBKA
o : [1,n] = [1,n] mangercs Takoe k, 910 |}, — 2o ()| > €.

Pacemorpum cayuan x; < z;. Hangercs raxoe k € [1,i], aro o(k) > i. [as aToro
k BBIOIHEHO

[Tk = 2o(k)| = Zo(k) — Tk = 2 — T > €.

Cayuan z; > z; pa3bupaeTcs aHAJIOCUYIHO: HYXKHO B3ATb Takoe k € [i,n], 94T0
o(k) < i. Torga

Tk = Zo(k) 2 Ti = Zi > €. (M. H. Baavui)

7.3. YcaoBuEk. Hokaxure, aro marpunsr AAT u AT A umeror ogun u TOT *XKe
HaGOp HEHyJIeBLIX COOCTBEHHEIX dmcesl, rge A — mpamoyroabHas Mmarpuma, AT —
TPAHCIOHUPOBAHHAA MATPUIIA.

PEIEHKE. Byaem paccmaTpuBaTh MaTpully A Kak MaTpHUILy JUHEXHOIO OEPATO-
pam V =R 8 W = R™. 3amernwm, uto (Azr,y) = (z, ATy) (vepes (-, ) o6osmaeno
CTaHIapTHOE CKAIAPHOe MPOU3BEJEeHNME), MO’TOMY AcHO, 910 V = ker A @ im AT,
W = ker AT @ im A. Hanpumep,

veEker Ae (Vu € V)(Av,u) =0& (Yu € V)(v,ATu) =0 vlim AT,
Mokaxewm, aro ker AT A = ker A. [leficTBUTEIBHO,

AATz =0= (AT2,AT2) =0 ATz =0 = AAT2 = 0.

3aBepIIuTh JOKA3ATEIHECTBO MOXKHO Tak. CobcrBennb BexTop = aia AT A ¢ ue-
1
HYJIEBBIM COOCTBEHHEIM 3HAxeHHeM \ jaexuT B o0pase AT, mockoabky & = AT(XAQ:).

W3 cka3aHHOrO BEHINIE CIEAYET, YTO A L MOXKHO JaXe BBIOPATH MPEJICTABICHIE
r = ATy, roe ylkerAT, 1.e. y € imA. Umeem: ATAATy = XATy, T.e.
AT(AATy — \y) = 0. TIpu >Tom Bextop AATy — Ay mexur B 06pase omepaTopa A,
u moToMy oproroHateH aapy omeparopa AT. 3maumr, oH paBeH HymO, T.e. Yy —
cobcrBenHbIn BeKTOp 11 omeparopa AAT ¢ co6CcTBeHHBIM 3HAYMEHHEM A, ITO U Tpe-
60BaTOCH (0OPATHOE BKJIKOYEHUE MHOXKECTB COOCTBEHHBIX 3HAYEHUN NOKA3LIBACTCA
TaK ¥Ke). (B. B. Jlouyenxo)

7.4. YCIOBUE. z,y > 0. [JokazaTh HepaBeHcTBO: ¥ + y* > 1.
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PEmEHME. Ectu x0T OBI OTHO M3 YUCET T W Yy HE MeHbINe 1, TO HEpaBEHCTBO
oueBuaHO. [TosToMy mocTaTodno pacemorpers caydan 0 < z,y < 1. Mlpu 0 < y < 1
73 HEePABEHCTBA BepHyLIn 3aKI0vaeM, ITO

=1+ -1)"V<l+@-1D1-y)=z+y—ay<z+y.

xr
CaenoBarenbuo, ¥ > ol Cramo ObITh,
rry

”” Yy 1.

y T —
Aty >a:+y+x+y

(A. ¥ Xpabpos)

7.9. YcJIOBUE. Tpu 4venoBeka MMEIOT COOTBETCTBEHHO IO Nj, Mo, N3 LOLIAPOB.
Kax e 6pocaeT MOHETKY U TIOIYyYaeT PEe3yabTaT — «OPel» WK «peinky». Fcau y
OIHOT'O HE TOT K€ PEe3yJIbTAT, 9TO y ABYX APYTUX, TO T€ ABOE ILIATAT €My IO I0J-
aapy. Eciu ke Bce pe3yabTaThl OQUHAKOBBI, TO IEHBI'M HE JEJAT, HO «TAKT» UTPHI
npoucxoaut. Urpa KOHIAeTCs, KOrIa y OJHOO U3 UTPOKOB HeT Gosbire gexer. [lon-
CIUTATH CPEIHIOI MPOJONIKUTEILHOCT UTPHIL.

4n1n2n3
3(n1 +TL2+TL3) —6 '
B pemenuu Ham noTpebyrOTCS ABE JEMMBL.
IepBas — XOPOIIO U3BECTHOE YTBEPK ICHNE U3 JUHEUHOUN ATTeOPHI.

PEmMEHUE. OTeer:

JIEMMA 1. Heogmopoauas cucrema N JIuHEUHBIX ypaBHeHUU ¢ N HEM3BECTHBI-
MU MMEET €IUHCTBEHHOE PEIIeHNe TOr'a M TOJBKO TOrAA, KOT'Ia COOTBETCTBYIOIIAI
OTHOPOIHASA CUCTEMA MMEET TOJBKO HYJEBOE PEIIIEHUE.

JIEMMA 2. Pacemorpum opmentupoBanubil rpad!) V' ¢ BELIEIHHBIM [OIMHO-
xkecTBoM BepumH (G (BepmuHbl u3 MHOXKeCTBa (G OyIeM HA3BIBATH 2PAHUUHbIMU, A
OCTaNbHBEIE — BHYMPennumu) . [lycTb Tpanuma docmuHcuma 13 KaxK 0N BHYTPEHHEN
TOYKH (T.€. UMEETCA OPUEHTUPOBAHHBIN Iy Th U3 DTON TOYKHA B OMHY U3 TPAHUIHBIX
rouek). IlycTh masee KaxXIOW BEPIIUHE MPUMUCAHO (KOMILUIEKCHOE) YMCAO TaK, U9TO

1) "mcao B KaXkK 10U BHYTPEHHEN BEPIIMHE PABHO CPEIHEMY apUpMETUICCKOMY M-
cel B KOHIIAX BHIXOIAIIUX U3 Hee pebep;

2) BCe 4uCJa B MPAHUYHBIX BEPIIMHAX PABHBL HYJIIO.

Torga u Bce Yucia BO BHYTPEHHUX BEPIINHAX PABHBLI HYJIIO.

[IOKA3ATEJILCTBO. Paccmorpum Bepriuay A, B KOTOPOU CTOUT MaKCAMATLHOE
o Moxy o uuciao M. B cury 1) B KOHIAX KaK OO BLIXOIAIIETO U3 Hee pedpa Tak-
ke crouT M. IloBTOpsaa >TO paccyxmeHue, BUAUM, ITO Uuca0 M CTOUT BO BCeX
BepumHax, focTmkuMBIX u3 A. [lockoapky m3a A mocTmxuMma rpaHUYHAS BEPIIUHA,

To M = 0.

SAMEYAHUE 1. Ycmosue 1) MOXHO HECKOABKO OCTAOUTH, HO HAM JOCTATOYHO U
Takou GOPMYIUPOBKH.

NB rpade MOryT OBITH HETJIN.
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MoXHO CIUTATL, YTO WTpa MPOUCXOAUT HA MHONKECTBE V TO3WIUN BUIA
(n1,n2,n3), TIE N1, N2, N3 — TPOU3BOJIBHLIE HEOTPUIATEILHBIE [EILIE YUCIA C JaH-
HOU CyMMOU

ny +ns +ng =n.

HazoBeMm rpaHuYHBIME TO3MIUK, B KOTOPEIX UTPa 3aKAHIMBAETCA, T. €. DIE 10 KPali-
HEl Mepe OJHO M3 SHMCea N1, N2, N3 PABHO HYJII0, W MOCTPOUM r'pad € MHOXKECT-
BOM BepIIMH V', COEIMHUB BBEIXOMAIIAME PeOpaMyu KA IyK BHYTPEHHIOK MO3UIAIO
A(n1,n2,n3) ¢ MO3UNUAMY, KYoa U3 HEE MOXKHO MOMACTb 3& OJUH TAKT, T.€. C Ca-
mon nosunmen A u mosunuavu A'(ny — 1,ny — 1,n3 +2), A"(n1 — 1,n2 +2,n3 — 1),
A" (ny+2,n2—1,n3—1). HerpyaHo npoBepuTh, 9TO BEPOATHOCTD IEPEXOAA 38 ONUH
TaKT U3 no3uuu A B KaxKAyi0 U3 5TUX YeThIpex no3uuui passa 1/4. U3 rpanuaabix
no3unui (MHOXKECTBO uX 0603Ha4uM depe3 () peObpa HE BBHIXOIAT.

1) Cuavana BLIYUCAUM CPENHIOK MPOIOMKUTEILHOCTL [(A) Urpsl, HavaBIIenCA
B mo3uOuu A, B MPEeNNONOXEHUN, 9TO OHA MJIA KaXKJIOW TO3WIMA KOHEeYHA. B cury
BHIIEM3I0KCHHOT'O

1(A) = 1+ J (I(A) +1(A) +1(A") +1(A™)). (%)

(Mu1 monmaraem, uto [(A) = 0 1/ KaX [0M PPAHUTHOUN TO3UIN).

IMonyunnack cucTeMa JUHEMHBIX YPABHEHUU C KOJIUIECTBOM YDABHEHUN U HEU3-
BECTHBIX, DABHBIM YUCIY BHYTpeHHUX BepiuuH. COOTBETCTBYIOMIAA ONHOPOIHAA CH-
cTeMa uMeeT BUI

1
1(4) = 7 (1(A) +1(4) +1(A") +1(A™)).
B cuny memMmBI 2 OHA MMeeT TOJBKO HyneBoe pernenue. B cmry memmbr 1 ucxoxnas
CHCTEMa MMEET PEIIeHne, IPUTOM equHCTBeHHOe. OCTANIOCh «yragaThy DTO DEIIeHNE.
Mockoabky [(A) obpamaercs B Hyib B MPAHAYHBIX HO3ULUAX, €CTECTBEHHO MOIPO-
60BaTHL MONOOPATH €ro B Buae aninang. Llogcrasmaa B (¥) u packpeiBas CKOOKH,

npuxoauM K paBeHCTBY (3n — 6)a =4, T.e. a = Er—
n—
2) [lokaxkeM Temephb, 9TO CPENHA TPOJOIKUTEILHOCTD UTPEL TEMCTBATEIBHO KO-

HEYHA.
1(A) = kpi(A),
k=1

rae pi(A) — BEpOATHOCTH TOrO, YTO UIPA, HAYABIIUCH C HO3UIMUA A, 3aKOHIUTCA
poBuO 4depe3 k TakToB. Hy:XHO 10Ka3aThb, 9TO DTOT PAS CXOIUTCA.
Bepostaoctu pi(A), 09€BUAHO, yAOBIETBOPAIOT COOTHOILIEHUAM

1
Pr+1(4) = Z(pk(A) + pi(A") + pr(A") + pr(A™)), (%)
KOTOPEIE, HAPAY C HAYAJILHEIMU yCIOBUAMEA
0, A¢G,
A) =
po(4) I, Aeq

u rpasuaHBIME yeaoBuaMu pi(A) = 0 mpu A € G u k > 0, TO3BOJAKT BLIYUCIATL UX
MOCTEIOBATEILHO.
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PaccMoTpuM BEKTODEL Py, ¢ KoopauHaTaMu py(A) (KOInIecTBO KOOPANHAT PABHO
ety Beex sepumH rpada V). Coorromenus (¥*) BMecTe ¢ rpaHUYHBIMEA YCJIOBUAMEA
MOXKHO 3aIlUCATh B BUIE Py, = UPy, rae U — IUHEHHBIA OMEpaTOp HA COOTBET-
cTByMOIEeM npocrpancTse. Tormga

_ 77k
Py =U"py.
o 17k
TakuM 06pa3oM, JOCTATOYHO JOKA3ATh, YTO CXOIUTCA PAX » .-, U*. [l1a sroro mo-
CTATOYHO NPOBEPUTD, ITO BCe cOOCTBeHHLIE 3HadeHua U (B TOM 9YUC/IE U KOMILIEKC-
Hele) 10 Moxy o Menbine 1. (Hampumep, nocie npusegeHus MaTpuLbl K K0P JAHOBOU
opMe MOXKHO yOeouThCA B CXOAUMOCTH PsALA HEIOCPEACTBEHHLIM BBIYUACACHUEM).

IIycte & — cobcTBeHHBIN BeKTOD onepaTopa U, cCOOTBETCTBYIOUMI COOCTBEHHO-
My BHAYEHUIO A:

Az(A4) = i(w(A) + 2(A") + z(A") + z(A")) opu A ¢ G, (¥*%)
Az(A) =0 mpu A € G.

Ecmm |A| > 1, HO A # 1, TO, pacCMOTpeB HAUGOMBILYIO IO MOAY.II0 KoopauHaTy (A)
BEKTOpPA, L, HEMEIJIEHHO MPUIEM K TPOTUBOPEINIO0 — J€BaA 9aCTh COOTHOIICHMS

(A=) 2(4) = 3 (@A) + 2(4") + 2(4™)),

skBuBajeHTHOrO (***), mo mogyuaio Gomabie mpasou. Ecau ke A = 1, To xoopauxa-
TBHI BEKTOPa T YAOBJICTBOPAIT YCJAOBHUIO JEMMBL 2, U CI€JOBATEILHO, PABHBLI HYJIIO.
ITpoTusopedne. (JI. Mednuxos)

7.11. YCJIOBUE. Bce koMmIeKCHBIE KOPHU yPABHEHS
Ao X"+ A X" 4. 4 4,=0
o Moxyaio crporo menbine 1. [locaegoBarensHOCTH
{vr = AoUkyn + A1Ukin—1 + - + Apui}
cxoguTes. JlokaxkuTe, 9TO MOCIELOBATETLHOCTD {Uy } TOXE CXOOUTCA.

PEIEHKE. Bes orpanmdenns oOMHOCTA MOXHO CIATATh, 94T0 Ag = 1.
Pasmoxum xapakTepucTuaeckuin Maorowren P(r) = " + Ajz" ' +--- + A, Ha
MHOKUTEN:

Pz)=(xz-&)(z—&) ...-(z—&), &eC |& <1
PaccymorpuMm onepaTopsl Ay B IPOCTPAHCTBE MOCIE[0BATEILHOCTEI:
u = Ay (u), (Ax(w))i = wip1 — Au;.

[TocnemoBaTEeTLHOCTE ¥V €CTH PE3YALTAT MPUMEHEHUA TPOU3BEICHUA OIePATOPOB Agi
K IMOCJIeTOBATEIBbHOCTHU U:
n
v = H Agiu .
i=1
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Taxum 06pa3oM, JOCTATOYHO NOKA3ATh CIefyommee: mycTh €] < 1, a v = Agu —
cxomutesa. Torga u u Takxke cXOAUTCA. [JJOCTATOYHO PACCMOTPETD CIydan klim v =
—00

= 0, IOCKOIBKY 3aMeHa Uy = Uy, — ¢, Uy = u — ¢/(1 — £) coxpanseT pekyppeHTHOe
COOTHOIIEHNE Vf, = Up4+1 — Eug. B TOM ciydae nokazkem, 4To klim up = 0, 1 331894
—00
OyJeT pelnreHa.
Wugyxuuen Jerko mpoBEpUTEH COOTHOIIECHUE

Unyr = Eun +E onpr o+ EUNGro1 F ONr (*)

Ecan vy, cxogures x Hy o, TO mias ao6oro € > 0 u Bcex k, HaUuUHAA ¢ HEKOTOPOro NV,
BBILIOJHEHO |vg| < €. U3 (*) mony4aem
- £
unrl <17 Jun] +e (€7 + -+ &+ 1) <JE] un] + -
W3 srou omenku crenyer, uro npu C' > 1/(1 — [€]) u mpu nocTaTOMHO GOJBIIUX T
BBLIIOIHEHO

|uN+7"| < CE:
a DTO W 03HAYAET, YTO MOCTIENOBATETLHOCTD Uy cxoauTces K uymo. (A. A. Kaneav)

8.8. YCJOBUE. B rpaHnvHBIX KJIETKaX TabJULBI N X 1 PACCTaBICHBI uucia. [o-
KaXUTe, 9YTO MOXKHO MOTUCATH HUUCJAA B OCTAIbHBIE KICTKU TAaOJUIBI TaK, ITOOBI
KazKJO€ IMCI0") PaBHAIOCH CpeqHeMy apiupMeTHIeCKOMY CBOMX coceein?).

PEIMIEHUE. YCIOBUE MOXKHO 3aMUCATL B BUIE CUCTEMbI THHEMHEIX YPABHECHUH (KO-
JIMIECTBO yPABHEHWN U HEM3BECTHLIX PABHO YUCTY BHYTPEHHUX KIETOK). CooTBeT-
CTBYIOIMAA OJHOPOJHAA CUCTEMa, HOMYyIUTCA, €CIM B MPAHUYHBIX KICTKAX 3alUCaThb
Hyau. B cuny memmer 2 u3 pemenus 3agaau 7.9 (c. 230) (Bepmunsr rpada coorseT-
CTBYIOT KJIETKaM TaOJUIEL, peOpa COSIUHAIOT COCEIHUE TOYKWM) OHA MMEET TOJBKO
HyJeBoe pemerve. B cury memmer 1 u3 permenus 3agaau 7.9 (c. 230) ucxonnasn cucrema
UMEET DEIeHre, TPUTOM €INHCTBEHHOE.

S3AMEYAHUE 1. B ucxoxuou 3agade pedsb nuia o kagparaou tadaune. Ho yreep-
K IEHNE BEPHO ¥ 1A JTIOOOU «PAa3yMHON» TAOMUIEL, B YACTHOCTH, IJIA MPAMOYTOJbHON.

(JI. Mednuxos)

DYMerorcsa B BUIy 9MCIA BO BHYTPEHHUX KIETKAX. B IPOTUBHOM CIyuae yTBEPXKIEHHE HEBEPHO.
2)MOXHO PacCMaTPUBATL KAK COCEACTBO (IO CTOPOHE», TAK M (IO BEDIIMHE».
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KHuUru n3gATEILCTBA MITHMO (2004 r.):

. Aprtun. Teopusa Taxya. ITep. ¢ aura. A. B. Camoxuna. 66 c.

B xHure msmoxensr ocHoBbl Teopun [axya. OHa HamumcaHa ACHBIM SA3BIKOM, MaTepUAl
TIIATEIBLHO TOAO0paH, €€ aBTOP — W3BECTHBIM MaTeMaTUK. BrmepBbie oHa ObLIa OIyO.au-
xoBaHa B 1944 r. um 3areM HEOLHOKPATHO mepewsgaBaitach. OTAelIbHAS IIaBa MOCBALICHA
BOIIPOCY O Pa3PEMUMOCTH AIreOpaMveCKUX YPABHEHUU B PANUKAIAX U IOCTPOEHWIO IIPa-
BUJILHBIX MHOT'OT'PAHHUKOB C TIOMOIIBIO IMUPKYJIA U TUHEAKU. /1A CTYAeHTOB U aCTIUPAHTOB
PUBEKO-MaTEMATHIECKUX CIEMAATLHOCTEH.

B. M. Byxmra6ep, T. E. [Tanos. Topuveckue AeMCTBHA B TOMOJOTMH U KOMOGMHATODHKE.
272 c.

ITens HACTOAWIEN KHUTKM — BBECTH YUTATENA B OOIIMPHYIO 06JACTH UCCICIOBAHUU, 6O-
raryio GyHIAMEHTAILHBIMYI Pe3yIbTaTaMI U BaXXHBIME Ipumioxeruamu. Ona popMupyercs
TMOCIeAHUAE TPUANATE JET HA OCHOBE B3aMMONPOHWKHOBEHUA UAEU, METOAOB U NOCTUKEHUN
KOMOWHATOPHOU T'€OMETPUM U TOIOJOTUH, AIre6pamdecKOn TOMOJOTMYM U T'€OMETPUM, I'0-
MOJIOTMYECKOU AIre6phbl, TEOPUU OCOGEHHOCTEN, & B CAMOe MOCTeJHee BPeMA U JUCKPETHOU
MaTemaTuieckon ¢usuku. Cpeau TOMOJIOTMYECKAX W KOMOMHATOPHBIX OOBEKTOB, M3ydae-
MBIX B KHUI'€, IPUCYTCTBYIOT KaK KIACCUIECKUE, TAK U MOSBUBIINECS COBCEM HEIABHO. JTO
— BBINYKJbIE MHOMOTPAHHUKY, CUMILIANWAILHEIE U KyOUIeCKIe KOMILIEKCHI, CUMILIAIIAAILHO
KJIETOYHBIE Pa3bueHusa, TpuaHTyaanun chep u 6oaee 06ImMX MHOT00OPA3UH, TPOCTPAHCTBA
TPUAHTYJIANNN, aAre6pandecKre TOPUIEeCKIe MHOT006PA3a U PA3INIHbIE TOMOJIOTUIECKAE
AQHAJIOTM WX, MOMEHT-YT'0J1 KOMILJIEKCHI, IPEJCTABIAIIINE COOOU HOBBIU KIACC TOPUIECKUX
OeMCTBUN, KOH(PUTypauuu MOANPOCTPAHCTB U UX AONOJHEHUA. B KHWre M3IaraloTCa Ap-
Kre pe3yJIbTAThI, 00A3aHHbIE INIyGOKUM CBSI3SM [eOMETPHUU, TOMOJOIUU, KOMOMHATOPUKU 1
TOMOJOTIIECKON aare6phl. IIpuBOAUTCA PAJ KIACCMIECKUX U COBDEMEHHBIX KOHCTDPYKIUH,
mo3BOAAIOIIX 3G (HEKTUBHO UCIOML30BATH ATU CBA3U. KHHUTA COAEPKUT GOBIION CIUCOK
OTKPBITHIX IPOO6JIEM.

C.T. Bmayn, . FO. Horun, M. A. IIpacman. Aare6poreomerpuieckue koanl. OcHoBHEIE
mouaTua. 504 c.

Kaura nocsamera teopuu aare6poreoMeTpUIecKux KOZOB — O0JACTH, BO3HUKIIEHN B
HavaJae BOCBMUJECATBHIX T'ONOB IPOLLIOrO BEKA HA CTHIKE HECKOIBKMX OOIACTENd MATEeMaTH-
xu. C OHOU CTOPOHBI 3€Ch BEICTYMAIOT TAKNe KIACCUIeCKUe 061aCT! KaK aarefpandeckas
CeOMEeTPUA U TEOPUA TUCET, C APYTOU — Teopusa mepefadn mHGOpManun, KOMOHHATOPHKA,
KOHEYHBIE ['€OMEeTPUM, TeOPUA IUIOTHBIX YIAKOBOK, M T. . KHHWra He mpeamomaraeT mpeq-
BApUTEIBHOIO 3HAKOMCTBA HU C TEOPUEN KOAUPOBAHUA, HU C aAre6paniecKon reOMeTPHen.
Ee orgenbHbIE MIaBBI MOT'YT CILyXHUTh BBEJEHHEM KaK B TEOPHIO KOPPEKTUPYIOUNX KOIOB,
TaK U B TeOpuio aarebpaniecknx KpuBbix. Oco60€ BHUMAHME IPU 3TOM Y IEAAETCI KPUBBIM
HaJ KOHEYHBIMM HOJAMU. HakoHel, M31araioTCa CBA3KM MEXIY dTUMU 00JacTAMU — COO-
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CTBEHHO TEOpUA aaredporeoMeTpudeckux koqoB. KHura 6ygeT moae3Ha KaK HAUYMHAIOIIIM
MaTeMaTHKaM, TaK U CIEIUAINCTaM.

1O. B. 'eporumyc. B momoasie roger. ABro6uorpadudeckue sanucku. 688 c.

H. B. Top6aues. C6opHEK ommMImagHBIX 3a4a4 mo MaTemaTuke. 560 c.

B xHure co6paHbl OIXMINALHBIE 33aTH PA3HON CIOXKHOCTH — KAaK HETPYJHEIE 33 1a4H,
KOTODBIE YaCTO PEIAITCA YCTHO B OQHY CTPOYKY, TaK U 3234l NCCIELOBATEILCKOrO THUIA.
Kuura mpegnasHadeHa A MPenogaBaTeNned, PYKOBOAUTENEN MATEMATUIECKUX KPYKKOB,
CTYAEHTOB HeNarOruIeCKuX CIEeNUAIbLHOCTEH, M BCeX MHTEPECYIOMUXCA MAaTEMATIKON.

M. A. Esgoxkumon. OT 3agadek K 3agadam. 72 C.

Kuura cogepxut 80 HEOOBIIHBIX 32424 C MOAPOOHBLIME PENIEHUAME U KOMMEHTAPUIMU.
[lns perteEna GOTBLIIMHECTBA, 3244 TTEPBOU YaCTH «3aJaTKW» HE TPEOYeTCA CIeNUATbHBIX 3HA-
HUU MO0 MATEMATHKE. DTO TaK HA3LIBAEMBIA «(MATEMATHICCKAN (DPOIBLKIOD», KOTOPBIX Oy aeT
WHTEPECEH BCeM TIOUTENIM MOPA3MBIILIATE HAJ 3aHUMATEILHON Tpobaemon. Bropas sacTs
«3aJaum» COCTOUT U3 ABTOPCKUX 33024, MPEITAraBITIXCA HA PA3TIIHBX MATEMATTIECKUAX
ommvmmagax (Mockosckon, Beepoccuuckon, omavnmagax MI'Y u ap.). Jas yno6cTBa anra-
Tenell KHUTA CHAOXKeHa TeMaTWIeCKUM TMyTeBOAUTETeM. 11 NTKOMBLHUKOB, PYKOBOUTEICH
MaTEeMATHIECKAX KPYXKKOB U BCEX MIOOUTETCH MATEMATUKH.

. II. ZKero6erko. OCHOBHEIE CTPYKTYPHI M METOABI TEOPUH NpeAcTaBIeHun. 488 c.

IIpeagMeT 3TOU KHUTH MOXHO OMPEIEIUTh KaK TOMOJIOIMIECKYI0 aIredpy, TOTHee — KakK
TEOpUIo AIre6GpOo-TOMOIOTHIECKIX CTPYKTYD, AOMYCKAIOUIAX €CTECTBEHHBIE (OIEpaTOPHO-
3HAYHBIE) IPENCTABICHUA B BEKTOPHEIX IPOCTPAHCTBaX. K IuCIy Takmx CTPYKTYDP OTHOCAT-
CsA TOMOJOTMYIECKUe aAre6pel, aare6psl Jlu, Tomosornieckue rpynnsl, rpynnst Jlu. JeTaisao
M3IaraoTCAa GYHIAMEHTAIbHBIE ACIEKTHI TEOPUN, B TOM UNCIE TEOPUS WHBAPUAHTHBIX MepP
Ha JOKAJbHO KOMOAKTHHIX rpynnax, Teopus Codyca Jlu o cBasu mexay arrebpavu Jlu u
rpynnamu Jlu. Oco6eHHo moApOGHO PaCCMATPUBAIOTCA MOIYNPOCTHIE AIre6pBI M TPYIIILI
JIu, 6anaxoBbI arre6pbl, KBAHTOBLIE TPYIIbl. KHUTA pacCINTaHa HA UMIMPOKUNA KPYT UUTA-
Tened, OT CTYAEHTOB U ACIAPAHTOB (PU3UKO-MATEMATHIECKAX CIEMUATLHOCTEH 10 HAY THBIX
PabOTHUKOB, UHTEPECYIOIINXCA OOUMMHA BOMIPOCAMYA COBPEMEHHOU TEOPUU MPEICTABICHUN.

3ajaud Mo MaTeMaTHKe, peJIaraplidecs yIeHHKaM MaTeMaTHIeCKOro Kiacca 57 MIKOJIBL
(BbImyck 2004 roga, xkmacc «[I») Ilox pex. B. Momenko. 224 c.

Kaura conepxut yq1eOHBIE MATEPUATHI, COCTABIABIINE COMEPKAHNE KyPCa «(MATEMATH-
9eCKOr0 aHAIM3a» B MAaTeMaTUIeCKOM kiaacce 57 mkomnel (Beimyck 2004 roga, kaacc «[y).
B Hee BKIIOYEHEI 3aa491 BeIepHEH MaTEMATIIECKON IIKOIBL U COOeCeOBAHNN, 32, JadI BCEX
Tpex JeT o0yveHua (BKIOYIAA KOHTPOIbHBIE PAGOTEI U SK3aMEHBI), CIUCOK TE€M MPOIATAH-
HBIX JEKIUI 1 W30paHHBIE KypPCOBBIE PAGOTHI MIKOIHHUKOB.

C. B. KaTok. p-afM4ecKuy aHAIU3 B CPaBHEHMH ¢ BelecTBeHHEIM. [Tep. ¢ anra. I1. A. Koa-
rymkwnHa. 112 c.

B 6pommope m3maraioTCs OCHOBHBIE CBEIEHUs, CBA3AHHBIE C P-aJUIECKUM AHAIM3OM:
NPUBOAUTCA OIPENeIeHNe P-aqUIEeCKUX 4UCed, M3y4aeTCA UX TOHmoJOrusa, PYHKUUU OT p-
aaMdecKoro aprymenTa. IIoqpo6HO pacCMATpPUBAIOTCA OTANINA OT KJIACCUIECKOT'O BEle-
CTBEHHOT'O aHAIM3a. [ CTYIeHTOB MIAAUINX KYyPCOB (PU3UKO-MATEMATUICCKUX CIEIUATL-
HOCTEU.

B. B. Jle6enes. daykryaumnonusie 3ddeKkTh B Makpodusuke. 256 c.

B xypce IeKIui pasBUBAETCA TEOPUA (DIYKTYAIVMOHHBIX ABIEHUN, CBA3AHHBEIX C MaKpPO-
CKONUIEeCKUMU CTeneHaMu cBo60aer. Hapagy ¢ aHaIm30M KPUTHIECKUX ABIEHUN PAacCMOTDe-
HBI (pIyKTyanuoHHBIE dD@GEKTH B PA3INIHBEIX (a3aX KOHAEHCMPOBAHHOI'O COCTOAHUA, I'ae
oTu 3ddEKTE UrPAIOT CYIIECTBEHHYIO poib. lIpencraBreHa Takxke TEOPUA TUHAMHYIECKUX
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daryxTyamui, KOTOpas MPUMEHAETCA KaK K PABHOBECHBIM, TaK W K HEDABHOBECHBIM CHUCTE-
MaM. MoHorpadusa npegHasHadeHa NI CTYAEHTOB U ACIIIPAHTOB GU3NIECKUX (PaKyI-TETOB
YHUBEPCUTETOB, & TAKXKE AJIA HAYIHBIX PAOOTHUKOB U MHXKEHEDPOB, YbW MHTEPECHL CBA3AHBL
¢ QUBUKON KOHIEHCUPOBAHHBLIX CPEJ.

O. A. Jloraues, A. A. Campuaukos, B. B. flmenko. ByaeBsl dyHknuu B Teopuu KogupoBa-
HUA ¥ Kpunrtoxoruu. 470 c.

B kuure BIEpBBIE HA PYCCKOM S3BIKE B CUCTEMATHIECKOM BUJE M3JIOKEHBI KPUITOrDA-
duveckue n TEOPETUKO-KOTOBBIE ACIEKTHI NCIOIb30BAHN AIIApaTa Teopun OyIeBBIX PYHK-
. VICKaio1eHne COCTABAIN JWIIb BOIPOCHL, CBA3AHHBIE C TEOPUEH CIOKHOCTH U PELICHIEM
cucTeM OyaeBBIX ypaBHeHUU. [Ipy 5TOM B KHUIe HAILTU CBOE OTPAXKEHUE KaK KIACCUIECKUe
pe3yabTaThl, TaK U PE3yIbTaThl, OMyOJIMKOBAHHBIE B HOCIegHee BpeMmsa. [lns moHMMaHUS
KHUT'H NOCTATOIHO CBEACHWI, MMEIOMUXCA B YHUBEPCUTETCKAX KyPCaX IO JIAHEUHON aJre-
6pe, TeOpuM I'PYIIN, TEOPUU KOHEUHBIX IIOJMEN U MOJIUHOMOB, KOMOMHATOPUKE U JUCKPETHOU
Maremaruke. [IOMMMO >TOro HPEAIOIAraeTCA 3HAKOMCTBO C OCHOBAMU TEODUM BEPOSITHO-
crer. OCHOBOI i KHUTHM HOCIYXWIN MATEPUAIbl KypPCOB, duTaeMblx asropamu B MI'Y
A CTYJEHTOB MEXaHUKO-MATEMATUIECKOrO (HaKyIbTeTa U (PaKyIbTeTa BBIYACIUTEIHLHON
MaTEeMaTUKN ¥ KUOEPHETUKU, CIENUAIN3UDYIOIMIMXC 0 HampasreHmio «udopmannonnas
6esomacHocThy. KHura Gyger momesHa CTyZZeHTaM, acIHpaHTaM K HAYIHBIM DabOTHUKAM,
MHTEPECYIOUMMCA JUCKPETHON MAaTeMaTIKON, TeOPUeN KOAUPOBaHuA u Kpunrooruen. Oxa
MOXKeT OBITH UCHOIL30BAHA B TOM YNCIE M KAK CIPABOYHUK.

C. M. JIbBoBckuu. Jleknuu mo KoMILIEKCHOMY aHanu3y. 136 c.

DTa 6pOoUIIopa MPEACTABIAET COOOU PACIINPEHHBIN BAPUAHT Ky PCa JeKIWH, TIPOTUTAHHO-
ro aBTOPOM Ha BTOPOM Kypce Hes3aBrcuMOro MOCKOBCKOTO YHUBEPCUTETA B BECEHHEM CEeMe-
crpe 2002 roza. IloMumo TpaguIMOHHOrO MAaTEPUAId, IPUBEIEHBI CBEIEHUA O KOMIAKTHBIX
PUMAHOBEIX IOBEPXHOCTAX; 00CYX JAIOTCA TaKue pe3yabTarThl, kKak Teopema Puvana —Poxa
u (oT1acTu) Teopema A6ens, a B IEPBOM HETPUBUAIBHOM CIydae (1A D/IIMITHICCKAX KPA-
BBIX) IIPUBOIATCA U I0KA3aTEILCTBA.

. M. ITapamonosa, O. K. Illenaman. 3agaun cemuHapa «Aare6psi JIu 1 UX TPUIOKEHH) .
48 c.

B c60opHuke, B popme 3a1a4, 1aeTCA MOCAEJ0BATEILHOE U3JI0KEHNE OCHOB TeOPUH aare6p
JIu, BKIIOYasA HIIBIOTEHTHBIE, PA3PelrMble U IOLYIPOCTHIE atre6psl Jlu, Kiraccudukanuo
KOHEYHBIX CUCTEM KOPHEH, YHUBEPCAIbHBIE 06D THIBAIOLUINE AITreOpPHI, DIeMEHTHI TEOPUU KO-
romomoruu aare6p Jlu, Beegenme B adduaHbe aare6per Kama—Myan, a1eMeHTH Teopuu
TMPEeACTABICHAN, BKIOYas HOpMyIy xapakTepos Bemrs—Kama, HeKOTOPBIE TPUIOKEHUA K
WHTErpUpPyeMBIM CACTEMaM M ToxjaecTBaM Makgouanasaa. [IpenmomaraeTcs 3HaHUE MaTe-
MaTUKKU B 06bEME MEPBLIX TPEX CEMECTPOB MAaTEMATUIECKUX (PaKyJIbTETOB.

S.I1. lonapun. Anre6pa KOMILUIEKCHBIX YMCelI B reoMeTpHYecKHMX 3ajadax: Kuura pus
yYalmxca MaTeMaTHIeCKMX KJacCOB IKOJN, yYATeTed W CTYJeHTOB MeJarorMYecKdX BY30B.
160 c.

B xHuUre B HAy YHO-TOMYIAPHON (POPME MITATAIOTCA OCHOBEI METO1a KOMILTEKCHBIX THACET
B reomerpun. OTaeabHbIE MMIABLI TOCBALIEHE MHOTOYTOJIBHUKAM, TIPAMOU U OKPYKHOCTH,
JUHENHBIM U KPYTOBBIM MpeoOpa3oBaHuaAM. MeToq KOMILIEKCHBIX YUCET WLIIOCTPUPYETCS
Ha pemreHusx 6oxee 60 3a1a4 3aeMeHTAPHOrO xapakTepa. 11 caMOCTOATEIBHOrO PeleHns
npegraraerca 6omee 200 3amat, CHaOXEHHBIX OTBETAMU WM yKasaHuaAMu. KHura agpecy-
€TCA BCEM JTIOUTENAM TeOMETPUM, KEIAIOIIMM CAMOCTOATEILHO OBIAJETH METOIOM KOM-
ILIEKCHBIX 4uceld. Ke MOXHO MCHOIB30BaTh I MPOBEIEHUSI KPYXKKOB U (DaKyIbTATUBHBIX
3QHATUNA B CTAPIIAX KIACCAX CPEIHEN ITKOJIbI.

B. B. IIpacomos. daemenTH KoMOuHaTOpHOU 1 gudPepenumarsaon Tomoaormn. 352 C.
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MeTobI, UCIIOIB3yeMbIe COBPEMEHHOU TOMOIOTMEN, BECbMa Pa3HOOOpa3Hbl. B »ToN KHI-
re DOAPOGHO PACCMATPUBAIOTCA METO Bl KOMOMHATOPHOU TOMOIOT MY, KOTOPBIE 3aKII0IAI0T-
€Al B ACCIEJOBAHUY TONIOJIOTXIECKUX IPOCTPAHCTB HOCPENCTBOM UX PA30UEHUN HA KAKNE-TO
DIEMEHTAPHBIE MHOXECTBA, U METOB! AU(PEPEHINATHHON TOMOJOTHN, KOTOPBIE 3aKII0Ta-
IOTCA B PACCMOTDPEHWM TIATKUX MHOTOOGPasuMé M DIAJKuX oToOpaxenun. Hepeako oy
7 Ty e TONOJOrHIECKYIO 3371y MOXHO DEIMTH KaK KOMOMHATODHBIMA METONAMU, TAK
un auddepernmarbEbIMA. B Takux caydasx o6cyxpaoorca o6a noaxoga. OnHa U3 TIABHBIX
HeJIer KHUTH COCTOUT B TOM, ITOOBI MPOABUHYTHCA B M3YIEHUU CBOUCTB TOMOIOTUICCKUX
IPOCTPAHCTB (K OCOGEHHO MHOr0OGpAa3Wé) CTOMb AATEKO, CKOIb 3TO BO3MOXKHO 0€3 mpm-
BICICHUA CAOKHOU TEXHUKW. JTUM OHA OTAMIAETCA OT GOJBIIMHCTBA, KHWUT MO TOMOJOTHH.
Kaura cogepxuT MHOrO 33434 U ynpaxHeHun. 1loaTn Bce 3a4a4m CHAGKEHBI OADOOHBIMEI
PeLIeHIAME.

B. A. Pozendemsa, M. I1. 3amaxosckuu. Teomerpus rpynn Jlu. CumMmeTpudeckue, mapa-
GomMiecKkHe U IepHogudecKue mpocTpaHcTBa. 560 c.

B xHure paccMaTpuBaeTcs reOMeTPUIECKAs MHTEPIPETAINA BCeX IIPOCTHIX rpynn Jlu B
BU€ I'PYNI IBMKEHUN KIACCHIECKUX HEeBKIMAOBEIX reomeTrpun JloGadesckoro u Pumana,
OCHOBHBIX I'DYII IPOEKTUBHBIX, KOHPOPMHBIX, CUMILIEK TUIECKUX U METACUMILICK TUIeCKUX
reoMeTpuu HaJg aare6pamu. B KHUre pacCMaTpPUBAETCA TAKXKe TeOMETPUIECKAs UHTEPIIpe-
rauua rpynn Jlu, mory4aeMeIX IpegerbHbIMU nepexogaMu u3 npocTeix rpyna Jlu. K rakum
CpyIIaM OTHOCATCA TPYNNBI ABMXKEHUN €BKINIOBBLIX, IICEBIOEBKINIOBBIX, M30TPOIHBIX U
MHOIHMX ApPYTUX reoMeTpuu Hajg aare6pavu. Hapsagy ¢ HempephIBHBIMU NPOCTPAHCTBAMUA
PaccCMaTPUBAIOTCA KOHEYHEBIE IPOCTPAHCTBA, OCHOBHLIMYU I'PYIHIAMI KOTOPBIX ABIAOTCA KO-
HeYHBIE IPyNnbl Tuna Jlu. B xkHUre yxasnBaoTCA BaXHEUIINe MPUMEHEHUSA PAaCCMAaTPUBA-
eMBIX reomMeTpuu K ¢usmke. KHUra paccdmraHa Ha HAYIHBIX PAGOTHUKOB, aCIUPAHTOB U
CTY/JEHTOB, CIENUAIN3NPYOIIXCA 10 HEEBKINIOBEIM I'€OMETDUAM.

B. A. Pozendersn. Anomwronuu Ileprekui. 176 c.

TpyAbl MHOTUX BEIMIANIIMX MATEMATUKOB APEBHOCTHU IEPEBEICHBI HA MHOTHUE S3BIKH,
06 >TUX MaTeMaTUKaX HANMCAHO MHOT'O UCTOPUYECKUX KHUT U CTaTen. IlepeBOAbI XKe KHUT
Anomnorus Ileprckoro — cosgarens TeOPHU KOHMIECKHUX CEICHWI — K31ABAINCH KPAIHE
P€eaKO, GOTBIIMHCTBO MEPEBOJOB ObLIN MO CYLUIECTBY mepeckasaMu. Ha pycckoM A3bike GbLIa
M3aHBl TOABKO mepBble 20 TeopeM u3 rIaBHOrO Tpyaa Amomtonus «KoHuveckme cedeHus».
Hacrommas kHUra npeacTasiageT COGOU IONBITKY CO3JAaHUA HayIHOUW OGmorpadum Amoswro-
HUA, COAEPKAIIEN AHAIN3 er0 TPYAOB C TOYKYU 3PEHUA COBPEMEHHON HayKu. /11 mmpoKoro
Kpyra YATaTeler, HTEPEeCYMIIXCA MaTeMAaTAKON.

H. H. Casennes. Jleknuu 1o TOMOJIOrHA TPeXMePHBIX MHOr006pasuii. Beegenue B uaBapn-
aut Kaccona. Ilep. ¢ aura. 1. A. Ieiaaukosa. 216 c.

Kuura nmoceameHa BBegeHN0 B OYPHO PA3BUBAIOIMIYIOCA 00IACTh MATEMATHKH — TOIO-
JIOTHIO TPEXMEPHBIX MHOrooOpasun. OHa HAUMHAETCA C M3I0XKEHVA HAYAILHLIX CBEICHUN 13
5TON 06IacTH HAayKu. BTOpas 9acTh KHATW IOCBALICHA HHBapWAHTy PoximHa m ero csou-
CTBaM, B 3AKIIOYUTEIHHON YaCTU KHUTYM PACCMATPUBAETCA WHBAPUAHT KacCcoHA M ero mpu-
JoxkeHUA. B kHuUre mpuBeaeHO MHOrO mpuMepoB. KHura mpegHasHadeHa JIA CTYAEHTOB U
ACIUPAHTOB MATEMATHICCKAX CIECNUATLHOCTEN.

Cemunap «Io6yc». ObmemaremaTuieckun cemurap. Brimyck 1. ITox pex. M. A. Ilpacma-
Ha u B. B. IIpacomosa. 264 c.

Hens cemmuapa «[106yc» — MO BO3MOXKHOCTU BOCCTAHOBUTL €IWHCTBO MATEMATUKU.
CeMuHAp pacCIMTAH HA MATEMATHKOB BCEX CIENUATLHOCTEH, ACIUPAHTOB U CTYAEHTOB.
IlepBrn BRIMyCcK BKIOYaeT nokiaagsl B.W. Apuomsga, A. A. Bomm6pyxa, B. A. Bacuinesa,
C. . Texpdanga, A.B. 3eresunckoro, B. f. Uspusa, 0. C. Uneamenko, C. K. Jlanzo,
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FO. 1. Manuna, 1. Mennuke, 5. I'. Cunas, B. JI. ®eiiruna, A. fI. Xeremckoro u M. A. Ilpac-
MaHa.

1O. H. Tiopus u ap. Teopus BepoaTHocTen u cratuctuka. Copmectno ¢ AO «MockoBckue
yaeO6HuUKMY. 256 C.

Y4ae6H0e mocob6me MO OCHOBAM TEOPHHM BEPOATHOCTEM U CTATUCTUKA PACCIUTAHO HA
yaammxcsa 7-9 kraccoB o6meo0pa3oBaTenbHbx yupexgeauun. OHO Takke MOXeT OBITb UC-
MOML30BAHO U B CTApPIIX KJIAacCaX IIOMHOM CpeJHEeH IIKOJBL. B 3TOW KHUI'e B PABHOH Mepe
YAETACTCA BHUMAHWE CTATUCTAKE U TEOPUU BEPOATHOCTEW W WX POIA B W3YyIEHUU ABIE-
HUU OKPY¥KAIIIEro Mupa. KHuUra mpeIHasHaveHa 1A MePBUIHONO 3HAKOMCTBA, YIAIIUXCA C
dopMaMu TpeACTABICHUA W ONMMCAHUA NAHHBIX B CTATHCTHUKE, PACCKA3BIBAET O CIydIalHBIX
COOBITHAX, BEPOATHOCTAX U UX CBOUCTBaX. VI3JI0KeHUE TEOPUU BEPOATHOCTEH JOBEIEHO OO0
TMOHATHUY O CLYyYaWHBIX BEIMIUHAX U 3aKOHE OOIBIINX YUCeT. B IpUIOXeHUAX JaHBI IPUMEp-
Hble CAMOCTOATEIbHBIE U KOHTPOJbHBIE PAOOTHL 414 7, 8 1 9 KiIacca, HAIUMCAHBI TOACHEHUA
KO BCTPEYAIOUIMCSA TePMUHAM. ABTODPBI CTPEMUINCH CIEJATH W3JI0XKEHUE MPOCTHIM U He
3710yIOTPEOIATA MATEMATHIECKIM (POPMATIAIMOM.

A.T. Xopauckuir. KoMmmwiekcHb ananms. 48 c.

B sTou Gpoumope comepX)arca 3a4a9M K HAYATLHOMY MOMYyTOJOBOMY KYPCY KOMILIEKC-
HOTO AaHAIW3a, KOTOPBIA IUTAICA A1 BTOPOKypcHUKOB BecHom 2003 roma 8 HMY. Bor
HEKOTOPBIE U3 TeM, KOTOPBIE 00CY X JAINCh B Kypce: ¢popmyna CTOKCA B OCIA0IEHHBIX MPeI-
TMOMOXKEHUAX TNJIAJKOCTH, COAEPKAIIaA KaK YaCTHBIA caydan Teopemy Kouru; reomerpus npe-
06pa30BaHWA UHBEPCUU U TeoMeTpua JI06adeBcKoro, ¢Bassb »>Tux reomerpu ¢ TOKII; Teo-
pema Pumana BMeCTe C TEOPEMOU O MPOJOIKAEMOCTH OTOOpakeHusa PuMmaHa 0 TpaHUIL;
PYMAaHOBHI TOBEPXHOCTU AHATUTUICCKUX QPyHKIUA; npuHnun cummverpuu Puvana — [MIsapua
u Teopema [lukapa.

O. K. Illenraman. OCHOBBEI TeopHH MpejcTaBIeHud. 64 c.

Kuura npeacrasiaeT co60 CeMEeCTPOBBIU BBOAHBIA KyPC TEOPUHU IIPENCTABICHAN KOHEY-
HBIX U BaYXHEUIMX KOMIAKTHLIX Mpyn. [IpeqHasHadaeTca 411 CTyeHTOB MATeMaTAIeCKIAX
7 GUBMIECKUX CIEnUATLHOCTEH, HadMHAsA CO BTOPOTo Kypca.

A. lllens. MaTemaTuueckas uHAyKuma. 36 C.
B 6pounope pacckasemBaerca (oas mIKOILHUKOB 7—11 KIAaccoB) 0 MeTOze MaTeMaTHdIe-
CKOU MHIYKIIHA Ha TpuMepe 29 3a1a4, 13 KOTOPBIX 19 CHAGXKEHB TOAPOOHBIMU PEIICHUAMU.

XXVI Typuup um. M. B. Jlomonocosa (28 cenrabpsa 2003 roga). 136 c.

IpuBoaATCA yCIOBUA U pelieHuA 3aJaHui TypHUpA C TMOAPOOHBIMU KOMMEHTAPUAMU
(MaTemaTuka, pusnka, XUMuUI, ACTPOHOMUA U HAYKH O 3eMie, OHOIOrusa, HCTOPU, TUHTIBH-
CTHKA, TATEPATYPA, MATEMATHIECKNE UI'PBI). ABTOPBI IOCTAPAINCH HANUCATH HE IPOCTO
COOpHUK 3a1a4 U PEIIeHWUN, 3 WHTEPECHYIO HAYYHO-TOMYIAPHYIO OPOUIIOPY A IIMDPOKOTO
kpyra mrarenern. CymecTBeHHAA IaCTh MAaTEPHUANA U3I0KEHA HA yPOBHE, JOCTYIHOM /1A
MIKOJABHUKOB 7-T0 Kiaacca. [aa ygacTHukoB TypHHDa, NIKOTLHUKOB, yIATEIEH, POIATEIEH,
PYKOBOIUTEIEN IIKOJIbHBIX KPYXKKOB, OPTraHU3aTOPOB OMIUMITHAA.

CeprUsA «BUBJUOTEKA ,,MATEMATUYECKOE [TPOCBEIEHUE»

Bem. 29. C. B. lNamkos. CucTeMsl CUMCICHES U UX DpUMeHeHHe. 52 C.

Pasmudnbie cuCTEMBI CIMCIEHUA UCIOAB3YIOTCA BCErJa, KOT'4a MOABIAETCA MOTPEOHOCTD
B YMCIOBBIX PACIYeTax, HAYUHAA C BEIYUCICHUN MJIAAIICKIACCHUKA, BBIMOMIHACMBIX KapaH Ja-
oM Ha Gymare, KOHYas BEIYUCACHUAMY, BBIIOJIHAEMBIMA Ha CyIEePKOMIbIOTEPax. B KHMXKKe
KPATKO M3I0KEHBLI U 3aHUMATEILHO OMUCAHBI HEKOTOPHIE M3 HAUOOJIEe MOMYIAPHBIX CUCTEM
CUUCIEHUSA, NCTOPUA UX BOSHUKHOBEHUA, & TAKXKE UX IPUMEHEHUS, KaK CTaphle, TAK 1 HOBLIE,
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Kak 3a0aBHEBIE, TAaK U Cepbe3HbIe. Boablas ee 4acTh JOCTYIIHA MIKOIbHUKAM 7—8 KIACCOB, HO
U OTIBITHBIM YMTATENb MOXET HAUTH B HEU KOE-4TO HOBOE A ce6sa. TeKCT KHUKKYM HANIUCAH
Ha OCHOBE JIEKIWI, TPOIMTAHHLIX aBTopoM B mkoae M. A. H. Koavoroposa mpm MI'Y u
"a Mamom mexmare MT'Y. Kumxka paccauTana Ha MIMPOKAN KPYT IUTATENCH, THTEPECY 0~
LMXCA MAaTEMATUKON: IIKOILHUKOB, VINTEIeH.

IIEPEN3TAHUA

B. . Apuomba. «2KecTkue» U «MAMKHe» MaTeMaTHIECKUe MOJEIN. 2-€ U3JaHUe, CTEePeo-
TunHOoe 32 C.

B. . Apuomsn. Hyxua sm B mkone marematuka?! CreHorpaMma IJIEHAPHOTO JOKJIA A
(Ody6ma, 21 cerrabpsa 2000 r.). 2-e m3ganme, crepeorunHoe 32 C.

B. . Apuorsa. YUro Takoe maremaruka? 2-e m3nauue, crepeorunuoe 104 c.

B. . Apuoms g, A. H. Bapuenko, C. M. I'ycenn-3azge. Oco6ennoctu guddepeHunpyembix
oTo0OpaxeHuu. 2-e¢ u3naHme, ucIp. 672 c.

H. f. Buneukuu. Pacckassl o MHOXecTBax. 3-e u3ganue 152 c.

. M. Texsdang, E. . T'naronesa, D. . llnoas. dynkuun u rpaduku (0CHOBHEIE mpHe-
Mel1). BuGmumoreuxa OJI BBMIIL. 6-e m3n., mcuop. 120 c.

U. M. lenspang, C. M. JIbBosckunu, A. JI. Toom. TpuroHomerpus. 3-e u3ganue, UCIp. u
nom. (Comectno ¢ AO «Mockosckue yae6uukm) 200 c.

P.K.Topaun. l'eomerpus. Iltanumerpus. 7-9 xraccel. 2-e u3pg., ucupasirenroe. 416 c.

P.K.Topaua. DTo AoMXeH 3HATH KaX LM MATHIKOALHMK. 3-¢ W3JaHUe, CTePEOTUTHOE.
56 c.

A. A. 3acrasckun. FeomeTpuyeckue mpeo6pazoBanusi. 2-e m3gaHue, cTepeoTunHoe. 86 c.

A. 5. Kanens-Benos, A. K. Kosarbgxu. Kak pemaroT HecTangapTHuie 3afaun. 3 1anue
3-e, ucnpasaennoe. [lox penaxumen B. O. Byraenko 96 c.

E.T'. KosaoBa. CKa3KH ¥ MOJCKA3KH (3aJady AJIA MATeMaTHIECKOro Kpyxkka). U3namme
2-e, ucup. u gom. 165 c.

T. Kopwmen, 9. Jlemsepcon, P. Pusect. Arropurmsr: noctpoenue u anamms. 131.2-e, cre-
peorunuoe. (CoBmectro ¢ «Bunom. Jlaboparopus smanmi») 960 c.

H. M. Kopo6oB. TeopeTuko-uncioBsle MeTOLEI B NPUOIVMXEHHOM aHaau3e. 2-€ W3JAaHUE,
nepepab. u gom. 288 c.

P. Kypaur, I'. Po66unc. Yro Takoe maTemaTuka? 3-e u3pg., ucup. u gom. 568 c.

C. K. Jlaugo. Jlekunu o npousBogaumx GpyHKOuax. 2-e u3dganve, ucop. 144 c.

C. M. Haranson. Kparkuiu xypc MaTemMaTuieckoro anammsa. 2-¢ w3gaume. 96 c.

B. II. lluxymun, C. U. IToxoxaes. IIpakTH4ecCKMH KypC M0 YPaBHEHUAM MaTeMaTHIeCKOH
¢unsuxu. 2-e uzganue, crepeorunsoe. 208 c.

B. B. IIpacoros. I'eomerpus JlobaueBckoro. 3-e u3x., ucnop. u gom. 88 c.

B. H. Caukos. Begenue B KOMGUHATOPHEIE METOALL JUCKPETHOM MATEMATHKHA. 2-€ U3T.,
ucnp. u gou. 424 c.

B. B. Tkauyk. MaTemaTuka — aburypueHTy. lI31aHue 0UHHAANATOE, UCIPABICHHOE T
gomonHeHHoe. (MArkas obaoxka) 922 c.

A. Illens. IIporpaMMupoBaHue: TeOPEMEI M 3a4a9d. 2-€ U31., UCHp. 1 gom. 296 c.

A. H. llupses. BepoaTuocts. B 2-x xH. 3-e uzgauue, mepepab. u gom. 5204408 c.
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ITo Bonpocam npuobperenns >Tux KHAr obpamarsesa no agpecy: 119002, Mocksa,
Boasmon Brackesckun nepeynok, gom 11, marasun «MaTemaTuaeckas KHATAY.

Ten.: (095)-241-7285, dpakc: (095)-291-6501, e-mail: biblio@mccme.ru
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